AN ENUMERATION PROBLEM FOR SEQUENCES OF
n-ARY TREES ARISING FROM ALGEBRAIC

OPERADS

A Thesis Submitted to the
College of Graduate and Postdoctoral Studies
in Partial Fulfillment of the Requirements
for the degree of Master of Science
in the Department of Mathematics and Statistics
University of Saskatchewan

Saskatoon

By
Daniel W. Stasiuk

(©Daniel W. Stasiuk, December/2018. All rights reserved.



PERMISSION TO USE

In presenting this thesis in partial fulfilment of the requirements for a Postgraduate degree
from the University of Saskatchewan, I agree that the Libraries of this University may make
it freely available for inspection. I further agree that permission for copying of this thesis in
any manner, in whole or in part, for scholarly purposes may be granted by the professor or
professors who supervised my thesis work or, in their absence, by the Head of the Department
or the Dean of the College in which my thesis work was done. It is understood that any
copying or publication or use of this thesis or parts thereof for financial gain shall not be
allowed without my written permission. It is also understood that due recognition shall be
given to me and to the University of Saskatchewan in any scholarly use which may be made
of any material in my thesis.

Requests for permission to copy or to make other use of material in this thesis in whole

or part should be addressed to:

Head of the Department of Mathematics and Statistics
142 McLean Hall, 106 Wiggins Road
University of Saskatchewan

Saskatoon, Saskatchewan S7TN 5E6 Canada

OR

Dean

College of Graduate and Postdoctoral Studies
University of Saskatchewan

116 Thorvaldson Building, 110 Science Place
Saskatoon, Saskatchewan S7N 5C9 Canada



ABSTRACT

This thesis solves an enumeration problem for sequences of complete n-ary trees. Given
the sequence of all complete n-ary plane trees with a given number of internal nodes (weight),
in lexicographical order, we perform graftings with the basic n-ary tree to construct sets of
sequences of trees of higher weight. Determining the number of elements of these sets solves
a problem originating from the theory of free nonsymmetric operads, as the sets of sequences
of trees are equivalent to spanning sets of homogeneous subspaces of a principal operad ideal.
Two different solutions will be presented: one using recurrence relations and properties of

forests, the other using occupancy problems.
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LisT oF NOTATION

Denotes the basic operation.

Given two operations a and 3, « o; 8 denotes replacing the
1th argument of o with the output of 5.

Denotes the tree representation of the operation «.

The number of leaves in a tree with exactly w internal nodes
for a given arity.

Denotes the arity of a tree or operation.

Denotes the (starting) weight, that is the number of internal
nodes.

Denotes the set of all operations arising from 1 whose tree di-
agrams are complete n-ary plane trees with exactly K leaves.
Denotes the number of n-ary trees of weight w.

The 1-set containing the sequence (X7, Xo, X3,..., X, ), the
sequence of n-ary trees of weight w in lexicographical order
for a fixed n and w.

Denotes the set of sequences generated by performing i se-
quence compositions of the starting sequence with T7;.

UiZO i

For a given element of R;, this denotes the number of leaves
each tree in the sequence has.

Denotes the number of forests of ¢ n-ary trees having a total
of ¢ internal nodes.

Denotes an internal node in the word representation of a tree
or forest.

Denotes a leaf node in the word representation of a tree or
forest.

Denotes an application of Procedure at the jth leaf in
the word representation of an element of R;.

Denotes an application of Procedure at the kth leaf in
the word representation of an element of R;.

Denotes the elements of R; that can be generated by applying
Procedure to an element of R;_;.

Denotes the elements of R; that can be generated by applying
Procedure to an element of R;_;.

The set of all elements of R; that can be generated by a se-
quence of 7 applications of Procedure [I.2.1]

Denotes the length of the 7 sequence (number of 7’s) in the
word representation of an element of R;.

X



E(lo) the set of all elements of R; that cannot be generated by

applying Procedure 1 times. Procedure must have

been applied at least once.
Rl(unique) The set of all elements of R; that are j-unique sequences for
some j (1 <j<mn).
R"™ R The get, of all elements of R in which the common level-1
subtrees have a total of k internal nodes.



