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Abstract 

Cross correlation of received acoustic signals is a common method for estimat-
ing the location of an underwater contact in passive sonar systems. Movement by 
the contact during the observation period and the presence of an interfering coherent 
sound source degrade the cross correlation and impair the accuracy of the location 
estimate. 

It is necessary to compensate for contact motion in order to avoid degradation 
of the correlation. One approach is to compress or expand the time axis of one of the 
received signals prior to correlating, with a scaling factor that compensates for that 
motion. This approach is computationally expensive. 

The Select-Correlate-Sum method, proposed in this work, uses an alternate 
approach to compensating for contact motion that is twice as efficient. This approach 
uses a scaling factor to select appropriate short-duration extraction pairs from signals 
received from two sensors. These uncompensated extraction pairs are correlated and 
then averaged to obtain an adequately long total correlation time. 

A scaling factor that properly compensates for contact motion also decorrelates 
a coherent interfering signal, causing it to affect the correlation like noise. In this 
way the compensation simultaneously avoids the correlation degradation caused by 
contact motion and the interference. 

Expressions are derived for the time delay and for the scaling factor which 
maximize the magnitude of the correlation peak. These expressions are verified using 
computer simulations. 

The performance of the Select-Correlate-Sum method is compared to the time-
axis scaling method. The Select-Correlate-Sum method yields a somewhat higher 
variance in location estimate for a given observation period. However, to achieve a 
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given level of location estimate variance, the Select-Correlate-Sum method requires 
about half the number of computations. 



iv 

Acknowledgements 

I would like to thank Dr. Salt for his supervision of this work. His assistance 

and sound advice, during both the research and the preparation of the thesis, are 

greatly appreciated. 

I wish to acknowledge the support of the Department of Computing Services, 

especially Mr. Dean Jones and Mr. Ed Pokraka, who encouraged me in this under-

taking and who permitted me sufficient flexibility in my other responsibilities. 

I would like to express my gratitude to Professor J.W.R. Griffiths and Dr. 

T.A. Rafik for their assistance and hospitality during a four month visit to the Sonar 

Laboratory of Loughborough University of Technology, U.K. 

Mostly I wish to thank my wife, Noreen, whose encouragement, support and 

patience made the completion of this thesis possible. 



Table of Contents 

Copyright 

Abstract ii 

Acknowledgements iv 

Table of Contents 

List of Figures vii 

List of Tables ix 

1 Introduction 1 

1.1 Overview of Passive Sonar Localization 1 

1.2 Problems Due to Interference and Source Motion  6 

1.3 Exploiting Source Motion to Suppress Interference  8 

1.4 Focus On Computational Efficiency  10 

1.5 Simplifications Used in this Investigation  11 

2 Approach to the Problem 13 

2.1 Statement of the Problem  13 

2.2 General Correlation Technique  14 

2.3 Units for Sound Levels  16 

2.4 Effect of Noise on Correlation  17 

2.5 Effect of Contact Motion on Correlation  18 

2.6 Effect of Interference on Correlation  20 

2.7 Effect of Time Scaling During Signal Processing  22 

2.8 Search for Scaling Factor and TDOA  24 

2.9 The Select-Correlate-Sum Algorithm  25 

2.10 Related Studies  :27 

2.11 Summary  27 

3 Mathematical Development of the Select-Correlate-Sum Algorithm 29 

3.1 Scaling a Continuous Time Signal   29 

3.1.1 Ignoring Interference   34 



vi 

3.1.2 Considering Interference   35 

3.2 Scaling the Midpoint of Signal Segments   36 

3.3 Implementing the Select-Correlate-Sum Expressions   41 

3.3.1 Correcting Bias in the Estimates   42 

4 Selection of Key Parameters 46 

4.1 Effect of Contact Motion   46 

4.2 Selecting the Extraction Length   50 

4.3 Selecting the Observation Period Length   53 

4.4 Permissible Delay Rate Mismatch   57 

4.5 Segment Alignment Problem   58 

4.6 Accumulating Sparse Segments   61 

5 Implementation of Simulation and Algorithms 63 

5.1 Signal Synthesis   63 

5.2 SCALED Processing Method   65 

5.3 SCS Processing Method   67 

5.4 SPARSE Processing Method   69 

5.5 Validating Bias Correction   69 

6 Results and Conclusions 73 

6.1 Validation of the SCS Method   73 

6.2 Performance Properties of the SCS Method  77 

6.3 Comparison of Processing Methods   80 

6.4 Desirable Data For SONAR Application   85 

6.5 Suggestions for Further Studies   86 

6.6 Conclusion   87 

References 89 

Appendix A. Transforming Received TDOA to Emitted TDOA 91 



List of Figures 

1.1 Plan view of an ocean region with a spherically radiating sound source 
and two hydrophone sensors  2 

1.2 Sectional view of an ocean region showing direct and surface reflected 
sound paths to hydrophone sensors  4 

1.3 Diagram of a sonobuoy   5 

1.4 Scenario to study the case of a moving submarine with a strong inter-
fering surface ship.   8 

2.1 Sectional view of scenario geometry   14 

2.2 Cross correlation of signals received from a still source without inter-
ference.   15 

2.3 Plot of TDOA variance vs source:noise Source Level ratio in dB. . .   19 

2.4 Cross correlations for contact speeds of 0, 5 and 10 m/s. All correlo-
grams based on observation period of 100/B.   20 

2.5 Variance in TDOA estimates vs contact speed using a SNR of 100 dB 
All correlations based on observation period of 100/B.   21 

2.6 Example correlograms for contact, very large interferer and the result-
ing combined correlogram  22 

2.7 Sketch of time signals emitted by contact, received by Sensor 1, received 
by Sensor 2, and Sensor 2 signal stretched prior to correlating with the 
signal received by Sensor 1.   23 

2.8 Representations of sci(t) and sc2(t), expanded and compressed ver-
sions of the emitted contact sound. Short extractions from each signal, 
indicated as the parts of the signals within the shaded regions, are 
correlated as matching pairs.   26 

4.1 Autocorrelation of sinrBtIrBt convolved with rectangular pulse of 
width 1/B and 2/B; B = 400 Hz  49 

4.2 Select-Correlate-Sum method correlation of test signal using extraction 
lengths of 80 ms, 100 ms and 150 ms  54 

4.3 Select-Correlate-Sum method correlation of test signal using extraction 
lengths of 100 ms and 120 ms  55 

vii 



viii 

4.4 Select-Correlate-Sum method correlation of moving contact signal us-
ing from 10 to 70 extractions, all of length 100 ms.   57 

4.5 Illustration of alignment error as a result of scaling that computes a 
midpoint that is not coincident with any existing data point  59 

4.6 SCS correlation over an observation period of 7.8 seconds using only 
20, 40 and 60 equally spaced 100 ms extractions.   62 

5.1 Contour of ambiguity surface in region of peak after an observation 
period factor of 10.   70 

5.2 Contour of ambiguity surface in region of peak after an observation 
period factor of 50.   71 

6.1 Correlogram for speed = -5 m/s, CIR = 0 dB, observation period 
factor = 30, scaling factor Av = Avc. Interferer stationary and located 
midway between sensors  74 

6.2 Ambiguity surface plot for speed = -5 m/s, CIR = 0 DB, OPF = 30, 
interferer stationary and located midway between sensors.   75 

6.3 Contour plot of the square of the ambiguity surface for speed = -5 m/s, 
CIR = 0 DB, OPF = 30, interferer stationary and located midway 
between sensors.   76 

6.4 Variance in location error vs observation period factor for contact 
speeds of -5, -10 and -15 m/s. CIR is 5 dB.   78 

6.5 Variance in location error vs observation period factor for CIR ratios 
of 5 dB, 0 dB, -5 dB, and -10 dB. Contact speed is -15 m/s.   80 

6.6 Variance in location error vs observation period factor for SCS, SPARSE 
and SCALED processing. CIR is 5dB and contact speed is -15 m/s. . 81 

6.7 CPU cost in Mflops vs observation period factor for SCS, SPARSE and 
SCALED methods. CIR = 5 dB, contact speed = -15 m/s  83 

6.8 CPU cost in Mflops vs location variance for SCS, SPARSE, and SCALED 
methods. CIR = 5 dB, contact speed = -15 m/s.   84 

6.9 Plot of CPU cost relative to the SCS method vs location error variance 
The solid line is the SCS method; the dotted line is the SPARSE 
method; and the dashed line is the SCALED method  85 

A.1 Plan view of an ocean region showing the location of the contact at 
three instants in time.   92 



List of Tables 

5.1 Comparison of true and estimated values for contact speed and location 
for the example of Section 5  5  72 

ix 



1. Introduction 

1.1 Overview of Passive Sonar Localization 

The work documented in this thesis is an extension to a large body of research on 

the use of passive sonar in the detecting and locating of underwater sound sources. 

The common application of techniques in this field is to accurately determine the 

location of submarine warships. Active sonar, in which sound impulses called pings 

or chirps are sent out through the water to be returned as reflections from the sub-

marine, is familiar to many people. Active detection has the inherent disadvantage of 

informing the submarine of its detection. Passive sonar, in contrast, does not transmit 

any sound impulses but instead listens only to the sounds generated by the subma-

rine and its movement through the water. Passive detection is accomplished secretly. 

Passive sonar has the additional militarily strategic advantage of not disclosing the 

existence or location of the equipment searching for the submarine. 

A moving submarine emits a variety of sounds from its engines, its turning pro-

pellers and from the motion of water flowing over the surface of the hull. These sound 

emissions propagate through the water and can be received by hydrophone sensors. 

The sounds arriving at multiple hydrophones are compared for coherence in order to 

detect a submarine, to determine a compass bearing to the submarine and ultimately 

to estimate the actual location of the submarine. Hydrophone arrays range from two 

sensors to long linear arrays of hundreds of sensors and to three dimensional clusters 

of sensors. 

A long linear array of hydrophones provides much more signal gain and can yield 

a high degree of accuracy in determining the compass bearing to the submarine. 

Several compass bearings obtained from different parts of a long array can be used 

with triangulation to estimate the actual location of the submarine and not just its 

1 
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Spherically radiated sound 

Figure 1.1 Plan view of an ocean region with a spherically 
radiating sound source and two hydrophone sen-
sors. 

bearing. Linear arrays can be laid on the bottom of the ocean, towed behind a moving 

vessel or attached to the external sides of the vessel hull. A horizontal linear array 

can directly determine a bearing, but it cannot directly determine the depth of the 

submarine. A vertical linear array can provide depth information, but not compass 

bearing. Three dimensional arrays of hydrophones can determine both bearing and 

depth. 

What holds the clue to the location of the submarine is the timing of the arrival at 

the hydrophone sensors of sounds from the submarine. Consider the scenario where 

two hydrophone sensors have been deployed near a submarine, as shown in Figure 1.1. 

The figure shows a plan view of a region of open ocean at a particular instant in time 

where a submarine is moving past two hydrophone sensors which are part of a system 
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to determine the location of the submarine (localization system). Sounds emitted by 

the moving submarine are radiated in a spherical pattern at a speed characterized by 

the temperature and salinity of the water, but assumed to be constant in this region 

of ocean. Given the illustrated positions, the sound arrives at Sensor 1 first. At some 

later time, proportional to the extra distance that the sound must travel, the same 

sound arrives at Sensor 2. In examining the sounds captured by the two hydrophones, 

Sensor 2 can be seen to receive a delayed version of the sound received by Sensor 1. 

The amount of this delay, known as the time difference of arrival (TDOA) is the key 

information to be determined in passive sonar localization systems. 

Early hydrophones employed air-filled tubes which channelled the sounds received 

by the sensors back to a human operator. The operator could lengthen the tubes, 

thereby introducing delay into one or other of the hydrophone signals. The amount 

of delay that had to be introduced in order for the sounds from the two channels to 

seem simultaneous to the human operator, corresponded to the TDOA. 

Now hydrophones are typically underwater microphones which convert the un-

derwater sounds into electric signals which are sampled, digitized and subsequently 

processed using digital computers. The TDOA can be computed by cross correlating 

the sample sequences from the two sensors. The correlation compares the sample 

sequence from one sensor with progressively shifted versions of the sample sequence 

from the other sensor. The correlation will produce a peak (the comparison will be 

best) at a shift which corresponds to the TDOA of the emitted sounds at the two 

sensors. 

Sound radiated in a spherical pattern from a submarine might also reach the sen-

sors after having been reflected at the surface or ocean floor boundaries. Reflections 

from the ocean floor may or may not be significant depending on the depth of the 

ocean and the makeup of the ocean floor. Bottom reflections are not significant in 

deep water or over a soft, muddy bottom. Surface reflections, though, are almost 

always significant and frequently used to assist with localization. 

Figure 1.2 shows a sectional view of a region of ocean with the two submerged 
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Ocean Surface 

Sensor 2 Sensor 1 

Submarine 

Figure 1.2 Sectional view of an ocean region showing direct 
and surface reflected sound paths to hydrophone 
sensors. 

hydrophone sensors and a submarine. It is assumed that the ocean is very deep in 

this region and that no significant sound is returned from the ocean floor. In addition 

to the direct paths from the submarine to the sensors, sound arrives at the sensors on 

paths which are reflected at the water-air surface boundary. When reflected sound 

is present in the received signals, the cross correlation will produce additional peaks 

corresponding to other TDOAs attributable to the depth of the submarine relative to 

the sensors. In the general case, the cross correlation of sequences from the two-sensor 

array will show four peaks corresponding to the four TDOA values possible between 

the two sensors and two sound paths (direct 1 and direct 2, surface 1 and surface 2, 

direct 1 and surface 2, surface 1 and direct 2). Autocorrelation of each sensor's signal 

can also be used to get additional time differences (direct 1 and surface 1, direct 2 

and surface 2). These TDOA values provide almost enough information to estimate 

the location (position and depth) of the submarine using just two submerged sensors. 

Additional information is required to determine which of two possible locations is the 

actual location of the submarine. 

The two sensor array is important despite its lower sensitivity relative to larger 

arrays. Linear arrays attached to a ship or towed have the strategic disadvantage that 

they are constrained to the same position in the ocean as the ship. To remove that 
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Figure 1.3 Diagram of a sonobuoy 

constraint, sonobuoys are deployed. A sonobuoy is an apparatus that, upon deploy-

ment, floats on the surface of the water, dangles a hydrophone at a predetermined 

depth below the surface, raises an antenna and transmits a radio signal copy of the 

sounds that the hydrophone picks up. A sonobuoy is depicted in Figure 1.3. 

Sonobuoys can be deployed by dropping them over the stern of a ship or dropping 

them from an airplane or helicopter. They can, therefore, be deployed where they are 

needed. Sonobuoys are not recoverable. After a short period of time the battery dies, 

a fuse burns to destroy the float and the apparatus sinks to the ocean floor. Clearly, 

if localization of a submarine can be accomplished with just two sonobuoys, then the 

cost will be much less than using larger numbers of them. 

There are many factors which can complicate localization and reduce the accuracy 

of the estimate. The oceans are full of acoustic noise generated by surface waves and 

aquatic life forms. This noise comes from an almost infinite number of separate 

sources and is essentially incoherent when received by the hydrophones—the noise 

from these sources received by one sensor is not a time shifted version of the noise 
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received at other sensors. This noise will introduce randomness in the location of the 

correlation peak, and therefore into the estimation of the TDOA. The path of sound 

in the real ocean is not always a straight line. The salinity of the water varies with 

the depth and the change in density results in some refraction of the sound waves. 

The temperature of the water also varies and causes differences in the speeds that 

sound travels through the water. These factors introduce errors into the estimation 

of the actual location of the submarine. Uncertainty in knowing the exact location of 

the sensors in the ocean also introduces variance in the estimate. Finally, the motion 

of the submarine itself and the existence of other ships cause significant problems in 

using many of the localization algorithms based on cross correlation. 

