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Abstract 

The Hough Transform is a widely researched area of computer vision due to its 

unique promise for shape analysis in digital images. The Hough Transform is a 

robust technique for detection of geometric primitives in the presence of noise and 

partial occlusion. 

The shortcomings of the Hough Transform include its high computational com-

plexity and excessive storage requirements. Every year there are many new tech-

niques proposed as improvements to the Hough Transform or any existing Hough 

techniques. 

Complex objects can be decomposed into sub-objects, and sub-objects into further 

sub-objects. This decomposition can continue until geometric primitives are reached. 

For object recognition in digital images, lines are the lowest primitive constructed 

from the digital (pixel) information, and can then be used to construct other geo-

metric primitives and sub-objects. This construction can be used to detect complex 

objects in digital images. 

This thesis reviews existing Hough Transforms and explores their strengths and 

weaknesses. The research work introduces a new Hough Transform that uses a hi-

erarchical (pyramid) approach to first detect simple geometric primitives which are 

then used together to construct more complex shapes for the purpose of object recog-

nition. 

This research provides a framework for complex object detection that is based 

on a model of human visual perception. Inside this framework is a discrete Hough 

transform that uses only discrete and local information for detection of line seg-

ments. The next level in the hierarchy uses the line segment information to detect 

circular and elliptical objects by directly computing all parameters directly from local 

information. 
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Chapter 1 

Introduction 

1.1 Motivation 

It is the ultimate goal of computer vision to automate the human vision system. 

Understanding how the human vision system functions may aid computer scientists 

in developing systems that mimic this sophisticated human ability. 

The purpose of an automated video surveillance system is to detect complex 

objects in arbitrary scenes. These complex objects are subject to deformation, 

occlusion, motion, and other such transformations. Once these objects have been 

detected they can be tracked and monitored easily. Since it is a trivial task for 

humans to recognize complex objects, a deeper understanding of such an efficient, 

powerful, and robust visual recognition system is the first step in developing an 

automated computer vision system. 

There are many theories on how humans transform retinal input (what they 

see) into long term memory representations of objects [32] (an understanding of 

what they see). These theories include template matching, feature models, Fourier 

models, and structural descriptions. 

It is doubtful that template matching is used by humans to form an understand-

ing of what they see given the vast number of possible representations that a single 

object can have. Feature models use mini-templates or "feature detectors" to detect 

geometric features such as lines, curves, angles, and so on. Using feature models 

it is difficult to define natural shapes such as people and animals. Fourier models 
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Figure 1.1: Structural description of an object. 

store shapes in long term memory in terms of their Fourier transform, and match-

ing is done in the frequency domain. This research follows the theory of structural 

descriptions where objects in long term memory are defined as a hierarchical de-

composition of the shape of the object, and the spatial relations between adjacent 

parts are defined with respect to a frame of reference centred on one of the parts, 

as shown in Figure 1.1. 

The theory of structural descriptions is also supported by the Gestalt explana-

tion of form perception [33] where parts of an object are "glued" together to create 

a cohesive, whole form if they meet the criteria of similarity, proximity, good con-

tinuation, and symmetry, as stipulated by the laws of the organization. Following 

these laws, the parts are fit into a figure, even if some distortion is required. 

Detection of complex objects can be broken down into detecting parts of the 

object and then using these detected parts to construct the object, which can then 

be used to detect instances of the object in digital images. By understanding the 

decomposition and structure of an object, it is possible to detect geometric primitives 

(lines, circles, ellipses, and so on), form more complex parts, and then piece these 

parts together to form objects that are to be detected and surveilled. For example, 

a person has a head, torso, arms, legs, hands, and feet, and knowing the position 

of each part relative to the other, a complete person could be pieced together and 

hence recognized. The problem can be further broken down by thinking of each part 
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in terms of the geometric primitives that form its shape. For example, the head is 

elliptical and the torso and limbs (arms and legs) are rectangular. 

The framework proposed in this research is developed based on a model of the 

human vision system, which follows a similar process for recognition of objects that 

a person uses. This approach to object recognition provides a powerful, flexible, 

and efficient framework that offers unique promise for a vast number of computer 

vision applications. The beauty of this approach is that this single framework can 

be used not only to detect instances of complex objects but also simple objects and 

geometric primitives. 

1.2 Objective 

The objective of this research is to develop the first two levels of the proposed 

framework. In developing these two levels a technique called the Hough transform is 

used in a hierarchical, or pyramid, manner for detection of objects in digital images. 

This hierarchical approach works from the bottom up, first detecting lines in the 

image and then using these lines to piece together more complex objects and shapes 

which are passed up to higher levels in the hierarchy (pyramid) and used to detect 

even more complex objects. This level of complexity can be set for desired object 

detection. 

This research focuses on the lower level detection of geometric primitives. Lines 

will be the initial primitive detected, and in a hierarchical manner used to detect 

more complex primitives such as circles and ellipses. Each level of the hierarchy has 

a new and unique approach to performing its detection tasks. 

The line detection level pre-computes all possible digital lines in a small neigh-

borhood, then, using the pixel information in equivalent sized neighborhoods in the 

image, forms detected lines by matching the pixel information to the pre-computed 

line information. This line detection algorithm is unique in that it uses only dis-

crete and local information from the image and that much of the computational 

requirements are computed before execution of the detection algorithm, and stored 
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for future use. 

The next level, where circles and ellipses are detected, uses the line information 

from the previous lower level (as input) to first of all form connected curves, smooth 

the curves, then determine which, if any, of these curves are circles or ellipses. 

This approach smoothes the curves before performing any detection to allow for 

detection of curves that are not perfect circles or ellipses, such as hand drawn circles 

and ellipses. This method for detecting parameterized curves such as circles and 

ellipses is unique in a number of ways. It employs a hierarchical approach that uses 

line segment information to form connected curves to be tested by the detection 

algorithm. It utilizes only local information to smooth each curve. Each point on 

the smooth curve is then used to directly compute the centre for each possible circle 

or ellipse. This is unlike other algorithms that require global information (processing 

of all image pixels, incrementing an accumulation array followed by a search of that 

array to derive a centre point). 

This research work has been evaluated by comparing the results from the pro-

posed algorithms with existing algorithms similar in purpose. The evaluation is 

carried out by using a wide range of images varying in complexity. The evaluation 

is performed in two stages. The first stage compares the line detection algorithm 

with existing line detection algorithms using images with both a small number of 

lines and a large number of lines, and with varying degrees of noise. This evaluation 

also compares the accuracy and the speed of the algorithms. The next stage evalu-

ates the detection of parameterized curves such as circles and ellipses with existing 

algorithms for circle and ellipse detection. Currently, there exists only one algorithm 

that detects different objects in one iteration, as in the proposed technique, so the 

proposed work will be contrasted with that currently existing technique. Images 

with a small number of features as well as images with a large number of features 

are used to compare the methods. In all evaluations the resulting output and the 

execution time are used to form a comparison of the techniques. 
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1.3 Contributions 

The contributions of this research include a new hierarchical framework which is 

modelled after the human system. The model used is the structural description 

model for human visual perception, shown in Figure 1.1, where objects are decom-

posed into sub-objects (parts) and sub-objects into further sub-objects. The spatial 

relationship between parts of an object are used to represent the object from dif-

ferent points of view and in all possible variations and deformations. This model is 

also supported by the Gestalt laws for human visual perception which states that 

parts of an object are "glued" together to form a cohesive whole, providing that they 

adhere to the criteria defined in the spatial relationships of the object. The criteria 

of the Gestalt laws include similarity, proximity, good continuation, and symmetry, 

all of which are defined in the spatial relationships between parts of an object. 

The contributions of this research include: 

1. a new hierarchical framework which adheres to the Gestalt laws for human 

visual perception as well as the theory that objects stored in the long term 

memory of a human are stored as a structural description of that object, 

2. a fast discrete Hough transform for detecting line segments, that also has the 

ability to detect thick lines (lines wider than 1 pixel), which is a problem 

for currently available Hough techniques and thus an image must be thinned 

before it can be processed, 

3. and a hierarchical Hough transform which uses as input the line segment infor-

mation from the discrete Hough transform for detecting line segments. This 

line segment information is used to construct connected curves. Local infor-

mation from these curves is used for smoothing before they are tested to to 

determine if each curve is an ellipse or a circle. This hierarchical Hough trans-

form has the flexibility to classify circular or elliptical objects (not perfect 

circles or ellipses) as circles or ellipses, to a user specified degree. 
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The result can be extended inside the proposed framework for detection of more 

complex deformable objects such as people, animals, and vehicles. This framework 

provides a flexible environment for detection of a large variety of objects in digital 

images. 

The contributions of this research are not limited to use in the method presented 

by this research. An improvement in the speed and efficiency of the Hough trans-

form has many applications in computer vision including automation of tasks such 

as optical character recognition, visual inspection in manufacturing and medical 

applications, and vision systems in robotics. 

1.4 Organization 

Chapter 2 introduces the Hough transform and some of the improvements to the 

Hough transform due to its computational and storage complexity. Chapter 3 pro-

vides an in-depth introduction to and explanation of the proposed research. Chapter 

4 describes the experimentation and testing of the algorithms proposed and imple-

mented, as well as the results, and Chapter 5 contains the conclusions drawn from 

the research conducted in this thesis. 
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Chapter 2 

Past Work 

This chapter focuses on the Hough transform (HT) and examines some of the work 

done to improve certain aspects of the Hough transform. Some recent attempts 

to improve the HT in terms of its computational and memory requirements are 

discussed. Section 2.1 demonstrates that the HT is a mathematically elegant tech-

nique for detecting parameterized shapes, but is inefficient in its use of memory and 

is computationally expensive. 

Most of the HT research involves finding solutions to its inefficient use of memory 

and excessive computational requirements. Illingworth and Kittler [18] publish a 

survey which is an excellent comprehensive review of Hough methods up to 1988. 

Leavers [23] then carries on with a review of Hough methods up to 1993 which 

includes comparative studies of Hough methods, parallel implementations, task-

specific methods, new perspectives on Hough theory, and novel algorithms. This 

research will examine many of the HTs contained in the above two surveys as well 

as some of the more recent work from 1993 to the present. 

This chapter is organized by groups of related HTs, followed by non-HT methods. 

The first group to be explored is the non-probabilistic HTs, which process all points 

in the image. The next group is the probabilistic HTs which attempt to select a 

subset of image points which are used to represent the entire image. The last group 

of HTs investigated are geared to more specific shape detection, in this case circles 

and ellipses. Finally, the shortcomings of the non-HT methods are discussed. 
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Digital line Digital curve 

Figure 2.1: Line and curve approximation in digital images. 

2.1 The Hough Transform 

Digital images are approximations of real world images on a two-dimensional grid. 

Real world images have curves and straight lines that adhere to the continuous 

domain, but these lines and curves must be approximated to the nearest discrete 

value (discrete domain) when approximated in a digital image, as shown in Figure 

2.1. The black dots represent image points called discrete square picture elements 

(pixels) which are the digital approximation of the continuous curves. 

All digital images are constructed of a few or many straight line segments. Curves 

in digital images are represented by discrete points which can be grouped into line 

segments. These connected line segments form the discrete curve. Circles, ellipses, 

and more complex real world shapes are all constructed of digital straight lines 

segments that are combined to form the digital approximation of the real world 

object. 

For the last quarter century or so, the HT has been used almost exclusively for 

detection of straight lines. Proven as a line detector, the HT has also been extended 

to include detection of shapes such as circles, ellipses, and more recently arbitrarily 

generalized shapes [31 such as cars, tools, and other household objects. 

