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Abstract 

Diagnostic utility of the body surface mapping technique, over and above 
that of the standard 12 lead ECG, has been demonstrated in cardiac disease 
diagnosis, but the large scale clinic mapping using arrays of 100 or more 
electrodes on a patient's torso has made widespread use impractical. To de-
velop a practical system, an entire body surface mapping from a much 
reduced number of electrodes is required. This thesis work has proposed a 
new mathematical model (complex potential function) to describe the poten-
tial distribution on the body surface. By analysing the complex potential 
function, the Cauchy integral formula technique and the harmonic series 
technique have been used to accomplish mapping from a reduced number of 
electrodes. Fortran programs have been written to implement the two tech-
niques. The fit of computed potentials with respect to corresponding ex-
perimental ones is specified by three evaluation figures: correlation coefficient, 
RMS error and error to signal power ratio. Based on ECG data measured by 
63 electrodes on 9 subjects, the harmonic series technique has estimated the 
potential distribution with an average correlation coefficient of 0.85, RMS er-
ror of 410 ,Ltv and error to signal power ratio of 37% for the QRS wave 
using 10 electrodes placed on the anterior surface. 
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Chapter 1 

Introduction 

1.1. Body surface potential measurement of cardiac 

activity 

It is well known that an electrical potential distribution exists on the 

human body surface. This fact was observed about a century ago and was 

first measured in humans by Waller in 1889. Experimentation has revealed 

that the potential is generated by the heart which may be considered a con-

tinuously distributed current source from an electrophysiological standpoint 

[1, 2]. Since the potential distribution over the body surface is closely re-

lated to the electrophysiological activity of the heart, the potentials are 

widely used to study the function of the heart and to examine heart dis-

eases. 

To investigate the relation between the potential distribution and its 

heart source, there are two basic problems in electrocardiography that must 

be considered, that is, the forward problem and the inverse problem. The 

forward problem is to determine the electrical potentials at the body surface 

from given electrical generators in the heart with a given model of the torso. 

Conversely, the inverse problem is to determine the electrical generators in 
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the heart from given potentials at the body surface. Since the potentials at 

the body surface do not determine the heart source uniquely, it is necessary 

to place some restrictions on the generator if a unique solution of the inverse 

problem is desired. This is an important reason why the forward problem is 

intimately connected with the inverse problem. 

As a function of position and time, the potential distribution may be 

measured in different manners, depending on the purposes of the measure-

ments. The electrocardiogram (ECG) and vectorcardiogram (VCG) are among 

the most popular clinical tools available while body surface mapping is 

another important technique for theoretical study and clinical application. 

1.2. ECG and VCG measurement systems 

1.2.1. ECG measurement system 

The ECG is a valuable record of the heart's function. The ECG signals 

are measured by external electrodes at arranged locations on the body sur-

face. A typical ECG waveform for a given time instant is shown in Figure 

1.1. The letters P, Q, R, S and T are assigned to identify portions of the 

ECG waveform. i.e., P represents the atrial contraction, QRS represents the 

ventricular contraction, and T represents the ventricular repolarization. 

Einthoven, the father of electrocardiography, devised a lead system 

(limb leads [1, 3] shown in Figure 1.2) for diagnostic purposes in the begin-

ning of this century. Later, in 1920-1930, Frank Wilson developed a six 

chest lead system known as the precordial leads. The locations of the six 
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P 
T 

QRS 

Figure 1.1 A typical ECG waveform and the denotations of the cor-
responding portions (after [3]). . 

Right Arm (RA) I rLeft AraitA) 

Right Leg (RI) Left Lei OM 

Figure 1.2 Einthoven limb leads system is derived from the 
electrodes connected to the extremities (after [4]). 
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X 

y 

Figure 1.3 The locations of the unipolar precordial lead system (after 
[4]). 

chest leads is illustrated in Figure 1.3. The electrocardiogram is measured 

between each lead and a common reference known as the Wilson Central 

Terminal [3]. The Wilson Central Terminal is formed by connecting each 

limb lead through a 5 KO resistor to a common point (Central Terminal). 

The limb leads can also be measured as so called augmented leads. In this 

lead system the right arm relative to the left arm and the left leg tied 

together through a 5 lin resistor is designated aVR, the left arm relative to 

the left leg and the right arm is designated aVL, and the remaining lead is 

designated aVF. The measured ECG's from the entire set of twelve leads 
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(V 1, VII, Km, V1, V2, V3, V4, V5, V6, aV R, aVL  , aV) constitute the standard 

12-lead electrocadiogram. Today, this standard 12-lead electrocardiogram is 

used in about 95% of clinical applications. Based on these ECG records, 

doctors can obtain diagnostic information about the heart. 

1.2.2. VCG measurement system 

The VCG is a two dimensional graphic representation technique to dis-

play the body surface potentials for clinical purposes. The VCG is developed 

on the "dipole hypothesis" [1, 5], in which the cardiac source is assumed to 

be distributed dipole density sources which can be summed vectorally to 

form a single dipole (or heart vector). This resultant vector varies in mag-

nitude and direction throughout the heart cycle but has a fixed origin. In 

terms of this concept, the VCG technique displays the electrical axis, mag-

nitude and orientation of the P, QRS and T vector loops. A number of 

lead systems in vectorelectrocardiography have been developed. Two repre-

sentative VCG lead systems, the Frank and McFee corrected lead systems, 

are shown in Figure 1.4 and Figure 1.5 respectively. 
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1.2.3. ECG and VCG assumptions 

Some assumptions are implicitly used in ECG and VCG techniques. In 

both cases, the human body is assumed to be a homogeneous, linear and 

isotropic conductor [5]. In the VCG case, as indicated above, the heart 

electrical activity is equivalent to a single dipole located at the centroid of 

the heart. In the ECG case, it is assumed that the limb leads forming an 

Einthoven triangle lie in the frontal plane with the heart [3]. These assump-

tions simplify the problem and thus make it easier to deal with. 

1.3. Body surface mapping measurement system 

The ECG and VCG techniques are successfully used in the clinic, but 

they only represent the human understanding of the electrical activity of the 

heart source. Since assumptions about the heart source are used to describe 

the complex and variable cardiac source, the ECG and VCG measurements 

do not determine the total surface potential distribution [6, 7] For example, 

the studies by R. C. Barr [7] evaluated the capability of resynthesizing all 

body surface potentials from the Frank vectorcardiogram and indicated that 

the error involved is generally 20% or greater. To get more detailed infor-

mation about the heart, body surface mapping using multiple electrodes, has 

been developed and is a promising tool in research and in the clinic. 

Historically, body surface mapping was the first method used in human 

electrocardiography. The first equipotential map, shown in Figure 1.6, was 

drawn by hand from about 20 electrocardiograms measured on various points 

on the body surface in 1889 [1, 8]. With the aid of these potential maps, 
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a 

~'• 

*.c 

Figure 1.6 Diagram illustrating the distribution of currents and poten-
tials in human chest according to Waller's dipolar model 
of the cardiac generator (after [1]). 

the concept of a heart dipole source was established. That is, the surface ef-

fect of the heart's instantaneous electrical activity can be reproduced in the 

appropriate volume conductor by a single two-pole current source or vector. 

The dipole model of the cardiac electric field impressively influenced 

electrocardiographic research for more than 50 years after Waller's work. 

Since 1951, however cardiologists have found that the surface potential field 

was much more complicated than that which is likely to result from a 

dipolar source. Cardiologists have observed the simultaneous presence of 
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several potential maxima and minima during part of the QRS interval as 

shown in Figure 1.7, which is not compatible with a dipolar equivalent gen-

erator, when they draw equipotential contour maps [1, 9]. This observation 

strongly suggested that a more complex electrical model of the heart should 

be adopted in order to account for the surface potential distribution. The 

finding also indicated that it would be possible to obtain more detailed infor-

mation about the cardiac electric activity from body surface mapping. 

Figure 1.7 Distribution of equipotential lines on the thoracic surface 
of a normal human subject at the instant of time in-
dicated by the vertical line intersecting the enlarged QRS 
complex at the lower right of the figure. Two separate 
minima are present (after [1]). 

Until 1963 no automatic methods for recording and displaying body 

surface potential were available, and the map was obtained with manual 

methods. With the aid of advanced electronics and computer techniques, 

body surface potentials may be measured and displayed by automatic sys-

tems, one of which is illustrated in Figure 1.8. 



-10-

• 
. 
• 

Amyllisis 

losssussmo possiii diseibriss rimed 
by die ssuiparr is Wales Ms 

Maks 

reardar 

•11•111111•11 

• 

0 

Assieriadigimi swum 

5-T.1' ar-3 1 

Dila' avarporat 

• • 
• 
• 

• 
• 

• 
• 

Figure 1.8 Schematic representation of the techniques of data acquisi-
tion and processing for the construction of the isopoten-
tial surface maps (after [1]). 

The usual body surface mapping technique is to equally space the 

electrodes in uniform grids on the frontal chest plane or on both the frontal 

plane and the back. The number of electrodes usually is from 64 to 400. 

Since the ECG signal is very small, from about 10 microvolts to 100 mil-

livolts, and the noise peak value is from about 20 microvolts to 100 

microvolts, an amplifier, A/D convertor, analog filtering, temporal and spatial 

digital filtering, etc., are employed for the mapping system to get more ac-

curate data. Then the body surface potential map is constructed by inserting 

equipotential contour lines at chosen intervals. 
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In recent years, body surface mapping has shown promise as a tech-

nique to improve the accuracy and resolution of cardiac disease diagnosis. It 

has been shown that diagnostic utility of maps is superior to the standard 

12-lead system in predicting and detecting some heart diseases [7, 6, 10, 11]. 

The cost and effort required to obtain maps, however, has made widespread 

use impractical since the experimental procedures are extremely complex and 

tedious. The impracticality of large scale clinical mapping using arrays of 

over 100 leads plus the expense of the mapping hardware have relegated 

mapping primarily to research studies because no practitioner would ever 

agree to routinely place 100 or more electrodes on a patient's torso. In order 

to handle this problem, an essential question is: how many and which loca-

tions on the body surface must be measured to be able to determine consis-

tently the total body surface potential distribution as it varies in time? This 

question is referred to as the problem of redundancy and uniqueness of 

electrocardiographic signal information contained in a large number of leads. 

The usefulness of the answer to the question lies in the insight into the 

amount of information that is available on the body surface for interpreting 

the status of the heart and the possibility to reproduce total body surface 

mapping from measurements at relatively few locations. The ultimate pur-

pose of the study in this problem is to implement a practical system for 

clinical application. 
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1.4. Previous work review 

A lot of studies have been done to reconstruct a complete surface 

potential distribution from a small number of measurements. This con-

siderable research work can be classified into three groups according to the 

mapping approach used. All of the mapping techniques mentioned in this 

section are based on different methodologies, but they have the same pur-

pose, to find the minimum number of electrodes and optimal measuring loca-

tions of these electrodes in order to get the maximum significant information 

about the heart's activity. The optimal number and locations of the 

electrodes would explore the relationship between the body surface potential 

distribution and the cardiac current sources and then provide insight into the 

heart source. Additionally, these studies may lead to a better and more sen-

sitive lead system than the traditional standard 12-lead system. 

1.4.1. Principal component analysis 

The first group uses principal component analysis followed by a min-

imum root mean square estimation method [7, 12, 13]. These studies apply 

a method which examines a large amount of information in terms of statis-

tical approaches and determines the smaller amount of independent infor-

mation using the least mean-squared error criterion and then selects the 

leads to be used. Among the work on the topic, the research reported by 

Barr's group (1971) [7], Lux's group (1979) [13] and Kornreich's group (1976) 

[11] are the more successful ones to date. 

Using 150 leads and many subjects including normal and abnormals, 



-13-

Barr's research work concluded that 24 properly located electrodes were 

needed to reproduce the body surface potential distribution in an acceptable 

degree of accuracy. 

Lux's research work developed a sequential selection algorithm, and a 

set of 30 sites was optimally selected by the algorithm using 192 leads and 

11,000 QRS map frames. As an example, a set of 30 optimally selected sites 

which exclude the posterior thoracic surface is illustrated in Figure 1.9. 

Lux's research work also indicated that the theoretical sites for estimating to-

tal body surface potential distribution are not unique. 

0 
AM,

SOP 

4,

— — 0 

— — 4 4 

4 4 4 4 

+ + 

+ 4 

Figure 1.9 The location of 30 electrodes for Lux's studies (after [131). 

Kornreich's method actually is in line with generalized cancellation ex-

periments. The essence of the method rests on the empirical evidence ob-
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tained by testing each of 126 surface electrocardiograms for the xyz (e.g. 

Frank or McFee—leads) components.. The results were analysed by a least-

square best fit procedure by which the poorly fitted areas are considered as 

selected leads. Finally, a 9-lead ECG system is obtained (Figure 1.10). 
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Figure 1.10 The location of 9 electrodes with dots for Kornreich's 
studies (after [11]). 

Paying more attention to diagnostic applications, Kornreich's 9-lead system 

was submitted to diagnostic evaluation. About 1,200 subjects, including nor-

mal and abnormal patients with a variety of diseases, were used. The per-

centages of the patients correctly diagnosed by using the 9-lead system and 

by other widely used lead systems are shown in Table 1.1. 
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Diseases Frank leads 9-lead 12-lead 
differentiation standard ECG 

N-LVH 72% 92% 78% 
N-RVH 60% 80% 73% 

N-MI 76% 91% 78% 
N-CAD 38% 74% 51% 
N-BVH 82% 83% 83% 
Mean 66% 86% 73% 

Table 1.1 The percentages of the correctly diagnosed patients com-
paring with traditional method (after [11]). 

1.4.2. Fourier analysis 

The second group uses traditional sampling theory and classical signal 

processing techniques [1, 14]. The two-dimensional Fourier transform tech-

nique, modified by Guardo's work (1976) [1], is theoretically related to the 

analysis of the cardiac electrical multipole series. From classical field theory, 

the potential distribution on the surface of the body conductor may be ex-

panded into multipole series which is an expansion in spherical harmonics. 