1.2 Problems Due to Interference and Source Motion 

A strong second sound emitting ship in proximity to the sensors can overwhelm 

the sound from the submarine and make accurate localization difficult. A second 

source will have its own TDOA and peak in the cross correlation of the signals from 

the sensors. If the interfering source is strong, then the correlation will be confused. 

The signals from the two sources affect each other in the correlation, the correlation 

peaks will be skewed and their location on the axis of the correlation variable will not 

be truly representative of the respective TDOAs. General correlation to determine 

TDOA does not work well in the presence of strong interference. 

Movement of the submarine during the period of observation also causes some 

problems in estimating the TDOA. Movement, in general, will result in a TDOA that 

varies with time. While it can often be assumed that the motion of the submarine is 

not significant during a short observation period, if the observation time must be long 

then that assumption is not valid. Movement during the observation has the effect of 

smearing the correlation peak. The top of the peak will be broadened, making it more 

difficult to pinpoint the maximum and making the maximum much more susceptible 

to dislocation by noise. 

Interference and motion are, however, two frequently encountered conditions in 
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the real problem of localizing a submarine during hostilities. A submarine will ap-

proach a surface ship to bring it within range of torpedoes. The surface ship is a very 

strong emitter of sound and normally both it and the submarine will be in motion. Al-

ternatively surface ships try to detect, localize and track submarines to remain aware 

of their location or to attempt to destroy them. An algorithm that can determine a 

submarine's location under these two conditions is, therefore, of interest. 

The submarine will try to remain undetected by the surface ship. One way that it 

can do this is to trail behind the ship. The very loud sound generated by the surface 

ship's propellers creates a blind spot directly aft of the ship in which hydrophones 

attached to the sides of the ship's hull cannot detect a submarine. Ships will occa-

sionally want to check that blind spot to determine whether they are being closely 

followed by a submarine. One technique is to turn the ship sharply so that the hull 

sonar can search the path the ship had just been on. The submarine will be able to 

detect this ship's maneuver, will know that it is being sought and can take measures 

to remain undetected. 

Another technique to detect a following submarine would be to drop sonobuoys 

over the stern of the ship and continue along the same course. The submarine will 

not be able to detect the deployment of the sonobuoys and it will be observable in 

the vicinity of the sonobuoys. Since the sonobuoys are deployed directly aft of the 

ship, the geometry has the ship and two sonobuoys collinear. In this case, the sound 

from the ship arriving at the two deployed sonobuoys has a constant TDOA despite 

the ship's continuing motion. The submarine will be located either on the far side of 

both sonobuoys from the ship or caught between the two sonobuoys. In the former 

case, if the submarine is following directly behind the ship, its TDOA at the two 

sensors is constant. However, this constant TDOA is quite different from that of the 

ship, so a straightforward correlation will yield clear and separate peaks. For the case 

where the submarine is between the sensors, the motion of the submarine results in 

a fast-changing TDOA for the submarine. 

The scenario that catches the submarine between two sensors, which is the more 
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Figure 1.4 Scenario to study the case of a moving subma-
rine with a strong interfering surface ship. 

Sensor 1 

difficult from the signal processing point of view, will be used to demonstrate the pro-

posed algorithm in this thesis. It is a plausible scenario and it has several advantages. 

The ship's TDOA is constant, the submarine's TDOA is fast-changing and, finally, 

the motion of the submarine between the sensors produces a linearly varying TDOA. 

These conditions make it a good scenario to use to demonstrate the algorithm. 

1.3 Exploiting Source Motion to Suppress Interference 

Both interference and motion have been identified as problems for general corre-

lation localization algorithms. Interference and motion have also been identified as 

likely conditions to occur in submarine warfare. The proposed algorithm exploits the 

motion as a way to accurately localize a submarine in the presence of strong inter-

ference. The scenario is as illustrated in Figure 1.4, a plan view of a region of open 

ocean. A surface ship under way, suspecting that it may be closely followed by a 

submarine, has recently dropped two sonobuoys over its stern. The submarine, un-

aware of the sonobuoy's deployment continues to closely follow the ship at a constant 

speed. The ship examines the signals from the sonobuoys during the period that the 

submarine is between the two sensors. 

Although the ship is in motion, due to its location being collinear with the two 

sonobuoys, it has a constant TDOA which is the maximum possible for any particular 

separation distance of the two sonobuoys. 

The submarine's position is changing rapidly. It is moving towards Sensor 2 

and away from Sensor 1. The TDOA of sound from the submarine is changing 
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linearly. The ship wants to determine the location of the submarine at the end 

of the observation period, based on the TDOA at that instant in time. 

The signal received by Sensor 2 will be a time-compressed version of the sound 

emitted by the submarine and, similarly, the signal received by Sensor 1 will be a time-

expanded version. If the submarine is moving towards a sensor, the time sound takes 

to travel from the submarine to the sensor becomes progressively shorter. This causes 

each successive bit of the signal to arrive at the sensor a little earlier than it would have 

had the submarine not been moving. This can be thought of as compressing the time 

scale of the received signal relative to the time scale of the sound actually emitted. 

This is just another way of looking at the Doppler effect. Instead of considering 

the signals to be shifted in frequency, the signal time scales are considered to be 

compressed or expanded. 

Since the signal from the submarine received at Sensor 2 is compressed and that 

received at Sensor 1 is expanded, the two are no longer just shifted replicas of each 

other and a straightforward correlation will not yield a clear peak for an accurate 

estimation of the TDOA for the submarine's emitted sound. Since the TDOA for 

the ship is not changing, a straightforward correlation would yield an estimate for its 

TDOA. 

The proposed algorithm will purposefully expand the signal received at Sensor 2 

(which is an compressed version of the emitted sound) until it is a good replica of 

the signal received at Sensor 1 (which is an expanded version of the emitted sound). 

Since the true time scale of the emitted sound is unknown, the signal received at 

Sensor 1 is chosen as a reference. The amount of expanding required, to make the 

Sensor 2 signal a replica of the Sensor 1 signal, corresponds to the rate of change in 

the TDOA of the submarine. That rate of change is itself proportional to the speed 

of the submarine. Once the Sensor 2 signal is sufficiently expanded, it is a replica of 

the Sensor 1 signal and the two can be correlated. In this way compensation is made 

for the motion of the submarine. 

Before the Sensor 2 signal had been expanded, correlation of the two received 
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signals yielded a good estimate of the TDOA for the surface ship. After expanding, 

good replicas of the ship sound no longer exist in the two received signals and the 

correlation does not produce a pronounced peak at the TDOA for the ship. Without 

the interference of lobes in the correlation from the ship sound, the determination of 

an accurate TDOA for the submarine is unhindered. The algorithm yields an accurate 

TDOA for a moving submarine in the presence of strong interference from the surface 

ship. 

The location and speed of the submarine will not usually be known, so the amount 

of expanding required will not be known. The algorithm will require a search for the 

motion-compensating scaling factor that results in the best correlation of signals 

originating from the submarine. The result of that search will be the scaling factor 

that best compensates for the changing TDOA, and the location of the correlation 

peak at that compensating factor will yield the TDOA for the submarine at the end 

of the observation period (the clue to the submarine's location). 

1.4 Focus On Computational Efficiency 

Expanding the time scale for each sample in the digitized sample sequence for 

every guess at the expanding factor is a very computationally expensive operation. 

There is some urgency in localizing the submarine not only because of the danger of 

attack, but also because the submarine is moving rapidly and delay in determining its 

location after observation may reduce the usability of the estimate since the submarine 

may have changed speed or course in the interim. 

The proposed algorithm seeks to be much more computationally austere relative 

to full time scale expansion. The price of the computational savings will be some loss 

of accuracy or increased variance in the estimate of TDOA. 

The algorithm proposes to correlate only short-time extractions from the sample 

sequences, where the length of the extractions is short enough so that time scale 

expansion is not required. The short extractions, one from the Sensor 1 sample 
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sequence and the other from Sensor 2, will be approximate replicas of one another. 

To provide an adequately long correlation time, many of these extraction pairs will be 

correlated and averaged. Successive guesses at the scaling factor direct the selection 

of the data points to make up the extraction pairs. The avoidance of scaling to expand 

a sample sequence will result in much greater computational efficiency. 

1.5 Simplifications Used in this Investigation 

In order to adequately present and verify the algorithm, a number of assump-

tions and simplifications are made. The sounds received at the two sensors from the 

submarine and the surface ship are synthesized as random low frequency sample se-

quences. This is a common practice in the development of passive sonar algorithms. 

This permits the algorithm to be tested on a large number of different data sequences. 

Localization based on two sensor arrays has been adequately dealt with in [1]. The 

geometry is confined to the scenario described above. All of the essential elements 

of the algorithm can be investigated with this scenario. That scenario presents only 

a linearly varying TDOA. Only direct sound paths from the submarine and ship to 

each of the sensors are considered. The reflected or refracted paths are neglected. 

While they are generally present, a discussion of surface reflections would needlessly 

complicate the presentation of the algorithm. Finally the uncorrelated ocean noise 

will be omitted from the development. The noise would have an effect on the variance 

in the estimation of the TDOA, but its presence does not affect the fundamentals of 

the algorithm 

After describing the algorithm in detail (Chapter 2) and developing the mathe-

matical expressions for the optimum scaling factor and TDOA (Chapter 3), several of 

the key decisions and problems in the algorithm will be investigated more thoroughly 

(Chapter 4): Selection of the length of the extractions; selection of the observation 

period length; alignment of the multiple correlations prior to summing; number of 

extraction pairs to sum. In Chapter 5 the theory will be validated using computer 

simulations. Chapter 6 will discuss some properties of the algorithm and compare 
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the algorithm and full time scaling, in terms of accuracy and computational cost. 

Finally, Chapter 6 provides some concluding remarks and a discussion of areas for 

future investigation. 



2. Approach to the Problem 

2.1 Statement of the Problem 

The objective of this work is to develop an algorithm for efficiently determining 

the location of a moving underwater source in the presence of a strong interfering 

sound source. 

To keep the discussion clearer, the scenario presented in the introduction will be 

used throughout the development. In that scenario, a surface ship (the interferer) 

is attempting to locate a following submarine (the contact). The ship has recently 

deployed two sonobuoys over the stern, and the contact is assumed to be in motion 

between the two sonobuoys. This scenario is pictured in Figure 2.1. The hydrophone 

sensors and the contact are all assumed to be at the same ocean depth of 200 meters. 

The sensors are separated by 500 meters. The ocean medium is considered sufficiently 

homogeneous so that sound travels in straight paths at a constant speed over short 

distances. 

The characteristics of the sounds emitted by the contact and the interferer will, 

in general, be only partially known. These characteristics depend on the type of 

vessel, its speed and, in the case of a submarine, its depth. They are commonly 

modelled as zero mean, Gaussian, stationary stochastic processes [2, 3], with large 

tonal components at a frequency related to the propeller turning speed. The acoustic 

signals emitted from the contact and the interferer are independent. Only the outputs 

from the sonobuoys are available for processing, and these are sequences of discrete-

time, digital samples of the sound detected by the sensors. The sampling at the sensors 

is synchronized. For the purposes of this study, the sampling rate is 8000 samples per 

second, the tonal components caused by the spinning propellers are assumed to have 

been filtered out [4, 5, 2, 6], and the broadband component is assumed to be filtered 
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Figure 2.1 Sectional view of scenario geometry 

2.2 General Correlation Technique 

200 m 

• 

Sensor 1 

The Select-Correlate-Sum algorithm, being developed in this paper, is one of sev-

eral techniques that uses correlation of received acoustic signals to determine the time 

difference of arrival at the two sensors of sound from a contact. The role of correlation 

in these techniques will be discussed in this section. 

For the moment, consider the following simplifications to the scenario: There is no 

interferer present and the contact is not moving (but still radiating acoustic signals). 

Then the sound received at the two sensors are time delayed versions of the sound 

emitted by the contact. The parameters of the sound are as described in Section 

2.1. A typical cross correlation of sample sequences from the two sensors, R12(7), is 

plotted in Figure 2.2. The shape of the correlogram is very similar to that from an 

autocorrelation of a broadband signal, which is to be expected since the two sequences 

are largely time-delayed versions of each other. The maximum occurs at the peak of 

a main lobe whose width from zero-crossing to zero-crossing is proportional to 1/B, 

where B is the bandwidth of the signals (400 Hz in this example). The magnitude of 
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Figure 2.2 Cross correlation of signals received from a still 

source without interference. 

0.025 

the maximum of the correlation is equal to the square root of the product of powers in 

the signals received at the two sensors. Numerous additional lobes, called side lobes, 

have a smaller magnitude. 

Whereas the location of the peak in an autocorrelation is always at the origin, 

i.e., corresponding to a shift T = 0, the location of the peak in the cross correlation 

will, in general, occur at a non-zero shift. The location of the peak corresponds to the 

time delay between replicas of the sound—the time difference of arrival (TDOA). The 

TDOA can be used in localization systems to determine an estimate of the compass 

bearing to the contact and an estimate of the location of the contact. 

The correlation function, R12(7), is not completely known, but can be estimated 

with a time-average correlation, k 2 ( • The assumption is made that the signal 

is correlation-ergodic—that the autocorrelation time-average estimate, k„(r), will 

approach the autocorrelation function, R„(r), in the limit as T approaches infinity. 

Because the correlation time, T, is not infinite, the location of the main lobe peak 
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is just an estimate of the TDOA. The signals are random in nature and the shape 

of the correlogram and the peak location will vary with the actual data contained in 

the sequences. A longer correlation time will improve the time average estimate of 

the correlation and the estimate of the TDOA. 

Locating the peak of the main correlogram lobe is more precise if the lobe is 

narrow and sharp. A wider signal bandwidth would result in a narrower lobe, but high 

sound frequencies are rapidly attenuated in the ocean and are not usually significantly 

present in the signals as they are received. 

In later sections, the effects of noise, contact motion and interference on the cor-

relation and the estimate of TDOA are explained. First, however, the next section 

is dedicated to a description of the units used to express quantities related to sound 

information used in sonar. 

2.3 Units for Sound Levels 

For acoustic analysis, underwater sound sources are considered as point sources 

which radiate a pressure wave equally in all directions. The pressure wave propagates 

through the ocean medium as the back and forth motion of the molecules. The wave 

is detectable as pressure changes by a hydrophone sensor. As the wave propagates, 

there will be a flow of energy past the hydrophone which can be expressed as energy 

per second across a unit area, and which is defined to be the intensity of the wave. 

The equation for acoustic intensity is given by 

I  = 
(p2) 

pc 
(2.1) 

where (-) indicates a time average, p is pressure in newtons/m2, p is the density of 

water in kilograms/m3, c is the speed of sound in water as m/s and I is the intensity 

(power per unit area) in watts/m2. 

The intensity at a range of r meters from a spherically radiating compact source 
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of total power P watts is 

I = 
P

4irr2.
(2.2) 

To handle the wide range of intensities, acoustic analysis uses a decibel notation, 

expressing intensities relative to an intensity reference standard. That standard is for 

an acoustic pressure of one micropascal. For p = 1 gram/cm' and c = 1500 m/s, that 

acoustic pressure results in an intensity of 0.667 x 10-18 watts/m2. 

In underwater acoustics it is customary to refer to the strength of a compact 

sound source in terms of the intensity at a distance of one meter from the hypocenter 

and expressed relative to the reference intensity. Converted to decibels, this relative 

source intensity is called the source level (SL) and is denoted with SL//pPa@lm. 

The source level of a P watt compact source is defined as 

SL//pPa©lm = 10 log [t] 

= 170.77dB + 10 log 
P 

1 watt 

where P is the power of the source in watts. 

(2.3) 

(2.4) 

A broadband acoustic signal radiates power over the frequency band without hav-

ing any power concentrated at a single frequency. The power distribution is usu-

ally conveyed as a plot of the intensity of radiated power in a 1 Hz bandwidth 

versus the center frequency of the 1 Hz band. This spectral density is denoted 

SL//µ13a/1Hz@lm, and has units of 1/Hz. 