The HT is a powerful tool for extraction of parameterized shapes in binary digital 

images that is robust in the presence of noise and partial occlusion. The HT was 
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first introduced by Paul Hough [16] in 1962 as a patent for an electronic device that 

was used to detect the tracks of high speed particles through the viewing field of a 

bubble chamber. 

Davies [9] explains that the HT uses the basic concept of point-line duality to 

detect lines. Any point P can be defined by either its coordinates or in terms of the 

set of lines that pass through it. If one considers a set of collinear points Pi and the 

set of lines that pass through each point, there is only one line that is common to all 

points. Thus, it is possible to find the line that contains all points Pi by eliminating 

lines that are not multiple hits. Just as a point can define a set of lines - a line can 

define, or be defined by a set of points. Therefore consequently, this approach to 

line detection is a mathematically elegant one. 

The standard HT (SHT) maps a single point in the image to many points in 

parameter space. This mapping requires a large amount of computation and storage. 

The SHT was first implemented using the slope-intercept form of a line 

y = mx + c, where m and c are the parameters (2.1) 

but a problem arises because there is no solution for this equation for vertical lines. 

In 1972, Duda and Hart [10] introduced the SHT that uses the normal representation 

of a line 

p=xcos0 +ysin0, —7r/2 < 0 < 7r/2 (2.2) 

where each point (x, y) in the image is represented by a sinusoid in parameter space 

(p, 0). Lines are identified by the intersections of these sinusoids. Intersections are 

represented by peaks (maxima) in parameter space (p, 0) which are detected through 

an exhaustive search. 

Implementing the SHT involves quantizing the continuous parameter domain into 
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Figure 2.2: Normal (p, 0) parameterization of a straight line. 

an appropriate discrete parameter domain. Once this quantization is performed each 

point's coordinates, (x, y), are used in (2.2) (shown in Figure 2.2) with every value 

of 0 in the quantized parameter space to solve for p, upon which the appropriate cell 

in parameter space is updated, an example of which can be seen in Figure 2.3. Finer 

quantization yields a higher resolution for the detected lines but a larger parameter 

space (multidimensional array) and larger computational requirements. 

To detect circular objects, the HT uses the equation of a circle 

(a — x)2 (b — y)2 = r2 (2.3) 

where (x, y) are the coordinates of an image point being considered as part of the 

circle, (a, b) are the coordinates of the centre of the circle, and r is the radius of the 

circle, as shown in Figure 2.4a. 

It is known that edge pixels in an image belonging to a circle are arranged on that 

circle with parameters (a, b, r), thus all image points (x, y) satisfying (2.3) belong 

to the set of edge points for that circle. 

It can be seen that the complexity for detecting circles is substantially higher 

than that of line detection. To detect lines, there is a two-dimensional array as 
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2 

e. 

Po = x cos e .1. y sine 

Figure 2.3: HT image space and accumulation array. pl . . . p5 represent a peak of 5 
in the accumulation array. The noise point, p6, does not contribute to a significant 
peak, and thus the proper line is detected in the presence of noise. 

(a) Circle (b) Ellipse 

Figure 2.4: Parameterization of circle and ellipse. 
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parameter space and for each pixel (x, y), 0 is varied to solve for p, in (2.2) and 

the appropriate cells in parameter space are updated. For detecting circles there are 

three parameters and thus a three-dimensional parameter space is required. A centre 

point (a, b) is selected and for each image point (x, y) (2.3) is solved. The appropriate 

cell in parameter space (a, b, r) is updated. To detect peaks in parameter space the 

much larger three-dimensional array must be searched exhaustively to locate these 

peaks, which correspond to circles in the image. 

To detect ellipses in images, the HT employs the equation of an ellipse 

(x — x0)2 + (Y yo)2 = 1 
a2 b2

(2.4) 

where (x0, yo) are the coordinates of the centre of the ellipse, a and b are the major 

and minor axis, respectively, and (x, y) are the coordinates of each image point 

under consideration as part of the ellipse, as shown in Figure 2.4b. 

This assumes that the ellipse is oriented with its major axis parallel to the x-axis, 

which is not always the case, therefore another parameter, 0, must be introduced as 

the orientation of the ellipse. 

It is shown above that detecting circles has a much higher complexity than 

lines due to the higher number of parameters. This is also true for detection of 

ellipses, which have a much higher complexity than circles due to the required five 

parameters, (x0, yo, a, b, 9), and thus a five-dimensional parameter space. 

The HT has also been extended to detect arbitrary shapes [3], as shown in Figure 

2.5. 

Up to this point, using the HT to detect lines, circles, and ellipses has only 

been concerned with binary images, i.e. images that are only black or white, black 

representing the objects in the image and white representing the background, or 

vice versa. 

The Generalized HT, GHT, uses gradient information to determine edge orien-

tation. To make use of gradient information you must have available a gray-scale 
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Figure 2.5: Generalized Hough Transform geometry for arbitrary shapes. 

R-table 
i Oi R4,2
0 0 { ria — r = x, x in B, 0(x) =0 } 
1 AO { rla — r = x, x in B, 0(x) = 0 } 
2 200 { rla — r = x, x in B, 0(x) = 0 } 

. . . . . . . . . 

Table 2.1: R-table for the Generalized Hough Transform. 

image (an image with more than two shades of gray, such as in a binary image) most 

of which have 256 shades of gray. This directional information is obtained while per-

forming edge detection, which utilizes gradient information explicitly. While per-

forming edge detection each boundary point x in the set of edge points has its edge 

orientation (gradient direction) 0(x) computed. Using a reference point a it can be 

seen from Figure 2.5 that r = a — x, so r is stored as a function of 0 in the R-table, 

Table 2.1. Each boundary point x is stored as a vector relative to the reference point 

a, which is the distance r in the direction 0. Once all boundary points have been 

processed, the resulting R-table can be used to detect instances of that shape. 

At this point, the GHT assumes a fixed size and orientation of the object in 

question. As this is rarely the case, differing scales and varying orientations are 

handled by performing transformations of the R-table with two further parameters, 

one for scale and one for rotation. 

13 



Using the HT to detect geometric primitives, as shown above, has a high degree 

of computational complexity and excessive storage (memory) requirements. In the 

following sections attempts to improve the HT to reduce both computational and 

storage requirements will be examined. 

2.2 Non-Probabilistic Hough transforms 

This section investigates four other HTs that have been proposed as improvements 

to the SHT. These other HTs are the Adaptive HT, AHT, Combinatorial HT, CHT, 

Curve Fitting HT, CFHT, and the Windowing approach to detecting Line Segments 

using the HT, WLSHT. 

2.2.1 The Adaptive Hough Transform, AHT 

The AHT [17] uses a coarse to fine accumulation and search strategy to identify 

significant peaks in parameter space. This approach is a flexible iterative approach 

in that a small accumulator array is used in the first iteration and the information 

from the first iteration is used intelligently to redefine the range of parameters for 

the next iteration. 

The first decision to be made is the size of the small accumulator array. A smaller 

array is more efficient, but if it is too small then sampling of parameter space will 

be too low to reliably interpret its general topology. Illingworth and Kittler [17] 

suggest starting with a 9 x 9 accumulator array as a reasonable compromise. 

Once the array has been accumulated it is binarized by using a threshold, typ-

ically 0.9 of the highest count. A connected components algorithm is used to label 

every connected subset of l's. Each unique label is processed in successive iterations 

at a finer resolution determined by the location of labels along the parameter axis. 
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2.2.2 The Combinatorial Hough Transform, CHT 

The CHT [5] calculates the intersections of the sinusoids of (2.2) for every two-

point combination in the image. Solving (2.2) for the joint equations using points 

(xi , yi), (x2, y2) yields: 

= arctan 
(x1 — x2) 

(2.5) 
(y2 Yi) 

and substituting back into (2.2) with either (xi, yi) r (x2, y2) gives: 

= x1 cos 0' + yi sin 0'. (2.6) 

The parameter space is now defined as (p', 0') . Solving (2.5) and (2.6) for each 

pair of points provides a vote to the accumulator array (p', 0'). For m points in 

an image there are Cm = 2,(77, 2), possible combinations of points for solving (2.5) 

and (2.6). If m is large enough the computation required may exceed that of the 

SHT. This problem is addressed by segmenting the image and then each segment is 

handled separately, with all segments contributing to the same (p', 0') . 

2.2.3 The Curve Fitting Hough Transform, CFHT 

The CFHT [25] attempts to fit a segment of a curve to be detected to a small 

neighbourhood of edge points. If the fitting error is less than a given threshold TE, 

then the parameters from the curve fitting are used to map the curve segment into 

one point in parameter space. A parameter list is used instead of a fully discretized 

parameter space (multidimensional array). Each entry in the parameter list stores 

the values of parameters and the accumulated vote of points or segments lying on 

each curve to be detected. 

If Tp (positive integer threshold) edge points are found in an M x M neigh-

bourhood, then a curve f c4, , ai,, x, y) = 0 is fitted to the edge points. If 

15 



the fitting error E is less than tolerance TE, then the parameter list P is searched 

for an entry di = (ai, , api ), such that I az — a3 E component-wise, where 

the components of the vector E are the resolution for each parameter. If there is 

such an entry then its score is incremented, otherwise, a new entry is created in the 

parameter list with ai as the parameters and with a score of one. 

The threshold Tp is a function of p, the number of parameters, thus Tp must be 

greater than or equal to p. For example, if lines are being detected then there are 

two parameters, therefore p is equal to two, the parameters can be seen by referring 

to (2.1) and (2.2). 

2.2.4 The Windowing Approach to Detecting Line Segments 

Using the Hough Transform, WLSHT 

The WLSHT [42] is an attempt to improve the CHT (Section 2.2.2)and the DCHT 

(Section 2.3.1). The WLSHT uses (2.5) and (2.6) to compute intersections of pairs of 

points. The WLSHT uses densely overlapping windows, small windows, a parameter 

list, and tracks collinear non-overlapping line segments. 

In the WLSHT, there is a window centred at each pixel. The window is small 

enough so that there are very few possible line segments in the window. Using the 

centre pixel with every other pixel in the window (2.5) and (2.6) are computed and 

the solutions are stored in a local list. After all pixels have been processed the 

most likely line segment in the local list is chosen and stored in the global list. The 

window is then centred on the next pixel and the same processing iteration occurs. 

Both lists use parameters (p' ,t9') and are indexed by p'. These lists keep track of 

the start and end points of each line segment and when two line segments are found 

to be collinear and non-overlapping they are combined into one. The meaning of 

collinear and non-overlapping can change to allow for slightly different orientations 

and locations. 
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2.3 Probabilistic Hough transforms 

In this section a new family of Hough techniques called probabilistic HTs is inves-

tigated. These include three different techniques, the Dynamic Combinatorial HT, 

DCHT, Probabilistic HT, ProbHT, and the Randomized HT, RHT. In addition, 

three extensions of the RHT that are proposed to improve its performance are dis-

cussed. These are the Dynamic RHT, DRHT, Random Window RHT, RWRHT, 

and the Window RHT, WRHT. 

2.3.1 The Dynamic Combinatorial Hough Transform, DCHT 

The DCHT [4] is proposed to reduce the computational overhead of the CHT. In the 

CHT, if there are m collinear points, then m-/ two-point line segments all contribute 

to the same (p', 9') entry in parameter space. The DCHT puts all points in an image 

segment into a list, 9' is calculated from (2.5) for every two-point line segment 

involving the first point and the remaining points in the list are accumulated into 

a 0' histogram. If m of the points in the list are collinear with the first point then 

there is a peak with value m at the 9' value in the histogram. 