Since the surface potential distribution may also be represented as a periodic 

function of latitude and longitude in geodesic coordinates and then may be 

represented by a two-dimensional Fourier series, the multipole components 

may be determined by using two-dimensional Fourier analysis. By using 

band-limited interpolation and by introducing a correction technique, the sur-

face potential distribution was reconstructed by 26 uniformly placed 

electrodes. This study indicated that three dipole components and five quad-

rupole components were considered to independently contain significant infor-
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mation about the equivalent heart source. The results are shown in Figure 

1.11. A quantitative performance evaluation was not reported. 
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Figure 1.11 The locations of electrodes and the ECG waveform of 
these electrodes for Guardo's studies (solid lines 
reconstructed from dipole-plus-quadrupole components) 
(after [1]). 

1.4.3. Dipole analysis 

The third group is the mapping technique based on the dipole model. 

The research work reported by Arthur's group [151 belongs to this method. 

In this method, the surface potential distribution was also expanded in mul-

tipole series and both dipole and quadrupole components were used to 

describe the equivalent heart source. Instead of Fourier analysis, the dipole 



-17-

and quadrupole components were determined by calculating the transfer im-

pedances. The dipole and quadrupole .components •determined from 284, 

212, and 256 ECG's for QRS, P and T waves respectively. By selecting 

various subsets in the least square error criterion, 36 sites were chosen to 

reconstruct the total distribution. The reconstructed equipotential maps 

during the QRS are illustrated in Figure 1.12. 

a

D+0 

MEASLAIED 

0 
0 

• Wok 'BALI

0 

60 6431C 

0 

0 

73 MSK 

Figure 1.12 Equipotential maps during QRS from Arthur's studies 
(after [15]). 

A quantitative evaluation shown in Table 1.2 was calculated by using the 

root mean square reconstruction error, which is simply the square root of the 

mean square (MS-error) defined by 
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1 
MS-error = —

N
L 

1=1 

where Ui and U1 represent measured and estimated potential values respec-

tively. 

Variables P QRS 

Measured ECG's 0.052 0.388 0.267 
(100%) (100%) (100%) 

Dipole reconstru- 0.024 0.091 0.058 
ction error (46%) (23%) (22%) 

Dipole plus qua- 0.015 0.0.054 0.048 
drupole recons-
truction error 

(29%) (14%) (18%) 

Table 1.2 Spatial RMS value in millivolts of measured ECG's, dipole 
and dipole plus quadrupole reconstruction errors. Figures 
in parentheses show percentage of value for measured 
ECG's (after [15]). 

1.5. Purpose of this research and outline of the thesis 

The purpose of this research is: 

1. To verify the usefulness of using an analytic function technique to 

analyze the body surface potential distribution, 

2. To develop methods using analytic function techniques to map the 

body surface potential distribution from a reduced number of 

electrodes, 
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3. To implement the developed mapping methods to reproduce the 

potential distribution on an entire body surface, 

4. To investigate the effect of the number and the configuration of 

supporting electrodes in the developed mapping methods, and 

5. To evaluate the mapping results of the developed methods based 

on available measured data. 

This thesis contains seven chapters to realize the above purpose. The 

remaining six chapters are briefly overviewed as follows. 

Chapter 2 introduces the physical background of the project and 

presents the concept of the steady state current source to describe the heart 

electric activity. Chapter 3 first presents the concept of plane-parallel field 

and then deals with the basic idea of using analytic function theory. The 

mathematical modelling of the ECG body surface potential distribution is 

presented in this chapter. Chapter 4 first introduces the Cauchy integral 

formula and the Hilbert transform. After that, a technique (Cauchy integral 

formula) is proposed to reconstruct the potential distribution. This technique 

is verified using the simulation of two typical regular functions. Chapter 5 

proposes the harmonic series technique, which is developed based on 

Laurent's expansion, to regenerate the potential distribution. Chapter 6 first 

introduces the data acquisition and four evaluation criteria which are usually 

used for ECG mapping. The results obtained by using the proposed map-
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ping techniques are shown with the graphic diagrams and the calculated 

evaluation criteria. Finally, Chapter 7 presents the summary and conclusions. 
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Chapter 2 

Background in Physics and Mathematics 

As indicated in the first chapter, the objective of this thesis work was 

to investigate the distribution on the body surface using analytic function 

theory. Analytic function theory provides a series of approaches, including 

conformal mapping, Taylor's and Laurent's expansion, residue theory, and so 

on, to solve "forward" and "inverse" problems in a two-dimensional field. 

These very powerful approaches and their success compel us to apply them 

to the problem we face. Since the topic is new and conclusive evidence is 

not yet available, it is necessary to first study the physics and mathematics 

background of the topic. 

2.1. Heart current source and body conductor 

Previous research has shown that the heart is a current source from 

the electrophysiological viewpoint, and a potential field will be established by 

the current flow when the current flows in the body conductor. This poten-

tial field appears on the body surface as a potential distribution. 

The heart current source has been studied microscopically and mac-

roscopically. The microscopic research shows that the origin of the body 

surface potentials is from the membrane current (due to the unequal intracel-
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lular and extracelluar ionic composition and the selective permeability of the 

membrane) [1, 16]. The cell of cardiac tissue and its environment can be 

described as two volumes of conducting fluid separated by a relatively non-

conducting membrane (see Figure 2.1). 

(re 
Extrocellular 

intracellular 

Membrane 

Figure 2.1 Schema of a single excitable cardiac cell in an extensive 
volume conductor. 

Ions moving through the membrane when it is "active" cause a difference in 

potential in the conducting fluid outside as well as inside the cell. Each car-

diac cell can be considered an elementary source since it is completely con-

fined by the excitable plasma membrane. The electrical behaviour of the 

whole heart can be then treated by the superposition of many such elements. 

Essentially, the heart is considered as a continuously distributed current 

source since the ionic current sets up the potential field. The transmembrane 

potentials can be detected by microelectrodes directly, and the measurements 

provide valid evidence for the microscopic interpretation about the heart cur-

rent source (see Figure 2.2). In summary, microscopic research indicates 
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that the heart is a current source which is continuously distributed in space 

and varying in time. 

Superior vena can 
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Figure 2.2 Major cardiac structures and their activity (after [1]). 

Microscopic research has explained the electrical nature of the heart. 

However, it is nearly impossible to determine the heart current source by 

using the superposition of membrane current elements because of the absence 

of detailed knowledge of the heart tissue geometry and properties and how 

regional changes in transmembrane potential relate to each other in time. In 

order to study the behaviour of the heart current source without detailed 

knowledge of the heart, macroscopic research proposes several approximate 

models, such as a one-dimensional cell shown in Figure 2.3 [17] and dipole 

source (Figure 2.4) [1, 3, 5, 18], to simplify the complex heart source and to 

develop the mathematical formulations. Then the current field is set from the 

corresponding equivalent current source. 
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Figure 2.3 Schematic diagram of lumped model of one-dimensional 
cable. x, distance along cable; r0, ri, outside and inside 

resistance per unit length; im, membrane current per unit 
length; ia, axial current; Vo, Vi, outside and inside poten-
tials; M, lumped properties of elemental length of 
membrane (after [1]). 

To determine the potential distribution on the body surface, the 

knowledge of the body conductor is also necessary. The torso is made up of 

lung, fat, skeletal muscle, cardiac muscle, blood tissue and bone, etc. Also 

the geometry and location of each organ is different from one body to 

another. Experiments indicate that the body is a non-uniform and in-

homogeneous conductor [1]. This means that the conductivity at a point in 

the body conductor is a function of the position of the point and the mag-

nitude and the direction of the current which flows through the point. 
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Figure 2.4 Application of the dipole concept to represent excitation 
and recovery. Because active tissue is electronegative to 
inactive and recovery tissue, the boundaries of active tis-
sue can be equated to dipoles. The dipole of excitation 
travels with its positive pole facing the direction of 
propagation of excitation. The dipole of recovery travels 
with its negative pole facing the direction of propagation 
of recovery (after [5]). 

2.2. Steady-state current field model 

The actual cardiac electric field, which is associated with a space dis-

tributed and time varying current source flowing through a non-uniform and 

inhomogeneous conductor, is too complicated to be investigated quantita-

tively. To deal with that, some assumptions have to be made in this thesis. 

These assumptions were used in many previous studies as well. 
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The assumptions are: 

I. The body conductor is assumed to be homogeneous. According to 

the conclusion of previous research on electromagnetics, the effect 

of the inhomogeneity in a conductor behaves as a single layer 

source [1, 19]. Thus each interface between regions with two dif-

ferent conductivities just acts as a secondary source. This secon-

dary source arising from the discontinuity with primary sources 

together set up the cardiac current source in the problem. The 

concept of the secondary sources caused by inhomogeneities makes 

accurate formulation possible [1]. However, it is not helpful to the 

quantitative analysis of the cardiac current field since the detailed 

boundary condition is unknown. Under the assumption of the 

homogeneous body conductor, any secondary source does not exist 

in the conductor, and the only source is due to the heart. In ad-

dition to homogeneity, the body conductor is assumed to be 

uniform. These assumptions on the body conductor simplify the 

model, but they certainly introduce some errors. 

2. The actual field in the body conductor is assumed to be a 

quasi-stationary field at electrocardiographic frequencies [1, 19]. As 

we know from electromagnetics [20], if currents and charges are 

time-varying, the fields which they produce do not vary in 

synchronism with them. Instead, changes of the fields are always 

delay with respect to changes of the currents and the charges. 

The more rapid the changes and the larger the distances from 
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their sources, the larger is the delay. If currents and charges 

vary sufficiently slowly with time and are distributed in a suf-

ficiently small region of space, the retardation effect in determin-

ing their interactions can be ignored. In this case, the fields are 

practically the same at any time instant as if they were created 

by the currents and charges existing at that instant, and are as-

sumed to be stationary. Systems satisfying the foregoing require-

ments are referred to as quasi-stationary systems. The research in 

cardiac electrophysiology indicates that the field caused by the 

heart source in the body conductor satisfies the above requirement 

and may be reasonably treated as a quasi-stationary field. In this 

sense, at any instant of time, the field in the body conductor may 

be considered as a field of steady-state current. Such a steady-

state current is obtained when large aggregates of elemental 

electric charges are moving so that the macroscopic picture of the 

charge motion is constant in time. Therefore, the time-varying 

potential distribution on the body surface may be treated as a 

series of time-constant potential distributions. 

Under the above assumptions, the electrical field in the body conductor 

at any time instant is a steady-state current field generated by the heart 

current source. This physical model is illustrated in Figure 2.5. The steady-

state current field has been well studied in electromagnetics  and its charac-

teristics are briefly stated in the following section. 
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Figure 2.5 Physical model of the body conductor at an instant of 
time, i.e. a steady-state current field. 

To obtain a steady electric current in the conductor, it is obviously 

necessary to take away constantly the charge that reaches one "charge body" 

through the conductor and to transfer it to the other "charge body". In 

other words, to obtain a steady electric current a certain source of energy is 

essential. Such sources of energy must act on the electric charges by some 

non-electric forces, i.e., forces not due to stationary electric charges. These 

sources are referred to as the sources of electromotive force. In this project, 

this electromotive force is due to the functioning of the heart. 
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In general, free electric charges at any point in the field may be acted 

on simultaneously by both electric force and non-electric force. The former 

is due to the electric field of distributed electric charges. The latter is not 

produced by charges, and it is usually referred to as the impressed force. In 

the light of these considerations, the total electric field intensity at any point 

in the field is the sum of the electrostatic field intensity (Coulomb's 

intensity) and the impressed electric field intensity (non-Coulomb's intensity). 

i.e., 

+ Eex. (2.1) 

The impressed electric field intensity Ecx exists only inside the sources, while 

the electrostatic field intensity ko due to the distributed charges, exists 

both inside and outside the sources. The source, which has two "charge 

bodies", pushes the free charges inside it and creates a certain distribution of 

quasi-static charges. These charges, through moving, produce an electric field 

at all points of the system. Outside the sources the charges are propelled 

by forces of this electric field only. Inside the sources, the charges are acted 

on by both the electric field of distributed charges and impressed field, i.e., 

nonelectric forces. 