2.4 Effect of Noise on Correlation 

Although uncorrelated noise sources -(such as noise in the hydrophone electron-

ics, noise related to the flow of water past the hydrophone sensor, suspension and 

cable, and ambient ocean noise) are not given much consideration in this thesis, an 

examination of the effect of noise on the correlation of the signals from the contact 
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is required. The Select-Correlate-Sum processing method being developed alters the 

effect of the interferer to an effect equivalent to that of uncorrelated noise of a similar 

total power. 

Noise corrupts the sample sequences and degrades the similarity of the delayed 

versions of the sound emitted by the contact. This in turn affects the degree of 

correlation and the shape of the correlogram. Most importantly, noise introduces 

additional variance into locating the peak of correlogram main lobe and therefore 

into estimating the TDOA. The sharpness of the peak, i.e., the narrowness of the 

main lobe, affects the degree to which noise can affect the location of the peak. A 

main lobe with a larger magnitude second derivative in the vicinity of the peak is less 

affected by noise. 

To demonstrate the effect of noise on the estimate of the TDOA, various levels 

of uncorrelated noise were added to sample sequences received from a non-moving 

contact. The noise sources were considered as point sources located an equivalent 

distance from the sensor as the contact, however each noise source affected only one 

sensor. A plot of the variance of the TDOA estimate versus the source to noise 

Source Level ratio is shown in Figure 2.3. .A straightforward correlation was used 

over a 1 second period. This figure clearly shows the decrease in TDOA variance 

with increasing Signal to Noise Ratio (SNR). 

2.5 Effect of Contact Motion on Correlation 

Movement of the contact during the correlation time has the effect of flattening 

the peak of the correlogram main lobe. This exacerbates the effect of noise and 

interference. 

Consider that the contact is moving during the observation period along a path 

away from Sensor 1 towards Sensor 2. The TDOA is changing throughout the cor-

relation time. This has the effect of smearing the correlogram, broadening the width 

of the lobes or flattening the peak. The effect of increasing contact speed on the 
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shape of the correlogram is shown in Figure 2.4. The figure shows correlograms for a 

contact moving at 0, 5 and 10 m/s. The three correlograms are arbitrarily aligned at 

a correlation variable shift T = 0 for comparison. The correlation time for each case 

is 100/B, where B is the bandwidth. Compared to the correlogram for the stationary 

contact, the correlogram of the contact moving at 5 m/s shows slight smearing, while 

a large amount of smearing is seen in the correlogram for the contact moving at 10 

m/s. 

The consequence of smearing is that it becomes more difficult to precisely estimate 

the TDOA because the main lobe is broader and the peak is more susceptible to 

being displaced by noise. The variance in the estimate of the TDOA increases due to 

contact motion. The variance of the TDOA estimate for a selection of contact speeds 

is plotted in Figure 2.5, for a SNR of 100 dB. 
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Figure 2.4 Cross correlations for contact speeds of 0, 5 and 
10 m/s. All correlograms based on observation 
period of 100/B. 

For a still contact, increasing the length of the correlation time is effective in 

reducing the variance in TDOA estimate caused by noise. However, for a moving 

contact, lengthening the correlation time also increases the total amount of change in 

TDOA. This exacerbates smearing of the correlogram and increases variance in the 

TDOA estimate. 

2.6 Effect of Interference on Correlation 

A strong interference will adversely affect the accuracy of the TDOA estimate. 

Sound from both the contact and the interferer are represented in the sequences being 

correlated. Since the two sources are independent, the resulting correlogram is like the 

sum of two correlograms obtained by separately correlating the contact and interferer 

components. A local peak in the contact correlogram could be increased, decreased 

or slightly shifted when combined with the correlogram from the interferer. If the 
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interferer is strong, then many of the side lobes in the interferer correlogram could 

be large enough to affect the location of the main lobe of the contact correlogram. 

A simulation of the effect of a strong interferer on the correlogram of the contact is 

illustrated in Figure 2.6. 

The figure shows how, in the correlation of signal comprising sound from both 

contact and large interferer, the location of the peak of the main lobe for the contact 

is displaced by a strong side lobe from the interferer. The large main lobe of the 

interferer correlogram is not found in this range of the correlation variable. 

The degree of the effect of the interferer is determined by the strength of the 

interferer and by the sharpness of the contact correlogram main lobe. 
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Figure 2.6 Example correlograms for contact, very large in-
terferer and the resulting combined correlogram. 

2.7 Effect of Time Scaling During Signal Processing 

0.76 

The negative effects of contact motion and interference on the estimation of TDOA 

can be reduced by time scaling one of the received sample sequences to compensate 

for the contact motion. In the scenario, the contact signal received by Sensor 1, sci (t), 

is like a version of the emitted sound where the time scale has been stretched. This 

is because the contact is moving away from Sensor 1 and sound emitted later takes 

incrementally longer to reach Sensor 1. Similarly, sound from the contact received 

at Sensor 2, .3,2(0, has a compressed time scale relative to the emitted sound. This 

is shown, in exaggerated fashion, in Figure 2.7. The signals .9,1(0 and sc2(t) are not 

good replicas of one another and lobes in the correlogram of their cross correlation 

would be smeared, as discussed earlier. 

The time scale of 8,2(0 can be stretched until it becomes a good replica of sci (t). 

The choice of 8,1(0 as a reference signal is arbitrary. The amount of scaling necessary 



23 

Mt) 

sci(t) 

Sc2 (t) 

sc2Ts(t) 

Sound signal emitted 

t by contact 

  Expanded signal 

t received at Sensor 1 

Compressed signal 

received at Sensor 2 

t 

Sensor 2 signal 
stretched to resemble 

Sensor 1 version 

Figure 2.7 Sketch of time signals emitted by contact, re-
ceived by Sensor 1, received by Sensor 2, and 
Sensor 2 signal stretched prior to correlating 
with the signal received by Sensor 1. 

to make sa(t) like sci (t) is proportional to the rate of change of the TDOA which 

is proportional to the speed of the contact. It is not important that neither .5,1(0 

nor sa(t) are good replicas of the emitted sound. Once .9,2(0 has been stretched 

sufficiently, say to Sc2TS(t), it is correlated with sci (t) to yield a correlogram in which 

the peak for the contact is not smeared. Without smearing, the peak remains sharp 

and less susceptible to being dislocated by noise. 

Scaling of the time axis of the signal from Sensor 2 affects the interferer component 

as well as the contact component. Because of its position relative to the two sensors, 

the interferer's motion does not introduce a change in the TDOA. The TDOA for 

the interferer is the maximum possible given this spacing between the sensors and 

will remain maximum as long as the interferer remains collinear with the sensors. 
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Since the TDOA is not changing, a cross correlation of interferer component, sii(t) 

and si2(t), produces an unsmeared correlogram peak, that is if there is no time axis 

scaling. 

However, the interferer component, si2(t), is scaled along with the contact compo-

nent, sc2(t). The scaled interferer component, A -i2TS(t), is no longer a good replica of 

sii(t) and correlation of these two components produces a correlogram with flattened 

main and side lobes. The smeared lobes can be considered to have been averaged, or 

low-pass filtered, with the result that the peaks are less pronounced and more gradual. 

The location of the contact correlogram's main lobe is affected less by the smeared 

interferer side lobes, so the contact TDOA can be more accurately determined. 

Certain scaling factors diminish the effect of the interferer and enhance the TDOA 

estimation for the contact. Other scaling factors (for example, no scaling in this 

scenario) diminish the correlogram of the contact and peaks the correlogram for the 

interferer. 

2.8 Search for Scaling Factor and TDOA 

Since the speed of the contact is unknown, the scaling factor required to compen-

sate for contact motion must be estimated. Successive scaling factors are hypothesized 

and tested. Better guesses at the scaling factor make the scaled signal, sc2Ts(t), a 

better replica of 5,1(0 and result in a more pronounced contact main lobe in the 

correlogram. Guesses that are far removed from the scaling factor that compensates 

for interferer motion will result in a significant filtering effect on the lobes contributed 

by the interferer. Each scaling factor guess results in a separate correlogram. The set 

of correlograms from all guesses, placed side by side forms a surface. The maximums 

of the surface indicate the best estimates for TDOA and rate change of TDOA for 

the contact and the interferer. This is commonly referred to as an ambiguity surface, 

since the two peaks must be differentiated using additional information. Knowledge 

of the scenario will dictate which maximum indicates the parameters for the contact 

or interferer. For example the speed of the surface ship (the interferer) will be known. 
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Also, due to its location collinear with the two sensors the rate of change of TDOA for 

the interferer will be zero. Additionally, it can be assumed that the following contact 

has a speed close to that of the interferer, from which an approximate rate change of 

TDOA can be derived. 

2.9 The Select-Correlate-Sum Algorithm 

This section introduces the fundamentals of the Select-Correlate-Sum algorithm. 

Scaling the time axis of the sample sequence from Sensor 2 is a computationally 

expensive process which must be repeated for each unique guess at the scaling factor. 

Scaling of a discrete sample sequence can be done by calculating new arrival times for 

each sample using a function of time and the scaling factor. The resulting sequence 

is then interpolated at uniform intervals. 

Time axis scaling can be avoided by correlating unscaled extractions that are 

sufficiently short so that smearing is not a significant problem. Over a very short 

interval, .3,1(0 and 3,2(0 will be almost delayed replicas of one another. The scaling 

factor is used to calculate the location in the Sensor 2 sequence of the extraction 

that is proposed as the replica of a short extraction from the Sensor 1 sequence. Each 

scaling factor proposes a slightly different extraction from the Sensor 2 sequence. The 

extractions are cross correlated for each scaling factor and an ambiguity surface is 

prepared as before. 

A short extraction, however, provides an insufficiently long time-averaged cross 

correlation to give a reliable estimate of the desired TDOA. So numerous different 

extractions pairs are respectively correlated throughout the observation period. This 

is shown in Figure 2.8. 

In Figure 2.8, 3,1(0 and sc2(t) are the expanded and compressed versions of the 

emitted contact sound as received at Sensor 1 and Sensor 2, respectively, in the 

absence of interference. Taken as a whole, they are clearly not good replicas of one 

another. Three extractions from sci (t) are indicated as the parts of .5,1(0 visible 
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Figure 2.8 Representations of sci (t) and sc2(t), expanded 
and compressed versions of the emitted contact 
sound. Short extractions from each signal, in-
dicated as the parts of the signals within the 
shaded regions, are correlated as matching pairs. 

within the shaded regions, centered at times 11, /2, and 13 from an arbitrary time 

origin. Extractions from .5,2(0 are selected using a function of the currently proposed 

scaling factor and the times of the matching extractions from sci (t), /1, l2, and l3. 

These extractions are indicated as the parts of .5,2(0 within the shaded regions. It 

can be seen that the first extractions from sci (t) and se2(t) are nearly time-shifted 

replicas of one another. The same can be said of the other extraction pairs. The 

short correlation of each extraction pair contributes to a correlogram. In total, the 

numerous extractions amount to a sufficiently long correlation time. 

The computational savings are the result of not having to resample the Sensor 2 

sample sequence to stretch its time scale. Additional efficiency could be attained by 

only computing points on the aggregate ambiguity surface necessary to identify the 

maximum, for example through the use of a "hill-climber" algorithm. 
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2.10 Related Studies 

There have been several studies which propose methods to compensate for contact 

motion. 

Scarbrough [3] described a method using a frequency domain approach. Instead 

of correlating time series, the method takes the product of the Fourier transform of 

segments from each sensor. Compensating for contact motion is accomplished by 

applying an appropriate phase rotation to the cross power spectrum estimate for 

each segment. The estimates from all segments are then averaged using appropriate 

weighting functions before taking the inverse Fourier transform. 

Betz [2] describes a method that correlates the time series within each segment 

once, and subsequently shifts those correlations prior to summing as a way of com-

pensating for contact motion. Kuhn et al. [5] made a comparison of these time 

domain and frequency domain approaches. That paper points out that the time 

domain method lends itself better to cases with a large time delay. The frequency do-

main method can readily handle cases with time delay of just one-half of the segment 

length. 

None of these methods address the issue of a strong coherent interferer, which is 

a key factor in this thesis. They do however describe large computational savings 

compared to scaling every data point prior to a lengthy correlation. 

Izzo et al. [7] did address interference but using a method that required the 

interference to by cyclostationary. 

2.11 Summary 

This chapter has presented a context and an overview of the Select-Correlate-

Sum algorithm to determine an estimate of the TDOA for the contact in the scenario 

discussed. The Select-Correlate-Sum (SCS) algorithm selects short extractions in 

such a way as to compensate for contact motion, correlates the unscaled extractions 

and then sums the results of the correlations. Correlating short extractions minimizes 
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the effect of smearing caused by contact motion during the correlation time. Using 

a large number of extractions provides an adequately long aggregate correlation time 

to reduce the variance of the estimate caused by noise. The- effect of the strong 

interferer is reduced by exploiting the motion of the contact and interferer which 

results in different rates of change of TDOA. The motion must be observed over a 

sufficiently long period of time so that adequate averaging of the interferer side lobes 

occurs. The issues related to choosing the length of the extraction, the number and 

selection of extractions and the length of the observation period will be discussed in 

Chapter 4. The computational savings resulting from not scaling a sample sequence 

was introduced. 

This description of the SCS algorithm will be developed mathematically in Chap-

ter 3. 



Mathematical Development of the Select-

Correlate-Sum Algorithm 

The previous chapters have provided a description of the problem of efficiently 

determining the time difference of arrival of a moving contact in the presence of a 

strong interferer. As well, the previous chapters have outlined the workings of the 

Select-Correlate-Sum algorithm that is being proposed in this paper. This chapter 

will develop the mathematical basis of that algorithm. 

A mathematical expression will be developed for the ensemble average cross cor-

relation function by taking the expected value of the time-average cross correlation 

of the signals received at the two sensors. Expressions will be derived for the value 

of the scaling factor that produces the largest peak in the ensemble cross correlation 

function and for the shift at which that peak occurs. These values are estimates, 

respectively, of the time scaling caused by contact motion and the time difference of 

arrival (TDOA) of sound from the contact. The TDOA estimate is of primary im-

portance, although there is useful contact velocity information in the scaling factor. 

Finally in this chapter, the relationship between the mathematical basis and the 

implementation of the Select-Correlate-Sum algorithm is discussed. The details of 

the implementation are deferred until Chapters 4 and 5. 

3.1 Scaling a Continuous Time Signal 

The signal from the hypothetical contact is broadband, limited to 400 Hz, zero-

mean, Gaussian and assumed essentially stationary over the observation periods that 

are used. The signal from the contact is denoted Mt). The signal has units of pPa; 

the sound level emitted by the contact is expressed as SL dB/hiPa/lHz@im. A 

29 



30 

single coefficient is used to indicate all of the channel factors influencing the signal 

as it propagates through the water and is received by the hydrophone sensor. The 

coefficient includes spreading and absorption losses and hydrophone conversion. The 

coefficient aci(t) denotes the losses en route to Sensor 1. The units of the coefficient 

are such that the product, aci(t)sc(t) has units of volts. For the channel from the 

contact to Sensor 2, the coefficient is ac2(t). 

Similarly, si(t) indicates the signal from the interferer. In this study, it has the 

same signal characteristics as the signal from the contact. The channel coefficients for 

the interferer are denoted by aii(t) and ai2(t). The contact and interferer signals are 

independent. Ambient ocean noise picked up by Sensor 1 and Sensor 2 are denoted, 

respectively, as sni(t) and sn2(t) and have units of SL dB/htPailHz. The coefficients 

bni(t) and bn2(t) cover the hydrophone conversion and have units such that the prod-

uct bni(t)sni(t) has units of volts. The noise signals are uncorrelated with themselves 

and with each of the contact and interferer signals. 