After a peak has been detected, (2.6) is used to calculate p' using the (x, y) 

coordinates of the first point. The m collinear point are then removed from the list 

and the process is repeated with the remaining points in the list and continues until 

the list contains no points. 

2.3.2 The Probabilistic Hough Transform, ProbHT 

The ProbHT [22] employs only m edge points (m < M) selected at random, from an 

image with M edge points, which are used as input to the HT. Since the parameter 

space (p, 9) is divided into Np x No cells to represent the accumulation array, the 

number of operations is proportional to m • No. Significant computational saving 

can be achieved if m can be made much smaller than M. 

The limit as to how small m can be made is the requirement that the features 

in the image are able to be detected as significant peaks in parameter space. Thus, 
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the optimal choice for the size of in is problem dependent. 

2.3.3 The Randomized Hough Transform, RHT 

The RHT [37] creates a set D of all edge pixels, then at each iteration two pixels 

d1 = (x1, yi), d2 = (x2, y2), d1 d2 are taken from set D such that all points have 

an equal probability of being selected. Then (2.5) and (2.6) are solved to obtain 

parameter point pi = [al (i), a2(i)] where al = p', a2 = 0', and put this point into 

parameter set P. It can be seen that collinear points on a line will accumulate several 

pi points at point (di, a2). 

The parameter data set P is a list that is searched each time point pi is obtained. 

If there is an element in P with the same parameter pair as pi then the score of that 

element is increased by one. If no element is found then a new cell is created with the 

parameters of pi and a score of one, and is inserted into P as a new element. When 

an element has a score larger than a threshold, nt , it is considered an accumulated 

cell and all points di in D lying on the line with the parameters given by pi are 

removed. 

The RHT can also be used to detect curves linear with respect to the parameters 

(ai) 

ai + a2z2 + . . . + an zn + zo = 0 (2.7) 

where z„ i = 0, , n depend only on (x, y) and are constants. For these curves, n 

pixels are randomly picked and the n parameters can be solved from the n joint linear 

equations. The RHT can not be used directly for curves expressed by equations 

which are nonlinear with respect to the parameters. 

The following three Hough techniques are extensions proposed to improve the 

performance of the RHT. 
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2.3.4 The Dynamic Randomized Hough Transform, DRHT 

The DRHT [21] is an iterative process of two RHTs. 

1. First the RHT is executed until a global maximum in parameter space is 

detected (i.e. until a curve is found). 

2. Second, the set of points found in the first iteration is used to guide scanning 

along the curve with a width of a few pixels to collect points that are near the 

curve. 

(a) This scan accounts for the possible errors in quantization of the curve. 

(b) In the second iteration the resolution and threshold are higher than in 

the first iteration. 

3. After both iterations are performed, all points in the image that were found are 

removed, the accumulator is zeroed, and the first iterative process is performed 

again (Step 1). 

2.3.5 The Random Window Randomized Hough Transform, 

RWRHT 

The RWRHT [21] randomly selects a window location for an m x m window, in 

a binary image, in which the RHT procedure is performed. The size m is also 

randomized (mmin < m < mmax). Random sampling is repeated R times, where 

R could be a function of m. This window sampling is repeated until a predefined 

threshold t is reached. Lines are detected one by one until the pre-specified maximum 

number of lines is reached (imax) or some other heuristic criterion is reached. When 

a line is found, and it is verified to be a true line, its pixels are removed from the 

binary image. 

The most important factor in this algorithm is the window size. It must be large 

enough to obtain the desired accuracy, but in a noisy image a large window tends 

to collect noisy points leading to high error and possibly missing some lines. This 
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algorithm uses more local information than the RHT but continues to have random 

elements, thus avoiding the drawbacks of window sampling while maintaining the 

merits of window sampling. 

2.3.6 The Window Randomized Hough Transform, WRHT 

The WRHT [21] is a simpler version of the RWRHT that selects one edge point and 

fits a curve to a fixed size neighbourhood of the edge point, and defines the curve 

parameters. The least squares method is only one method of many that can be used 

to do the curve fitting. The accumulator space is updated when parameters satisfy 

a certain goodness of fitting (if the fitting error e is less than emax). The WRHT 

continues until the accumulator contains a maximum score equal to the threshold t. 

This approach can find line segments curve by curve. 

As in the previous approach (RWRHT) the most important constraint is the 

window size. When there are two adjacent lines in the image that are close enough 

together that they appear inside the window, the algorithm attempts to fit them 

into one line. Thus the window size is limited to the separation distance between 

adjacent curves. 

2.4 Hough transforms for Circle and Ellipse De-

tection 

This section examines circle and ellipse detection with the HT. Most algorithms 

used to detect circles and ellipses are based on the HT. Recently Ho and Chen [14] 

propose an algorithm that uses geometric symmetry to detect circles and ellipses, 

however this work will focus on methods that utilize the HT. 

There have been many Hough methods proposed specifically for circle and ellipse 

detection [41, 39, 34, 31, 40, 36, 19, 2]. A HT recently developed explicitly for the 

detection of ellipses and circles is discussed in the following Section (2.4.1). 
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Figure 2.6: Standard ellipse-diameter bisection method. 

2.4.1 Hough transform Based Ellipse Detection Algorithm 

An algorithm developed by Nair and Saunders Jr. [29] first computes the straight 

line Hough transform, SLHT, of the image. This line information is then used to 

determine the centre point of possible ellipses by using the ellipse-diameter bisection 

method, as shown in Figure 2.6. The ellipse-diameter bisection method states that 

two points on an ellipse whose tangent lines are parallel are end points of the ellipse 

diameter. The midpoint of these two points is therefore the centre of the ellipse. 

In this algorithm the diameter bisection method is used in a slightly different 

way. Given two points with the same 9, ((Po, 0), (Pi, 0)), which represent points with 

parallel tangent lines and thus are end-points on the ellipse diameter, ((po-Fp1)/2, 9) 

yields a line parallel to both tangent lines that passes through the centre of the 

ellipse, as shown in Figure 2.7. 

To compute a possible location for the ellipse, the intersection of all these lines 

must be calculated. To do this, the "parameter space to image space Hough trans-

form" is used. This new transform uses pairs of parameter points to compute the 

intersection point of the two lines that they represent. For example, given two pa-

rameter point (pi, Oi) and (p3, 93), the intersection point (x, y) is calculated by the 

following two equations: 

x = pisin(613) — pisin(0i) 
sin(Oi — 9j) 

(2.8) 
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Figure 2.7: Ellipse-diameter bisection method used in Nair and Saunders Jr. detec-
tion algorithm 

and 

pj sin(0i) — pisin(03) 
sin(0i — 0j) • 

(2.9) 

The (x, y) coordinates for each pair of points are stored in a two-dimensional 

array as votes, where peaks in the array correspond to ellipse centres. 

These centre points are then used with the points belonging to the ellipses to 

determine the exact centre point using the geometry of an ellipse. When the exact 

centre is known the remaining four parameters are computed, which gives the pa-

rameter vector (h, k, a, b, 0), where (h, k) are the coordinates of the exact location 

of the centre of the ellipse, a is the semimajor axis, b is the semiminor axis, and 0 

is the orientation of the ellipse. 

2.5 Hierarchical Hough Transforms 

The HT has been used in a hierarchical or pyramid manner in order to achieve 

sophisticated results in vision systems and complex object detection [24, 11]. 

This section introduces some recent HTs and Hongh-like techniques for detecting 

shapes in a hierarchical or pyramid manner. 

2.5.1 The UpWrite 

The UpWrite [27] is a technique for detecting geometric objects in binary images. 

The process begins by modelling local areas in the image and then combining areas 
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Figure 2.8: Binary image of a line segment and a square. 

that are similar. Each set of local areas is combined to form a higher level shape 

or object which is described by computing moments of the set. The higher level 

object is represented at the higher level as a point in le . The process of mapping 

points from one level to a single point in a higher level is called an " UpWrite. " 

For example, UpWriting points in R2 to a single point in Ile , or UpWriting points 

in le to a single point in R21, and so on. 

To demonstrate the process by which the UpWrite detects shapes in a binary 

image consider detecting line segments and then using these line segments to detect 

squares. Consider the binary image shown in Figure 2.8 where all black pixels are 

part of a set of edge pixels in R2 . The UpWrite first identifies small clusters of 

points and then groups these clusters together. The following process [26] is used 

to segment the image: 

1. Choose a point in R2

2. Define a small neighborhood around this point and tag all points in this neigh-

borhood as a subset of image points. 

3. Calculate the mean and covariance of this subset. 

4. The mean [px, iiy]T and covariance matrix C define a positive definite quadratic 

form, and the set E 
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Figure 2.9: Image represented by ellipses from local area modelling. 

E —

T

[X [X c  [x :

y y y
(2.10) 

which forms an ellipse. This ellipse is defined by its mean, major and minor 

axis, and orientation. 

5. Remove all points in the image which lie inside the ellipse and record the 

ellipse in the list of ellipses. 

This process is repeated until no points remain in the image. This effectively 

models small subsets (local areas) of the image with ellipses as shown in Figure 2.9. 

Each ellipse indicates the direction in which the subset of points are spread. Line 

segments will have ellipses which have the same orientation. These similar ellipses 

will be used to approximate the centre point of the line segment, the length, and 

orientation. This information can then be mapped into R4

x 

y 

0 
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This representation, however, can not distinguish between orientations of 0 ra-

dians and 7r radians and therefore must be mapped to R5 as 

y 

sin (20) 

cos (20)_ 

It can be seen that, in this case, points in R2 have been UpWritten to R5. 

Using this set of line segments in determining if the appropriate shape exists, a 

square in this case, there needs to be a description of the points in R5. To do this 

the zeroth, first, and second moments of the set are used, and although they do not 

uniquely define the set they provide sufficient information for the purposes at hand. 

The zeroth moment is the number of points in the set (a single number). The first 

moment is the mean of the set, and in R5 give five numbers. The second moment 

gives the covariance matrix, how the points are spread, which contains fifteen distinct 

entries. Thus these three moments will produce a list of (1 + 5 + 15) = 21 numbers 

describing the point set. The points (point set) in R5 can now be UpWritten to 

a single point in R21, which represents and instance of the shape, a square, in the 

image. 

Since the UpWrite produces an unusually high dimension for its parameter space 

it requires training with a large number of shapes of interest, in this case squares, 

to determine a region in the 21-dimensional parameter space that squares will map 

to, and thus avoid searching such a large area. This is referred to as modelling the 

region. 
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Figure 2.10: Kanisza triangle and end points illustrating subjective contours. 

2.5.2 Detecting Subjective Contours with the Hierarchical 

Hough transform 

A hierarchical HT introduced by Yacoub [38] is designed to detect a class of edges 

called "subjective contours". A good example of subjective contours can be seen in 

Figure 2.10, where there is a perception of an edge but no edge exists. 

This hierarchical HT detects primitives (lines) from the input and uses these 

primitives to form structured data which is used for detection of a desired shape. 

This hierarchical algorithm uses the end-points of line segments as a starting 

point for feature detection. Features are detected at each level of the hierarchy. At 

the first level geometric features (lines) are detected. The end-points of the lines 

detected are used as input to the next level in the hierarchy where high level features 

(contours) are detected. 