2.3. Mathematical relationships in steady-state current 

field 

A steady-state current field in a homogeneous conductor may be 

described by the current density vector, J, which is a vector function of the 
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position in the conductor. By the definition of the current density vector, 

the total current intensity, I, through a surface S is 

d 
I = 

Q =LAdS. 
dt 

(2.2) 

The continuity equation is the mathematical form of the law of conser-

vation of electric charges and is one of the basic equations of electromagnetic 

theory. Designating the density of charges by 1, which is also a function of 

position, the differential form of the continuity equation is given by 

8-y 
dzvJ+ 

at 
=0. (2.3) 

If the electric current is stationary, the density of the charges at all 

8 atpoints does not vary in time. i.e., --=0. In this case the differential form of 

the continuity equation becomes 

divJ=0. (2.4) 

Equation (2.4) means that the current density vector J has no source. The 

current density vector at a point is related to the electric field intensity in 

the same point by Ohm's law, which is 

J= a E=a(k o k x ), (2.5) 

where a is the conductivity at this point. 
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Substituting Equation (2.5) into (2.4) results in 

div u E=0. (2.6) 

For a homogeneous conductor, which has a constant conductivity, substitut-

ing Equation (2.5) into (2.4) yields 

div E= 0. (2.7) 

Equation (2.7) means that the electric field intensity E has no source for a 

homogeneous conductor. This is an important property of the steady-state 

current field. In addition to this, another important property exists in the 

region outside the current sources. Outside the sources, the impressed electric 

field intensity Eez is zero and only the electrostatic field intensity k o exists. 

i.e., E= Since the electrostatic field Ego is an irrotational field, namely 

the line integral of Ego around any closed contour is zero, the following 

relationship is valid in the region outside the sources: 

rot E= 0 or f E•dl=0. (2.8) 

Equation (2.7) and (2.8) indicate that the electric field outside the 

source is solenoidal and irrotational. In this case, the field can be described 

by a scalar quantity called potential. The potential is defined so that its 

gradient equals —E and is designated u. The potential function satisfies the 

following equation in the region where no current source exists: 
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div grad u = 0. (2.9) 

Equation (2.9) is just the well known Laplace's equation. The real function 

which satisfies Laplace's equation is called a harmonic function. So, the 

potential function in the region where no source exists is harmonic. This is a 

very important relationship, and it has the form with respect to the Car-

tesian coordinate system as 

a2u a2u 82u

 — 0. 
8x2 a y2 a z2 

(2.10) 

For homogeneous conductors and insulators, there is a mathematical 

analogy between the steady-state current field in the region where no current 

source exists and the electrostatic field in the region where no free charge 

exists. In the analogy, u, E, a, J and I in the steady-state current field are 

mathematically equivalent to u, E, E, D and Q in the electrostatic field 

respectively. This means that Equation (2.4), (2.5), (2.7), (2.8), (2.9) and 

(2.10) are still valid for the electrostatic field if u, E, a, J and I are sub-

stituted by their equivalences. Since the electric intensity E and the potential 

u of steady-state currents are identical with ones of the static charges dis-

tributed in the same way, they can be calculated from the distribution of the 

static charges. Because the electrostatic field is familiar to us, it is con-

venient to study a steady-state current field by using its analogous electros-

tatic field. 
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Chapter 3 

Mathematical Modelling 

As discussed in the last chapter, the electrical field in the body conduc-

tor at any instant of time is modelled by a steady-state current field 

generated from the heart current source. This steady-state current field may 

be characterized by its potential function u(x, y, z), which satisfies Laplace 

equation for a three-dimensional space in a region free from current sources 

and sinks. To determine the relationship between the potential function 

u(x, y, z) and the heart source is a three-dimensional boundary value problem 

related to solving Laplace equation in three dimensions. 

Because the potential function is a scalar function of three real vari-

ables but a complex variable is associated with only two real variables, 

analytic function theory cannot be applied on the ECG potential problem, 

even though it satisfies Laplace equation. In order to apply the analytic func-

tion techniques on the ECG potential distribution in the body conductor, the 

three-dimensional problem has to be reduced into a two-dimensional problem. 

This is the subject of this chapter. 
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3.1. Plane field, real-valued harmonic function and 

analytic function 

An actual potential field at a given instant in time, no matter what 

source it originates from, generally exists in three-dimensional space and is 

specified by a scalar function of three real variables. Complex analysis cannot 

be used for this general potential field because of the obvious reason. i.e., a 

complex variable (or function) is related to two real variables. The complex 

function techniques can be directly applied to only some special fields in 

which three-dimensional problems naturally degenerate into two-dimensional 

problems. For example, the field around an infinitely long cylinder (or line) 

is a typical example of the special cases [21]. In addition, fields associated 

with varieties of transmission cables and microstrips are usually treated as 

this kind of special field [20]. 

These special fields are known as plane fields. In this case, at any 

point, the field vector is parallel to some fixed plane So, and the field vec-

tors at all points on any straight line perpendicular to So are identical in 

magnitude and direction (see Figure 3.1). Such a field is called a two-

dimensional or plane field; it is completely difined by the field in any plane 

[Si] parallel to So. Then all problems associated with plane field are the two-

dimensional problems [22, 23]. For example, the electric field of a uniformly 

charged infinite straight line is obviously a plane field and we can choose 

any plane perpendicular to this line as the plane So. It must be kept in 

mind that when we consider a plane field, a curve in the plane is referred to 

as a cylinder which is perpendicular to the plane field, and a point in the 

plane is referred to as a line perpendicular to the plane. 
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S2 

so

Figure 3.1 Illustration of a plane-parallel field. 

Some actual fields are not plane fields in a strict sense, but they may 

be treated approximately as plane fields. For example, if we were to consider 

a problem dealing with a very long right cylinder with a uniform distribution 

of electrical charges or currents along the length of the cylinder, then in a 

plane, which is perpendicular to the cylinder, we could expect a two-

dimensional approximation to be valid. 

Let us consider a potential field u (x, y, z) which satisfies Laplace equa-

tion. i.e., 
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a2u a2u a2u

 =0 ax2 ay2 0z2 
(3.1) 

for (x, y, z) E 0 and 0 is the source free volume. If the potential field is a 

plane field, its potential function u(x, y, z) will degenerate into a function of 

two real variables, U(x, y), when the plane field is defined on an xy plane. 

And since there is no change of potentials in the z dimension for a plane 
a2u

field, the term of — in the three-dimensional Laplace equation will be zero. 
8,2

Therefore, the potential function u(x, y, z) naturally degenerates into a plane 

potential function, U(x, y), and the plane potential function satisfies Laplace 

equation. 

82U 82u
+ _ o, 

a x2 a y2 

for (x, y) E D and D is the source free region. 

(3.2) 

As defined in complex function theory [24], a real-valued function 

U(x, y) of two real variables x and y is said to be harmonic in a given 

domain of an xy plane if throughout that domain it has continuous partial 

derivatives of the first and the second order and satisfies the two-dimensional 

Laplace equation. Then, if a potential field which satisfies Laplace equation 

for three-dimensional space is a plane field, the potential function u(x, y, z) 

will degenerate into a harmonic function U(x, y), and then the three-
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dimensional problem naturally degenerates into a two-dimensional problem. 

The harmonic function technique is an important tool to solve the plane field 

problems. 

Real-valued harmonic functions are related to analytic complex func-

tions, and the harmonic functions are derived from the analytic functions 

[24, 22]. A complex function 

w(z) = U(x, + jqx, y) (3.3) 

is said to be analytic in a region D if through that region U(x, y) and 

V(x, y) have continuous partial derivatives and those partial derivatives 

satisfy the Cauchy-Riemann equations, 

dV 

8x - 8y 

and 

dU 01/ 

dy dx 
(3.4) 

It has been proved in complex analysis theory [22] that a necessary and suf-

ficient condition for a complex function to be analytic in a domain D is that 

V(x, y) is a harmonic conjugate of U(x, y) in D. The terminology, harmonic 

conjugate, means that both U(x, y) and V(x, y) are harmonic and they are re-

lated by the Cauchy-Riemann equations. For a plane steady-state current 

field in an xy plane, the potential function U(x, y) is harmonic in the source 
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free region, and a harmonic conjugate of U(x, y), V(x, y), may be derived 

using Cauchy-Riemann equations (or using other techniques such as the Hil-

bert transform which will be discussed in Chapter 4). An analytic function 

w(z) may then be considered as 

w(z) = U(x, y) jV(x, y). (3.5) 

This analytic function w(z) is known as the complex potential function 

[22, 21] and can be used to characterize a plane field. All techniques 

provided by analytic function theory, such as the Cauchy integral formula, 

may be used to solve the two-dimensional potential problem. 

In summary, a special type of potential field, the plane field, is com-

pletely and uniquely specified by a harmonic function or an analytic function 

[24]. The harmonic function technique treats the problems in the real 

domain while the analytic function technique treats the problems in the com-

plex domain. The two techniques are related to each other. 

3.2. Reduction into a two-dimensional problem 

As indicated in the last section, plane fields may be investigated using 

the harmonic/analytic function techniques. Many actual fields, unfortunately, 

are not plane fields and then three-dimensional problems must be treated. 

In order to apply complex function techniques, the three-dimensional problem 

has to be reduced to a two-dimensional problem. This reduction will cause 

errors if the original field is not a plane field. The errors caused by the 
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reduction of the three-dimensional problem into the two-dimensional one may 

be acceptable or unacceptable, so it is essential to evaluate the errors for the 

specific problem facing us. 

Before evaluating the errors of reduction in our problem, we still need 

to clarify the certainty of errors caused by the reduction. One opinion is: if 

a plane is a subset of space and Laplace equation must be valid in the plane 

if it is valid in the space of the source free region, then a three-dimensional 

problem will be treated as a two-dimensional problem without any error. 

This general statement can be easily negated by showing a counter example 

without using an elaborate mathematical proof. Let us see a simple ex-

ample, the electrostatic field generated by a single point charge which is 

placed at the origin of the Cartesian space. The potential function u(x, y, z) 

which it derived is 

u(x, y, —   (3.6) 
.‘,/x2 + y2 ± z2 

Its first order partial derivative of x is 

au 1
---ax=Q(-112) (x2 +0+ z2)3/2 

2x

— Q x 
(x2 + y2 + z2)3/2' 

and its second order partial derivative of x is 

(3.7) 
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a2u (x2 + y2 + z2)3/2 _ (x2 + y2 + z2)1/23x2 

ax2 
( — Q) (x2 + y2 + z2)3 

Similarly, 

and 

Clearly, 

2 x2 — y2 — z2
=Q (x2 .4_ y2 4_ z2)5/2.

a2u 2y2 — x2 — z2
ay2 = Q (z2 + y2 + z2)5/2' 

a2u 2z2 _ y2 _ x2 

a z2 2 + y2 + z2)5/2 

a2u a2u a2u

 =0 
a x2 a y2 a z2 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

is valid. Now, let us consider the case of points on a plane z = c. Where the 

potential function and its derivatives of x are 

uP — 
N/ x2 + y2 + e2 

Q
(3.12) 
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and 

Sup —Q x 

ax (x2 + y2 + c2)3/2 

a2u 2x2 _ y2 _ c2 

ax2 
— Q (x2 + y2 + c2)5/2.

Similarly, 

a2u 2y2 _ x2 _ c2 

ay2
 = Q (x2 + y2 + c2)5/2- 

In this case, 

A2„ A2 u

  + 

p x2 + y2 _ 2c2 

a x2 ay2 — Q  (x2 + y2 + c2)5/2 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

which is not zero at all points on the plane, z = c. This means that the 

two-dimensional Laplace equation is not valid everywhere on the plane and 

the potential problem on the plane cannot be calculated exactly by using the 

analytic function. 

This example negates the opinion that a three-dimensional problem can 

be arbitrarily treated as a two-dimensional problem without any error. Ac-
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tually, most potential fields are not plane fields, and they cannot be treated 

as two-dimensional problems. Some potential fields, even though they are not 

plane fields, may be approximately treated as two-dimensional problems, 

depending on errors introduced by the dimension reduction. 

It should be emphasized that once a three-dimensional field is treated 

as a two-dimensional problem, or in other words, once a potential function of 

two real variables is used to approximately characterize a three-dimensional 

field, the characterized field is the plane field which is specified by the two 

dimensional potential function rather than the original three-dimensional 

potential function. 

3.3. Mathematical modelling of ECG body surface 

potentials 

Before modelling the body surface potential problem, it is helpful to 

summarized basic concepts of the thesis work, which have been studied so 

far in this thesis: 

1. From an electrophysiological viewpoint the heart is a current 

source, and the body surface potential distribution, or ECG map-

ping, is generated by variable and complex current source. The 

relationship between the body surface potential distribution and 

the heart source is non-unique. The historical and current work is 

to find a simple and acceptable approximate expression of the 

relationship between the body surface potential distribution and

heart source. The objective of this thesis work is to develop 
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approaches based on harmonic/analytic function theory to 

reconstruct an entire surface potential distribution from a smaller 

number of measurements. 

2. The electrical field generated by the heart in the body conductor 

may be considered as a steady-state current field at an instant of 

time. For a given instant, the potential function distributed in 

the body conductor (including the body surface) satisfies the 

Laplace equation for three-dimensional space in any source free 

region. 

3. Harmonic/analytic function theory can be exactly applied only on 

plane fields. A plane field in the source free region is fully and 

uniquely characterized by a harmonic function (potential function 

U(x,y)) or an analytic function (complex potential function 

w(z) = U(x,y) JV(x,y)). If an actual potential field is not the 

plane field but the potential function on a plane placed in this 

field space is approximately harmonic, we may investigate the 

potential function on the plane by using harmonic/analytic func-

tion theory with acceptable errors. When we do that, however, the 

field characterized by the two-dimensional potential function is a 

plane field, which differs from the original actual field. 

The body surface potential distribution, or ECG mapping, will be 

mathematically modelled based on the basic concepts summarized above. 
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The potential distribution in the body conductor (including the body 

surface) is a function of space and time and designated by u(x, y, z, t). For 

any given time instant t, Laplace equation is valid in the source free volume. 

i.e., 

02u 82u 02u 

 - 0. ax2 dy2 8z2 
(3.17) 

The potential distribution u(x, y, z, t) is measured discretely on the body sur-

face with time. Let us designate the measured ECG potentials consequently 

by u(xi,yi,zi,t i) where (xi,yi,zi) E chest surface, which is referred to the 

anterior and lateral chest surface, for i=1, 2, . . . , N and 

5=1, 2, . . . , T. In this case, N= 63, T = 400 and At = t3+1 — t1

1 
400 

=—s= 2.5 ms. Assuming that the measured chest surface is a plane, 

which is defined by z=c and c is constant in the Cartesian system, the 

measured potential distribution on the chest plane at any given instant t i 

may be presented by 

yi) = u(xi, 

where (xi, yi) E chest plane. The data set U.i(xi, yi) is the discrete measure-

ments of the potential distribution on the chest plane, U1(x, y). 

In this study, the measured data is always a set of 63 measurements 

which are arranged as shown in Figure 3.2. The reference electrode is 
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Figure 3.2 Measuring locations. 

electrode 62 for all measurements. Among these 63 measurements, the 

measurement with the largest amplitude is near electrode 23 for time instant 

t = 100, and then this position is the most likely the projection of the heart 

center. This position is selected as the origin of coordinates used for the 

study. An example of the measured potential distribution is illustrated in 

Figure 3.3 for subject 1 at t = 100 (corresponding to the QRS portion of 

ECG). 