The signals available at the outputs of hydrophones 1 and 2, denoted si(t) and 

s2(t) respectively, can be expressed by: 

silt) = aci (t)sc(t — (t)) (t)si(t — dii (t)) bra (t)sni (t) (3.1) 

and 

s2(t) = ac2(t)se(t — c1,2(t)) + ai2(t)si(t — di2(t)) + bn2(t)sn,2(t), (3.2) 

where dci (t), da(t), dii(t) and di2(t) are the time delays that the signals arriving at 

instant t have already experienced in travelling from the contact to Sensors 1 and 2 

and from the interferer to Sensors 1 and 2 respectively. 

The autocorrelation functions for the contact and interferer signals are given by: 

R„(r) = E[se(t)sc(t — 7)] 
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and 

Rii(r) = E' [s  — r)]. 

Consider the time delay functions used in (3.1) and (3.2). These time delay 

functions can be approximated with the linear terms of a Taylor series expansion. 

The expansion will be taken about time t = T/2, the midpoint of the observation 

period of length T. Using the first two terms of the expansion yields the following: 

dci (t) 

dc2(t) ti

dil (t) ti

di2(t) Pz-!, 

va • (t — T/2) + Da 

vc2 • (t — T/2) + Dc2 

vi1 • (t — T/2) + and 

v i2 • (t — T/2) + Di2 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

where 

vc1 = 
d da(t) 

t=T/2 

(3.7) 
dt 

vc2 = 
d da(t) 

t=T/2 

(3.8) 
dt 

vil = 
d dii(t) 

and 
t=T/2 

(3.9) 
dt 

242 
d di2(t) 

t=T/2 

(3.10) 
dt 

and 

Dc1 = dci (T 12) (3.11) 

= dc2(T 12) (3.12) 

D11 = di1(T/2) and (3.13) 

Di2 = di2(T/2). (3.14) 

Thus yd., for example, represents a constant rate of change in the delay of the signal 
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travelling from the contact to Sensor 1. The actual delay that the signal received at 

time t = T/2 experienced in reaching Sensor 1 is Da. 

Before correlating, s2(t) must be scaled to compensate for contact motion during 

the observation period. The scaling of the time variable of s2(t) to give s2t,(t) is 

done using the constant Av. This is a single linear scaling factor that is proposed 

to compensate for the rates of change of delay, vci and va, from the contact to both 

sensors. The scaling is then given by 

s2is(t) = s2(t • (1 + Ay)) 

ac2(t(1 Av)).5,(41 Av) — dc2(t(1 Av))) 

ai2(t(1 Av))si(t(1 Ay) — di2(t(1 Av))) b,i2(t)s7,2(t). (3.15) 

The assumption will be made that the loss functions asi(t) and bsi(t), where 

s = {c,i} and j = {1, 2}, vary only slowly so that 

asi(t(1 /.v)) N asi(t) and 

bsj(t(1 Ay)) bsi(t) for 0 < t < T. 

This assumption will be valid if AvT is small and if the contact and interferer are 

not very near either sensor. The noise signal loss coefficients, b,j(t) are not related 

to contact or interferer motion and can readily be assumed to be constant over the 

observation period. 

Substituting into (3.15) the Taylor expansions from (3.4) and (3.6), and using the 

above assumption yields 

32ts(t) ti ac2(t)sc(t(1 Av) — vc2 • t • (1 + Ay) — Da + vaT 12) 

ai2(t)si(t(1 Ay) — vi2 • t • (1 + Ay) — Di2 Vi271/2) bn2(t)Sn2(t) 

ac2(t)Sc(i(1 Av)(1 — va) — Da + vaT12) 

ai2(t)si2(t((1 Av)(1 — vi2) — Dj2 Vi2T/2) bn2(t).97,2(t). 
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The algorithm now calls for the cross correlation of s1(t) and s2ts(t). Only a 

time-average cross correlation is possible since only a single sample function is avail-

able. The signals are treated as correlation-ergodic. The cross correlation over the 

observation period T is given by 

R12(T) foT s1(t)s2ts(t — r)dt 

joT si(t)s2((t — 7)(1+ Av))dt 

1 
f oT [ac1(t)s,(41— yd.) — Da + vaTI2) 

aii(t)si(t(1 — — Da + vaT/2) ka(t)sna(t)] X 

[c/a(t — 7).5,((t — T)(1 + Av)(1 — vc2) — Da + va TI2) 

ai2(t — r)si((t — r)(1 + Av)(1— vi2) — Di2 vi2T/2) 

14,2(t)s„2(t)]dt. 

Since the averaging time, T, is finite, I/12(T) is a random variable. The expected 

value of the time-average cross correlation is 

E[k12(r)] 
f T 

T, aci(t)a,2(t)E[s,(41 — vei ) — Do. + vciT/2).5,((t — r)(1 + Av)(1 —vc2) 

— Da + vaT12)]dt 
1 I T 

+ -77 0 aii(t)ai2(t)E[si(t(1 — — Da + viiT/2)si((t — r)(1 Av)(1 — vi2) 

Di2 vi2T/2)]dt 
1 Jo T del (t)a,2(t)R„(41 — vc1) — Da + vaT 12 — (t — 7)(1+ Av)(1 — vc2) 

+ Da — vaT12)dt 

+ L T aii(t)ai2(t)Rii(t(1 — va) — Da + va.T/2 — (t — r)(1+ Av)(1 — vi2) 

Di2 — vi2T/2)dt 

TIT aci(t)ac2(t)R„(t(vc2 — — Av(1 — v c2)) + r(1 + Av)(1 — vc2) 
o 

+ Da — + (va — va)T12)dt 
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T 

+11 o 
(t)ai2(t)Rii(t(vi2 — v,1 — Av (1 — vi2)) T(1 + Ay )(1 — vi2) 

Di2 — Di1 + — vi2)T I2)dt. (3.16) 

This expression describes the expected result of cross correlating finite length 

signals picked up by the sensors. It can be seen to consist of the sum of versions of 

the autocorrelation of the contact signal and of the interferer signal. Since the signals 

are all independent, any cross correlation of them is zero and so cross correlation 

terms drop out. 

The premise is that a maximum of this expression will occur for a scaling factor, 

A.v, that best compensates for the contact motion during the time-average period 

and for a T correlation shift that corresponds to the TDOA of the contact at time 

T, the end of the observation period. This premise will be tested by examining the 

arguments of the autocorrelations itcc(•) and Rii(•). 

3.1.1 Ignoring Interference 

Consider just the integral of (3.16) containing Rcc(.). Since R„(0) > R„(r) for 

all r, that term will clearly be maximum if the argument of Rcc(•) is zero for all t in 

the integration interval. The argument is zero for all t if and only if 

vc2 — yd. — Av(1 — vc2) = 0 

and 

Tc(1 Av)(1 — vc2) Dc2 — Dc1 + (yd. — vc2)T/2 = 0, 

where rc is the value of the correlation variable 7 which forces argument of R.(•) 

to zero. It is clear from these two equations that, in the absence of interference, 

E [k2( )] is maximum if and only if 

vc2 -- Vc1Ay = 
1 — vc2 

(3.17) 
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and 

Tc 
Del — Da + (va — va)T 12 Da — Da + (via — va)r 12 

(3.18) 
Vr2—Vel ( 1  — vC2 1  — VC]. [1 + 

1 — Vc2 

According to (3.18), in the absence of interference, the global maximum of the 

cross correlation occurring at a correlation shift, 1-c, is expected to indicate a biased 

estimate of the TDOA for time T. 

3.1.2 Considering Interference 

A similar argument can be made for the Rii(•) term in (3.16) in the absence 

of contact signal. A different global maximum, at a different Ay, will indicate an 

estimate of the TDOA at time T for the interferer when 

242 — ?la 
Ay = 

1 — vi2 

and 
Dii — Dj2 + (242 — Vii)71/2 Dii — Di2 (Vi2 — Vii)T/2 

= 
[1 + 1. 2_7:1 (1 — vi2) 1  — Vii 

To differentiate, the scaling factor which maximizes the correlation for the contact is 

denoted Avc and the factor which maximizes the correlation for the interferer, Avi. 

If both contact and interferer signals are present then the expected value of the 

cross correlation (3.16) contains contributions from both integrals. However, if Avc 

is significantly different from AN then both the integrals will not produce a large 

correlation peak for any one value of Av. That is, a proposed Ay close to Ay, will 

produce a large correlation peak for the contact. That same Ay will not produce a 

strong correlation for the interferer. 

If the integration time is such that 

lAvc — Ova l • T >> 
bandwidth 

1 
(3.19) 
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then, for a Av near Avc, the interferer will affect the peak of the contact correlation 

as if it were uncorrelated noise with the same total power. Then the interferer will 

have been largely suppressed. This will be explained in Chapter 4 in the discussion 

of smearing of a correlation. 

The converse situation is also true. A scaling factor near the optimum for the 

interferer will suppress the contact. If Av, and Avi are too similar, then it may not 

be possible to resolve the TDOA for the contact in the presence of strong interference 

within a reasonable time. 

Each proposed Av produces a correlogram. The set of correlograms from all 

attempted Av values produces a surface, with the set of Av values forming one axis 

and the correlation variable T forming the other. The height of the surface is the value 

of E[fit12(r)]. The surface will, in general, show two distinct peaks, and is frequently 

called an ambiguity surface. Resolving the ambiguity of the two peaks requires a 

priori knowledge in order to identify one peak as corresponding to the contact and 

the other to the interferer. 

The development so far has been for the case where every point of s2(t) is scaled 

along the time axis. While it will result in high quality correlations, this has the 

disadvantage that it is computationally intensive to implement. The next section will 

develop more computationally efficient expressions for Ay, and TDOA estimate for 

the contact. 

3.2 Scaling the Midpoint of Signal Segments 

This section will develop similar mathematical expressions to those developed in 

the last section, but without scaling every data point in the Sensor 2 signal. Instead, 

unscaled segments of the two signals will be used in short time-average correlations. 

The integration time is broken up into intervals that are sufficiently short that each 

segment from s2(t) is essentially a coherent replica of the corresponding segment from 

31(4 The benefit of this approach is a reduction in the number of computations 
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required for scaling. 

The expressions for the signals received from the two sensors si(t) and s2(t), 

for the autocorrelations R„(r) and Rii(r), remain the same as described in Section 

3.1. Since the ambient noise terms and the signal loss coefficients were shown not 

to contribute to the expressions for TDOA or Av, they are omitted from the start. 

Additive zero-mean independent noise sources do not affect the mean cross correlation 

output [8]. 

s1(t) = (t — dd. (t)) si (t — dii (t)) 

s2(t) = sc(t — de2(t)) si(t — di2(t)) 

R„(T) = E[sc(t)sc(t — T)] 

Rii(r) = E[si(t)si(t — r)]. 

(3.20) 

(3.21) 

Assuming s1(t) is partitioned into N time segments with the partition P 

{0, t1, t2, t3, . . . ,T}, the time axis scaled Sensor 2 signal is given approximately by 

where 

s2i3(t) s2(t + -ykAv), for tk < t < tk+1, k = 0 N — 1, 

yk = 
2 • 

tk tk+1 

In this way scaling is done for the center point of each segment, but the data 

points within each segment are not scaled. 

The delay functions in (3.20) and (3.21) are approximated with the linear terms 

of a Taylor Series expansion as before. This time, however, it must be considered that 

there will be a number of short-time correlations, and slightly different delay function 

expansions for each. The expansion is taken about -yk, the midpoint of each segment 

of the partition, P, as follows: 
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da(t) Vcki  • (t — D ck1

C/a (t) ti  Vck2 • (t — "yk) D ck2

dal (t) ';:d VIA • (t — + D IA and 

di2(t) Viic2 • (t — -yk) 

where 

V 
k 
cl 

k 
,'c2 

val 

and 

d da (t) 
dt 

d da(t) 
dt 

d da(t) 
dt 

d di2(t) 
dt 

t=^yk 

t=-yk 

and 
t=ryk 

t='yk 

k 
Dcl dcl (71c ) 

D IZ2 dc2(N) 

= dal(7k) 

gi c2 = di2('rk), 

and 

where the superscript k refers to the kth segment of P. 

Momentarily ignoring the interferer, the time-average cross correlation of si(t) 

and s2ts(t) is given by 

1812 (T) 

1 N-1 r i

= — E 
k=o tic 

s1(t)s2ts(t — r)dt 



1 N-1 f  tk+i

T k=0 Jtk
1 N-1 rk4.1
T k=1:1 it h

1 N-1 f 4+1 
— E 

k=o tk
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s1(t)82(t — T 'ykAv)dt (3.22) 

sc(t — del (t)).sc(t — 'Yk AV — Cle2(t — likAv))dt 

sc(t(1 — vck1) — Dck1 + vckilik) 

x.sc((1 — vc2)(t — T ykLv) vc27k — Dck2)dt 

where k = 0...N — 1, to = 0 and tN = T. Thus (3.22) is seen to be the sum of a 

number of short time-average correlations. 

Still ignoring interference, the expected value of this time average cross correlation 

function is 

E[1 12(T)] 
N-1 ft , +, 

T kE=0 tk

N-1E ftk+i

k=0 I 

N_i tk+, 
T 
E 
k=0 tk 

E[sc(t(1 — vcki.) — Dcki vcki,yk)

.01 — vc2)(t — T -ykAv)-F vc2-yk — Dc2 )}dt 

Rcc(i(1 
vcki ) Dcki

— [(1. — V 2)(t — T 'ykAV) + V 27k —D 2lldt 

Rcc(t(v2 vim) 
,,ykAv(i  

v2) + T(1 — yck2) 

(vck1 Vck2)7k — Dck1 D2) dt.k (3.23) 

Since it is assumed that the contact maintains its velocity throughout the observation 

period, vcki = vci for all k. Similarly, vck2 = vc2, v = vil and vlic2 = vi2 for all k. 

Again, (3.23) is maximum when the argument of Rcc(-) is zero for all t in each 

integration integral [t k, tk+1]. This is the case if and only if 

and 

t(ve2 — yd.) — ykAv(1 — vc2) = 0 

T(1 — Vc2) (t , c1 Vc2)7k D cki D ck2 = 0. 
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From these two conditions, we see that, in the absence of interference, E[fi12(7)] 

maximum when 

and 

c 
= 

Av = 
(vc2— vci)t 
(1 — vc2)'Yk 

k—
 D ck2 (vc2 — vci.)7k 

1 — 

is 

(3.24) 

(3.25) 

where 7-1' is the value of the correlation variable 7 which maximizes Rcc(•) in the 

interval [tk, tk=i] • 

It can readily be seen from (3.24) that any Av is completely accurate only for 

the instant when t = -yk, and that for other values of t in the integration interval the 

scaling will be in error. If, however, the integration interval is sufficiently small then 

-yk is close to t. With this assumption the expression for Av reduces to 

Av = Vc2 Vcl 

1 — Vc2 

which is the same as was derived for the continuous time scaling case in the last 

section. 

The expression for has a couple of differences from the expression for Tc derived 

in the last section. Firstly, the denominator is (1 — vc2) here rather than (1 — yd.). 

Secondly, there is a Tc estimate for each segment of the partition, P. When the 

proposed /v is equal to Ay, (the optimal value for the contact), all the estimates 7-1c 

will be nearly the same, namely Tc. In that case the short-time correlations sum in 

a constructive fashion. Further, the time difference of arrival can be determined for 

any of the segment midpoints, -yk. It is most useful to determine the most recent time 

difference—that at the midpoint of the last segment, 7N-1: 

Tc = 
1 — Vc2 

— Dicv2-1 (vc2 — vci)-YN-1 .cl (3.26) 

The above discussion was developed ignoring any interferer. A similar set of ex-

pressions for Av and T can be developed considering only the interferer and ignoring 
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the contact. The actual expression for E[k2(7-)] includes the sum of the autocorrela-

tions for both the contact and the interferer, since cross correlations of independent 

signals are zero. As before, the scaling factor that yields a maximum for the contact 

is denoted Av, and that which yields a maximum for the interferer is Avi. 