The peaks in parameter space are calculated using the Dirac delta function 

1-1(p, 0) = E 5(p — xi cos(0) — y2 sin(0)) (2.11) 

where all end-points are used to compute the sum. li(p, 0) is the value of the peak 

for the line defined by (p, 0). 

This HT is based on the principle of evidence accumulation using the end-points 
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Figure 2.11: Result using Kanisza triangle. 

to vote for a particular feature. We can see from Figure 2.11 that using end-points 

to vote for features will yield three lines connected at the corners of the triangle, 

which provides a triangle with three solid sides. 

2.6 Non-Hough Transform Methods 

A method introduced in 1980 by Nevatia and Babu [30] uses the convolution of the 

image with six gradient masks. This convolution process yields a large execution 

time and a loss of edge information. 

In 1986, Burns et al. [7] introduced a line detection technique that employs 

orientation information as a guide in the line extraction process. Due to the com-

plexity of the algorithm, execution time is high and thus real-time line detection is 

not attainable. 

In 1992, Venkateswar et al. [35] proposed a line detection technique that scans 

the edge image, generates a label image, and uses a set of predefined templates to 

connect line segments. The shortcoming of this technique is the large number of 

templates that must be stored. 

In 1996, Ho and Chen [15] introduced a method that shifts edge points in the 

image to create parallel lines and use the geometric properties on the pair of parallel 

lines to calculate their parameter sets. The disadvantage of this method is its 

inability to detect line segments of varying lengths. 
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Also in 1996, Chan and Yip [8] proposed an approach to line segment detection 

that uses the properties of digital line segments such as the combination of pattern 

sets that form digital lines. The shortcomings of this approach are the need for a la-

bel image [35] to guide the line extraction process, and the tendency to parameterize 

symmetric arcs as lines. 

Detection of geometric primitives in digital images for use in computer vision 

applications is a very important problem. This can be witnessed by the vast amount 

of research performed in this area each year. Although, much of the attention for 

solving this problem has fallen on the HT, and will likely continue to do so, there 

are other avenues that are being followed in hopes of identifying a solution to this 

problem. 
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Chapter 3 

Proposed Approach 

This chapter introduces and discusses concepts involved in forming the proposed 

approach for this research. Along with an examination of these concepts, it is 

demonstrated how these concepts will fit into the proposed approach and fulfill 

their role in achieving the desired results of object recognition. 

3.1 Overview 

Real world objects such as people, animals, and vehicles come in various sizes, 

shapes, colors, and so on, and are subject to endless variations in appearance which 

include deformation, rotations, and scaling. We know that these objects can be 

broken down into sub-objects (parts) and the sub-objects into further sub-objects. 

The decomposition can continue until geometric primitives (such as lines, circles, 

and ellipses) have been reached. 

Since it is reasonable that this decomposition occurs in the human vision and 

recognition system [33], this research attempts the first step in performing the com-

position. This process begins with geometric primitives and moves up the hierarchy 

to form more complex objects at each step in the hierarchy or pyramid, as opposed 

to breaking down objects into sub-objects. 

The first step in this hierarchical HT is a discrete HT that detects lines in the 

digital (discrete) domain using only local information. It can be seen from (2.2) that 

the standard HT detects lines by mapping discrete information (pixel coordinates) 
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Figure 3.1: Grid for the midpoint algorithm choosing between point N and point S. 

into the continuous domain, and uses information from all image points in the same 

parameter space (global information). This approach introduces error in localizing 

lines in the image. 

The proposed approach for detecting digital lines in the discrete domain first 

calculates all possible digital lines in a small neighborhood, shown in Figure 3.2 and 

uses this line information to detect line segments in the image. The idea is similar 

to that of a person with a map. For example, using a map you should be able to 

traverse an area in a desired manner, i.e. go from one point to another point in a 

straight line, determine what points you can get to by going in a straight line, and 

so on. The map allows you to do so by using local information around you instead 

of, for example, from an airplane above the area. 

Lines are calculated by providing a start and an end point, and then determining 

which pixels lie between the start and end points belong to that line. The start and 

end points represent a vector that must be converted into digital format for detecting 

digital lines. This process of converting information from vector format to digital 

format is called the scan conversion process. 

Lines in the n x n neighborhood are scan-converted using a technique in Com-

puter Graphics developed by Bresenham [6] which calculates digital lines using only 

integer arithmetic and can be performed incrementally for points (x j+1, yi+i)• It can 
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Figure 3.2: All possible lines in a 2 x 2 neighborhood. 

be seen from Figure 3.1 that if point P was the pixel selected previously, there are 

two points (N and S) to choose from as the next possible location for the next pixel 

in the line. Point Q is the intersection of the line being scan-converted. The smaller 

of the two distances N to Q and S to Q is selected as the next pixel to approximate 

the line, in this case point N is selected as the best approximation of the line. 

If line segments are collinear (have the same orientation) and overlapping (this 

can be adjusted to include gaps), then they are considered to belong to the same 

line and are combined to form one line segment. This type of approach can also be 

used to form curves. If line segments are overlapping but have different orientation 

(the acceptable difference of orientation can be adjusted) then the two segments can 

be combined to form a segment of a curve. 

The line segment information is used as input to the next level in the hierarchy. 

At the next level, line segments are used to form connected curves. These curves 

are then smoothed to reduce the effect of noise on the curve (the edge of the shape). 

This smoothing process will also allow for the detection of objects that are not 

perfect circles and ellipses, such as hand drawn shapes where the edge error for the 

shape is larger than a perfect shape. The degree of smoothing will determine how 

much error can be "smoothed out" so that a shape can be detected. 

Once a curve has been smoothed, the curvature of every point on the smoothed 

curve is calculated. The points of maximum curvature are used to find the centre 

point for the curve. Once the centre point has been determined each point on the 
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curve can be tested for inclusion as part of a circle or an ellipse. Circles and ellipses 

are used in this research, but any parameterized curve could be detected. 

3.2 Hierarchical Hough transform 

3.2.1 Proposed Discrete Hough Transform, DHT 

The proposed HT is called a discrete HT because it detects lines in an image entirely 

in the discrete domain. The DHT uses pre-computed digital lines to guide line 

detection and thus does not depend on any parameterization of a straight line. All 

pre-computed digital lines are converted to a rule-based approach that employs a 

refined set intersection as the only run-time calculation, thus execution is very fast. 

The proposed DHT is comprised of two distinct steps. The first step generates all 

digital lines in an n x n neighborhood. The second step uses the lines from the first 

step to detect lines in images. 

Step 1: Pre-compute Digital Line Information 

In this step, all possible digital lines, with a thickness of 1 pixel, are computed in 

an n x n neighborhood. Starting from pixel (0, 0) to pixel (0, (n — 1)), then (0, 0) to 

(1, (n — 1)), and so on, as shown in Figure 3.3(a). Then pixel (0,1) to (1, (n — 1)), 

and so on until all pixels that lie on the perimeter of the n x n neighborhood are 

used as the start and end points for the pre-computed line information. To account 

for all possible lines it is necessary to include the tangents of each line, as shown in 

Figure 3.3(b). Tangents of a line start at +0.5 of the start and end points of the 

desired line. For example, the Upper Tangent to the line shown in Figure 3.3(b) 

starts at S — 0.5 and ends at S + 0.5. Since a digital line is a discrete approximation 

of a continuous line, it is possible for a line to begin anywhere between where the 

Upper and Lower Tangents begin and end where the Upper and Lower Tangents end 

and have a line with the same start and end points as the desired line (S and E) but 

with different points in between (e.g. Ul, U2, L1). By including points Ul, U2, Ll, 
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Figure 3.3: Line generation in an n x n neighborhood. 

as seen in Figure 3.3(b), all possible points for lines with the discrete end points S 

and E are captured. 

A rule is simply a number associated with a particular generated line. For each 

line that is generated, a rule number is associated with that line. For example, the 

first line generated from (0, 0) to (0, (n — 1)) will be rule 1, (0, 0) to (1, (n — 1)) will 

be rule 2, and so on for all possible lines. 

Each pixel that is part of line 1 will have rule 1 as part of its set of rules, and 

the same for each pixel in all lines. For example, if the neighborhood is 8 x 8, we 

can see from Figure 3.3(a) that the set of rules for pixel (0, 0) would be 1, 2, . . . , 15. 

Each pixel's set of rules provides all lines that a pixel is part of. 

Step 2: the Discrete Hough Transform, DHT 

An initialization step for the algorithm is to load all pre-computed rules into a 3D 

array, as shown in Figure 3.4(a). Using an array of type int which represents an 

integer as 32 bits (4 bytes) allows 32 rules to be packed into each array element, this 

can be seen from the Structure of Array Elements in Figure 3.4(a). The position 

of a bit denotes the corresponding rule. If the i th bit is set, it implies the i th

rule is in the set. Rules 0-32 are packed into array[i][j][0], 33-64 are packed into 
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(b) Refinement process for line detection 

Figure 3.4: Storage and use of rules for line detection. 

array[i][j][1], and so on for all rules where (i,j) represent the pixel coordinates in the 

n x n neighborhood. The size of the 3D array is determined by the size of the n x n 

neighborhood by: 

A = L/R where, 

A is the number of array elements needed to store all rules for each pixel 

L is the number of lines generated (number of rules) in the n x n neighborhood 

R is the number of rules that can be packed into one array element 

For example, if an 8 x 8 neighborhood is used, shown in Figure 3.4(a), 

L = 270 

R = 32 (bits per integer) 

A = 270 = 32 = 8.4375 therefore the possible array elements are 1, 2, . . . , 9. 

The 3D array is then 8 x 8 x A, thus there are 64 x 9 = 576 elements in the array. 

Array[0][0][1, 2, . . . , 9] is used to store rules for pixel (0, 0), array[6][2][1, 2, . . . , 9] is 

for pixel (6, 2) and its rules. 

The DHT uses the pre-computed line information in the following algorithm: 

1. Scan the image inside the n x n neighborhood until an edge pixel, P°, is 

encountered, with N° being the 8-neighborhood of P°. 

if P' is an edge pixel, Pl E N° and pio, n PA 0, then 

LR = PR n PA, where .11 is the set of rules for pixel Pi and LiR is 

the set of rules for the line in the i th iteration. 
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2. Continue adding pixels that are 8-neighbors and that belong to the line 

i = 1 

while(Pi+1 is an edge pixel, Pi+1 E Ni and PA n PiR+1 0) 

{ 

= LiR n (PA n PV), where this refinement process is the 

accumulation process as shown 

in Figure 3.4(b). 

i = i + 1 

} 

When an edge pixel has no 8-neighbors where the set intersection is not the 

empty set, or the edge of the n x n window is reached, the line segment is added 

to the list of detected line segments. The line segment is first compared with 

all existing segments in the list to see if it has the same orientation (collinear) 

and if the end points of the two segments are within a certain distance from 

each other (overlapping). If it is collinear and overlapping with a segment in 

the list, the two segments are combined into one segment; if not it is added to 

the end of the list as a new segment. 

3. Process all edge pixels, Pi, in the n x n neighborhood as given in the two steps 

above. 

4. Process all n x n neighborhoods in the image as given in the three steps above. 

This constant refinement of the line's set of rules using the set intersection is a 

fast means of creating sets of pixel that belong to the same line without the need 

for other run-time calculations or parameters. 