In order to apply the harmonic/analytic function techniques, the func-
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Figure 3.3 ECG measured potentials in units of quantization step for 
subject 1, t = 100. 

tion Uj(z, y) should be assumed to be harmonic. The validity of the assump-

tion may be verified by examining whether Up, y) satisfies the two dimen-

sional Laplace equation. Since Ui(x, y) is discretely measured and 

represented by data set Ui(zi, yi), the examination should be conducted with 

the numerical form of Laplace equation. The numerical form of Laplace 

equation [20] indicates that if a potential function is harmonic in a region D, 

potential values at any five points in the region D, which are located as 

shown in Figure 3.4, should properly satisfy the following relationship. 
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a3a4
U„  (a.U1 a lU2) 

u (a l  a2) (a i a2 a3a4) z

a l a2 
(a 1 U3 + a3U4) • 

(a3 a4) (ala2 a3a4) 

M1(x—apy) 

U1

x 

U4

U3

M4 (x,y+a4) 

M0 (x,Y) 
U0

M3 (x,y—a3) 

(3.18) 

M2(x+a2,y) 

U2

Figure 3.4 Construction for determining the finite difference ap-
proximation to Lapace's equation (after [20]). 

For a set of measured data, 63 measurements, except for ones on the 

boundary, can be examined by comparing the measured potential at a point 

with the potential which is calculated from four neighbour points of this 

point by using Equation (3.18). As an example, the results of the examina-
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Figure 3.5 Relative errors between the measured and calculated 
potentials by using Equation (3.18) for subject 1, t=100. 

tion for the data measured in subject 1 at t=100 are shown in Figure 3.5. 

The relative errors between the measured and calculated potentials were less 

than 25% at most 

proximately satisfies 

with relative errors 

points. This means that the potential function ap-

Laplace equation in the two-dimensional chest plane 

less than 25% at most points. Several sets of data 

measured in 9 subjects at t = 100 (QRS wave) and t = 200 (T wave) have 

been examined by using this method, and the results were similar. The 

results for subject 1 at t=200 are shown in Figure 3.6. The "errors" be-

tween the measured potentials and the calculated potentials may be caused 

from following reasons: 
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Figure 3.6 Relative errors between the measured and calculated 
potentials by using Equation (3.18) for subject 1, t=200. 

1. modelling error which will be discussed next section; 

2. the measured errors, noise and misplacement of electrodes, and 

3. the differential replaced by difference in Laplace equation. 

From the examination, however, we can see the possibility of applying 

harmonic/analytic function techniques on body surface mapping with accept-

able accuracy. 
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The examination was used not only to verify the possibility of applying 

the harmonic/analytic function techniques, but also to determine analytic 

regions. It has been observed that the potential function U1(x, y) is ob-

viously not harmonic at some points since the relative errors between 

measured and calculated potentials are extremely large. The analytic regions 

of potential functions U3-(x, y) have been determined for different subjects and 

different instants. The results indicate that the non-analytic regions varied 

with subjects and instants of time, but the small neighbourhood of the 

projection of the heart center (electrode 23, or the origin of the xy coor-

dinate system) was always a non-analytic region for different subjects and in-

stants. The region near electrode 53 is another separate non-analytic region 

for all subjects and instants under the study. The non-analytic region near 

electrode 53 is less significant since the relative errors between the measured 

and the calculated potentials are much smaller than ones at points near 

electrode 23, even though it is still larger than 25%. In this work, this less 

important non-analytic region will be ignored. 

Based on the above investigation, the body surface potential distribution 

is modelled as follows. 

1. The chest surface is assumed to be a plane, and then the potential 

function on the plane, U1(x, y), is used to describe the potential dis-

tribution on the chest plane. The function U1(x, y) is harmonic in the 

region D, which will be defined later. 

2. Using U.i(x, y) as the real part and a harmonic conjugate of U5(x, y), 

designated V1(x, y), as the imaginary part, a complex potential function 

is constructed, i.e., 
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w(z) = y) /173.(x, y). (3.19) 

The complex potential function w(z) is analytic in the region D, which 

is the same as mentioned in (1). 

3. The region D is the whole chest plane except for a neighbourbood 

around origin, which is selected as the position of the electrode 23 

where the measured potential has the largest amplitude. For con-

venience, the region D is mathematical represented by izi > R and 

z E chest plane. By using the concept of the analytic continuation 

and reasonably assuming there is no source or singular points at in-

finity, the domain of definition of U y) and w(z) may be extended 

from the chest plane to the whole zy (or complex z) plane and the 

region is finally defined as the unbounded domain R < < 00. This 

implies that w(z) is analytic at infinity. The region D defined here is 

called the analytic region and its complement D is called the non-

analytic region in the thesis. The analytic region D is illustrated in 

Figure 3.7. The boundary of the non-analytic region D, designated C, 

is the circle Izi = R and the values of the R varies with subjects and 

instants under consideration. In the non-analytic region D, there exist 

one or more singular points of w(z). The singularity will be discussed 

in detail in the next section. 



-52-

. . . . . . . . . 

5 

Chest plane 
to 

)c • (c . . . . . . . . . . . 

Figure 3.7 Mathematical modelling for ECG potential distribution on 
the frontal chest plane. 

3.4. Discussion on the mathematical model 

3.4.1. Error produced by the mathematical model 

The mathematical model of the body surface distribution is established 

under some assumptions. Significant assumptions used for modelling are 

1. the body conductor is homogeneous; 

2. the current generated by the heart activity is quasi-stationary and 
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3. the potential distribution generated from the heart activity does 

not change in one dimension. 

These assumptions simplify the problem, but they produce errors of the 

modelling. 

Generally, the potential in the source free region of the body conductor, 

u(x, y), satisfies the following equation: 

au a au a au 
(a  )+ —(a (47ax xax dy Ydy az zaz 

au ap 
= —a + , 

at at (3.20) 

where o r , ay, and o-z are conductivities a is a constant and p is the charge 

density. All ax, ay, a z and p are function of coordinates (x, y, z). Equation 

(3.20) may be represented as 

a2u a2u a 2u au ap 
-- + + ay 

a y2 a —a 
z 0z2 at at — ax ax2

aaxau aayau a° zau 

ax ax + ay ay + az az) .
(3.21) 

ao-X auX aux 
Under the assumption of homogeneity, the terms and are zero. 

ax ' ax , ax 
au ap 

Under the assumption of quasi-stationarity current, the terms -- t- and --5i- are 

zero. Due to the assumption (3), the term 
au 

az 
is zero. Therefore, the general 

Equation (3.20) becomes the two-dimensional Laplace equation under the as-
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sumptions used. The two-dimensional Laplace equation is the basis of the 

modelling. These assumptions, however, are quite approximately valid and er-

rors of the modelling are produced. 

3.4.2. Discussion on the analytic behaviour of the complex potential 

Actually, there is no current source on the body surface and the poten-

tial distribution u(x, y, z) satisfies Laplace equation in three-dimensional space 

at any time instant. This is a basic fact. The three-dimensional problem is 

reduced to a two-dimensional problem, and the chest surface is retrograded 

to be the chest plane. The singularity (or source) on the reduced chest 

plane needs to be carefully studied. It may be difficult to imagine that the 

singularity (source) exists on the chest plane, which is reduced from a source 

free chest surface. But this concept is essential in this model. 

Let us assume that there is no source on the reduced chest plane. If no 

source is on the chest plane, the reduced plane field is solenoidal and irrota-

tional on the whole plane in view of the mathematical relationships of Chap-

ter 2, and its complex potential function w(z) is bounded and analytic for 

the whole plane. According to the theorem of Liouville [1], which states 

that if a complex function is bounded and analytic for all values of its com-

plex variables, then the function is constant, the complex potential function 

w(z) should be a constant. The real (or imaginary) part of the complex 

potential function, U.i(x,y), also should be a constant on the whole plane. 

This means that we can do nothing with the potential problem under the as-

sumption. If we want to apply analytic function techniques on the potential 
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function U y), current sources must be considered to be on the plane. 

Liouville's theorem also extends to harmonic functions [22]: if a real-valued 

function is harmonic in the whole open plane and bounded in the plane, 

then the function is a constant [24]. From this theorem, the above conclu-

sion is directly obtained. 

To understand this concept, let us review the "principle of extreme" of 

the harmonic function. The theorem [23, 22] says that a real function 

U(x, y) is harmonic in a bounded domain of the finite plane and that U(x, y) 

be continuous on the closed region; then, if U(x, y) is not constant in the 

region, U(x, y) cannot attain an extreme value at any interior point of the 

region. The measured potential data is not a constant and its extreme 

values appear in the neighbourhood region of the heart projection (inside D), 

instead of points on the boundary. Therefore, the potential function must not 

be analytic on the whole chest plane, and there must be some singularities 

on the plane. 

The singularity on the chest plane may also be investigated by a 

property of the electrostatic field, which are available in the literature [22]. 

The property is: if in an electrostatic field there is a closed equipotential 

line C, on which U(x, y) = U0, then either C encloses a singularity of U(x, y) 

or this function is a constant everywhere within C. From the analogy with 

the electrostatic field, the property is also valid for the steady-state field. 

Observing the contour lines of the measured potential data (Figure 3.8) 
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Figure 3.8 Equipotential contour lines based on measured ECG data 
for subject 1 and t = 100. 

and applying this property to it, we conclude that there must be one or 

more singularities on the chest plane. It is reasonable to imagine the sin-

gularities are in the neighbourhood region of the projection of the heart cur-

rent sources. 
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Chapter 4 

Technique 1: Cauchy integral formula 

From the mathematical model established in Chapter 3, the complex 

potential function w(z), which is analytic in the region D ( > R), may be 

used to investigate the potential distribution on the chest plane. A fun-

damental property of an analytic function is the Cauchy integral formula 

[22, 21]. A mapping technique based on the Cauchy integral formula is to 

be developed in this chapter. 

4.1. Cauchy integral formula 

The Cauchy integral formula is reviewed as follows. Let function f(z) 

be analytic everywhere within and on a simple closed contour C. If z0 is 

any point interior to C, then 

1  f  
f(zo)- 27.17c z 1( 

—z
z)  dz 

o 
(4.1) 

where the integration around C is taken in the positive sense. This Cauchy 

integral formula expresses the values of an analytic function at any point in-

side the analytic region in terms of the values of the function at the points 

on its boundary C. In other words, if a function f(z) is to be analytic 
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within and on a simple closed contour C, then the values of f(z) inside C 

are completely determined by the values of f(z) on C. 

Reducing the number of electrodes for the body surface mapping may 

be accomplished by using the Cauchy integral formula. When applying the 

Cauchy integral formula technique on the complex potential function w(z), 

some problems should be considered. 

(1). The complex potential function w(z) is analytic outside and on a 

simple closed circle C instead of within it. The Cauchy integral formula is 

still valid in this case since w(z) is analytic at infinity and the analytic 

region D is still a simply connected region. To apply the Cauchy integral 

formula on w(z), however, the boundary C should be negatively oriented in 

the integral, as shown in Figure 4.1. 

(2). Any sectional smooth contour, C, may be selected as the integral 

contour in principle. A circle z R1 (R1 > R) , is selected as an integral 

contour in the problem since the imaginary part of w(z) at the points on the 

circle are easily determined if the real part of w(z) is known (this will be 

discussed in the next section). When the value of R1 is smaller, the poten-

tials at the points on the circle have higher amplitudes and higher signal to 

noise ratio (amplitude of noise is considered to be uniform on the chest 

surface). When the value of R1 is too small, however, it is difficult to lo-

cate electrodes to measure the potentials. In addition, once the value of R1 is 

smaller than R and the circle enters into the non-analytic region of w(z), the 
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Figure 4.1 Cauchy integral formula applying the ECG potential dis-
tribution model with negatively oriented integration. 

technique will fail to work. Therefore, several values of R1 should be tried to 

find a proper value of R1. When the integral contour is chosen as the circle 

= R1, or z= R1e0 , the value of w(z) on the circle is represented by 

w(Rie30)=U(Iii,46) + JV(R1,0) (4.2) 

and the Cauchy integral formula becomes 
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1 27r w(R1e3°)   f 
 R ej°c10 w(z0) — 2 r R eic41 — zo 

or 

W ( Z0) 

27rU(0) 
iV(1°) 

R1
e3°d0* fo Rle7~— zo

(4.3) 

(3). Since the integral is calculated with the aid of a computer and the 

calculation is based on the discretely measured data, the Cauchy integral for-

mula Equation (4.3) should be used in a numerical form. Let us denote any 

interior point of C to be 

zo = xo jyo, (4.4) 

the complex potential corresponding to the point to be 

wo w(zo) Uo 

the points of the boundary C to be 

zm = = m jym

and corresponding potential to be 

W rn =w(R1e3m

(4.5) 

(4.6) 

Y rn , (4.7) 
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27 
where AO = N — and N is the number of the discrete potentials on the circle 

C and m = 1, 2, . . . , N. The numerical form of the Cauchy integral for-

mula is developed as 

N., w(R1e3rn00) 

w(z0) = r- > A  A Ri eimA0

m=0 R1eirn‘-'ke — z0

1 N, (Um+ flim)(xm+ jam) 
=—L 

2w (xm — xo) j(ym — yo)' 
rrz=0 

or 

A 12 — Um(x0x m YoYm) Vm(Yoxm xoYm) 

and 

UO — 2 
m=0 

V() — 
27 

m=0 

(xm — )2 + (ym — y0)2

— V„,(x0x m + yoym) — Um(xoym — yoxm) 

(xm — x0)2 + (ym — y0)2
(4.8) 

4). The calculation starts from the values of the real part of w(z) at 

the points on the circle 1z1 = R1. By the definition of w(z), the real part of 

w(z) is the potential function U(x, y) and the values of U(x, y) on the circle 

Izi = R1 have the digital form of U(R1cos (mAcb), R1sin (tr./AO)). Since the 

potentials are measured in grids with intervals of 4 cm in this thesis work, 

some interpolation technique has to be used to determine the values of 

U(0m) = U(R1cos gy m, R1sin Om) (4.9) 
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for the surface mapping. 