CHAPTER 1

INTRODUCTION AND MOTIVATION

Enumerative combinatorics is the area of mathematics dealing with counting problems,
one of the oldest classes of mathematical problem. Its purpose is to construct and identify
a counting function, that is a map from a collection of finite sets to the whole numbers,
that outputs the number of elements in a given set. The counting function is ideally an
explicit formula or a polynomial-time algorithm to compute the function [19, 20]. Some
well-known counting problems include calculating the number of linear arrangements of a
given set of objects (permutations), finding the number of subsets of a given finite set (the
binomial coefficients), enumerating the spanning trees on a complete graph with labelled
vertices (Cayley’s formula), and counting the Latin squares of a certain order. For a more
extensive overview, see [20)].

The focus of this thesis is an enumerative problem on trees. Of the literature on the
combinatorics of trees, perhaps the most important result for our purposes is the Catalan
numbers that enumerate the complete binary trees with a given number of internal nodes
[5, 20]. This solution can be generalized to complete n-ary trees for arbitrary n [16], and
its proof will be reviewed later in the thesis. The enumeration problem we are interested
in solving originates from the theory of algebraic operads. Operads are a general way of
describing the composition of functions, and they can naturally be represented in terms of
trees [2, [7, [IT]. This connection will allow us to formulate the enumerative problem in a
combinatorial way.

Concepts from operad theory date back to at least 1898 [12], but the term “operad”
was first introduced and formally defined in 1972 by topologist J. Peter May in his work
on homotopy theory [13]. Operad theory was further developed throughout the 1990s and

early 2000s, finding applications to algebraic geometry and mathematical physics; for more



information, see [I12] and [2]. The enumeration problem we will consider in this thesis is
based on the concept of principal ideals in the free nonsymmetric operad. However, a formal
treatment of operads is outside the scope of this thesis because a complete explanation would
require a discussion of operads over general polynomial rings as well as module theory. We will
instead construct a composition system that is isomorphic to the free nonsymmeric operad,
which will allow us to present the enumeration problem strictly in terms of sequences of trees.
For detailed information on the connection between trees and nonsymmetric operads, see [3]

and [2, Chapter 3.

We will begin by defining a system of compositions in terms of a single operation, which
we will represent with operation diagrams. Operation diagrams represent operations in terms
of n-ary plane trees, where a composition is equivalent to a grafting of trees. We will then
naturally extend the definition of composition to sequences of trees, which will allow us to
define the enumeration problem of interest. Finally, we will use numerical data to propose a
counting function that solves the enumeration problem. Proving this conjecture will be the

main purpose of this thesis.

Please note that in definitions, in order to make clear which terms are being defined,
symbols will be made boldface as a convention. Boldface symbols are not used for any other

purpose in this thesis.

1.1 Constructing the composition system

For this section, our main point of reference will be [2 Chapter 3] except where otherwise
stated. We will emphasize and expand on concepts needed for the remainder of this thesis.
We begin with an arbitrary (but fixed) n-ary operation, that is a function (denoted by )
mapping a sequence of n inputs (from a given set) to a single output (from the same set)
for some natural number n > 2. We are not concerned about the internal workings of the
function. Instead, it will be considered a “black box”, expressed only in terms of its input

and output.



1.1.1 Operation diagrams

We will use a black square, B, to represent an n-ary operation with inputs denoted x4, ..., z,
from left to right, and one output given by ¢(x1, z, ..., x,). This results in the tree diagram,
denoted by Ty, shown in (1.1} (trees will be defined more precisely in Section |1.1.3)); note

that the inputs will always be placed at the bottom and the output at the top.