Each proposed Av yields a correlogram which forms part of an ambiguity surface. 

The interferer and the contact each contribute a peak in that surface. To adequately 

resolve the two peaks, the total integration time must be such that 

lAv, — Avil • T 
bandwidth 

1 

An additional condition that has been imposed is that each of the correlation times 

must be short. The short term correlations will not suffer significant degradation if, 

during the integration time, the delay does not vary by more than the correlation 

time of the source signal [5]. 

Selection of the total integration time, T, and of the segment correlation length, 

[tk, tk+i], will be discussed at more length in Chapter 4. 

3.3 Implementing the Select-Correlate-Sum Expressions 

The mathematical basis for the Select-Correlate-Sum algorithm was developed in 

the preceding sections. This section introduces the application of those expressions 

in an algorithm to find the TDOA for a moving contact. 

In a practical application, all that is available for processing are finite length 

sequences from the output of the two hydrophones. The pertinent equation for the 

implementation is (3.22) reproduced here for convenience: 

1 N-1 rtk-F1 

It12(T) T 
E sl(t)s2(t + -ykAv — T)dt 

k=0 tk 

where 81(0 and 32(t) are the signals received by Sensors 1 and 2 respectively; where 

si(t) is partitioned in time with the partition P = {0,t1,t2,t3, . . .,T}, with to = 0 
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and tN = T; and where the midpoints of the partition segments are given by 

tk 4+1 

2 = k = 0 N — 1. 

For each proposed scaling factor, /.v, the midpoint of each segment of si(t) in 

the partition P is scaled to determine the midpoint of a matching segment from 

s2(t). Each pair of matching segments are cross correlated, and the N correlation 

results are averaged. Each Av results in slightly different matching segments from 

s2(t) being selected and therefore yields a slightly different correlogram. The set 

of all correlograms forms the ambiguity surface, a plot of the correlation magnitude 

versus Av versus T. The two peaks of the ambiguity surface, interpolated if necessary, 

correspond to the contact and the interferer. Some a priori knowledge is required to 

identify the peaks. In the proposed scenario, it is known that /vi is zero since the 

interferer is collinear with the sensors. The delay for the interferer, Dil — Dj2 is known 

to be the maximum possible given the separation of the two sensors. Finally, since 

the contact is assumed to be following the surface ship, it can be assumed that the 

contact's speed is close the the speed of the surface ship, which would be known. 

3.3.1 Correcting Bias in the Estimates 

The ambiguity surface parameters indicated by the location of the contact peak 

correspond to estimates of Av, and re discussed in the preceding sections. 

Av, was predicted to be 

Av, = (v,2 — vci)/(1 — vc2)• 

The location of the peak found in the ambiguity surface indicates an estimate of Ave, 

denoted Ai),. Since the motion of the contact between the two sensors dictates that 

va = and that the required compensating factor is va — vcl, Ai), can be used 
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to provide estimates of vci and vc2 as follows: 

= = 
(2 + Ai.)c) • 

These estimates are then used to correct the bias in the estimate of the time difference, 

Tc • 

The value of the correlation variable corresponding to the location of the contact 

peak in the ambiguity surface is denoted 7'1, which is an estimate of rc predicted in 

(3.26). A number of operations are required in order to manipulate Tc into a useful 

estimate of the TDOA for the contact at the end of the observation period. 

The estimate ji-c is subject to several sources of error. It is a time average estimate. 

The presence of the interferer introduces a bias. The methods themselves introduce 

other biases. 

In Section 3.2 the aggregate correlation peak was expected at 

Djcvi-1 — (vc2 — vci)7N-1 
Tc • 

— vc2 

Even for long observation periods 7 c will be a biased estimator of Dc1 — Dc2 due 

to the introduction by the Select-Correlate-Sum algorithm of the denominator term 

(1 — vc2). This denominator is different than the expression derived for the fully scaled 

method (3.18) which is assumed to be more accurate. 

A first bias correction towards getting a useful TDOA estimate from the peak 

location is to alleviate that difference by multiplying Tc by (1-7%0/(1 — k2). Equation 

(3.18) also includes a term to correct for the fact that the delay difference is desired for 

the end of the observation period, 7N_1, but the correlation yields a delay difference 

for the midpoint of the correlation interval. Both of these corrections are contained 

in the expression: 

1 — 15c
AD =   — vc2) — (vc2 — (1 — 
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AD will generally be biased due to the presence of correlation lobes from the 

interferer. This is in fact the principal source of error. If, however, the interference 

is largely suppressed through the algorithm, then the bias will be small. 

Da and Da were defined to be the delays experienced by the sound from the 

contact received at Sensor 1 and Sensor 2, respectively, at time T/2, the midpoint 

of the observation period. /31: -1 and Dicv2-1 were defined to be similar quantities, 

but for the time given by -yN_i , the midpoint of the final segment in the partition of 

si(t). AD is, therefore, an estimate of the difference in those delays. However, these 

signals have spent time travelling to the sensors and were emitted from the contact 

at separate times earlier than T/2 (or than -)w_i). Since the contact is moving, it 

was in a different location at each of those earlier times. 

What is really the desired quantity, however, is the time difference of arrival of 

sound emitted from the contact at the end of the observation period T (or the last 

segment midpoint 

The estimate of the desired TDOA will be denoted as AD'. AD' can be calculated 

from the time difference AD. The derivation can be found in Appendix A, the result 

of which is used as follows: 

AD' = AD (1 — —
2) 

— C2 (3.27) 
2

where 1 is the distance between the two sensors, c is the speed of sound in the ocean, 

and where s is an estimate of the velocity of the contact. The velocity estimate is 

given by 

= C "bc2. 

The result AD' is the estimate of the desired quantity, the time difference of 

arrival for sound emitted from the contact at the end of the observation period. This 

provides the most current clue as to the location of the contact. 

A number of important issues still need to be examined: The selection of the 
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length of the segments in the partition P; the length of the observation time, T; and 

the problem of aligning the correlations from each segment. These details will be 

each be examined in Chapter 4. 



4. Selection of Key Parameters 

In this chapter a number of issues, which were raised in the earlier chapters, 

are examined in more detail. Some issues have a bearing on the selection of key 

parameters used in the implementation. Other issues relate to choices that need to 

be made in the implementation. These issues include: 

• The length of the partition segments necessary to avoid smearing effects. 

• The length of the total observation time necessary to effectively suppress the 

interferer. 

• The size of the change in scaling factor between successive guesses in the search 

for the proper scaling factor to compensate for contact motion. 

• The alignment problem introduced when the extraction selected by a particular 

scaling factor does not align with existing data samples. 

Each of these issues will be addressed later in this chapter. In the next chapter, 

the discussion of the simulation of the algorithm will rely upon the reasoning in this 

chapter for the selection of key simulation parameters. 

4.1 Effect of Contact Motion 

The object of this section is to show the effect on the cross correlation of contact 

motion during the observation period. It will show that the effect of contact motion 

can be expressed as the convolution of the autocorrelation function with a pulse of unit 

area and appropriate duration. The effect of contact motion can then be illustrated 

graphically by convolving an ideal correlation function with pulses of varying widths. 

The effect appears as a smearing of the correlogram, seen by a flattening of the 

46 
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peak and a broadening of the main lobe. Smearing makes locating the peak of the 

correlogram more susceptible to noise. 

Consider a very simple geometry of two sensors and a contact moving between 

them, away from Sensor 1 and towards Sensor 2. Since the effect of contact motion 

is desired, of course no scaling to compensate for contact motion is done. The signal 

received at Sensor 1 is si(t) and that received at Sensor 2 is s2(t). Using si(t) as a 

reference, s2(t) can be expressed as 

s2(t) = si(t(1 + a) — D) 

where a is the rate of change of the time difference of arrival (TDOA) and D is the 

initial TDOA. The rigour used in the last chapter for the various estimates of TDOA 

is not necessary in this discussion. 

The time-average cross correlation over time T of the signals from Sensor 1 and 

Sensor 2 is given by 

R12(T) = T,  0 sl(t)s2(t — 7)dt 
I T 

T, .51(osi((t — 7)(1 + a) — D)dt 

1 fT 
T, simsi(t + at — 7(1 4- a) — D)dt. 

The expected value of this time-average cross correlation is 

E[ft12(7)] = 
1 f T 
T., 0 E[simsi(t + at — 7(1 + a) — D)]dt 

1 T 
T, f R11(7(1+ a) — D — at)dt. 

Changing the variable of integration with A = at results in 

a T 
E[k2(T)] = f Rii(T (1 + a) — D — A)— 

aT 
dA. (4.1) 
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Equation (4.1) can be expressed as 

E[Pi2(r)] = Rii(r(1 -I- a) — D) * p(-r), (4.2) 

where * denotes the convolution operation and 

P(T) = {  J— for 0 < T < aT T 

0 otherwise. 

Equation (4.1) gives some insight into the effect of contact velocity on the shape of 

the cross correlation. In particular, it gives some insight into the shape of E[1112(T)] in 

the vicinity of its peak. In the absence of any contact velocity, the parameter a is zero, 

p(T) becomes an impulse function, and the expected value of the cross correlation is 

simply the autocorrelation fin(r) shifted by the TDOA, D. When the contact is 

moving, the shape of E[P12(r)] is affected in two ways. Firstly, the velocity reshapes 

Rii (T) by time compression or expansion by a factor of 1 + a. Secondly, this time 

scaled RH(T) is then smeared through the convolution with a pulse whose width is 

proportional to the velocity. 

Both the time scaling action and the smearing action can have the deteriorating 

effect of reducing the sharpness of the peak in E[il12(r)]. The time scaling action 

will have a deteriorating effect when 1 + a > 1, however, the smearing action of 

convolution with the pulse always causes deterioration by smoothing the correlation 

peak and making its detection more susceptible to noise. The relative effects of the 

time scaling and convolution depend on the observation period, T, relative to the 

bandwidth, B. For a large time bandwidth product, i.e., BT » 1, the smearing 

effect dominates. 

To illustrate the effect of the convolution, an ideal low pass spectrum is used for 

the source. The corresponding autocorrelation function is a sin(x)/x function. The 

sin(x)/x function will be smeared by a pulse with unit area and width aT. The 

product aT is the amount of the change in the TDOA over the observation period. 
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Figure 4.1 Autocorrelation of sinirBt/irBt convolved with 

rectangular pulse of width 1/B and 2/B; B = 
400 Hz. 
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Kuhn et al. [5] say that the correlation will not be degraded significantly if the delay 

changes by less than the correlation time. The correlation time is approximately equal 

to 1/B. Therefore the sharpness of the peak is not changed significantly if aT < 1/B. 

Figure 4.1 shows the effect of smearing for aT equal to 1/B and 2/B. The band-

width of the source is B = 400 Hz and the autocorrelation function is sinirBt/irBt. In 

agreement with Kuhn, a pulse width of 1/B shows only slight smearing of the correla-

tion function as evidenced by an attenuation of the peak magnitude and broadening of 

the main lobe. When convolved with a pulse of width 2/B, more significant smearing 

of the correlation occurs. [Also note the dramatic effect of smearing on the magnitude 

of side lobes. This effect is crucial to interferer suppression which will be discussed 

later.] 

As would be expected, this figure is very similar to Figure 2.4 which was generated 

by cross correlating signals from a contact moving at several different speeds. 
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While Figure 4.1 illustrates in a general way the smearing effect of uncompen-

• sated contact motion on the shape of the correlogram, it does not reveal the specific 

implications of smearing on the selection of the extraction length and the observation 

period. Selection of these key parameters is examined in the next sections. 

4.2 Selecting the Extraction Length 

In order to avoid the effect of correlation smearing and make a good estimate of the 

time difference of arrival, compensation must be made for the motion of the contact. 

Two ways of compensating for contact motion have been discussed. In the first way, 

every point of s2(t) is scaled on the time axis. The scaling and resampling required in 

this method are computationally expensive. In the Select-Correlate-Sum method, a 

series of extractions from 32(0 is correlated with si(t). The extractions are selected as 

follows: First, si(t) is partitioned into N segments, and the midpoints of the segments 

are located. Then, using the scaling factor, these midpoints are scaled to another set 

of points that will be the midpoints of matching extractions from s2(t). The identified 

extractions from s2(t) are then individually correlated with si(t). While the expense 

of scaling and resampling each point of si(t) is avoided, compensation for contact 

motion is done through the selection of the extraction midpoints. 

Because the points within the extractions have not been scaled, some smearing of 

the correlation is still expected. If, however, the length of each extraction is short, 

the degree of smearing will be small. This section will examine the selection of the 

length of extractions. 

Following a development similar to that used in Section 3.2, ignoring interference 

and noise, and using loss coefficients equal to one, the signals from the hydrophone 

sensors can be expressed as 

31(0 = sc(t — (t)) 

s2(t) = sc(t — (t)) 
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where dei(t) and de2(t) are the time-varying time delays experienced by the signals in 

travelling from the contact to Sensor 1 and Sensor 2, respectively. The delay dci(t) 

can be represented by a collection of Taylor series expansions. For each segment in 

the partition, 2, of si(t), the delay dci(t) is represented as a Taylor series expansion 

about the midpoint of the segment. For the purpose of analysis, the length of each 

segment is taken to be AT. Also for the purpose of analysis, and without loss of 

generality, only the mathematics of the first segment, which covers the time interval 

t e (0, AT), will be shown. In doing this, 

da(t) vd • (t — A2T) Dci; 0 < t < AT 

where 

and 

dd,i(t) 
a

v = 
dt t=ZIT/2 

AT 
Da = da(—). 

The delay dc2(t) can be similarly expanded. 

The received signals are then 

and 

81(0 = se(t(1— vii ) — Da + vat T); 0 < t < AT 

s2(t) = Mt°. — va) — Da va  
2 

AT); 0 < t < AT. 

The time-average cross correlation is given by: 
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P12(T) 1 ATI2

si(t)s2(t — r)dt 
= AT LT/2 

1 f 

T 2 

AT/2

AT 
AT AT 

= — sc(t(1 — va) — Da + va )sc((t — '0(1 — vc2) — vc2-T)dt , 
-A /

and the expected value of the time-average cross correlation is 

E[R12(T)] 
AT 

c = - f AT/2 E[sc(t(1 — va ) — D c_ 2 v —)s ((t — T)(1 — vc2) — D c2 
AT 

AT -AT /2 2 
1 1

T/2 

77 2

AT -A 

AT 
R„(t(vc2 — va ) + T(1 — vc2) — Da + + — vc2))dt. 

Changing the variable of integration with A = t(vc2 — vci) results in 

E[ii12(T)] = 
T; I P P1/22 Rce(A + T(1 — vc2) — + + L '27-1(vci — vc2))clA (4.3) 

where P = AT (vc2 — vci ). In this form (4.3) is recognizable as the expression obtained 

through the convolution of an autocorrelation with a pulse as follows: 

E[ii12(T)] = Rcc(T(1 — vc2) — Dc1 D c2 —A2T (tic]. — vc2)) *p(r) 

where the operator * denotes convolution and 

AT(va  for --4j-(ve2 — va) < T < (vc2OT  — vcl) 

0 otherwise. 

The smearing of the correlogram, resulting from contact motion during the inte-

gration time AT, can be effectively modelled with convolution of the autocorrelation 

term with the pulse p(7). The short-term correlations will not suffer significant smear-

ing degradation if the delay does not vary by more than the correlation time of the 

source signal during the correlation integration time AT. The change in delay is 
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given by the pulse width. The pulse has width AT(vc2 — vc].) and area 1. Therefore, 

to avoid serious smearing of the correlogram, 

IAT(v, - vci)l< 1 (4.4) 

Equation (4.4) governs the length of the segments in the partition P. It can be seen 

that if the contact is not moving, then (va — vd) = 0 and the length of AT is not an 

issue. If the speed of the contact is very fast, then the TDOA changes quickly and 

the segment length must be correspondingly shorter. 