4.2. Hilbert transform 

It has been shown in the last section that if we know the values of an 

analytic function w(z) at all points on the periphery of a simple closed curve 

lying entirely within the analytic region D of w(z), we can use the Cauchy 

integral formula to determine its values anywhere in the analytic region D. 

The real part of w(z) is the potential function U(x, y) which can be 

measured, but the imaginary part of w(z) is unknown. To realize the Cauchy 

integral formula technique in surface mapping, it is necessary to produce the 

imaginary part of w(z) from its real part. If the integral contour in the Cau-

chy integral formula technique is a general simple closed curve, the problem 

is a general boundary problem associated with a two-dimensional Laplace 

equation. Solving this is not simple. If the integral contour is a circle, 

however, the imaginary part of w(z) on the circle will be easily determined 

from the behaviour of the real part of w(z) on this circle. In this case, a 

simple relationship exists between the real part and the imaginary part of 

w(z) on the circle. This relationship is called Poisson's integral formula (in 

complex function theory) [21, 23] or Hilbert transform (in the signal process-

ing field) [25, 26]. In other words, the imaginary part of w(z) on a circle 

equals the Hilbert transform of the real part of w(z) on the circle. This is 

just the reason why a circle has been chosen as an integral contour in the 

problem. 
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The Hilbert transform of a real function f O) is generally defined as 

(00) =1 
j- 00

r 
dcb — f (0) r 

(4.10) 

where the symbol 0 is referred to as convolution. This Hilbert transform 

can be expressed conveniently in the frequency domain, that is, 

—jF(w) w > 0 

E(w) = 

j F(w) w < 0 

(4.11) 

where IM is the Fourier transform of f O) and F(w) is the Fourier trans-

form of AO). 

From the viewpoint of s the spectrum version, the Hilbert transform is 

equivelent to a filtering, in which the amplitudes of the spectral components 

are left unchanged but their phases are in phase quadrature with ones of 

(0) . This spectrum version of the Hilbert transform is useful to find the 

Hilbert transform of a real-valued function. 

Applying the Hilbert transform to the real part of the complex poten-

tial function w(z) and using the same denotations as in the last section, the 

values of w(z) on the circle = R1 may be represented as 

w(R1ej0) = U(q5) + j 

or 
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W j . 
M M 771 

(4.12) 

Equation (4.12) indicates that for a given real-valued function U(0), 

which represents the values of the potential function of the circle IzI = R1, 

the imaginary part of the complex potential function on the circle, V(0), is 

simply the Hilbert transform of U(0). When U(0) is uniformly sampled on 

the circle and discrete samples Urn are given, corresponding samples Vm may 

be determined by using the Discrete Fourier Transform (DFT) technique: 

where 

Tim = DFT-1[ jDFT( DFT(Um) • sign(m) I, (4.13) 

DFT represents the Discrete Fourier Transform ; 

DFT-1 represents the Inverse Discrete Fourier Transform ; 

sign(m) = 

N 
if 1 < m < — 

— 2 

N 
1, if —

2 
< m < N. 

By using Equation (4.8) , (4.12) and (4.13) , the values of the complex 

potential function w (z) everywhere in the analytic region D may be 

generated by the potential values measured on the circle zl = Ri. 
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4.3. Implementation of Cauchy integral formula technique 

In the two previous sections, the Cauchy integral formula technique has 

been introduced for ECG mapping. A Fortran program was written to im-

plement the technique. The program is listed in the report [27]. In the 

program, the Cauchy integral formula technique was performed in the follow-

ing manner: 

1. By using the bilinear interpolation technique (introduced in Ap-

pendix A) based on the measured potentials, calculate the N real 

part samples of the function w(z) on the circle lz1= Ri at the 

points 

zm = R1e3n'ACb for m = 0, 1, . . . , N-1, 

27r 
where A cb = —N' 

2. Calculate the Discrete Fourier Transform (DFT) of the N real 

part samples of w(z) by using the subroutine, FFTCF, of the 

IMSL package (Fortran subroutines for mathematical application) 

in the VAX/8600 computer. 

3. Calculate the Hilbert Transform (HT) of the DFT( Um) in order 

to get the corresponding N imaginary part samples using the 

Equation (4.11). 
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4. Calculate the N imaginary part samples by using the Inverse Dis-

crete Fourier Transform (IDFT) subroutine, FFTCB, in the IMSL 

package. 

5. Construct the N complex potential sequence on the selected circle 

zl= R1 by using Equation (4.12). 

6. Evaluate the values of w(z) at all measurement positions outside 

the circle = R1 by using the Cauchy integral formula in the 

numerical form, Equation (4.8). The real parts of the generated 

values of w(z) are the estimated potentials. 

7. Draw a stereogram and a equipotential contour diagram based on 

the estimated potentials in comparison with ones from measured 

potentials. 

8. Calculate the three evaluation criteria (defined in Chapter 6) to 

evaluate the performance of the technique. 

9. Repeat above procedures for different R1 and N. 

To verify that this program is capable of solving the problem, a 

simulation was done. Instead of the actual complex potential function w(z), 

two typical analytic functions, w1(z) and w2(z), were used for the simulation, 

that is, 
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where 

and 

and 

where 

and 

wi(z) = z2 = u1(x, jvi(x, y), (4.14) 

u i (x, y) = x2 — y2 (4.15) 

vi(x, = 2xy, (4.16) 

w2(z) = z 3 = u2(x, 1v2(x, 

u2(x, - (x2 + y2)3 

x3 - 3Xy2

—3x2y + y3
v2(x, — 

(x2 + y2)3

(4.17) 

(4.18) 

(4.19) 

The function wi(z) has a singular point at infinity while the function w2(z) 

has a singular point at the origin and is analytic at infinity. For wi(z), the 

Cauchy integral formula Equation (4.1) can be directly used. For w2(z), 

which is similar to the complex potential function w(z), the integration 

around C is taken in the negative sense. 

The validity of Hilbert transform technique can be verified by compar-

ing the estimated values a v (x, y) with the corresponding values which are 

directly calculated from (4.16). For mapping of u i(x, y), ten points located on 
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the circle in Figure 4.2 (e.) are used as supporting points. The values of 

u i(x, y) at these ten points are calculated from Equation (4.15) and desig-

nated u1i (i = 1, 2, 10). The discrete spectrum components of u li are 

calculated using the DFT subroutine in the IMSL package and designated 

U1i which are complex-valued. The discrete spectrum components of the Hil-

bert transform of U1i are calculated from (4.11) and designated .0 1i where 

Uii are also complex-valued. Finally, the estimated values of vii are obtained 

using IDFT subroutine in the IMSL package for (Ili and designated 

The calculating results of u li, and vli are shown in Table 4.1. 

Similarly, for mapping of u2(x, y), the calculating results are shown in Table 

4.2. 
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2 u li U • vli 

1 1.0000000 ( 0.0000019 0.0000000) 0.0000000 
2 0.3090170 ( 0.0000017 0.0000010) 0.9510565 
3 -0.8090171 ( 5.0000005 0.0000027) 0.5877852 
4 -0.8090169 (-0.0000013 0.0000010) -0.5877853 
5 0.3090172 (-0.0000014 -0.0000001) -0.9510565 
6 1.0000000 (-0.0000008 0.0000000) 0.0000002 
7 0.3090168 (-0.0000014 0.0000001) 0.9510567 

8 -0.8090174 (-0.0000013 -0.0000010) 0.5877846 
9 -0.8090163 ( 5.0000005 -0.0000027) -0.5877862 
10 0.3090186 ( 0.0000017 -0.0000010) -0.9510559 

Uli V li 

1 ( 0.0000000, -0.0000019) ( 0.0000009 -0.0000003) 
2 ( 0.0000010, -0.0000017) ( 0.9510567 -0.0000001) 
3 ( 0.0000027, -5.0000005) ( 0.5877855 -0.0000003) 
4 ( 0.0000010, 0.0000013) (-0.5877855 -0.0000001) 
5 (-0.0000001, 0.0000014) (-0.9510564 -0.0000003) 
6 ( 0.0000000, -0.0000008) ( 0.0000001 -0.0000001) 
7 (-0.0000001, -0.0000014) ( 0.9510566 -0.0000003) 
8 ( 0.0000010, -0.0000013) ( 0.5877848 -0.0000001) 
9 ( 0.0000027, 5.0000005) (-0.5877866 -0.0000003) 
10 ( 0.0000010, 0.0000017) (-0.9510562 -0.0000002) 

Table 4.1 Comparison of the calculated vli with the data vli from 

using the Hilbert transform technique, 
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u2i U 2i v2 

1 0.01562500 ( 0.00000001 0.00000000) 0.00000000 
2 -0.00482839 ( 0.00000003 0.00000000) 0.01486026 
3 -0.01264089 ( 0.00000003 0.00000003) -0.00918415 
4 0.01264089 ( 0.07812500 0.00000006) -0.00918414 
5 0.00482839 (-0.00000004 0.00000002) 0.01486026 
6 -0.01562500 (-0.00000004 0.00000000) 0.00000000 
7 0.00482839 (-0.00000004 -0.00000002) -0.01486025 
8 0.01264088 ( 0.07812500 -0.00000006) 0.00918416 
9 -0.01264091 ( 0.00000003 -0.00000003) 0.00918412 
10 -0.00482835 ( 0.00000003 0.00000000) -0.01486027 

U 2i 
,* 
v2 

1 (0.00000000, -0.00000001) ( 0.00000002 -0.00000001) 
2 (0.00000000, -0.00000003) ( 0.01486026 0.00000000) 
3 (0.00000003, -0.00000003) (-0.00918414 -0.00000001) 
4 (0.00000006, -0.07812500) (-0.00918414 0.00000000) 
5 (0.00000002, 0.00000004) ( 0.01486026 -0.00000001) 
6 (0.00000000, -0.00000004) ( 0.00000000 0.00000000) 
7 (0.00000002, -0.00000004) (-0.01486026 -0.00000001) 
8 (0.00000006, 0.07812500) ( 0.00918416 0.00000000) 
9 (0.00000003, 0.00000003) ( 0.00918412 -0.00000001) 
10 (0.00000000, 0.00000003) (-0.01486027 0.00000000) 

Table 4.2 Comparison of the calculated v2i with the data v2i from 

using the Hilbert transform technique. 

Once the ten samples of the imaginary part have been calculated using 

spectrum version of Hilbert transform technique, the ten complex samples on 

the selected circle are constructed and then all values of the complex func-

tion inside the circle (for w (z)) or outside the circle (for w2(z)) are cal-
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culated using Cauchy integral formula technique. Figures 4.2 and 4.3 show 

the mapping results for both the functions, wi(z) and w2(z), respectively, 

where the stereograms (a) and the contours (b) are drawn based on the cal-

culated values of the real part of the corresponding functions, while the 

stereograms (c) and the contours (d) are drawn based on the values of the 

estimated real parts calculated from the Cauchy integral formula. It should 

be noted that the mapping of u i(x, y) is valid only inside the selected large 

circle while the mapping of u2(x, y) is valid only outside the selected small 

circle. 

It is necessary to give some explanation for Figure 4.2 and 4.3. The 

figure was drawn using Disspla package based on discrete data arranged as 

the ECG measuring locations in Figure 3.2 Some distortions must occur. For 

the case of ul(x, y) shown in Figure 4.2, the distortion is not very serious. 

For the case of u2(x, y) shown in Figure 4.3, the distortion in the region 

around the origin is so serious that the feature of u2(x, y) (for example, the 

ripples) has been lost. The detail of u2(x, y) in the region around the origin 

is drawn by decreasing the sample intervals (0.1 cm) and shown in Figure 

4.4. The detail of the estimation of u2(x, y) cannot be drawn since the map-

ping is only outside the selected circle whose radius is 4 cm. 

The results indicate that: 

1. The Fortran program based on the Cauchy integral formula tech-

nique works very well for the two kinds of analytic functions, such 

as wi(z) and w2(z). 
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2. When the evaluated point is farther from the integral circle, a 

more accurate evaluation is obtained. This fact is consistent with 

the property of the analytic function, which says that the Cauchy 

integral formula does not, in general, tend to f(zo) as a z0 tends 

to the boundary point through the points in the analytic region 

[22]. 

3. The conclusion (2) also means that the circle should be chosen as 

big as possible for the first type of functions, such as wi(z), while 

the circle should be chosen as small as possible for the second 

type of functions, such as w2(z). If the circle is chosen in this 

manner, more points can be evaluated, and more accurate estima-

tion can be obtained. 

4. When N increases, the accuracy of the evaluation increases. When 

N is set large, however, the increase in accuracy is very small. 

In order to directly use the measurement locations as the supporting 

points avoiding interpolation, we must look for another technique, which is 

studied in the next chapter. 
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Chapter 5 

Technique 2: Harmonic Series Approximation 

As studied in Chapter 3, the chest surface potential distribution at a 

given time instant is modelled as a real-valued function U(x, y), which is har-

monic in the region D shown in Figure 3.7. This harmonic function may be 

expressed in a series form and the partial sum of the series may approximate 

the function with an acceptable accuracy. If the coefficients of the partial 

terms can be determined by a reduced number of measurements and the en-

tire surface potential distribution can be estimated by using the partial sum 

with the determined coefficients, the objective of the thesis work will be ach-

ieved. This idea leads to the harmonic series approximation technique which 

is studied in this chapter. 

The series used for the approximation should satisfy the following two 

requirements: 

1. The series and its partial sum in any order must be harmonic in 

the region D, the analytic region of the complex potential function 

w(z). This condition is required because only a harmonic series 

naturally contains some information about the potential distribu-

tion (i.e., the two-dimensional Laplace equation is approximately 
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satisfied in the region D), and then the significant information 

about the body surface potential distribution may be obtained 

from the reduced number of measurements. 