@D(I’l,l‘g, C ,I’n)

f

T, n (1.1)

1N

Ti---Tp+ Ty

Using the concept of function compositions, more complicated operations arise from . Given
a natural number ¢ < n we can take the output of one copy of ¢ as the ith input of a second
copy of 1. This new operation will again have one output, but 2n — 1 inputs. As before
the inputs are labelled xy, ..., z2, 1. In the resulting tree diagram (shown in (1.2))), we start

with a single copy of T}, and graft the second copy of T}, at what was originally the ith input.

( @D(Il, Ty, Ti—1, ID(%, ce ,$i+n—1)> LTitny - ,ﬂfzn—1)

!
Tyoup //;?\\ (1.2)

T1 o Ti-1 B Ti4n -+ Top—1

N

© Tign—1

Definition 1.1.1. The notation % o; ¥ represents the result of taking the output of the
second copy of ¥ and using it as the ith input of the first copy of 1. This is called the ith

composition of ¥ with itself. For each i € {1,2,...,n} the operation has 2n — 1 inputs.

Note that by definition two functions that have the same tree diagram will produce the
same output given the same inputs, provided that both functions are compositions of two or

more copies of 1.

1.1.2 Composing more than two copies of ¥: associativity

There are two different ways in which we can compose three copies of 1: parallel composition

and sequential composition [2]. For parallel composition, we choose two numbers i and j such

3



that 1 <17 < 7 < n. We start with one copy of 1) and take the output of a second copy of
as the ¢th input. Then, we take the output of a third copy of ¢ as the jth input of the first
copy of ¢. The diagram is given in (|1.3]); note that we have simplified it by dropping the z’s
(writing only the subscripts) and replacing the final output with *.

p
*

Twoiyosin-1v 3 %/2 (1.3)

H—n - Jj+n—2" mj+2n—1---" 3n—2

/N

z z+n 1 j+n—1---342n—2

\

Definition 1.1.2 ([2]). A composition of the form (¢ 0; ) 0j4n—1 % (where 1 < i < j <n)

is called a parallel composition.

There are two equivalent ways to express a parellel composition in terms of compositions

of ¢ with itself:

e When we replace the i¢th argument of the first copy of @ with another copy of ¥,
arguments ¢ + 1 through n become arguments ¢ + n through 2n — 1. That is, the
argument number increases by n — 1. So argument j becomes argument j +n — 1 (see

Equation |1.3)). Thus, the composition can be expressed as (¢ 0; 1) 0j4n_1 V.

e We can instead first replace the jth argument of the first copy of v with another copy
of . The labels on the first j — 1 arguments of the first copy of ¥ do not change, so
the ith argument remains the ith argument because 7 < j (see Equation . Thus we

can express this composition as (1) 0, 1) o; 1.
This proves the following known identity:
Proposition 1.1.1 ([2]). If1 <i < j <n then (¢ 0; 1) 0jin_1 ¢ = (Y 0, ) 0; .

For sequential composition, we choose two numbers i and j (each between 1 and n). We

start with one copy of ¥ and take the output of a second copy of ¢ as the ith input. Then,

4



we take the output of a third copy of ¥ as the jth input of the second copy of 1 as given in

9.

N

1 =1 ma+2n—-1 - 3n-2 (1.4)

Tyoi(yosu) /////////j;; §;?\\\\\\\

i~ e itj—2 Witjtn—1--- i42n-2

DN

i+j—1 --itjtn—2

\

Definition 1.1.3 ([2]). A composition of the form 1 o; (3 o; ) is called a sequential com-

position.

As with the parellel compositions there are two equivalent ways to express a sequential

composition in terms of compositions of ¢ with itself:

e We can first replace the jth input of the “second” copy of 1 by the output of a third copy
of ¥, then replace the 7th input of the “first” copy of ¢/ by the output of this operation
(see Equation . So the composition as a whole is represented as 1) o; (1) 0, ¥).

e We first replace the ith input of the “first” copy of ¥ by the output of a second copy
of ¥ (see Equation . In this second copy of v, arguments 1 through n are labelled
i through i +n — 1 (respectively). So what was originally the jth input of the second

copy of ¢ is now the (i + j — 1)th. Thus the composition as a whole is represented as

(¥ 05 ) 04151 7.