In the scenario described in Chapter 2, the bandwidth is about 400 Hz and the 

speed of the contact can be expected to vary between about 5 and 15 meters per sec-

ond. This implies that ,AT must be less than about 370 ms and 120 ms, respectively. 

At a rate of 8000 samples per second, these times correspond to correlations of just 

2960 samples and 960 samples. 

Figure 4.2 shows an example of Select-Correlate-Sum processing on a simulated 

contact. For this example, there is no interferer, the contact is moving at -15 meters 

per second, and the observation period has been partitioned into twenty segments. 

Extractions of lengths 80, 100, and 150 ms were used and the cumulative correlations 

are plotted. Using a 100 ms extraction length provides additional peak amplitude 

over an 80 ms extraction length. An extraction length of 150 ms shows significant 

peak smearing. Figure 4.3 shows the same example with extraction lengths of 100 ms 

and 120 ms, at which smearing is becoming noticeable. This figure validates (4.4). 

4.3 Selecting the Observation Period Length 

While the SCS algorithm uses scaling to compensate for contact motion and avoid 

smearing of the correlation of the contact, the algorithm also exploits smearing to 

suppress the interferer. As was pointed out in Chapter 3, a proposed scaling factor 

Av that maximizes the correlation for the contact will cause a poor correlation for the 

interferer, if the contact and the interferer have different velocities. This is because the 
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Correlation variable, T (seconds) 

Figure 4.2 Select-Correlate-Sum method correlation of test 
signal using extraction lengths of 80 ms, 100 ms 
and 150 ms. 

scaling that compensates for the contact motion at the same time causes a smearing 

of the correlation for the interferer. This section examines the relationship between 

the length of the observation period and the degree of suppression of the interferer. 

The approach that will be used follows the development of Section 3.1. Using the 

expression for Av, which maximizes the correlation for the contact (in the absence of 

interference), the effect on the interferer will be examined. 

Equation (3.17) indicates that the value Av, is one of the conditions which max-

imizes, for the contact, the expected value of the cross correlation of signals from 

Sensors 1 and 2. This Av, is now substituted into the integration term of the inter-

ferer in (3.16) as follows: 

TERM 2 of (3.16) 
1 IT 

7 -, 0 Rii (t(Vi2 — vi1 — Ave (1 — vi2 )) r(1 A/0(1 — vi2) 
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Die Di1 (va — vi2)T/2)dt. 

Change the variable of integration with A = t(vi2 — vil — vi2)) to get 

TERM 2 of (3.16) 

f Rii(A r(1 Avc)(1 — vi2) Di2 — Di1 + (vii — vi2)T/2) .-T)1 dA 

where P = T(vi2 — vii — Av,(1— vi2)). This can be seen to be the expression for the 

convolution of two functions 

TERM 2 of (3.16) = Rii(7(1 Ave)(1 — vi2) Di2 Dil (vii Vi2)172) *p(r) 

3 

cp 2 

ho 1.5 

0 

1 

0 

0.026 0.028 0.03 0.032 0.034 0.036 0.038 

Correlation variable, T (seconds) 

Figure 4.3 Select-Correlate-Sum method correlation of test 
signal using extraction lengths of 100 ms and 120 
MS. 
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where 

P(r) = 
1 = 

1 for 0 < T < T (vi2 — vil — Avc(1 — vi2)) 
P (vi2—vii—Avc(1—vi2))

0 otherwise. 

As was shown in Section 4.1, the width of this unit area pulse is the amount that 

the TDOA for the interferer changes during the observation period T. To smear the 

interferer by a large amount, the pulse width should be much greater than 1/B where 

B is the bandwidth. Therefore, 

— < IT(vi2 — vii — Avc(1 — vi2))I 

< 
vi2

Vil (1 vi2) AVc(1 Vi2)) 
1 — vi2 

<< IT(Avi(i - vi2) — Av,(1 — vi2)) 1 

<< 1(1 — vi2)T(Avi — Avc) 1 • 

Since vi2 is small (on the order of 1 percent) this expression can be simplified to 

T > 
BiAvi — Ova l .

1 
(4.5) 

Equation (4.5) expresses, in terms of the rates of change of TDOA (or speeds) of the 

contact and interferer, how long an observation period is required to substantially 

smear the correlation of the interferer in an effort to suppress it, given a compensating 

scaling factor equal to Avc. The length of the observation period can be specified in 

multiples the value of T equal to the right had side of (4.5). Thus an observation 

period factor (OPF) of 10, represents the conditions where TBIAvi — Avc i = 10. 

In the scenario of Chapter 2, Avi is zero (the TDOA for the interferer does not 

change) and Av, varies over a range of 0.007 to 0.02 for expected contact velocities 

of -5 to -15 meters per second. Since the bandwidth is 400 Hz the requirement for 

interferer suppression is that T >> 0.366 seconds for -5 m/s and T >> 0.122 seconds 

for -15 m/s. 
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Figure 4.4 Select-Correlate-Sum method correlation of 
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Figure 4.4 illustrates an example of the suppression of the interferer for various 

observation period lengths, measured in the number of 100 ms segments included in 

the cumulative correlogram. For this example the contact is moving at -15 m/s and 

the interferer is stationary. The correlation peak for the contact is shown increasing 

monotonically for each accumulation of 10, 20, . . . , 70 segments. With 40 segments 

accumulated (or an OPF of about 11) the correlation peak for the contact is distin-

guishable above the interference. With 70 segments (an OPF of about 20) the effect 

of the interferer has been well suppressed. 

4.4 Permissible Delay Rate Mismatch 

Using a scaling factor that is not correct has been shown to cause degradation 

(smearing) of the correlogram. This has a bearing on the size of the increment in the 

scaling factor used during the search for the optimum scaling factor. 
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In their study of compensating for contact motion for the purpose of time delay 

estimation, Kuhn et al. [5] derived equations and plotted the degradation in the 

cross correlation of received signals for varying mismatches between the scaling factor 

used for compensation and the scaling factor that would completely compensate for 

contact motion during the integration time. Their measure of correlation degradation 

was the decrease in the magnitude of the correlogram peak. Their results are useful 

in estimating the degree of delay rate mismatch that can be tolerated in the search for 

the scaling factors in this work. According to Kuhn, for a bandwidth of 350 Hz and a 

correlation time of about 5 seconds, a delay rate mismatch of 200 x 10-6 seconds per 

second would result in a 30% reduction in the correlogram peak magnitude. If, during 

the search for the optimum scaling factor, increments much larger than 200 x 10-6

were used, there would be a danger of missing the desired peak. None of the scaling 

factors in the search might closely match the required scaling factor, with the result 

that all of the correlogram peaks would be reduced due to delay rate mismatch. It 

might be, therefore, that none of the correlograms peaks would be prominent enough 

to be identifiable as the contact peak. On the other hand, small increment sizes 

increase the number of iterations required during the search for the optimum scaling 

factor. The value of 200 x 10-6 will be used as a guideline for increment size during 

the search. 

4.5 Segment Alignment Problem 

In using proposed scaling factors to calculate the midpoint of a segment from s2(t) 

(in an effort to account for contact motion), it is likely that the calculated segment 

midpoint is not coincident with an existing sample point in s2(t). This alignment 

problem, and how it will be alleviated, is discussed in this section. 

As was introduced in Chapter 2, for efficiency only the midpoint of a segment from 

s2(t) is scaled to compensate for contact motion, and not each of the data points 

within the segment. In implementation, all that is required is to calculate which 

sample of s2(t) will be the midpoint based on the scaling factor and the midpoint of 
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Figure 4.5 Illustration of alignment error as a result of scal-
ing that computes a midpoint that is not coinci-
dent with any existing data point. 

the segment from si(t), denoted t1. A problem arises when for a particular ti , the 

proposed scaling results in the calculated midpoint for a matching segment from s2(t) 

(denoted t2) that lies between sample points in s2(t). Refer to Figure 4.5. 

If t2 is not coincident with a sample from s2(t), then any segment chosen from 

actual sample points from s2(t) will not be exactly the segment called for by the scaling 

operation. When a segment sequence from s2(t) is correlated with the matching 

segment from si(t), the data points in the segments will be offset in time and the 

peak of the correlogram will similarly be offset. The consequence is that as the short-

time correlations are summed, the peaks will not be properly aligned, even if the 

optimum scaling factor is used. 

This alignment error could be handled in several ways. The alignment error could 

be ignored. The magnitude of the error is half of an intersample interval or less. 

Alternatively, new data points in the segment from s2(t) could be interpolated at the 

calculated midpoint and at regular intervals from that midpoint. Or, after correlating 

each segment, the resulting correlation could be resampled prior to being combined 

with the others. Resampling is a computationally expensive operation and might not 
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be a practical option. 

Another possibility is to choose an alternate t1, which when scaled results in a 12

that is (or very nearly is) coincident with a sample point. Since Av is constant, it is 

possible to predict a /1 that will scale to an appropriate 12.

Selecting alternate 11 values implies that the segments from si(t) are different 

from those in the regular partition, 2, and that there is likely to be some overlap of 

the new segments. As long as it remains small relative to the length of the segments, 

overlap is not a serious concern. 

The following is a description of an algorithm for selecting an alternate ti based 

on the difference 12 — tn, where to is an existing sample point in s2(t). The algorithm 

finds a new t2 that is nearly coincident with a sample point. In the following, the 

time values in uppercase letters are sample sequence numbers. 

Using T1 suggested by the partition 2, scale to determine the proposed T2 with 

T2 =T1(1  + A ) . 

Normally T2 will not be an integer sample number. A corrective number of samples, 

denoted D, is calculated from the fractional part of T2 as follows: 

T2 — round(T2)
), D = round( 

Av 

then T1 is corrected by D and scaled again 

= (T1 — D)(1 Av), 

where T2 will be very nearly an integer number. For Av values corresponding to 

contact velocities from -5 to -15 meters per second, the maximum difference from an 

integer that T2 will be is less than 0.01. Therefore, using this algorithm, the segments 

will be aligned to within one one-hundredth of a sample interval. The maximum 
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required correction to T1 is 159 samples. 

4.6 Accumulating Sparse Segments 

Additional processing time could be saved by correlating and accumulating only 

some of the segments in a partition of si(t). Clearly sufficient segments need to be 

included in order to provide enough data for a reliable time-average correlation. It 

is also clear that the segments which are used should span the entire observation 

period in order to maximize the amount of relative motion between the contact and 

the interferer. However, given those two conditions, all of the segments need not be 

accumulated. 

In a case where the contact is moving slowly, the observation period needs to be 

quite long. With long extractions, it should not be necessary to accumulate all of the 

segments unless the interference is particularly intense. 

Figure 4.6 shows the result of processing data from the same observation period 

(7.8 seconds) with 20, 40 and 60 segments of 100 ms. The speed of the contact is -15 

m/s and the interferer is stationary. The amplitude of the correlogram peak, and the 

accuracy of the location of the peak, increases with additional processed segments. 

Since the speed with which the TDOA can be established is a primary concern, it 

is possible that processing some segments while continuing to collect others will lead 

to an earlier solution. Depending on the speed of processors available, it could be 

that processing only sparse segments, at the risk of increased location estimate error, 

is a reasonable trade off. 

This chapter has discussed the concerns around selecting values for key parameters 

for the SCS algorithm. Chapter 5 will describe the details of the simulation for 

generating and processing signals from the contact and interferer. Chapter 6 will 

present the results of the simulation trials. 



62 

x 10-6
12 

• • • 20 segments 

— — 40 segments 

— 60 segments 

—2 

—4 
0.015 0.02 0.025 0.03 0.035 0.04 

Correlation variable, T (seconds) 

Figure 4.6 SCS correlation over an observation period of 7.8 
seconds using only 20, 40 and 60 equally spaced 
100 ms extractions. 

0.045 



Implementation of Simulation and Algo-

rithms 

This chapter contains a description of the procedures used in simulating the acous-

tic signals as they would be received by two hydrophone sensors, and a description of 

the implementation of the Select-Correlate-Sum method (hereafter referred to as the 

SCS method). It also contains some details for the full time-axis scaled (SCALED) 

method and for a modification of the SCS method in which only some of the partition 

segments are used (SPARSE method). 

All synthesis and processing routines have been written as part of this project and 

are implemented on Sun workstations using the MATLAB programming environment 

from the MathWorks, Inc. 

5.1 Signal Synthesis 

Numeric sequences are synthesized and treated as the sampled voltage output from 

two hydrophone sensors. To do this, random sequences are generated, filtered, and 

treated as acoustic signals from underwater sources propagating through the ocean 

medium. The two sensors then convert all of the sound reaching them into a voltage 

signal. This procedure will now be described in more detail. 

A normally distributed random sequence is generated and then filtered with a 

Butterworth filter. The filter was designed with specifications of a passband ripple 

of -1 dB and a minimum stopband attenuation of -15 dB. The passband cutoff was 

400 Hz and the stopband began at 500 Hz. The sampling frequency is assumed to be 

8000 samples per second. In the simulation, the filtering is done during generation 

rather than during receiving. It is assumed that the strong tonal components (from 

the propellers) are also filtered out. The data point amplitudes are multiplied after 

63 
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filtering to portray acoustic sources of varying sound intensities. 

The simplifying assumption is made that an acoustic source generating an intensity 

of 1 watt/m2, measured at a distance of 1 meter, would cause a sensor to record a 1 volt 

RMS sequence. This corresponds to an acoustic pressure, p = 1.22 x 103 itPa and a 

sensor conversion factor, K = 8.16 x 10' volts/pPa. The sound level of such a source 

is SL//itPa©lin = 181.76 dB. Since the bandwidth is flat to 400 Hz, the amount of 

power in each band of width 1 Hz is given by SL///iPa/Hz©lm = 155.74 dB. This 

source level is reasonable for surface ships according to Urick [9]. 

The interferer is always assumed to emit sound at this intensity. The intensity of 

the contact is varied for different experimental trials. 

A channel vector is constructed to model the propagation of sound along each 

path from the source to each of the two sensors. The channel vector specifies an 

attenuation factor and delay value for each synthesized data point. Only spreading 

losses are implemented. Other losses are not nearly as significant over the short 

distances involved in this scenario. Each data point in the synthesized sequence is 

multiplied and delayed by the appropriate channel factors to simulate propagation 

through the ocean. 

Because of the source motion, the arrival times of the propagated data points are 

not coincident, nor do they have the same rate. The sequence assumed to be arriving 

at Sensor 1 and the sequence assumed to be arriving at Sensor 2 are both resampled to 

give uniform and coincident samples. This is done using a sin x/x method involving 

the 200 adjacent data points [10]. 

Sequences for both the contact and the interferer are independently synthesized 

as just described. Next the sequences are summed, point for point, to give the final 

sensor output sequences. 

The contact to interferer sound intensity ratio (CIR) is used to indicate the relative 
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magnitude of the two sources, each measured at 1 meter. That is, 

CIR = 10 log—
/, 

where and h are the acoustic intensities of the contact and interferer respectively, 

both measured at 1 meter. 

However, the CIR must be clearly differentiated from a resulting signal to noise 

ratio in the hydrophone output sequences. In the scenario, the proximity of the 

interferer to Sensor 2 is very significant. The surface ship (the interferer) wishes to 

rapidly determine the location of a following submarine (the contact) and also wishes 

to minimize the likelihood of the contact passing Sensor 2 and becoming undetectable 

between the ship and both sensors. Therefore, the ship must begin recording and 

processing sequences from the sensors soon after deploying the second sensor. The 

consequence of this is that the ship is then close to Sensor 2 and will be received 

very strongly. The distance of the interferer from Sensor 2 is more significant than 

the relative intensities of the contact and interferer. The trials used to produce the 

results in the next chapter are made with the interferer initially located 50 meters 

from Sensor 2 and moving away with the same speed and direction as the contact. 