2. The series must converge in the region D. This is because only a 

series converging in the region D can be used to evaluate the 

potential values at the points in the region D, otherwise the ap-

proximation does not make sense. 

5.1. Series representation of an analytic function 

Real-valued harmonic functions are tightly related to complex analytic 

functions and the harmonic functions are usually derived from the cor-

responding analytic functions. Therefore, let us start the development from 

the series representations of the complex potential function w(z) which has 

been defined in Chapter 3. To make the development mathematically clear, 

let us first review the series representations of an analytic function in a 

general definition. The two following theorems are essential. 

Theorem 1: 

Let f(z) be analytic in a domain D, and let z0 be a point of D. Let T 

be the largest open disc centred at z0 and contained entirely inside D. 

Then, for z in T, we have the representation 

f( 

co f(k)( zo ) 

(z—zo)k 

k=0 
k! 
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The series here is called the Taylor series for f(z) at z0. It clearly depends 

on z0. According to this theorem, the Taylor series converges to f(z) within 

the circle, the boundary of the open disc about z0. The radius is the dis-

tance from z0 to the nearest point where f(z) fails to be analytic (see Figure 

5.1). The Taylor series is expanded in the neighbourhood of a point z0 at 

which the function is analytic. 

Figure 5.1 Explanation of the convergent region of Taylor series. 
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Theorem 2 

Suppose f(z) is analytic in the annulus (ring) , R1 < z — zo l < R2 (Figure 

5..2) . 

.z 1 zo

x 

Figure 5.2 Analytic region of Laurent series. 

Then at each point z between the two concentric circle 1( z) is represented 

by a Laurent series, 

cc
f (z) = E cn(z— zo)' , (5.2) 

n=-00 
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which converges to f(z) throughout the annulus. Moreover, the coefficients 

are given by 

fW 
Bn 27/jc(e_ zo)n+1 

where n = . . , —2, —1, 0, 1, 2, . . and C is any circle centred at zo

and contained in the annulus. 

This theorem shows that it is also possible to obtain expansions about 

points (or even regions) in which f(z) is not analytic, leading, in general, to 

series in both positive and negative powers of (z—z0). The Laurent series 

for f(z) about z0 converges to f(z) on the region between the two circles 

concentric about z0, C1 and C2 (C1: = R1 and C2: lz—zo l = R2). The 

radius R1 is the distance from z0 to the nearest point .where f(z) becomes 

analytic while the radius R2 is the distance from z0 to the nearest point 

where f(z) fails to be analytic again. 

In general, a Laurent series contains two parts. i.e. a regular part f i (z) 

and a principal part 12(z), according to the positive and negative powers of 

(z—z0), respectively. Namely, 

f(z) = f i (z) + f 2(z) + Co, (5.3) 

where 

co 

fl( Z) = n(Z—ZO)n (5.4) 

n=1 
and 
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12(z) E crt(z-z0) (5.5)
n= —co 

The Laurent expansion of a function f(z) has different forms depending 

on the singular behaviour of f(z). The relationship between the Laurent ex-

pansion of f(z) about zo, where f(z) may be analytic at z0 or not, and its 

singularity location may be represented in the following three cases: 

1. When f(z) has singular points on the two circles, z—zol= R1 and 

jz—zo l = R2, and both the region inside the circle Iz—zol = R1 and 

the region outside the circle jz—z01 = R2, then both 11(z) and (z) 

exist in the Laurent's expansion of f(z) about z0. 

2. When f(z) has no singular point on the circle z—z0 ; = R2 and 

outside it, i.e., f(z) is analytic everywhere outside the circle C2, 

the Laurent's expansion of f(z) about z0 only has negative powers 

of z—z0 and f1(z) equals zero. In this case, we can say that f(z) 

is regular at z = 00 and in the neighbourhood of infinity. 

3. When f(z) has no singular point (or only a removable pole) 

within and on the circle lz—z01= R1, i.e., f(z) is analytic at z0

and its neighbourhood, the Laurent's expansion of f(z) about z0

includes only the non-negative powers of (z—z0) and 12(z) becomes 

zero. In this case, the Laurent series reduces to the Taylor series. 

For all these three cases, the series representations of f(z) are unique. 
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5.2. Development of the harmonic series 

Let us return to consider the complex potential function w(z). As 

studied in Chapter 3, the complex potential function w ( z) is analytic in the 

region D, which is outside the circle R (Figure 5.3) . Generally, w(z) 

can be expanded about any point on the z-plane. The point about which it 

is expanded, however, must be properly chosen so that the expansion satisfies 

the above requirements. If w(z) is expanded about a point inside D, e.g. the 

point z1 in Figure 5.3, two expansions will be possible. The first expansion 

will be a Taylor series which converges to w(z) within the circle z -z 1 =-- Ri

while the second one will be a Laurent's series which converges to w(z) out-

side the circle = R2, as shown in Figure 5.3. Clearly, neither of them 

can be used to reconstruct the complex potential function on an entire sur-

face because their convergent regions are not the analytic region of w(z), D. 

In order to reproduce an entire surface mapping, the series representation of 

w(z) is required to converge to w(z) in region D. To do this, w(z) has to 

be expanded about a point inside the non-analytic region of w(z), D. It is 

convenient to choose the origin defined in Chapter 3 as the point since there 

is a singular point or a singular region near the point. The Laurent series 

about the origin converges to w(z) in the region D. Since w(z) is analytic 

on and outside the circle jz1 = R (see Figure 5.3) , the expansion of w(z) 

about the origin is the Laurent series which only has non-positive powers of 

z. 

A harmonic series related to the Laurent expansions of w ( z) about the 

origin is now derived as follows. The Laurent's expansion is 
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Z—plane 

D 

. . . . . . . . . . . . . . . . . 

Figure 5.3 Illustrating the consideration of the Laurent series ex-
panding the complex potential function. 

B1 B2 B3 
w(z) = Bo +  ° 

2+3Y (2+2.02 
+ 

(x+3.03 

(5.6) 

where the coefficients Bo, B1, B3, . . in (5.6) are complex-valued. Letting 

Ba=.13;+ B; 

for i = 0, 1, 2, 3, . and both B; and B; 'be real results in 
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x j y 
w(z) = (.136-1- j B61-1- (Bi+iBi') (x2 + 

y2) 
+ 

2 

(B2 
(x4 
 + (13 "P + a,")

(x —  
+ 

( x 2 + y 2)2 ( x 2 + y 2)3 

= Re[w(z)1+ j Im[w(z)] (5.7) 

where 

Re[w(z)] = B ± B 1 (x2 + y2)  ± B I°(x2 + y2) + 

2 2 - y 2xy 
,  

(x2 + y2)2 
+ a4. '(x2 + y2)2 + 

and 

x3 — 3xy2 3x2y — y3
•N (x2 + y2)3 + B0  (x2 + y2)3 + 

x 
Im[w(z)]= aj+ B1 (x2 + y2) ± B1B (x2 + y2) + 

— Y 

—2xy x2 — y2 

" (x2 + y2)2 
+ a,- (x2 + y2)2 

+ 

3x2y + y3 

B° 
(x2 + y2)3 

23 - 3xy2

(x2 + y2)3

(5.8) 

(5.9) 

Since w(z) is analytic in the region D, both the real part and the imaginary 

part of Equation (5.7) are harmonic in the region D. Because both the two 
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derived harmonic series, Re[ w(z) ] and Im[ w(z)], have the same convergent 

region as one of the parent Laurent series, they are convergent in the region 

D. Both the two series, therefore, satisfy our requirements for the potential 

mapping. But, observing Equations (5.8) and Equation (5.9) indicates that 

the functions associated with the coefficients have odd-even feature as shown 

in Tables 5.1 and 5.2. 

2 3 4 

x 

( z 2 + y2) 

y 

(x2 y2)

2 x2 - y 

(x2 y2)2 

odd for x 
even for y 
odd for x,y 

even for x 
odd for y 
odd for x,y 

even for x 
even for y 
even for x,y 

6 7 

2xy x3 - 3xy2 3x2y _ y3 

(x2 y2)2 (x2 y2)3 (x2 + y2)3 

ood for x 
odd for y 
even for x,y 

odd for x 
even for y 
odd for x,y 

even for x 
odd for y 
odd for x,y 

Table 5.1 Odd-even feature of each terms in Equation (5.8). 

Considering a potential function is neither even nor odd for x, y and 

(xy), five terms are required for the second order approximation and nine 
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2 3 4 

- Y 

(x2 y2)
( x2 + y2) 

2xy 

(x2 y2)2 

even for x 
odd for y 
odd for x,y 

odd for x 
even for y 
odd for x,y 

odd for x 
odd for y 
even for x,y 

5 6 7 

2 2 x - y 

(x2 
+ 

y2)2 

3x2y - y3 

(x2 + y2)3 

x3 - 3xy2 

(x2 y2)3 

even for x 
even for y 
even for x,y 

even for x 
odd for y 
odd for x,y 

odd for x 
even for y 
odd for x,y 

Table 5.2 Odd-even feature of each terms in Equation (5.9). 

terms are required for the fourth order approximation, and so on, in either 

Re[ w(z) ] or Im[ w(z) ]. In order to increase "the speed of convergence", a 

new harmonic series is developed using summing Equation (5.8) and (5.9), 

and taking the terms associated with B6, B1, BZ, . . . This new series is 

defined as 

z—y x2 2 2— y — xy 
U(x,y)= Bo' + Bi 

I 2 2 2 
+ 

+ y ) 
(5.10) 

The expansion in Equation (5.10) is a harmonic series converging in the 
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region D. The partial sums of the series in any order is the desired har-

monic series. To implement proper estimation, three terms of Equation (5.10) 

are required for the second order approximation, five terms are required for 

fourth order approximation, and so on. The harmonic series Equation (5.10) 

has large converging speed than Equation (5.8) and (5.9) with same order. 

The harmonic, series (Equation (5.10) can be briefly expressed as 

where 

and 

or 

°° q.(x,y) u(x,o= B6+ E 13,; 
(x2 + y 2)n 

n = 1 

qn(x, y) = 

n 
( n) xn— k yk 8 i gn (k),

k=0 

sign(k) =1 

sign(k) = —1 

for k1 = 1, 2, . . , 

k=4ki

4ki + 3 

k = 4k + 1 

{ k=4ki + 2 

(5.11) 

For a given order L of the negative terms, the potential function 

U(x, y) is approximated by 

U(x,y) = Bo + 

where 
n = 1 

qn(x, y) 
x2 + y2)n' 

(5.12) 
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and 

or 

qn(x,y) = (n) x n—k nksk ign(k),

k= 

sign(k) = 1 

sign(k) = —1 

k= 41ci

k = 4ki + 3 

k = 4k + 1 

k k +2 

for k1 = 1, 2, . . 
int[k

4 ]. 

5.3. Selection of the supporting points 

Equation (5.12) is the basis of the harmonic series approximation tech-

nique. For a given value of L in (5.12), (L+1) measurements of U(x, y) are 

required to uniquely determine the (L +1) coefficients in the Equation (5.12). 

How to choose a proper value of L and how to select the positions of the 

(L+1) measurements are essential problems for the technique. Let us study 

the second problem first and then return to consider the first one. 

For a chosen L, it is reasonable to uniformly select corresponding 

(L-1-1) measurements on a small possible contour which at least contains the 

origin for the following reasons. 
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(1) From general estimation theory, the support points should be 

uniformly located on the boundary of the estimated region. Here the es-

timated region is the region D and its boundary is the circle 1 z1 = R (R is an 

unknown positive value). Therefore, the supporting points should be 

uniformly located on the circle lz = R which at least contains the origin (the 

position of electrode 23). Actually, the developed harmonic series has no 

definition at the origin, and the potential at the origin and the points inside 

the integral contour are always needed to be measured in the mapping. 

These points within a given contour are called unestimated points, which are 

marked (o) shown in Figure 5.4 for two typical contours. 

(2) Since the harmonic series converges to U(x, y) outside the circle 

1z1 = R, only the points outside the circle can be evaluated by the series. If 

the supporting measurements are selected on a contour which contains M 

potential positions, these M potentials cannot be evaluated, and (L+1+M) 

total measurements are required for an entire mapping. In order to map an 

entire potential distribution using small number of electrodes, it is reasonable 

to locate the support measurement positions on a smaller contour. 

(3) When the distance between a point and the origin increases, the 

magnitude of the potential and the signal to noise ratio at the point 

decreases. This means that the supporting points have higher magnitudes and 

higher signal to noise ratio if they are selected on a smaller contour. 

It is important to choose a proper value of L to obtain the best fit of 
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Figure 5.4 Unestimated points inside the integral contours. 
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the mapping. The fit is evaluated by the correlation coefficient in this thesis 

work. For each instant concerned, the proper value of L determined by ex-

aming the correlation coefficients of the mapping for a variety of L's and a 

variety of configurations of (L+1) supporting points for each L. The trials 

started from L = 3. The trials were also conducted for different subjects. 

When the properly chosen L and the proper selected configuration of the 

corresponding (L+1) supporting points are used, the mapping will have the 

maximum correlation coefficient and the optimum mapping will be obtained 

in this limited sense. 

5.4. Implementation of the harmonic series approximation 

technique 

The harmonic series approximation technique has been implemented 

with the aid of a computer. A Fortran program (see listing program in the 

report [27]) has been written to evaluate and map the chest surface potential 

distribution by using the harmonic series approximation technique. The 

program is feasible for a variety of numbers of the supporting points and a 

variety of configurations of the supporting points. To verify the theoretical 

analysis, the positive power terms of the harmonic series are included in the 

program. The test shows that the mapping is extremely bad when the har-

monic series has any positive power. This result has verified the theoretical 

analysis of the mathematical model in Chapter 3. By setting a control 

parameter to be zero in the program, the harmonic series will have only the 

negative powers. For this case, the program operates in the following man-

ner. 
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1. Input the order of negative powers (L) in the partial sum of the 

harmonic series to be used. Then, N= L+1 supporting points are 

required. 