The DHT approach simply does a table lookup to see if an image point belongs 

to part of a line segment. In the same way that Turtle Geometry [1] moves from 

one point to the next in order to draw a desired shape, this approach uses the rules 
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for pixels and lines to control the movement from pixel to pixel and the decision 

for inclusion as part of the line segment. This approach detects lines, line by line, 

and upon completion a list of detected line segments is available without the need 

to search for peaks in an N-dimensional array. 

3.2.2 Phase 2 - Hough transform to Detect Circle and El-

lipses 

This section examines how the proposed approach in this research will use the line 

information from the previous step in the hierarchy (line segment information) to 

detect parameterized curves (circles and ellipses) in images. 

The proposed approach is a three-step technique. Phase 2 uses the line segment 

information from Phase 1 as its input. The first step will be to form connected 

curves from the line segment information. The second step will perform Gaussian 

smoothing on these connected curves, and the third step will be to calculate the 

curvature of the curves in order to identify circles and ellipses. The second and 

third step are actually performed together in one step but for the sake of clarity it 

helps to think of them as two separate steps in which a curve is smoothed and then 

the curvature is computed from the smoothed curve. 

The following describes the three steps of the algorithm: 

1. The first step uses the line segment information to form connected curves. 

Line segment information is read from a file provided by the DHT (Phase 1), 

which contains the end point coordinates and orientation of each line segment. 

This step uses two thresholds in forming connected curves: (1) an overlapping 

threshold and (2) a collinear threshold. The overlapping threshold refers to the 

maximum allowable separation between the line segments (calculated by the 

distance of the end points) that can be considered part of the same curve. The 

collinear threshold refers to the maximum difference in the orientation angles 

of two line segments that can be considered part of the same curve. When two 

line segments are within both thresholds, then the two line segments can be 
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joined to form a connected curve or extend an existing curve. The process is 

given by the following: 

For each line, provided by the DHT 

G - overlapping threshold 

0 - collinear threshold 

(a) If line, can extend and existing curve ( { the end points of the existing 

curve and line; < G } and { °tine, °angle of line ending the curve < 0 } ) then 

extend the curve with line„ updating the end points and angle of the 

extended curve. 

(b) If line, can be combined with another line (line3) provided by the DHT, 

then create a new curve consisting of these two lines, and add it to the 

list of connected curves. 

(c) Process all line, until no curves can be extended or created. 

(d) If two existing curves curve; and curve3 can be combined (the end points 

of curve; and curve3 are < G and the difference of the angles of an end 

line of curve; and curve3 are < 0) then combine the two curves into 

one. 

When all possible connected curves have been made they are inspected to 

determine if they are closed. Curves that are open are then closed by joining 

the end-points. When a curve is created, all points on the curve are stored for 

processing in the next two steps of the algorithm. When a curve is extended, 

all new points are added to the list of points for the curve. 

2. The second step in the process performs Gaussian smoothing on each of the 

curves. As discussed earlier, digital lines are discrete approximations of a 

continuous vector. Digital curves, composed of digital line segments are also 

approximations of continuous curves. For example, a digital circle is composed 
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of a series of digital line segments and has many flat lines at different posi-

tions along the curve. Gaussian smoothing smoothes the line segments into 

a continuous curve. It also helps to reduce the effects of noise in an image, 

and allow for the detection of curves that are circular and elliptical, not just 

perfect circles and ellipses. Increasing the smoothing effect reduces the effects 

of noisy edges along a curve so that the true curve can be analysed. Objects 

that are not perfect analytical curves can be smoothed and analysed to see 

how close they are to being a curve of interest. A threshold can be adjusted 

to meet the needs of the images at hand. 

3. The third step uses (3.1) to compute the curvature for each point on a smoothed 

curve. The two points of maximum curvature are extracted and used to iden-

tify possible circles and ellipses. For ellipses, as shown in Figure 3.5, points 

P1 and P2 are the points on the curve where curvature is the highest. Using 

points P1 and P2, the centre point C can easily be calculated as the midpoint 

of the line between P1 and P2. The distance from C to either P1 or P2 or 

half the distance of the line between P1 and P2, gives the major axis a. The 

orientation of the major axis provides the orientation of the ellipse, and this 

angle is then used to determine points S1 and S2 which are used to determine 

the minor axis b. 

Before discussing Gaussian smoothing in more detail, curvature and parame-

terization of curves must be introduced. In order to analyse curves for detection 

purposes, the curvature at each point on the curve must be calculated. As stated in 

[13] 

The curvature is a measure of how fast the curve turns as we move along 

it with unit speed. 

Generally, a planar curve does not behave like a single-valued function and thus 

must be parameterized by the arc length in terms of two functions x(t) and y(t), 

where t is the arc length which is a normalized linear function with closed interval 

38 



[0, 1]. The curvature K of a point Pi in the curve, is the instantaneous rate of change 

of the angle q of the tangent at point Pi with respect to the length of arc s [12]. 

To compute ic the first and second derivatives of x(t) and y(t) must be calculated 

by 

dx . d2 x dy _ d2 y 
X

x = — =
ydt dt2 dt dt2

Then 

— yx xy 
= 3 ' 

( x2 +

(3.1) 

Now to compute the curvature of a Gaussian smoothed curve the two function 

x(t) and y(t) are convolved with a one-dimensional Gaussian kernel g(t, o-) of width 

a [28]: 

g(t, o-) = 
1 _ t2 

  e
o- .\/Tr 

(3.2) 

X(t, a) is defined as the convolution of the Gaussian kernel with the function 

x(t), given by 

X (t, o-) = x(t) g(t, o-) 

J °°

X(U) 1  e"-(2ter-2u)2 du 
00 f2-77-

Y(t, a) is defined similarly. 

To compute curvature K the first and second derivatives of X(t, a) and Y(t, a), 

(t, o-), Y(t, o-), X (t, o.), (t, o-), are required. These are computed using x(t) and 

y(t): 
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Figure 3.5: Points of maximum and minimum curvature, major and minor axis, and 
centre point of an ellipse. 
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and similarly for Y(t, a) and Y(t, a). 

This approach uses the two points of maximum curvature to determine the major 

and minor axis of the curve at which point (2.4) can be used with each point on the 

curve to determine whether or not the curve is an ellipse. This depends on a certain 

percentage of points on the curve that satisfy (2.4) to within a given threshold (how 

close is the result to 1). 

Circles have a constant curvature and the major and minor axis are equal to 

the radius, which is the distance from any point on the curve to the centre point. 

Equation (2.4) is then used in a consistent manner to determine if a high enough 
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percentage of points on the curve satisfy the equation so the curve can be identified 

as a circle. 

It can be seen that this approach uses only local information to process curves, 

curve by curve, in order to detect parameterized curves such as circles and ellipses. 

With the use of Gaussian smoothing and relaxing of certain constraints curves that 

are circular and elliptical can be identified to a desired accuracy. 
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Chapter 4 

Experimental Design and Results 

This chapter will provide results from the experiments used to evaluate the work 

proposed in this thesis. 

4.1 Line Detection 

This section exhibits the results of testing the proposed Discrete Hough transform 

and compares it with twelve other HTs. All HTs were tested using both synthetic 

and real images. The source code for the WLSHT was obtained from an ftp site 

provided in [42]. All other HTs were obtained from a Web site provided in [20]. 

The source code for all HTs were modified to include consistent timing across all 

techniques. 

4.1.1 Experimental Design 

In order to properly evaluate the discrete Hough transform for detecting line seg-

ments experiments must be.chosen that test the algorithm in a systematic way that 

demonstrates its correctness. 

To test the accuracy of the algorithm, experiments are conducted using images 

that contain objects (lines) with known parameters such as end points, slope, length, 

and the number of objects. The objects are generated synthetically thereby allowing 

the assessment with chosen parameters. The output of the algorithm demonstrates 

how accurate the algorithm functions under these specific conditions. These known 
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parameters have been varied to include lines of differing length, orientations, and 

quantity, lines that intersect each other, and lines that run closely parallel to each 

other. 

To evaluate the algorithm's robustness to noise, a varying amount of random 

noise is added to each of the images with known parameters and used as input to 

the algorithm. The change in output such as the number of lines detected or the 

execution time will provide a quantitative evaluation of the effects of noise on the 

algorithm. 

Not all lines in images are mathematically correct (synthetically generated from 

a mathematical equation). Images from the real world contain lines that are not 

perfect. Images like these are used to test the capability of the algorithm for detect-

ing linear features (lines) that would be recognized as lines by a person looking at 

the image. 

These experiments have been performed using the proposed algorithm as well as 

existing techniques where execution time and accuracy are captured for each tech-

nique and contrasted. The degeneration of accuracy and execution time is demon-

strated by the change in performance as images with increasing amounts of noise or 

complexity are tested. The implementation of each algorithm is modified to provide 

a consistent measure of execution time for each technique. 

4.1.2 Evaluation 

This section discusses how the discrete HT to detect line segments tested in this 

research has been evaluated to determine its effectiveness, efficiency, and accuracy. 

The HT, being a powerful tool for many image processing applications, has been 

developed to solve many problem specific tasks. It is difficult to compare HTs 

that have been designed to do different things. For example, some HTs have been 

designed to work in a relatively noise free environment [42] and thus should not be 

compared to the standard HT in a noisy environment. 

Experiments for evaluation of the discrete HT to detect line segments are: 
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(a) Seven random lines 

fir. 

(b) Seven random lines with added noise 

Figure 4.1: Test images for evaluation of proposed line detection algorithm. 

1. Images with a known number of lines, as shown in Figure 4.1(a). 

• Objective: To evaluate the accuracy of the algorithm 

• Parameters: The number of lines in the image. 

2. Images with a known number of lines where noise has been added, as shown 

in Figure 4.1(b). 

• Objective: To evaluate the algorithms sensitivity to noise. 

• Parameters: The amount of random noise, which is increased in successive 

images. 

3. Complex images (real and synthetic) with curves, close parallel lines, and noisy 

edges. 

• Objective: To evaluate how well the algorithm represents an image by its 

detected line information. For example, when an image is reconstructed 

from the line information detected by the algorithm, how close is it to 

the original image? Did it miss any important information? Were any 

unwanted artifacts introduced? 
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• Parameters: The number of objects in the image and the complexity of 

the objects. 

Evaluating the line detection algorithms involves tracking the execution time 

and the number of lines detected. These criteria can be subjective in terms of 

whether or not the correct lines were detected. In an attempt to quantify this 

subjective information a unique means of evaluating the line detection algorithms 

is employed. This unique approach was developed to count the number of pixels 

belonging to detected lines that were in the input image, as well as pixels in the 

input image that were not detected. The sum of these two counts over the total 

number of pixels in the input image gives a percentage for the detection error of a 

given detection algorithm with a certain image. 

Since some line detection algorithms track the end points of lines for detection 

and reconstruct the line using line generation algorithms upon completion of the 

algorithm, it is possible that the correct line was detected but that the set of pixels 

belonging to that line could be different than the original line. To handle such slight 

manipulations a set of pixels with all line pixels and their eight neighbors is created 

for the original line and the detected line. The intersection of these two sets is used 

to determine the accuracy of the detection algorithm. 

The number of pixels of the original line that are in the intersection set are 

the number of pixels correctly classified by the algorithm. The number of pixels 

of the detected line that are not in the intersection set are the number of pixels 

incorrectly classified as part of a line. 

These two numbers are added together and divided by the total number of 

pixels forming all lines in the original image, to obtain the percentage of pixels 

classified incorrectly by the algorithm. 

45 



4.1.3 Results 

The results can be grouped into three experiments. 