The CIR should only be considered in a comparative sense. 

The starting locations, speeds, and relative intensities are recorded for later ref-

erence to the estimates provided by the analysis methods. 

5.2 SCALED Processing Method 

This section describes some of the implementation details for the SCALED method, 

which uses full time-axis scaling of every data point to compensate for contact motion 

during the observation interval. The results and cost of this method are used as a 

basis for comparison with the results and costs of the SCS and SPARSE methods. 

After loading the simulated data into buffers, a data point arrival time axis is 

regenerated. This is straightforward since the data was uniformly resampled at known 
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instances during its synthesis. 

Time axis scaling, to compensate for contact motion, is done by altering each 

point's arrival time according to a current scaling factor and then resampling. 

For each proposed Av in the search space, the arrival time for each data point in 

the sequence from Sensor 2, s2(n), is scaled. The scaling operation is 

s2is(n) = s2(n(1 Av)), 

which clearly establishes a relationship between the arrival times of data in 32(n), 

to = n(1+ Av) and the arrival times of the same data in s2t3(n), en. Given the arrival 

times for s2(n), the arrival times for the scaled version are then computed with 

to = to/(1 Av). 

After scaling, the sequence is resampled at intervals spaced uniformly from the 

scaled arrival time of the midpoint of the observation period. The sinx/x method 

is used, involving the adjacent ± 50 points in the sum. The scaled and resampled 

sequence from Sensor 2 is then correlated with the unaltered sequence from Sensor 1. 

The resulting ambiguity surface should contain two correlation peaks, one at the 

scaling factor and delay corresponding to the contact and another corresponding to 

the interferer. In most trials, however, the search space is limited and the ambiguity 

surface is generated only for the region in which the correlation peak for the contact 

is expected. 

The location of the contact peak provides biased estimates of the compensating 

scaling factor and time difference of arrival of sound received at the end of the obser-

vation period. Some corrections of these biases are possible as described in Section 

5.5. Finally, the contact speed estimate is calculated from the scaling factor coordi-

nate at which the peak is found. The location estimate for the contact at the end of 

the observation period is calculated from the corrected delay coordinate for the peak. 
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5.3 SCS Processing Method 

This section describes implementation details for the Select-Correlate-Sum (SCS) 

method. The principal difference between the SCS and the SCALED methods is that 

the SCS method avoids the computationally expensive scaling of every data point. 

Instead it correlates short extractions of the unscaled sequences. 

The Sensor 1 sequence si(n) is partitioned into N segments and the midpoint of 

each segment, mj, is determined for k = N — 1. The sequence number of each 

point in si(n) is used to identify the time at which the point is received. 

Rather than scale the time axis of s2(n) so that it becomes a replica of si(n), a 

set of points in s2(n) are located which would have scaled to correspond to the set of 

segment midpoints identified in si(n). 

In the example scenario, it is known that s2(n) will be a compressed version of the 

sound emitted from the moving contact and that si(n) will be an expanded version. 

Rather than scale s2(n), points in s2(n), denoted mk, are located in the compressed 

state which correspond to mt. This is the opposite operation to scaling, accomplished 

with 

m2k --= mik(1 Av), k =0. ..N —1. 

The length of the extractions is normally the same as the partition segment length. 

It is governed by the bandwidth, and Av, and Avi as specified in (4.4). For contact 

speeds of -15, -10 and -5 m/s, extraction lengths of 100 ms, 150 ms and 300 ms, 

respectively, are used. 

Since Av guesses are unrestricted, the scaled midpoints will in general not be 

coincident with existing samples in the Sensor 2 sequence. The sample nearest the 

calculated value is taken as the midpoint. This ignores the alignment problem and 

will result in some alignment error as was discussed in Chapter 4. However, this error 

is judged as acceptable for two reasons. Firstly, other error, such as that caused by 

the interferer is much larger and, secondly, the error introduced by not aligning the 
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midpoint with existing samples is at most one sample in error. This corresponds to 

a location error of less than 0.1 meter. 

Each short extraction from Sequence 2 is then correlated with Sequence 1. A 

custom correlation procedure is used, since the edge effects of the MATLAB xcorr 

routine [11] are not tolerable using very short extractions. The custom procedure 

shifts the short extractions from Sequence 2 against all necessary data in Sequence 1. 

The amount of shifting is a parameter that restricts the region of the correlation vari-

able to where the peak is expected. This greatly reduces the number of computations 

required. Each resulting correlation is summed with the others and the aggregate 

correlation is divided by the total integration time, N times the extraction length. 

The set of aggregate correlations resulting from all of the Av guesses form an 

ambiguity surface, which is restricted to the region where the peak corresponding to 

the contact is expected. 

The peak of the ambiguity surface is interpolated using the bi-cubic option of .the 

MATLAB interp2 function. Twenty sub points are interpolated in each axis direction. 

The maximum of the interpolated space is taken as the correlation peak. A higher 

degree of precision is not necessary and is not valid given the error already admitted 

in not aligning the correlations. 

The peak of the ambiguity surface indicates a biased estimate of the scaling factor 

required to compensate for contact motion, Ave and for the time difference of signals 

arriving at the time of the midpoint of the last segment in the partition. Some 

corrections of these biases are possible as described in Section 5.5. Finally, the contact 

speed estimate is calculated from the scaling factor coordinate at which the peak is 

found. The location estimate for the contact at the end of the observation period is 

calculated from the corrected delay coordinate for the peak. 

Because of the random nature of the signals there will be some location error due 

to the presence of the interference and due to the alignment problem. Numerous 

trials are run to develop a value for the variance of the error. 
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5.4 SPARSE Processing Method 

The SPARSE algorithm is identical to the SCS algorithm with the exception that 

only some of the partition segments are used for correlating. While maintaining the 

same observation period, and thereby capitalizing on all of the relative motion between 

the contact and interferer, only some of the available data is used. This reduces the 

number of computations at the expense of reduced interferer suppression. One half 

of the segments used for the SCS algorithm are used for the SPARSE algorithm 

throughout. 

5.5 Validating Bias Correction 

The expressions derived in Section 3.2 for the rate of change of delay and for 

the time delay using the SCS method both indicated biased estimates. Based on 

knowledge of the scenario, these biases are largely correctable, leading to more accu-

rate estimates. Bias corrections were described in Section 3.3.1. This section verifies 

those bias corrections using an example from a special case scenario. In this special 

case scenario the interferer is stationary and located midway between the sensors. 

It is recognized that this is not a feasible case of the scenario that has been used 

throughout this thesis. However, this location provides a constant interference level 

throughout the observation period. The data being analyzed in this example is for a 

contact moving at -15 m/s and the CIR = 5 dB. 

The known values for the speed and location of the contact at the end of the obser-

vation period will be compared with corresponding values determined from analysis 

of the received sequences. Starting with the coordinates of the contact peak in the 

ambiguity surface (namely Ai), and the bias corrections and transformations of 

Section 3.3.1 will lead to an estimate of the speed and location of the contact. 

Figure 5.1 and Figure 5.2 show, in contour plots, close views of the contact peak 

in the ambiguity surface. The vertical axis is the scaling factor Av and the horizontal 

axis is the correlation variable T. The interpolated peak at coordinates Ai), and 
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is marked with an asterisk. The dotted line indicates the value of At), at which the 

peak would have been located if there were no interference. 

The actual delay, which was recorded during data simulation, cannot be plotted 

directly. For long observation periods, 7, (the expected delay coordinate of the contact 

peak) and AD' (the estimate of the time difference of arrival of interest, obtained by 

transformation of rc) can differ by a large amount. In order to map the actual value 

onto a plot of the ambiguity surface, the inverse of the transformations of Section 

3.3.1 need to be applied. The result of applying those inverse transformations to the 

actual TDOA values is shown plotted as an 'o' in the figures. 

Figure 5.1 shows the contact peak of the ambiguity surface after an observation 

period factor (OPF) of 10. Recall that the observation period factor is given by 

OPF = TBIAvi — Avd. It can be seen that due to a short correlation time and due 

to the interference, the ambiguity surface peak is in error relative to the mapping 
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of the true delay and scaling factor, and the scaling factor is in error from what the 

method suggests it should be. 

After an OPF of 50, however, as shown in Figure 5.2, the peak of the ambiguity 

surface is at the expected Av scaling, and the estimated delay ("") is very close to 

the actual value (`o'), as evidenced by the nearly vertical alignment of the two. 

Another way to illustrate the accuracy of the SCS method is to compare the 

derived contact speed and location values to the true values. For the single example 

whose peak is plotted above, the time of the last segment midpoint is 3.6486 seconds. 

The location and speed of the contact at that time are shown in the following table. 

The error in the location of the contact is acceptable. 
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Location in meters Contact Speed in m/s 
True values -79.7294 -15.0000 
Estimated -79.7981 • -14.9925 
Error -0.0688 -0.0075 

Table 5.1 Comparison of true and estimated values for con-
tact speed and location for the example of Sec-
tion 5.5. 



6. Results and Conclusions 

This chapter presents an analysis of the performance of the Select-Correlate-Sum 

method for determining an estimate of the time difference of arrival for sound from a 

moving contact. It shows that the method can be successful in suppressing a strong 

interfering signal and obtaining an estimate of the TDOA that is sufficiently accurate 

for the scenario first discussed in Chapter 2. The performance of the SCS method is 

compared to that of the SPARSE and SCALED methods. 

The chapter continues with a discussion of the possible use of the SCS method 

in practise, and the type of data that would need to be made available. Following 

that is a brief discussion of possible directions for continued research into the SCS 

method. The chapter ends with a short summary and concluding remarks. 

6.1 Validation of the SCS Method 

This section shows that the SCS method can be successful in accurately estimating 

the time difference of arrival (TDOA) of a moving contact at a particular point in 

time. To do this most effectively, the results of the method are applied to the special 

case scenario first used in the last chapter. In that special case, the interferer is located 

midway between the two sensors, and is stationary. While this is not a realistic case, 

in that the two sonobuoys were to have both been deployed behind the surface ship, 

this case causes the interferer to have a TDOA similar to that of the contact for at 

least part of the observation period. 

Firstly, the ability to suppress the interferer will be shown with an example plot 

of the cross correlation of received signals. This is shown in Figure 6.1. The figure 

shows a plot of the cross correlation using the SCS method, with a segment length of 

0.366 seconds and an observation period factor of 30. The CIR is 0 dB, which in this 
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Figure 6.1 Correlogram for speed = -5 m/s, CIR = 0 dB, 

observation period factor = 30, scaling factor 
Av = Avc. Interferer stationary and located 
midway between sensors. 

0.08 

case means a signal-to-noise ratio of about 0 dB, since the interferer and contact are 

approximately the same difference from either sensor. This correlogram was made 

using a compensating scaling factor equal to the optimum Av, for the contact moving 

at -5 m/s. A single correlogram peak is apparent in Figure 6.1, which is identifiable 

as that for the contact since it is found using a scaling factor corresponding to the 

speed of the contact. Further, the location of the peak, after proper transformation, 

gives an accurate estimate of the true location of the moving contact at the end of 

the observation period. 

A correlogram peak representing the interferer is not visible, even though it would 

be expected to occur at 7 = 0 in the figure. It is therefore apparent that the interferer 

has been suppressed, and is only contributing as uncorrelated noise to the correlogram 
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Figure 6.2 Ambiguity surface plot for speed = -5 m/s, CIR 
= 0 DB, OPF = 30, interferer stationary and 
located midway between sensors. 

0.04 

of Figure 6.1. 

0.02 
0.06 

(seconds) 

Figure 6.2 shows a waterfall plot for a relatively large patch of the ambiguity 

surface for the above scenario. The axis on the right base is the correlation variable 

T in seconds. The axis on left base is the compensating scaling factor Av and the 

z-axis, or height, represents the magnitude of the ambiguity surface. The observation 

period factor is 30. The contact speed is -5 m/s and the CIR = 0. The figure clearly 

shows exactly two peaks in this region of the possible search space. 

The peak in the foreground, the smaller peak, is the peak due to the contact. The 

larger peak in the background is due to the interferer. The interferer peak is expected 

0.08 
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Figure 6.3 Contour plot of the square of the ambiguity sur-

face for speed = -5 m/s, CIR = 0 DB, OPF = 
30, interferer stationary and located midway be-
tween sensors. 

to have a larger magnitude. The set of scaling factors used in this analysis includes the 

scaling factor 0 that matches exactly the optimum value for the stationary interferer. 

The set of scaling factors does not include the exact value required to compensate for 

contact motion. The coordinates of the peaks are easier to see in the next figure. 

Figure 6.3 shows a contour plot for the same region of the ambiguity surface for 

this scenario. Note that for this contour plot the magnitudes of the surface have been 

squared in order to simplify the appearance of the plot; the squaring makes the peaks 

more prominent and reduces clutter. The two peaks are clearly visible. The interferer 

peak is clearly identifiable at T = 0 and Av = 0, as expected since the interferer was 

located midway between the sensors and was not moving. The second peak can be 

identified as that of the contact. Its Ay coordinate of -6.8 x 10-3 maps to a contact 

speed of -4.9979 m/s (it is known to move at -5 m/s). The T coordinate for the peak 

is 5.7125 x 10-3 seconds. This T can be transformed to a TDOA at the end of the 
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observation period (10.8719 seconds) of -59.3613 meters. It is expected to be -59.3594 

meters. [As before, the contact has a starting location of +5 meters, 2 seconds before 

the beginning of the observation period.] 

Since the two peaks are clearly separated, for this one example it is clear that the 

SCS method has met the criteria of effectively suppressing a strong interferer. At the 

appropriate scaling factor, the TDOA for the contact has been correctly determined 

despite the presence of the strong interferer. The term "suppress" is used to indicate a 

reduction in the interfering effect of the interferer. None of the power in the interferer 

signal is lost. Instead, the interferer signal is decorrelated and rendered as noise of 

an equivalent power. 

The variance of the location error will be used as a quantitative measure of the 

degree of interferer suppression. 

The next section uses the location variance as a way to express some performance 

properties of the SCS method. 

6.2 Performance Properties of the SCS Method 

If the variance of the error in determining the location of the contact at the end 

of the observation period is to be used as a way to compare the three methods, then 

an explanation of some of the factors that influence the variance is required. The 

variance of the location error is affected by the contact to interferer ratio (CIR), by 

the speed of the contact, and by the length of the observation period. Each of these 

is examined. 

Figure 6.4 shows the effect of different contact speeds on location variance. The 

figure shows the location error versus the observation period factor for contact speeds 

of -5, -10, and -15 m/s. The extraction lengths are 100, 200 and 300 ms respectively. 

The CIR is 5 dB. The observation period factor (OPF) is given by 

OPF = TBIAvi — Avci, 
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Figure 6.4 Variance in location error vs observation period 
factor for contact speeds of -5, -10 and -15 m/s. 
CIR is 5 dB. 

where B is the bandwidth of the signal, and Av, and Avi are the optimum compen-

sating scaling factors for the contact and interferer, respectively. This expression is 

derived from (4.5) in Section 4.3. The observation period must be large to ensure 

interferer suppression; values for the OPF ranging from 10 to 80 are used. Because 

of the interferer location in the scenario, Avi is zero. 

The actual length of the observation period in seconds varies significantly for 

different contact speeds. Through using the OPF as the independent axis, the results 

for the three contact speeds can be more readily compared. 