2. Input a configuration of the N supporting points by recording the 

coordinates of the N supporting points, namely (xi, yi) where 

= 1, 2, . , N. 

3. Input the measured potentials at the supporting points, Ui, where 

i = 1, 2, . . , N. 

4. Set up NxN matrix [A] from the coordinates (xi,yi) of the sup-

porting points by using Equation (5.11). 

qi(xi,Yi) q2(x1,Y1) §1(x1,Y1)

[A]= 

1 

1 

1 

(z12 + y12) (x12 
+ 

y12)2 
(z1

2 y12)L 

q1(x1,y1) q2(x2,y2) qL(x2, Y2)

(122 
+ 

y22) (122 + y22)2 
. . 

2 21L 
k x2 + Y2 ) 

qi(xoi) 12(xN,YN) qL(xN,YN) 
( X N 2  

+

y N  ) N 2 + yN2) 2 * N 2 + y N 2) 1,

5. Solve the linear system [A] .13== P1 by using the subroutine, 

LSARG, of the IMSL package in the VAX/8600 computer, where 



-93-

B' 0 
B' 

and 

B' N-1, 

p1 

P2 

PN 

6. The vector B' is the coefficient vector to be determined, and the 

vector P1 is the measured ECG potentials. 

7. Calculate the potentials at all measurement positions, i.e., 

[ 63 — (N-1-41, except the supporting points N and the M points 

inside the contour formed by supporting points. 

8. Draw a stereogram and equipotential contour diagram from the es-

timated potentials in comparison with ones from the measured 

potentials by using the Disspla package (graphics software) in the 

VAX/8600 computer. 

9. Calculate three evaluation criteria: the correlation coefficient, the 

spatial root square error and the ratio of error power to signal 

power. 
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Chapter 6 

Mapping Results 

6.1. Measured data 

The ECG signal measurements used in this °thesis work were obtained 

from the Helemholtz Institute, Vondenbusch, West Germany, in 1986. The 

ECG signals were measured on nine young healthy male subjects. For each 

subject, the ECG signals in Figure 6.1 were measured using 63 electrodes, 

which were located on the thoracic surface (see Figure 3.2). 

„Ar- -4--

4—

4- -4.-

Figure 6.1 Measured ECG signals at 63 locations. 
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In each electrode, the measured ECG signal was sampled with a sam-

pling rate of 400 samples/second and 512 samples were recorded. The ECG 

analog sample signals were filtered using an analog filter to get the desirable 

frequency components (0.2 - 100 Hz), and then each of them was quantized 

into 12 bits with a quantization step of 4.88 pv per step. A typical 

measured ECG signal is shown in Figure 6.2. 

0.15 

050 

025 

0 

-a 
.4 -025 

- 050 

0 
ti  -0.75 

- 1 25 

1.50 
0 50 100 150 ZOO 250 300 350 400 450 500 

TIME (Sampling step) 

Figure 6.2 Single ECG signal measured at electrode 23. 

Each quantized ECG sample was represented using one 16—bit word, and all 

measured data were stored on an IBM personal computer floppy disc in free 

format. After having attained the floppy disc from Dr. Pollak, the measured 

data were processed in the College of Engineering Microcomputer Lab, then 

transmitted into the VAX system, and stored in nine files (b.d11 — b.d19). 
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6.2. Evaluation criteria of body surface mapping 

The body surface potential distribution is a spatially and temporally 

varying process, but it can be treated as a spatial process in the interest of 

the study indicated in Chapter 2. The problem may be mathematically 

described as follows. The original potential vector P= (p1, p2, . . . , pn) 

is defined as the n dimensional vector which consists of n measured potential 

values. The corresponding estimated potential vector fi= (731, 0 2, . . , On) T

is defined as the vector consisting of n estimated potential values and or-

dered in the same way as in P. Body surface mapping from a reduced 

number of measurements is aimed at finding a way to reorder and partition 

the total ECG signal space. Since the n components of the ECG signals 

measured on the body surface are dependent, we can partition the total ECG 

signal space into two parts: a subspace (designated P1), which "best" charac-

terizes the total ECG space and has m independent components, and a 

remaining subspace (designated P2), which is obtained by subtracting the n 

independent components of P1 from P and has (n m) dependent com-

ponents. The problem then is to find a proper subspace P1 to realize the 

"best" mapping. The meaning of the "best" characterization is discussed 

below. 

Generally, the ultimate evaluation criteria of a mapping technique is its 

ability to provide diagnostic information at low expense. Although the dif-

ference in the diagnostic information contained in the total body surface 

potential map compared to that obtained in reduced leads has not yet been 

identified, the difference in the signal information can be quantified. Several 
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techniques have been published for evaluating the fit of the estimated poten-

tial maps to the measured potential maps. These techniques are amenable 

to comparing maps estimated from any limited lead array to those from the 

complete array. These techniques may be known as evaluation criteria of the 

body surface mapping since they may be used to compare the performances 

of a mapping method with other mapping methods and the performances of 

different lead sets for the same method. Among these criteria, the following 

four are commonly used. 

(1) Correlation coefficient 

The first evaluation criterion is the correlation coefficient. Suppose P 

and P are the original and estimated potential vectors respectively, where 

both P and P have n components and n equals the number of data under 

consideration. Then the correlation coefficient between the two is defined by 

P T
P—

IP1 1 13 1 
(6.1) 

where PT indicates the transpose of vector P. This criterion is sensitive to 

the differences in map patterns and independent of amplitudes. For example, 

two maps having identical contour patterns but different amplitudes will 

have a correlation coefficient of 1. Small errors of amplitudes on low 

amplitude map frames may appear to be insignificant, yet the pattern dif-

ference may be extreme, namely pi < 1. 
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(2) RMS error 

The second criterion is the spatial root mean square (RMS) error 

referred to the electrode sites not included in the limited lead array. If P 2

and P 2 (estimated vector corresponding to the P2) are (n—m) dimensional 

vectors defined previously, then the spatial RMS error between the estimated 

and original maps is defined as 

I P2 1521 
E — 

(n_ rn)112.
(6.2) 

This measure gives the average potential error at the estimated sites and can 

be directly compared to the known noise figure of the system. The theoreti-

cal lower limit of E is the system noise. 

(3) Error to signal power ratio 

The third evaluation criterion is the ratio of error power to signal 

power: 

P 2 - 132 1 2
PE —  (6.3) 

P 12

This criterion is sensitive to both the pattern differences and the amplitude 

differences between the measured and estimated maps. 
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The above three evaluation criteria describe the performance of the 

mapping efforts in different standing points, that is, pattern, average poten-

tial error or both of the pattern and the average potential error. Each of 

the three criteria or all of them can evaluate the performance of the map-

ping technique only in a limited sense. The ultimate evaluation of perfor-

mance is its useful for a diagnosis from the clinical application point of view. 

(4) Diagnostic information 

The fourth evaluation criterion is based on the following opinion: a 

theoretically "complete" lead system does not necessarily yield the best diag-

nostic results and achieve optimal separation between normals and abnor-

mals. The fourth criterion is therefore indicated by the percentage of the cor-

rectly diagnosed patients for a variety of diseases comparing the mapping 

technique with other widely used lead systems. This criterion may be referred 

to as the evaluation criteria of "diagnostic information". 

In this thesis work, the first three criteria were used to evaluate the 

results of estimating potential distribution generated from the two developed 

techniques. In order to compare with previous work of Barr, Lux and 

Kornreich (mentioned in Chapter 1), the values of three evaluation criteria, 

correlation coefficient, spatial root mean square error and error to signal 

power ratio, for these three analysis techniques are listed in Table 6.1. 
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Correlation PE 
coefficient p (pv) (%) 

Barr's 0.98 38. 4 
Lux's 0.97 43. 6 

Kornreich's 0.90 90. 20 

Table 6.1 The comparison of Barr's, Lux's and Kornreich's research 
work with the three criteria (after [11}) 

6.3. Mapping using the Cauchy integral formula 

technique 

As indicated in Chapter 4, a Fortran program, CAUCHY.FOR (see the 

report [271), has been written to implement the Cauchy integral technique. 

To apply the program on the measured data for mapping purposes, it is 

necessary to know the potential values at the supporting points. The sup-

porting points are required to be uniformly located on a circle centered at 

the origin in the Cauchy integral technique. When N supporting points are 

2 ir 
used, the interval AO between the two neighbouring points will be —N (see 

Figure 6.3). 

If the ECG signals had been measured at the required locations, the 

measurements could be directly used in the program for the mapping. Unfor-

tunately, the measured data available in this thesis work were obtained in 

grids with the intervals of 4 cm, as shown in Figure 3.2. Some interpolation 

technique was required to determine potential values at points on the circle 

from the measured supporting points. The bilinear interpolation technique 
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3 
2 

N 

Figure 6.3 Required data condition for Technique 1. 

has been employed to determine the potentials at the points on a given 

circle in this thesis work. The measured supporting points (marked as `-1-'), 

which were used to determine the points N = 8 and N=12 on given circles, 

are shown in Figure 6.4. 

For a given subject and a given time instant, several values of diameter 

of integral circle (R1) and several values of N have been tried in running the 

program. The obtained mapping results are very poor. For example with 

subject 1 and t= 100 of N=8 and N= 12 shown in Figure 6.4, the results 
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2n 
6.(1)= 

12 

271.A(1).= —8 

Figure 6.4 Measured supporting points for N= 8 and N= 12. 
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of three evaluation criteria of the mapping are shown in Table 6.2. Several 

subjects and several instants for each subject have been tested and the map-

ping results are similar. 

No. of suppor- Correlation PE 
ting points (N) coefficient p (pv) (%) 

8 0.325 89. 129.5 
12 0.156 92. 101.3 

Table 6.2 The three criteria for two examples of configurations 
shown in Figure 6.4 (subject 1, t=100). 

To compare with the result of the simulation, the evaluation figures of 

the simulation are listed in Table 6.3 for the two typical analytic functions, 

z2 and oz-3. 

Correlation 
coefficients (p) 

E PE 

(%) 

z2

z-3 
0.92 
1.00 

174. 
0.002 

15.7 
0.01 

Table 6.3 Results of evaluation figures for both functions, 
with the calculating condition shown in 6.4. 

z2 and z--,

The results of the simulation have indicated that the program works well for 

both the two types of analytic functions. Since the modelled complex poten-

tial function w(z) has the similar analytic region as ones of w2(z) = z-3 in 
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the simulation, the program should work with the potential distribution es-

timation in principle. Why is it not the case? The reasons may be ex-

plained as follows: 

1. As discussed in Chapter 3, the harmonic/analytic function model 

is approximate and the relative errors of the modelling are about 

25 percent. Because the actual potential function is not exactly 

harmonic and the constructed complex potential function is not 

exactly analytic, the unsatisfactory results of the Cauchy integral 

formula technique are understandable. 

2. Because the integral contour was a circle while the potential data 

were measured in non-uniform grids, the interpolation had to be 

used to calculate the potential values on the circle. The interpola-

tion will introduce errors, especially when the intervals between 

the measurements are not small enough to get accurate interpolat-

ing data. It may improve on the results that if the potentials 

measured at the points uniformly located on the integral circle, in-

stead of ones calculated by the interpolation, are used as the sup-

porting measurements. Unfortunately, only data measured in non-

uniform grids were available. 

3. From the simulation results, the integral circle should be chosen 

as small as possible. But when the circle is smaller, a smaller 

number of measurements can be used for the interpolation to 

evaluate the potentials at the points which are uniformly located 
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on the integral circle and the error introduced by the interpolation 

will increase. This conflict cannot be avoided. 

6.4. Mapping using the harmonic series approximation 

technique 

Body surface potential distributions have been mapped by a reduced 

number of electrodes based on the program written to implement the har-

monic series approximation technique. All nine subjects and several instants 

for each subject have been tested. For a given subject and a given instant, 

a variety of numbers of supporting points, N, and a variety of configurations 

of the supporting points for each value of N have been tried to fine a "best" 

one. The fit of mapping was evaluated by all three evaluation figures defined 

in Section 6.2. The evaluation figures were calculated for all 63 measure-

ment points. The evaluation figures were also calculated for 49 measurements 

on the anterior surface. In this case, 14 measurement points on the lateral 

surface were eliminated in calculating the evaluation figures. The evaluation 

figures calculated from the 49 measurement points are bracketed following 

the ones from 63 points in figures and tables throughout this chapter except 

for the Tables 6.4 and 6.5. The correlation coefficient is used as the 

criterion in comparing the fit of the mapping to determine the "best" con-

figuration of the supporting points since the pattern of the mapped distribu-

tion is the matter of great interest. 

The mapping is very sensitive to the number of supporting points. For 

a different number of supporting points marked as ".", as shown in Figure 
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Figure 6.5 Configurations for different number of supporting points. 
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Figure 6.5 (Continued.) 
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6.5, the correlation coefficients for t = 100 and t = 200 are listed in Table 6.4 

and Table 6.5 respectively. 

No. of supporting 
points (L +1) 

Correlation coefficient (p) 
63 points 49 points 

4 0.71 0.78 
5 0.76 0.82 
6 0.75 0.82 
7 0.77 0.83 
8 0.76 0.82 
9 0.87 0.91 

10 0.43 0.51 
11 0.14 0.16 

Table 6.4 The correlation coefficients for different numbers of sup-
porting points (subject 1, t=100). 

No. of supporting 
points (L + 1) 

Correlation coefficient (p) 
63 points 49 points 

4 0.84 0.89 
5 - 0.85 0.90 
6 0.82 0.88 
7 0.87 0.91 
8 0.88 0.92 
9 0.83 0.87 

10 0.91 0.93 
11 0.16 0.20 

Table 6.5 The correlation coefficients for different numbers of sup-
porting points (subject 1, t=200). 