1. The first experiment tests the HTs with images that contain an increasing 

number of lines. The output of the HTs can be seen in Figures 4.6, 4.7 and 

4.8. Performance measurements are shown in Tables 4.3 and 4.4. 

2. The second experiment uses an increasing amount of noise with a known num-

ber of lines. The output of each HT tested in this experiment can be seen in 

Figures 4.2, 4.3, 4.4 and 4.5. Performance measurements are shown in Tables 

4.1 and 4.2. 

3. The third experiment uses real world images with a high degree of complexity. 

The output of the HTs using these complex images can be in Figures 4.9, 4.10 

and 4.11. Performance measurements are shown in Tables 4.5 and 4.6. 

Figures 4.2 through 4.11 show the input images used for testing and the output 

from each HT. The input images in Figures 4.2 through 4.10 are 256 x 256 binary 

images and Figure 4.11 is a 128 x 256 binary image. 

Testing of all HTs, except the UpWrite, is performed on a Sun ULTRASPARC 

1 (170 MHz) with 128MB of memory running Solaris 2.5. The UpWrite can not be 

executed on the Solaris operating system and therefore is tested on a DEC Alpha 

Server 2100 with four 190 MHz CPU's and 256 MB of memory running SunOS 

5.5.1. Consequently, a direct comparison of the execution time can not be made 

and is indicated by the * in Tables 4.1, 4.3, and 4.5. Tests completed with the 

other HTs show that techniques run in approximately half the time on the DEC 

Alpha Server 2100 than on the Sun ULTRASPARC 1, and thus an approximate 

normalization factor of 0.5 can be applied to the times of each HT for comparison 

with the UpWrite. 

All HTs are evaluated on their accuracy (detecting the correct number of lines 

in noisy images), computation time (how long to process the input image), and 

visual evaluation (does the output of each HT resemble the input image). The 
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accuracy of each HT is tested rigorously by calculating the number of pixels classified 

incorrectly by each HT. This measurement calculates the number of pixels that are 

missed or the number of pixels in the output image that are not part of the image 

features. Computation time and accuracy measurements are summarized in Tables 

4.1 through 4.6. 

Figures 4.2, 4.3, 4.4, and 4.5 contain the same seven lines where random noise is 

increased from a = 2.0 to a = 10.0 in each successive image (where a is the noise's 

standard deviation). All images are obtained from the Web site given in [20]. This 

demonstrates the effect of noise on the performance of each algorithm. Also revealed 

is the point at which each algorithm will produce unacceptable results due to the 

certain level of noise present in the image. 

Tables 4.2, 4.4, and 4.6 show the error calculations for all HTs. It should be 

noted that the numbers in brackets next to the figure number is the number of 

pixels that make up all features in the image, and is used as the denominator for 

the error percentage calculation, given in the following: 

R is the set of pixels in the input image. 

S is the set of pixels in the output image. 

P = R U the 8-neighbors of each pixel in R. 

Q = S U the 8-neighbors of each pixel in S. 

I =PnQ 

number = — II n RI, where III is the number of pixels in I 

and I RI is the number of pixels in R. 

number+ = ISI — II n SI, where VI is the number of pixels in I 

and I SI is the number of pixels in S. 

error% = ((number-  + number+)/IRD 

number-  represents the number of pixels in the input image that were missed 

by an algorithm. number+ represents the number of pixels that were detected as 
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lines but were actually not part of lines in the input image, such as false lines due 

to noise. error% is the percentage of pixels in the output from an algorithm that 

were classified incorrectly. 

Figure 4.12 shows the erroneous pixels classified by each HT with the input image 

of seven lines with random noise. The image of the seven lines with no noise was 

used to obtain the correct pixels which make up the lines of interest. This pixel 

set is used to calculate the number and percentage of pixels incorrectly classified 

by each HT when noise is added to the original image with seven lines, as seen in 

Figures 4.2, 4.3, 4.4 and 4.5. It should be noted that the output from the UpWrite 

is a bitmap of the original image with text superimposed onto features in the image, 

and thus these error measurements can not be computed for its output. 
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Figure 4.2: The results of applying each Hough technique to the input image of 7 
lines with random noise where a is 2.0. 
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Figure 4.3: The results of applying each Hough technique to the input image of 7 
lines with random noise where a is 4.0. 
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Figure 4.5: The results of applying each Hough technique to the input image of 7 
lines with random noise where a is 10.0. 
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Figure 4.2 Figure 4.3 Figure 4.4 Figure 4.5 
CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

SHT 6.020 9 8.080 10 10.23 21 17.97 97 
AHT 15.830 12 30.330 14 42.72 14 243.73 81 
CHT 0.850 9 1.470 9 1.98 9 4.52 83 
CFHT 0.620 11 1.130 25 1.72 135 4.00 96 
WLSHT;3,1 0.183 521 0.383 958 0.533 1315 1.167 2335 
WLSHT;5,2 0.267 172 0.367 167 0.417 177 0.683 353 
UpWrite 7.167* 9 16.10* 9 28.57* 6 49.35* 8 

ProbHT 2.600 6 3.450 10 l 3.57 8 6.65 55 
DCHT 11.820 13 26.830 33 35.05 42 39.03 134 
RHT 0.880 13 2.780 22 3.40 26 12.17 92 
DRHT 0.820 10 2.680 16 2.63 16 20.40 120 
RWRHT 0.470 22 0.530 31 0.58 28 1.85 123 
WRHT 0.670 11 0.850 7 0.93 1 0.95 0 

DHT 0.067 8 0.150 8 0.2 8 0.517 14 

Table 4.1: Test results of Hough techniques. CPU Time is in seconds and No. Lines 
is the number of lines detected by a Hough technique. 

Figure 4.2 (762) Figure 4.3 (762) Figure 4.4 (762) Figure 4.5 (762) 
P- P+ Pct. P- P+ Pct. P- P+ Pct. P- P+ Pct. 

SHT 1 2 0.4 69 117 24.4 11 395 53.3 49 2790 372.6 
AHT 282 21 39.8 281 104 50.5 278 107 50.5 248 2251 328.0 
CHT 3 2 0.7 55 89 18.9 48 61 14.3 42 2499 333.5 
CFHT 28 44 9.4 49 74 16.1 101 212 41.1 201 1426 213.5 
WLSHT;3,1 29 349 49.6 38 1376 185.6 613 3012 475.7 520 5696 815.7 
WLSHT;5,2 193 46 31.4 253 326 76.0 677 1006 220.9 627 2249 377.4 

ProbHT 200 25 29.5 195 177 48.8 121 64 24.3 210 1434 215.7 
DCHT 22 47 9.1 12 278 38.1 89 831 120.7 121 3364 457.3 
RHT 32 37 9.1 103 211 41.2 151 328 62.9 106 2446 334.9 
DRHT 3 2 0.7 95 185 36.7 52 120 22.6 120 3047 415.6 
RWRHT 37 53 11.8 40 195 30.8 123 344 61.3 128 2924 400.5 
WRHT 25 14 5.1 187 ' 73 34.1  613 0  80.4 n/a n/a n/a 

DHT 0 0 0.0 8 0 1.0 40 0 5.2 27 0 3.5 

Table 4.2: Error calculations of Hough techniques with Figures shown in Table 4.1. 
The number of pixels in the input image is shown in brackets beside the figure 
number. P- is the points missed by a Hough technique, P+ is the points added by a 
Hough technique, and Pct. is the percentage of pixels incorrectly classified by each 
Hough transform ((P- + P+)/ number of pixels in the input image). 
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Figure 4.6 Figure 4.7 Figure 4.8 
CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

SHT 8.60 20 13.42 33 33.72 109 
AHT 16.35 14 71.78 33 180.10 65 
CHT 1.45 25 2.80 39 10.43 128 
CFHT 1.17 37 2.47 55 7.83 189 
WLSHT;3,1 0.32 624 0.52 921 1.67 2126 
WLSHT;5,2 0.57 418 0.88 552 3.02 1054 
UpWrite 6.17* 13 11.12* 20 51.90* 40 
ProbHT 4.03 10 5.85 15 12.85 35 
DCHT 0.57 24 " 1.12 36 6.35 134 
RHT 0.55 33 1.03 50 5.83 165 
DRHT 0.77 27 1.43 45 6.70 147 
RWRHT 0.57 41 1.18 78 2.28 192 
WRHT 0.65 23 0.83 43 4.58 136 
DHT 0.13 17 0.22 38 1.23 146 

Table 4.3: Test results of Hough techniques. CPU Time is in seconds and No. Lines 
is the number of lines detected by a Hough technique. 

Figure 4.6 (1447) Figure 4.7 (2391) Figure 4.8 (6196) 
P- P+ Pct. P- P+ Pct. P- P+ Pct. 

SHT 88 36 8.6 85 22 4.5 624 239 13.9 
AHT 603 10 42.4 1084 156 51.9 3721 432 67.0 
CHT 164 93 17.8 62 17 3.3 824 306 18.2 
CFHT 205 83 19.9 303 103 17.0 1104 436 24.9 
WLSHT;3,1 123 0 8.5 205 0 8.6 725 1 11.7 
WLSHT;5,2 294 3 20.5 680 25 29.5 2159 76 36.1 
ProbHT 464 34 34.4 1054 63 46.7 3395 242 58.7 
DCHT 93 38 9.1 125 55 7.6 564 201 12.3 
RHT 77 44 8.4 134 70 8.5 920 479 22.6 
DRHT 127 61 13.0 162 25 7.8 923 389 21.2 
RWRHT 159 98 17.8 290 208 20.8 1153 604 28.4 
WRHT 129 60 13.1 79 38 4.9 912 407 21.3 
DHT 18 0 1.2 41 3 1.8 630 75 11.4 

Table 4.4: Error calculations of Hough techniques with Figures shown in Table 4.3. 
The number of pixels in the input image is shown in brackets beside the figure 
number. P- is the points missed by a Hough technique, P+ is the points added by a 
Hough technique, and Pct. is the percentage of pixels incorrectly classified by each 
Hough transform ((13- + P+)/ number of pixels in the input image). 
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Figure 4.9 Figure 4.10 Figure 4.11 
CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

CPU 
Time 

No. 
Lines 

SHT 21.87 70 39.22 88 5.470 29 
AHT 130.05 40 189.05 48 6.380 10 
CHT 5.95 81 11.03 89 0.780 26 
CFHT 5.02 135 6.72 129 0.850 32 
WLSHT;3,1 1.28 1005 2.73 3133 0.217 382 
WLSHT;5,2 2.47 736 4.28 2476 0.317 249 
UpWrite 49.35* 8 38.450* 24 4.500* 4 

ProbHT 9.55 43 18.50 47 1.180 6 
DCHT 9.25 83 7.22 106 2.300 26 
RHT 2.78 83 3.03 119 0.670 32 
DRHT 3.10 85 3.08 106 0.970 35 
RWRHT 1.38 106 1.65 130 0.330 32 
WRHT 5.45 30 8.92 74 0.930 30 

DHT 0.68 110 2.18 141 0.083 51 

Table 4.5: Test results of Hough techniques. CPU Time is in seconds and No. Lines 
is the number of lines detected by a Hough technique. 

Figure 4.9 (3937) Figure 4.10 (6948) Figure 4.11 (886) 
P- P+ Pct. P- P+ Pct. P- P+ Pct. 