Figure 6.4 shows some erratic behaviour at low OPF values. Using OPF values of 

10 or 20, the location of the ambiguity surface peak is quite variable. Actually, even 

higher variances should have been reported, were it not for a limitation imposed by 
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the implementation of the method (not by the method itself). The search space was 

limited to a small region in the vicinity of where the peak was expected. At low OPF 

values, sometimes the implementation did not detect a peak within the search space 

at all. Such cases would have contributed to high variances, but since no peaks were 

detected, such cases were omitted from the variation statistics. 

However, the figure does show that the curves for the three speeds tend to converge 

for OPF values of 30 and more. Of course the length of the observation period in 

seconds required to attain similar levels of location variance is much longer for lower 

contact speeds than for higher speeds. For example, a contact speed of 5 m/s requires 

an observation level of three times the length of that required for a contact speed of 

15 m/s. Conversely, for a given observation period length, a higher level of variance 

can be expected for a slower contact speed. 

Figure 6.5 shows the effect of different contact to interferer ratios on the location 

variance. The figure plots the location variance versus the OPF for CIR, of 5 dB, 0 

dB, -5 dB and -10 dB. The contact speed is -15 m/s and the extraction length is 100 

MS. 

Some erratic behaviour is again evident at low OPF values. However, it is clear 

that increasing CIR causes a reduction in location error variance. The CIR val-

ues should only be used in a relative sense, and the CIR values should be carefully 

differentiated from signal to noise ratios (SNR). This is because in the scenario, the 

interferer is located quite close to Sensor 2 at the beginning of the observation period, 

and therefore has a very large impact at the beginning of the observation period. 

The effect of the length of the observation period, measured in OPF, is evident 

in both Figure 6.5 and Figure 6.4. The variance decreases with increasing OPF in 

apparently exponential fashion. The decreasing variance reaches a limit at about 10' 

meters2. This agrees with the error in location estimate expected as a result of not 

aligning the points of the correlations prior to summing, as discussed in Chapter 4. 

This degree of variance is more than acceptable for locating the contact between the 

two sensors. 
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Figure 6.5 Variance in location error vs observation period 
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-10 dB. Contact speed is -15 m/s. 

6.3 Comparison of Processing Methods 

70 80 

In addition to being able to determine an accurate estimate of the TDOA for a 

moving contact despite a strong interferer, an objective of the SCS method was to do 

so more efficiently than than the SCALED method, which uses time axis scaling of 

every data point in the observation period. This section will compare the performance 

and costs for the SCS, SPARSE and SCALED methods. 

The three methods are first compared strictly on the basis of localization error 

variance. Then the computational costs are considered and the three methods are 

compared on the basis of cost for equivalent levels of location error variance. 

The location error variance curves, versus OPF, for the three processing methods 

are shown in Figure 6.6. The speed of the contact is -15 m/s, the extraction length is 

100 ms and the CIR is 5 dB. The figure clearly shows the relative performance of the 
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Figure 6.6 Variance in location error vs observation period 
factor for SCS, SPARSE and SCALED process-
ing. CIR is 5dB and contact speed is -15 m/s. 

three processing methods. It is expected that the SCALED method would have lower 

variance for two reasons. Firstly, the scaling in the SCALED method is accurate for 

all data points in the correlation time, while scaling is accurate only for the segment 

midpoints in the SCS method. This means that the magnitude of the correlation with 

the SCS method is not as large since the segments are not completely faithful replicas 

of one another. Secondly, since per-segment correlations are not completely aligned 

prior to summing them, some location error is introduced with the SCS method. 

At a high OPF value of 80, the variance for the SPARSE method becomes effec-

tively the same as the variance for the SCS method. If additional correlation data 

does not reduce the variance any further, then the limit for the processing method 

must have been reached. 
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At low OPF values, the SPARSE method has higher variances and is more sus-

ceptible to erratic behaviour. This is understandable because the total correlation 

time for the SPARSE method is one half that for the SCS methods, since one-half 

the number of segments were used as compared to the SCS method. 

To include the processing costs of the three processing methods into the compar-

ison, timings were made of the inner loops of the program code, thereby excluding 

from the timings more variable factors such as file reading and writing and network 

accesses. The MATLAB programming environment includes the flops routine to re-

port the number of floating point operations between successive calls. This number 

remains consistent despite the speed of the computer processor being used, and is 

unaffected by processing loading. Therefore, this routine was used to produce the 

computational costs shown in Figure 6.7. The figure shows the cost in millions of 

flops (Mflops) of the three methods versus the OPF. This figure should only be con-

strued to represent relative computational costs for the three methods. 

The cost increases linearly with OPF in all three methods. As expected, the cost 

for the SPARSE method is half of that for the SCS algorithm, since only half of the 

segments are used in the SPARSE method. As expected as well, the cost for the 

SCALED method is significantly higher than the SCS method. Straight lines were 

fitted to the data as follows: 

SPARSE = 6.1036 (OPF) + 0.8071 

SCS = 12.4687 (OPF) — 0.8431 

SCALED = 33.0498 (OPF) + 333.8278 

The cost of the SCALED method is between 3 and 5 times the cost of the SCS method 

over the range of OPF values used. 

In order to determine the relative cost of the three methods in obtaining the 

same level of location error variance, the results in Figure 6.6 and Figure 6.7 need 

to be combined. This is done as follows. From Figure 6.6, for a number of location 
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variance values, the corresponding OPF value is linearly interpolated for each of the 

three methods. Then the computational cost of each of those OPF values is computed 

using the linear equations derived from Figure 6.7. Then the cost determined for each 

method is plotted versus the location variance error in Figure 6.8. 

Figure 6.8 shows the cost in Mflops versus location error variance for the three 

processing methods. For this figure the CIR is 5 dB, the contact speed is -15 m/s. 

The figure shows that for similar levels of location error variance, the SCS method 

has computationally lower cost than the SCALED method; it is more efficient. At 

lower variance levels, achieved at high OPF values, the SPARSE method is, however, 

even more efficient than the SCS method. At low OPF values, the high variance 

levels associated with the SPARSE method hurt its cost performance. It should be 

noted that the SCALED method can achieve location variance levels lower than are 

attainable with the SCS or SPARSE methods. It is also noteworthy that the costs of 

the SCS and SPARSE methods at their lowest variance level are lower than the costs 
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Figure 6.8 CPU cost in Mflops vs location variance for SCS, 
SPARSE, and SCALED methods. CIR = 5 dB, 
contact speed = -15 m/s. 

for the SCALED method. 

The computational costs are a significant consideration in the problem of locating 

the contact. Computational costs are directly related to the required processing time. 

A reduction in the processing time required means that the location estimate will be 

available sooner. A fast method also means that the search space can be feasibly 

made larger. 

A comparison of the performance of the SCALED and SPARSE methods relative 

to the SCS method is shown in Figure 6.9. This figure shows the CPU cost relative to 

the SCS method of both the SPARSE and SCALED methods, for the levels of variance 

at which comparison is possible. For those variance levels, the SCS is roughly twice as 

efficient as the SCALED method. At high OPF values, and resulting lower variances, 

the SPARSE method is about twice as efficient as the SCS method. 
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6.4 Desirable Data For SONAR Application 

10 1

There are several related parameters involved in the performance of the SCS 

method. This section will explain the type of data that the surface ship in the 

scenario needs at hand during attempts to locate the following contact. 

The most accurately known parameter will be the speed of the contact, since in 

this scenario, it is expected to have approximately the same speed as the interferer, 

which will be accurately known. While the interferer's Source Level will also be well 

known, the CIR cannot be accurately known due to the possible variations in range 

from the sensors of both the contact and the interferer. 

Graphs of the form of Figure 6.5 for a range of ship's speeds would be most 

useful. For a particular speed, the independent axis can be the observation period 

in seconds rather than the observation period factor. The sonar operator can then 
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determine the level of location variance desired and can speculate on the likely CIR 

ratios, given some knowledge of the ship's distance from the sensors and the acoustic 

characteristics of the suspected following contact. The operator can then determine 

the required observation period. 

6.5 Suggestions for Further Studies 

Suggestions for further investigations of the SCS method will be discussed in 

four areas: Expressions for expected location variance, validation of the expected 

variance at a wider range of operating conditions, generalization of the SCS method 

to multipath sound paths and to contact motion not constrained to a path between 

the two sensors, and comparison of the SCS method with other efficient methods. 

With the assumption that the SCS method makes a strong interference act in the 

same way as uncorrelated noise, an expression for the variance of time difference of 

arrival should bear a resemblance to the general case of a contact in the presence of 

only uncorrelated noise [12, 2]. However, the motion of the contact will complicate 

the derivation. The motion of the contact does create a Doppler frequency shift in 

the contact spectra received at the two sensors. Since the variance expressions are a 

function of those spectra, Doppler shifted versions of the contact's emitted spectrum 

need to be determined and used in the expression. Additionally, the nearness of both 

the contact and the interferer to the sensors, and their motion during the observation 

period, make the amplitude coefficients functions of time. 

Once the variance expressions are determined, the SCS method variance results 

need to be validated over a wider range of operating conditions specified by contact 

speed, CIR levels and observation period lengths. 

The scenario used throughout has omitted surface-reflected sound paths from the 

contact to the sensors, and has assumed that the contact was at the same depth as 

the sensors. Including surface reflections should be readily accommodated by SCS 

method as presented here, providing that contact stays collinear with the sensors. 
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The SCS method relies on the fact that the rate of change of delay from the contact 

to Sensor 1 is -1 times the rate change of delay from the contact to Sensor 2. That 

condition fails if more complex motion of the contact is allowed. 

The surface reflections should show up as additional peaks in the ambiguity sur-

face. Instead of one peak representing the contact, there would be four peaks cor-

responding to the cross correlations of the various combinations of the four separate 

sound paths [1]. Ideally the peaks would be well differentiated by their separate time 

differences and optimum scaling factors. 

The ability of the method to suppress a strong interference makes it attractive 

in more general sonar localization problems, not just the scenario of the contact 

closely following the interferer. In the general case the contact and interferer are 

located anywhere in three dimensions. In addition to the multipath environment, the 

necessary size of the search space is very large. The extra efficiency provided by the 

SCS method would be valuable in this case. 

Finally, the performance of the SCS method should be compared with alternative 

methods to the SCALED method, such as those proposed by Scarbrough [3], Kuhn 

et al. [5] and especially Betz [2]. 

6.6 Conclusion 

For the scenario first described in Chapter 2, of a surface ship attempting to 

localize a moving submarine between two sonobuoys, the SCS method proposed in 

this work has been shown to be effective at providing accurate estimates of the actual 

location in at least certain operating conditions, and it has been shown to be more 

efficient than the SCALED method. 

The methods were tested with contact to interferer ratios from +5 dB to -10 dB 

to show the increase in the variance of error related to the relative powers of the 

contact and interferer. The proximity of contact or interferer to either sensor is a 

more significant factor than the relative source strengths. 
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Speeds of -5, -10 and -15 m/s were used in tests to show the increase in the required 

observation period with faster speeds to show the same level of location error variance 

as at faster speeds. The method exploits the motion of the contact relative to the 

interferer, and faster contact speeds facilitate the method. 

Observation periods, measured in observation period factors (OPF) ranged from 

10 to 80. These factors correspond to times of from 1.2 to 9.76 seconds for a contact 

speed of -15 m/s and from 3.66 to 29.28 seconds for a contact speed of -5 m/s. 

Especially for the SPARSE processing method, OPF values of 10 and 20 were not 

always successful in properly estimating the scaling factor and time difference. This 

was due to an implementation design to limit the computations required during testing 

of the methods. The problem was with the implementation and not the method. At 

OPF values 30 and above, the implementation provided consistent estimates of the 

scaling factor and time difference for all methods tested. 

While the expressions developed for the required scaling factor and the time dif-

ference of arrival were biased, the bias was correctable. For CIR of 5 dB, 0 dB or -5 

dB and for moderate OPF values, the variance in the location estimate was typically 

0.1 meter or less. 

The SCALED method was found to have the lowest location error variance for 

a particular observation period. The variance of the SPARSE method was slightly 

higher than for the SCS method. 

The SCS method was shown to have twice the efficiency of the SCALED method. 

To achieve a given level of location error variance, the SCS method required about half 

the number of computations. At higher OPF values, the SPARSE method showed 

even greater efficiency. This improved efficiency could prove significant in implement-

ing sonar methods to locate moving contacts. 
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Appendix A. Transforming Received TDOA 

to Emitted TDOA 

Developing the expression for correcting difference in travel delay for sound signals 

received at time T to the time difference of arrival of sound signals emitted at time T 

was deferred to this appendix during Chapter 3. While the expression is necessary for 

determining the location of the contact, it is not closely related to the development 

of the time difference expressions. 

An expression for AD was developed in Section 3.3.1. It represents the difference 

in delay for sound received at Sensor 1 and Sensor 2 at the end of the observation 

period, time T. Because the sound must have spent time travelling to the sensors 

from the contact, the sound must have been emitted earlier than time T. Generally, 

the time that the sound arriving at Sensor 1 spent travelling is different than the 

time that the sound arriving at Sensor 2 spent travelling. This implies that the sound 

received at Sensor 1 at time T was emitted at a different time than the sound received 

at Sensor 2 at time T. 

Because the contact is moving, its location would have changed during the period 

between emitting the sounds that would eventually arrive at the two sensors at time 

T. Clearly, at different times the contact emits somewhat different sound, although 

the emitted sound is statistically stationary. 

This is shown in Figure A.1. All lines are marked as distances—as the product of a 

time delay and the speed of either the contact or of sound.. The location of a moving 

contact is depicted for three instants in time, p(ti), p(t2), and p(t3). Delay d2(t3) 

represents the delay already experienced by sound arriving at Sensor 2 at instant of 

time t3. Since this delay is the longest, that sound was emitted earliest at time t i. At 

t i , the contact was located at position p(ti ). Similarly sound arriving at Sensor 1 at 
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t3, has experienced delay d1(t3) and was emitted from the contact at time t2 while it 

was at location p(t2). Delay d'2(t3) is the delay that sound emitted from the contact 

at t3 will yet experience until arriving at Sensor 2 in the future. Similarly di(t3) is 

the delay that sound emitted at t3 will experience travelling to Sensor 1. 

The contact moves at a constant speed of s. The distance between the sensors is 

1. 

The following relationships can be taken from the figure: 

Cd2 (t3) = Cd2 (t3) + C12 (t3) (A.1) 

Cdl(t3) = cdi (t3) — s (t3) (A.2) 

These two expressions are easily derived: 

(t3) — d2 (t3) d2 (t3) (A.3) 

dl (t3) = d1(t3) ':C11(t3) (A.4) 

The desired quantity is 4(t3) — d'2(t3) so subtract (A.3) from (A.4): 

cd'i(t ) 
cce2(t ) 

cdi (t3) 

Sensor 2 

p(t3) p(t2)  p(ti) 
 > 

s (t3) 

s d2 (t ) 

C d 2(t 3 ) 

Sensor 1 

1 
Figure A.1 Plan view of an ocean region showing the loca-

tion of the contact at three instants in time. 
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Cri(t3) — C112(t3) = dl(t3) d2(t3) :(d1(t3) d2(t3)) 

AD' = AD — Ic(di(t3) d2(t3)) 

To determine the last term in (A.6), add (A.3) and (A.4): 

dl(t3) d2(t3) = d1(t3) d2(t3) — :(d
l
(t3) — d2(t3)) 

dl(t3) d2(t3) = d l( t3 ) d 2( t3 ) 
*c (d1(t3) d2(t3)) 

dl 
\  

(i3) d2(t3) = - SOD 
C C 

Substituting (A.9) into (A.6): 

AD' = AD — [1 + !AD] 
c c c 

AD' = AD (1 — -s) —c2
c 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

(A.10) 

(A.11) 

Equation (A.11) gives the expression for calculating the TDOA of sound trans-

mitted at some time t, given the difference in delay of sound arriving at time t. The 

expression uses the distance between the sensors and the speed of the contact (or at 

least an estimate of the contact speed). 
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