As indicated by Table 6.4 and Table 6.5, the maximum correlation 
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coefficient was obtained when 9 supporting points were used. For different 

configurations of the 9 supporting points, shown in Figure 6.6, the correla-

tion coefficients are shown in Table 6.6 and 6.7 for subject 1 at t = 100 and 

t = 200 respectively. The results indicate that the maximum correlation coef-

ficient may result from the configuration 9j for t = 100 (QRS wave) and from 

the configuration 9/ for t = 200 (T wave). In the case of the 91 mode, 15 

measurements are used since there are 6 unestimated points in the contour 

formed by the 9 supporting points. 

Based on the fact that the "best" mapping was obtained when the 9 

supporting points were used, it can be concluded that the highest order of 

poles contained in the non-analytic region is 8. This conclusion is consistent 

with Geselowitz's work [18], which says that 3 components of a dipole and 5 

components of a quadrupole at the heart region may represent significant in-

formation about the body surface potential distribution. 

The mapping has been done for the nine subjects and several instants 

in each subject. For a given configuration of the supporting points, the fit of 

the mapping was nearly the same for all nine bodies. We can say that un-

der the existing conditions of the measured data, the "best" mapping is ob-

tained when the configuration 9j is used at t = 100 and the configuration 9/ 

is used at t = 200 for all nine subjects. Because the configuration 9j for 

t = 100 and 9/ for t = 200 may produce mapping results which are close to 

optimum ones for all nine subjects, the two configurations are considered as 

the best ones for the ECG mapping using the harmonic series approximation 

technique. 
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Figure 6.6 Different configurations for 9 supporting points. 
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Figure 6.6 (Continued.) 
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Mode 
63(49) 

E (µv) 
63(49) 

PE (%) 
63(49) 

9a 0.84(0.90) 332.(263.) 43( 20) 
9b 0.81(0.88) 400.(327.) 63( 31) 
9c 0.64(0.73) 1010.(952.) 397(262) 
9d 0.67(0.74) 834.(776.) 274(175) 
9e 0.66(0.73) 912.(854.) 325(210) 
9f 0.73(0.80) 595.(527.) 138( 80) 
9g 0.70(0.77) 737.(673.) 212(131) 
9h 0.70(0.77) 722.(659.) 204(126) 
9i 0.68(0.77) 805.(742.) 252(159) 
9j 0.87(0.91) 307.(244.) 37( 18) 
9k 0.73(0.80) 659.(600.) 168(103) 
91 0.82(0.85) 371.(405.) 49( 41) 

* 15 measurements are needed for mapping. 

Table 6.6 The three criteria for different configurations of 9 support-
ing points (subject 1 and t=100). 

Mode p E (µv) PE (%) 
63(49) 63(49) 63(49) 

9a 0.86(0.90) 200.(170.) 43( 20) 
9b 0.72(0.75) 200.(205.) 56( 46) 
9c 0.81(0.85) 371.(364.) 194(128) 
9d 0.85(0.89) 263.(239.) 99( 60) 
9e 0.87(0.91) 200.(176.) 57( 32) 
9f 0.87(0.91) 195.(166.) 52( 29) 
9g 0.88(0.91) 190.(161.) 50( 27) 
9h 0.87(0.90) 220.(190.) 66( 38) 
9i 0.83(0.88) 273.(244.) 104( 63) 
9j 0.83(0.87) 288.(259.) 114( 71) 
9k 0.86(0.90) 210.(181.) 63( 35) 
91 0.92(0.94) 132.(127.) 21( 15) 

* 15 measurements are needed for mapping. 

Table 6.7 The three criteria for different configurations of 9 support-
ing points (subject 1 and t=200). 
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6.5. Mapping result illustration 

Using the configuration 95 for t = 100 and the configuration 9/ for 

t = 200, mapping for all nine subjects was tested with two kinds of diagrams, 

stereograms and contour diagrams (the standard ways to represent the map-

ping results), based on measured data and estimated data. The diagrams 

show that estimated data with a higher correlation coefficient with measured 

data give a stereogram and a contour diagram more similar to the measured 

data. Figures 6.7 to 6.14 (listed in Table 6.8) show the example of mapping 

for both the optimum configurations. The figures are drawn with both the 

stereograms (c) and the equipotential contour diagrams (d) from the es-

timated data as are the corresponding measured distributions (a and b). 

The configuration of supporting points (e) and the illustration of the time in-

stant are also shown in the figures. The three evaluation figures of the map-

ping are listed in the title of the figures. 

Figure number Subject Time Configuration 

6.7 1 100 9j 
6.8 1 200 91 
6.9 2 100 9j 

6.10 2 200 91 
6.11 4 100 9j 
6.12 4 200 91 
6.13 8 100 9j 
6.14 8 200 91 

Table 6.8 The table of mapping figures based on both the measured 
and the evaluated data. 
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Figure 6.7 Mapping results for subject 1, t= 100 and mode 9j. 
[p = 0 .87 (0 .91) , E= 307(244), PE=37(17)]. 
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Figure 6.8 Mapping results for subject 1, t = 200 and mode 91. 
[p = 0 .92(0 .94) , E= 132(127), PE = 21(14)]. 
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Figure 6.9 Mapping results for subject 2, t = 100 and mode 9j. 
[p = 0.85(0.89), E = 385(322), PE = 50(25)]. 
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Figure 6.10 Mapping results for subject 2, t = 200 and mode 91. 
[p = 0.94(0 .96) , E = 102(98), PE = 16(11)1. 
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Figure 6.11 Mapping results for subject 4, t = 100 and mode 9j. 
[p = 0.86(0.90), E = 361(288), PE = 46(22)]. 
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Figure 6.12 Mapping results for subject 4, t = 200 and mode 91. 
[p = 0.91(0.94), E = 151(146), PE = 35(25)]. 
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Figure 6.13 Mapping results for subject 8, t = 100 and mode 9j. 
[p = 0.89(0.92), E = 317(249), PE = 35(16)]. 
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Figure 6.14 Mapping results for subject 8, t = 200 and mode 91. 
[p = 0.91(0.94), E= 1 1 7 ( 1 0 7 ) , PE= 24(15)j. 
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Chapter 7 

Summary and Conclusions 

The thesis work has proposed a new method for an entire body surface 

mapping by using the analytic function theory. A complex potential function, 

which includes the potential distribution function as the real part, has been 

used to investigate the mapping problem in two dimensions. The analytic 

property of the complex potential function has been studied in detail. Based 

on the mathematical model proposed, two mapping techniques, the Cauchy 

integral formula technique and the harmonic series technique, have been 

developed to accomplish the new mapping method. Both of the techniques 

have been implemented using Fortran programs. The two techniques have 

been used to produce the potential distribution on the body surface from a 

reduced number of electrodes. 

Because of the measured data configuration, the Cauchy integral for-

mula technique did not produce satisfactory mapping results (correlation coef-

ficient is about 0.2). The simulation of the technique, however, indicates that 

the program is correct in implementing the technique. It can be expected to 

obtain improved results if the supporting measurements are uniformly located 

on a circle around the origin point (projection of the heart). 
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The harmonic series technique provides quite satisfactory mapping 

results. The technique has been tested on nine different subjects and several 

instants for each subject. The mapping fit has been evaluated by three 

evaluation figures: the correlation coefficient (p), the spatial root mean square 

error (E) and the ratio of error power to signal power (PE). Observing the 

mapping results indicates that the evaluation criterion of PE decreases when 

p increases. Considering that the pattern is essential for body surface map-

ping and considering that the harmonic series approximation does not employ 

the least mean-squared error technique or other statistical techniques, the 

correlation coefficient p may represent the mapping quality in this work. 

Thus, the correlation coefficient is used as the most significant evaluation 

figure in this study. The optimum number of the mapping measurements and 

the optimum configuration of the supporting points have been determined by 

changing the number and the configuration of supporting points in the map-

ping tests. The optimum number of the supporting points is found to be 9. 

The optimum configuration of these electrodes is the configuration 9j for 

t = 100 (QRS wave) and the configuration 9/ for t = 200 (T wave). When 

the optimum configuration is used, the results of the three evaluation figures 

for all nine subjects available are shown in Table 7.1 and Table 7.2 for 

t = 100 and t = 200 respectively. 

Comparing the stereograms and the contour diagrams of the mapping 

results with ones from measured data, the shape, the tend and the polarity 

of the potential distribution are similar for the optimum configurations, espe-
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Correlation 
coefficient (p) (pv) 

PE 

(%) 

Best 0.89(0.92) 307(244) 35(16) 
Worst 0.82(0.87) 410(342) 57(29) 
Average 0.84(0.89) 373(303) 48(23) 

Table 7.1 Evaluation figures of the mapping for 9 subjects at t =100 
(mode: 9 j) . 

Correlation 
coefficient (p) (pv) 

PE 

Best 0.94(0.96) 102(98) 16(11) 
Worst 0.90(0.93) 151(151) 36(25) 
Average 0.92(0.94) 127(121) 24(17) 

Table 7.2 Evaluation figures of the mapping for 9 subjects at t =200 
(mode: 91) . 

cially in the case of eliminating the measurements on the lateral surface. 

These apparent features essentially represent the electric activity of the heart. 

This implies that the significant information of the potential distribution is 

obtained by using much reduced number of electrodes. 

Compared to Barr's and Lux's research work shown in the Table 7.3, 

the fit of the mapping using the harmonic series technique is poorer. But 

only 10 electrodes are used in the harmonic series approximation technique 

for Q RS waves while 24 and 30 electrodes are required in Barr's and Lux's 

work respectively. And this study has not employed the least mean-squared 

error technique. 
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Correlation 
coefficient (p) (inr) 

PE 

Barr's 0.98 38 4 
Lux's 0.97 43 6 

This work 0.84 373 48 
(0.89) (303) (23) 

Table 7.3 Comparison of this work with Barr's work and Lux's work 
(QRS wave). 

It is reasonable to compare the harmonic series technique with the pre-

vious Kornreich's study [11] since the number of the electrodes used for an 

entire surface mapping is close for these two methods. The harmonic series 

technique uses 10 electrodes only on the anterior surface while the 

Kornreich's work uses 7 electrodes on the anterior and lateral surfaces and 2 

electrodes on the back surface (see Figure 1.10). The benefit of an anterior 

lead set is that limited lead maps may be obtained from the critically ill 

without disturbing the patients. The average evaluation figures of the map-

ping with the mode 9j for 9 subjects at t = 100 are compared with the 

Kornreich's study in Table 7.4. As shown in Table 7.4, the evaluation 

figures of p and PE are close for these two techniques. Unfortunately, this 

study has not evaluated the mapping performance by using any diagnostic 

criteria as was done in Kornreich's study. 

Compared to Kornreich's work, the spatial root mean square error E in 

this work is large. The reason why this criterion is poor may be explained as 
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Correlation 
coefficient(p) (tiv) 

PE 

(%) 

This work 0.85(0.89) 307(410) 
Kornreich's 0.90 90 

37(18) 
20 

Table 7.4 Comparison of the evaluation figures between this study 
and Kornreich's studies (for the QRS wave). 

follows: In Kornreich's work, the least mean-squared error technique was 

used, while in the harmonic series approximation technique, the number of 

coefficients to be determined is exactly equal to the number of supporting 

points and the least mean-squared error technique was not used. If the num-

ber of supporting points used is larger than the number of unknown coef-

ficients, the coefficients are overdetermined and the least mean-squared error 

technique may be employed. By combining the harmonic series technique 

with the least mean-squared error technique, the mapping fit, especially the 

spatial root mean square error, E, may be improved. 

The mapping fit may be improved again if more singular points are 

considered, for example the location of electrode 54, in the harmonic series 

technique. Of cause, more electrodes will be required in that case. It is pos-

sible to reach Kornreich's mapping fit evaluated by three criteria by using 

14-16 electrodes only to anterior surface. This thesis is a pioneer work of 

applying the analytic function theory on the body surface mapping. The op-

timum 9 supporting points in the harmonic series approximation technique 

also indicate that the independent components of the ECG signals on the 
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body surface is 9, which may represent a dipole (3 independent components), 

a quadrupole (5 independent components) and a constant component. This 

conclusion verifies Geselowitz's research from the standpoint of the two 

dimensional approximation. The harmonic series developed in the thesis 

work is a simple and effective approach to realize ECG mapping. 
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Appendix A 

The Bilinear Interpolation Method 

The bilinear interpolation method was used to estimate the potentials 

at intermediate points inside the square electrode grid. For any point (x, y) 

inside the square shown in Figure A.1, 

U(x.1) 

U(x.y) 

U(0.0) 
U(x.0) 

13(1,0) 

Figure A.1 Illustration of the bilinear "interpolation method. 

the potential at this point can be calculated from the potential values at the 

four corners of the square with the polynomial 

U(x, = ax ± by + cxy d, 

where 

(A.1) 
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a = U(1, 0) — U(0, 0); 

b = U(0,1) — U(0,0); 

c U(1,1) + U(0,0) — U(0, 1) — U(1,0); 

d = U(0,0). 

The Equation (A.1) is developed as follows. The potentials at the sides 

of the square can be written as 

U(x, = x[U(1, — U(0, 0)] + U(0, 0); 

U(0, = y [U(0, 1) — U(0, 0)] + U(0, 0); 

U(x, 1) = x[U(1, 1) — U(0, 1)1 + U(0, 1); 

U(1, y) = y[U(1, 1) — U(1, 0)] + U(1, 0). (A.2) 

The potential at the point x, y can be obtained by summing the contribu-

tions of potentials U(x, 0) and U(x, 1) or U(0, y) and U(1, y) by using follow-

ing equations: 

U(x, = U(x, 0)(1 — + U(x, 1)y 

or 

U(x, = U(1, y)x + U(0, y)(1 — x). 

Using Equation (A.3) and substituting Equation (A.2) for U(x, 0) and U(x, 1) 

yields 
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U(x, y) = {x[U(1, 0) — U(0, 0)] + U(0, 0)1(1 — y) + 

{ x[U(1, 1) — U(0,1)] + U(0, l)}y. (A.5) 

Simplifying Equation (A.5) results in Equation (A.1). 
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