SHT 1100 310 35.8 1291 412 24.5 279 204 54.5 
AHT 2756 97 72.5 4633 362 71.9 683 74 85.4 
CHT 1049 279 33.7 - 1615 218 26.4 372 142 58.0 
CFHT 820 306 28.6 1149 283 20.6 336 145 54.3 
WLSHT;3,1 656 4 16.8 985 3 14.2 137 1 15.6 
WLSHT;5,2 1127 14 29.0 1738 39 25.6 238 6 27.5 

ProbHT 2183 280 62.6 2750 211 42.6 731 82 91.8 
DCHT 943 168 28.2 1232 432 23.9 336 139 53.6 
RHT 940 282 31.0 - 1271 480 25.2 271 130 45.3 
DRHT 1017 308 33.7 1308 340 23.7 283 159 49.9 
RWRHT 1038 285 33.6 1225 453 24.2 261 125 43.6 
WRHT 2787 175 75.2 3827 515 62.5 257 118 42.3 

DHT 804 71 22.2 1409 122 22.0 198 74 30.7 

Table 4.6: Error calculations of Hough techniques with Figures shown in Table 4.5. 
The number of pixels in the input image is shown in brackets beside the figure 
number. P- is the points missed by a Hough technique, P+ is the points added by a 
Hough technique and Pct. is the percentage of pixels incorrectly classified by each 
Hough transform ((P- + P+)/ number of pixels in the input image). 
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Param Mapping Accumulator Sampling Detection Window Sampling 
SHT (p,0) 11—many 2D array all points all lines N 
AHT (a,b) 11—many small 2D array all points line-by-line N 
CHT (a,b) manyi--+1 2D array all points all lines Y 
CFHT (a,b) many'-+l 2D list all points all lines Y 
WLSHT (a,b) many1-41 2D list all points line-by-line Y 
ProbHT (p,0) 11—many 2D array subset all lines N 
DCHT (p,0) manyi-1 0-histogram all points line-by-line Y 
RHT (a,b) many-41 2D list enough line-by-line Y 
DRHT (a,b) manyi—).1 2D list enough line-by-line Y 
RWRHT (a,b) many1-41 2D list enough line-by-line Y 
WRHT (a,b) manyi—>1 2D list enough line-by-line Y 
DHT rules n/a 1D array all-points line-by-line Y 

Table 4.7: HT parameters of each HT tested. Mapping refers to mapping image 
points to points in parameter space. 

4.1.4 Discussion 

The first experiment, shown in Figures 4.6, 4.7 and 4.8, test the ability of each 

algorithm to detect the correct number of lines as the number of lines is increased. 

Tables 4.3 and 4.4 show that the WLSHT performs quite well in execution time, but 

this is deceiving. Tables 4.3 shows that the WLSHT, detects 624 lines in an image 

where there are 15, 921 lines when there are 20, and 2126 lines when there are 50, 

thus revealing the inability to detect the correct image features in the appropriate 

manner. Table 4.4 shows the DHT to have the lowest % of pixels classified incorrectly 

and thus the most accurate. The SHT is the only other HT that is close to the DHT 

in terms of accuracy, but Table 4.3 shows that the SHT is not comparable to the 

DHT in terms of execution time. Again, this experiment shows the DHT to have 

the best combination of speed and accuracy. 

The second experiment, shown in Figures 4.2, 4.3, 4.4 and 4.5, tests the effects 

of noise on each algorithm. Only four algorithms (SHT, CHT, DRHT, and DHT) 

have acceptable performance with the first of the noisy image, shown in Figure 4.2. 

Table 4.1 shows that the DHT is the fastest by quite a large margin and Table 4.2 

shows that the DHT is the most accurate. As noise is increased through Figures 

4.3 and 4.4 it can be seen that only the SHT, CHT, and DHT continue to produce 

reasonable results, while the DHT continues to be the fastest and the most accurate. 

Figure 4.5 displays an image with a level of noise where all algorithms except the 

DHT fail. Table 4.2 reveals that the large number of pixels classified incorrectly by 
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the other algorithms were as a result of detecting noise pixels as lines, shown by the 

number of point added (P+). It can be seen that the DHT adds 0 points, which 

clearly demonstrates that the proposed DHT algorithm is robust in the presence of 

noise, as well as the fastest. 

The third experiment, shown in Figures 4.9, 4.10 and 4.11, uses complex real 

world images to test each algorithms ability with images containing many small 

artifacts, close parallel lines, noisy edges, and curved features. The WLSHT, as 

in the second experiment, detects a very high number of lines which increase the 

computation and memory requirements for any system that would use these detected 

lines for further processing. Table 4.5 shows that the RWRHT ran faster than the 

DHT with Figure 4.10 but had a higher % of pixels classified erroneously. The 

RWRHT also produces poor results in Figures 4.9 and 4.11 where it ran much 

slower than the DHT with a much higher error %. The SHT and CHT perform 

quite steadily with all images in this experiment but are steadily slower and less 

accurate than the DHT. 

The UpWrite is a unique approach for line detection that is seen to be slow and 

inaccurate when compared with the existing HTs for line detection. 

The probabilistic approaches are some of the fastest but also the most inaccurate. 

The DHT is clearly the best combination of speed, accuracy and robustness to 

noise, with the CHT finishing a distant second and the SHT third. 

4.2 Circle and Ellipse detection 

This section exhibits the testing of the Hierarchical Hough Transform (HHT) pro-

posed for detecting circles and ellipses. 

4.2.1 Experimental Design 

To evaluate the proposed algorithm for circle and ellipse detection, objects (circles 

and ellipses) with known parameters are used to evaluate the accuracy of the pro-

posed method with existing methods. Parameters such as the number of objects, 
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object size, orientation, and position (overlapping, inter-mixing of circles and el-

lipses), as well as the ratio of the major and minor axis are varied to demonstrate 

the accuracy of all algorithms. 

Since not all circles and ellipse are perfect shapes, using non-linear scaling to 

gradually increase the deformation of objects, the degree to which the algorithm can 

detect circular and elliptical shapes can be demonstrated. As well, the deformation is 

to be in the form of hand drawn objects, where the perimeter can be quite irregular, 

or naturally occurring shapes where the object appears to possess the correct shape 

but is not a perfect shape. 

The proposed hierarchical algorithm for detecting circles and ellipses uses as 

input line segment information from the discrete Hough transform presented. The 

execution time of the line and circle/ellipse algorithms proposed is combined to 

calculate a total execution time. 

4.2.2 Evaluation 

This section discusses the experiments used to evaluate the hierarchical HT proposed 

in this research as well as the manner in which the proposed algorithm is compared 

to existing methods. 

1. Images with a known number of circles and ellipses. 

• Objective: To evaluate the accuracy of the algorithm. 

• Parameters: The number of circles and ellipses, overlapping of objects, 

number of objects that are not circles or ellipses. 

2. Images with hand drawn (non perfect) circles and ellipses. 

• Objective: To evaluate the effectiveness of the algorithm at detecting 

circular and elliptical objects. 

• Parameters: The amount that circles and ellipses are distorted. 
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3. Complex images with a large number of objects. These types of images contain 

complexity that could be encountered in a real world situation. 

• Objective: To evaluate the algorithm with highly complex images to 

simulate possible real world scenarios. 

• Parameters: The level of complexity of the image (the number of objects, 

type of objects, and quality of the image). 

In all tests, the execution time is recorded in order to determine the efficiency of 

the algorithm which is extremely useful for deciding if a certain algorithm will be 

an effective tool in certain environments and with certain problems, such as optical 

character recognition or visual inspection problems. 

The evaluation of the output images can be highly subjective in terms of the 

quality but is important for demonstrating the effectiveness of an algorithm. The 

execution time is a decisive factor in the comparison of this research with the cur-

rently available methods. 

This evaluation is an important step in this research because it provides a means 

of systematically determining if the research objectives have been achieved. In 

much of the existing HT research, algorithms are evaluated using sets of images 

that demonstrate the optimal performance of the algorithms. Little is done using 

a wide variety of images with varying levels of complexity that demonstrate the 

boundaries that an algorithm will function effectively inside. The evaluation of this 

research demonstrates these boundaries, which are important for presenting this 

research as a promising new development as well as guiding future work in the area. 

4.2.3 Results 

The proposed HHT is compared with the UpWrite in terms of its ability to detect 

circles and ellipses. The UpWrite was used for comparison purposes because it can 

also detect circles and ellipses in binary images, both perfect and non-perfect (hand-

drawn), as opposed to other methods which can only detect circles or ellipses, but not 
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both, and only perfect or close to perfect shapes. The source code for the UpWrite 

was obtained from an ftp site provided in [24 The source code was modified to 

include timing consistent with the HHT. 

Evaluation of the proposed HHT and the UpWrite focuses on the execution time 

and the accuracy of each algorithm. The UpWrite labels items that it detects with 

text information whereas the proposed HHT displays circles in light grey and ellipses 

in black. 

The accuracy of each method is determined by its ability to recognize not just 

the correct number of curves (circles and ellipse) but the correct shapes (circles as 

circles, ellipses as ellipses), which includes non-perfect circles and ellipse (circular 

and elliptical shapes). 

The execution time of the proposed HHT includes the time required to perform 

line detection, which was used as input to the curve detection process. The UpWrite 

was modified to include the same timing functions as the proposed HHT. 

Figures 4.13 through 4.21 show the input images used for testing and the output 

from each HT. The input images in Figures 4.15(e) and (g), and Figure 4.18 are 

350 x 550, Figure 4.19 is 300 x 300, and all other Figures are 256 x 256. When images 

are not binary there are two intermediate process, edge detection and thinning, that 

are necessary before detection of lines, circles, and ellipses can take place. 

Testing was performed on a DEC Alpha Server 2100 with four 190 MHz CPU's 

and 256 MB of memory running SunOS 5.5.1. 
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Figure 4.13: Input images used to test circle and ellipse detection. 
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(a) (b) 

(g) 
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(h) 

Figure 4.14: The smoothed curves (circle and ellipses) detected from each input 
image Figure 4.13(a-i). Ellipses are shown as black curves and circles are shown as 
light grey curves. 
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Figure 4.15: The left column are the input images, the right column is the output 
results. (e) and (g) have added shading to the background, thus edge detection and 
thinning are added complexity to the detection process. 
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Figure 4.16: Random noise was added to (a) with Paint Shop Pro 4.12 to demon-
strate the ability of the algorithm to detect curves as the noise in an image increases. 
The % of noise is increased successively in (b)-40, (c)-60, (i)-80, (j)-100. (d) is output 
of (a), (e) is output of (b), and so on respectively. 
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Figure 4.17: Random noise was added to (a) with Paint Shop Pro 4.12 to demon-
strate the ability of the algorithm to detect curves as the noise in an image increases. 
The % of noise is increased successively in (b)-40, (c)-60, (i)-80, (j)-100. (d) is output 
of (a), (e) is output of (b), and so on respectively. 
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(a) (b) 

(c) (d) 

(e) (f) 
Figure 4.18: (a) buns on a conveyor belt, (b) results of edge detection, (c) results 
of thinning, (d) output from line detection (input to curve detection algorithm), (e) 
smoothed curves (a- = 40) detected by algorithm, (f) smoothed curves superimposed 
back onto original image (a). 
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Figure 4.19: (a) circuit board for a personal computer, (b) results of edge detection, 
(c) results of thinning, (d) output from line detection (input to curve detection 
algorithm), (e) smoothed curves (o- = 8) detected by algorithm, (f) smoothed curves 
superimposed back onto original image (a). 
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Figure 4.20: Lines, circles, and ellipses detected by the UpWrite using input images 
shown in Figure 4.13. 
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Figure 4.21: Lines, circles, and ellipses detected by the UpWrite using more complex 
input images. 
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Proposed HHT UpWrite 
CPU Time Ellipses Circles CPU Time Ellipses Circles Lines 

Figure 4.14(a) 6.05 1 2.23 1 1 
Figure 4.14(b) 6.66 2 2.43 1 1 
Figure 4.14(c) 8.63 3 3.13 2 4 
Figure 4.14(d) 17.83 5 4.10 4 5 
Figure 4.14(e) 21.60 7 4.83 6 3 
Figure 4.14(1) 22.62 8 5.31 6 5 
Figure 4.14(g) 13.27 5 4.22 5 
Figure 4.14(h) 31.83 1 3 4.60 1 2 2 
Figure 4.14(i) 8.18 2 1 4.52 2 1 11 
Figure 4.15(b) 7.12 2 2 3.93 3 8 
Figure 4.15(d) 8.57 3 2 3.95 2 5 
Figure 4.15(f) 115.75 6 

_ 
16.65 2 2 15 

Figure 4.15(h) 173.90 4 13.47 2 1 6 
Figure 4.18(e) 131.20 1 3 14.32 2 9 
Figure 4.19(e) 60.83 1 90.23 35 

Table 4.8: Results of curve detection. The figures refer to the output of the proposed 
HHT. The output from the UpWrite is shown in Figures 4.20 and 4.21. 

The following results demonstrate the ability of the proposed approach to detect 

elliptical objects. As a perfect ellipse was increasingly deformed in the shape of a 

rectangle, the value of sigma was increased to smooth the deformed ellipse back to 

an ellipse that could be detected as such. 

In order to deform an ellipse to the shape of a rectangle, the equation for a super 

ellipsoid is used: 

a x y 
(--) 62 (-) 62 = 1 (4.1) 

when E1 = €2 = 1, a perfect ellipse is generated. The deformation shown in Figure 

4.22(a)-(f) is the results of varying E2 from 1.0 - 0.1. Figure 4.22(g)-(i) show the 

smoothed curve with varying values of a in (3.2) using (f) as the input image. 

The graph shown in Figure 4.23 displays the values of a necessary to detect 

deformed curves at certain levels of deformation. For example, it can be seen that 

by fixing a at 36, the algorithm fails to detect an ellipse with distortion of 0.6 - 0.1. 

This demonstrates that this algorithm has the flexibility to perform a user specified 

amount of smoothing and thus detect shapes that are circular or elliptical to a user 

specified degree. 
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(a) - 1.0 (b) - 0.8 (c) - 0.6 

(d) - 0.4 (e) - 0.2 (f) - 0.1 

(i) a = 54 

J 

(g) a = 12 (h) a = 36 

Figure 4.22: (a) - (f) show the gradual deformatign of an ellipse using equation 
4.1. (g) - (h) show the smoothed ellipse of (f) for the corresponding a (amount of 
smoothing). 
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4.2.4 Discussion 

It can be seen from Figure 4.13(a)-(g) that the number of circles and ellipses is 

increased from one to eight. Figure 4.14(a)-(g) and Table 4.8 show that the HHT 

detects the correct shapes in every case. Figure 4.20(a)-(g) and Table 4.8 show that 

the UpWrite, in many cases, failed to detect obvious shapes. 

Figure 4.13(h) contains a mixture of circles and ellipses where one circle and 

the ellipse is drawn by hand and thus not a perfect shape. Figure 4.14(h) reveals 

that the HHT detected all shapes correctly. Figure 4.20(h) shows that the UpWrite 

missed the hand-drawn circle. 

Figures 4.14(i) and 4.20(i) show that the HHT and the UpWrite detected all 

circles and ellipses correctly with input image Figure 4.13(i). 

Figure 4.15(a) shows an important experiment in this research because it demon-

strates the hierarchical process that could be used to detect complex object such as 

people. It can be seen from Figure 4.15(b) that all circles and ellipses were detected 

correctly by the HHT. Since the ellipse that could be seen as the head of the per-

son in the image was detected an thus paramterized, it can be passed up to a next 

(future) level with the line information and possibly the person instance could be 

detected. Figure 4.21(a) shows that the UpWrite failed to detect the head ellipse. 

Figure 4.15(b) contains all hand-drawn shapes. It can be seen in Figure 4.15(c) 

that all shapes were smoothed and detected correctly. Figure 4.21(c) shows that the 

UpWrite detected only two of the five shapes correctly. 

Figures 4.15(e) and 4.15(g) are more complex images due to the added back-

ground shading. Both images contain both perfect and hand-drawn shapes, as well 

as other shapes (squares, rectangles and arbitrary shapes). Edge detection and 

thinning are first performed on both images in order to obtain a suitable image for 

line detection. These two processes add to the complexity because they introduce 

noise and inaccuracy to the correct edges of the shapes. Figures 4.15(f) and 4.15(h) 

demonstrate that all circles and ellipses are detected correctly with no unwanted 

shapes being detected falsely. Figures 4.21(d) and 4.21(e) show that the UpWrite 
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failed to detect many of the desired circles and ellipses. 

Figures 4.16 and 4.17 show the degeneration of results by the HHT as noise 

is increased in an image. Figure 4.16(b), 4.16(c), 4.16(g) and 4.16(h) all have an 

increasing amount of noise. Figure 4.17(b), 4.17(c), 4.17(g) and 4.17(h) also have 

an increasing amount of noise but the shapes in the image are hand-drawn. The 

results from Figures 4.16 and 4.17 show that the HHT can perform in the presence 

of noise, but that noise does affect the performance of the algorithm. 

Figure 4.18(a) shows four buns on a conveyor belt. Figure 4.18(e) shows the 

resulting smoothed curves detected to be the correct curves of interest in the image. 

This experiment demonstrates the ability of the algorithm to detect circular and 

elliptical shapes for possible use in industrial automation. Figure 4.21(f) shows that 

the UpWrite detects only two of the four buns as circles or ellipses. 

Figure 4.19(a) is an image of a circuit board for a personal computer. Figure 

4.19(e) shows that the correct ellipse was detected in the highly complex image. This 

experiment demonstrates both strengths and limitations of the HHT. The strengths 

are obvious in that the large ellipse in the image was detected. The limitations are 

shown by the failure to detect the smaller circular features in the image. These small 

circles can be seen to have square or rectangular features due to the petite size, or 

not represented as circular at all. Figure 4.21(g) shows that the UpWrite failed to 

detect any circles or ellipses and due to the complexity of the image required 90.23 

seconds to process the image, as shown in Table 4.8. 
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Chapter 5 

Conclusions 

This chapter includes the conclusions drawn from the research performed in this 

thesis. The detection algorithms created and implemented form a two tier hierar-

chical system for detection of geometric primitives such as lines, circles, and ellipses. 

To begin discussion, each tier will be discussed separately and then together as a 

whole. 

5.1 Discrete Hough Transform for Line Detection 

The Discrete Hough Transform (DHT) for line detection can be seen as a new and 

exciting avenue for line detection research. The DHT can be seen as an improvement 

over all existing Hough transforms in terms of speed, accuracy and robustness. The 

DHT removes some of the processing burden of the detection algorithm by pre-

computing information that can be referenced by a lookup table at run-time. 

The results from experimentation show that the DHT is the fastest of all HTs 

tested. It provides results that are either the best or very close to the best in terms 

of accuracy with all images. Other HTs work well with one type of image but the 

DHT is at the top with all images, demonstrating its superior robustness. When 

noise was increased to a = 10, where all other algorithms failed, the DHT continued 

to provide reasonable results. 

The nature of the DHT provides a fast and efficient means of line detection 

that is robust in the presence of noise. This algorithm ignores single points, which 
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accounts for a large portion of noise immediately. The refinement process of the 

algorithm, described earlier, provides a way to extract perfect lines from noisy edges 

by ignoring pixels that do not mathematically belong to the line. 

Already an effective line detection algorithm, employing parallel processing and 

dedicated hardware can improve the strong performance of the DHT. 

The use of window sampling to process the image lends itself to parallel process-

ing which would provide a large decrease in execution time to an algorithm which 

is already approaching real-time capabilities in some instances. 

Employing dedicated hardware for the static pre-computed line information is 

another way in which the algorithm's execution time could be improved. 

It is believe that the DHT will prove to be a major contribution to line detection 

research and spawn new and exciting ideas for future improvements in the area. 

5.2 Circle and Ellipse Detection 

The circle and ellipse detection algorithm first creates connected curves from the line 

segments detected by the DHT, smoothes the connected curves, and checks whether 

or not a curve is an ellipse or a circle. 

This algorithm works well in its ability to detect the correct shapes as well as 

the correct number of shapes. 

This algorithm has the unique ability to smooth curves before performing detec-

tion. This process is powerful because it allows the user to configure the degree of 

smoothing for detection of desired shapes. This allows for the detection of circular 

and elliptical shapes. Detection of circular and elliptical shapes is useful due to the 

sheer number of possibilities that occur in nature or in specific applications. 

This algorithm is shown to be slower than the UpWrite, but superior in accu-

racy. Although extremely useful, the smoothing process requires a large amount of 

computation. 

Creating connected curves uses two criteria, orientation and separation. Line 

segments that are within a certain threshold for orientation and separation are 
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added as part of a connected curve. These two criteria, although they work well in 

certain instances, are not enough to be used in very complex real world images or 

images with a large amount of noise. As the orientation threshold must be relaxed 

to handle more complex situations, the algorithms loses the orientation as a guide 

to discriminate between segments that belong as part of a curve. 

Due to the small number of algorithms that can perform this level of complex 

object detection as a single package this proposed HHT and the UpWrite will serve 

as pioneering guides for future research in this area. 

5.3 Hierarchical Hough Transform 

The Hierarchical Hough Transform (HHT) proposed in this research provides a new 

direction for object detection. The HHT follows the Gestalt explanation of form 

perception using primitives from the previous level to detect shapes defined at that 

level. The first level (line detection) uses pixels to form lines, the second level (circle 

and ellipse detection) uses lines to form circles and ellipses. 

This approach is an attempt, however crude, to automate the human vision 

system. It is believed by some, that humans store objects in long term memory as 

a decomposition of that object in terms of the parts that make up that object and 

their spatial relationships. This research attempts to perform the first step in the 

composition of primitives into parts of objects as they move up the hierarchy. 

At this point, when the HHT has completed execution, three primitives (lines, 

circles, and ellipses) are detected and their spatial relationships known. This infor-

mation forms the bottom two levels of the hierarchy shown in Figure 1.1 and thus 

provides a starting point for development of a comptter vision system based on the 

theory of structural descriptions used by the human visual system for recognition of 

complex objects. 
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Appendix A 

Glossary of Hough transforms 

HT Hough transform 

SHT Standard Hough transform 

GHT Generalized Hough transform 

AHT Adaptive Hough transform 

CHT Combinatorial Hough transform 

CFHT Curve Fitting Hough transform 

WLSHT Windowing approach to detecting Line Segments using the 

Hough transform 

DCHT Dynamic Combinatorial Hough transform 

ProbHT Probabilistic Hough transform 

RHT Randomized Hough transform 

DRHT Dynamic Randomized Hough transform 

RWRHT Random Window Randomized Hough transform 

WRHT Window Randomized Hough transform 

HHT Hierarchical Hough transform 

DHT Discrete Hough transform 

89 


	Title Page
	Copyright
	Dedication
	Abstract
	Acknowledgements
	Contents
	List of Tables
	List of Figures
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter  4
	Chapter 5
	References
	Appendix A