This proves the following known identity:

Proposition 1.1.2 ([2]). ¢ o; (¢ 0; ¢) = (¢ 0;9) 04451 ¢

Propositions and together define a generalized form of associativity for the
composition of operations. We can naturally extend this composition process indefinitely
to obtain all possible operation diagrams, generated by composing any number of copies of
the original diagram. Before we further generalize composition however, we must introduce

standard terminology and review some known results related to trees.



1.1.3 Trees and general compositions

The remainder of this thesis will assume the standard graph theory textbook terminology
such as graphs, edges, and cycles. Unless stated otherwise definitions are consistent with
those in [9]. In this section we will first review several terms related to trees, then apply
them to general compositions. These terms will be used extensively in the following chapters.

We will begin with the definition of a tree.

Definition 1.1.4. [9] A tree is a simple connected graph with no cycles; see Figure [L.1]

Figure 1.1: An example of a tree with 5 leaf nodes and 4 internal nodes.

Definition 1.1.5 ([9]). e A rooted tree is a tree in which one vertex has been desig-

nated as the root.

e Given any vertex in the tree, each edge leads to either its parent vertex (closer to the
root) or one of its child vertices (further from the root). By definition, the root has no

parent.

e A vertex with no children is called a leaf, while a vertex with children is called an
internal node. By definition the root of any tree with more than one vertex will be

an internal node.



e The level of a vertex is the length of the path (that is, the number of edges) connecting
the vertex to the root. For example the root will have a level of 0 and each of its children

will have a level of 1.

e A plane tree is an embedding of a tree into the plane; this is equivalent to specifying

a left-to-right ordering of the leaves [6].

e Ann-ary tree is a rooted tree in which each vertex has at most n children. A complete

n-ary tree is an n-ary tree in which each internal node has exactly n children.

Note that the operation diagrams we have been using for the composition system, such as
Equations and [1.4] are equivalent to complete n-ary plane trees, in which the numbered

inputs are the leaves and the final output is the root.

Remark 1.1.1. In this thesis, the root will always be placed at the top of the tree by

convention. Figure depicts a complete binary plane tree with three internal nodes.

The following result, related to the number of leaves in an n-ary tree, will be essential in

keeping track of the total number of arguments in a composition system.

Proposition 1.1.3 ([I0]). Every complete n-ary tree with w internal nodes has exactly (n —

Dw + 1 leaves.

Proof. This is a standard result that can be proven by mathematical induction on w. For

full details, see [10]. O

Definition 1.1.6. Given a fixed arity n, we will use N(w) to denote the number of leaves

that a complete n-ary tree with w internal nodes has. Thus N(w) = (n — 1)w + 1.

We can now use this terminology to finish defining our composition system and generalize
Definition to all functions arising from . If we compose w copies of the original
diagram ([I.1)) in some way, we obtain a complete n-ary plane tree (where n is the arity
of 1) with exactly w internal nodes. By Proposition such a tree will have exactly
N(w) =14 w(n — 1) leaves, corresponding to the number of inputs that the operation has.

For the sake of simplicity, we will draw the trees without arrowheads on the edges (with

the understanding that the leaves represent the inputs, the root represents the final output,



and so on). We will use black circles (e) to represent the vertices (internal nodes, including

the root, as well as leaves).

Definition 1.1.7. For a tree corresponding to an operation, the leaf corresponding to the

jth input is called the jth leaf of the tree.

This follows naturally from how we have defined operation diagrams in the previous
section, but it should be noted that we can equivalently number the leaves in the order they
would be visited in a depth-first traversal which will be defined in Definition[2.1.2] To further
simplify our operation diagrams the leaves will be unlabelled with the understanding that
the leftmost leaf corresponds to the first input of the operation (and so on), consistent with

previous diagrams such as Equations [I.3] and [1.4]
Definition 1.1.8. The tree form of 1, denoted by Ty, is called the basic n-ary tree.

Definition 1.1.9. The number of internal nodes (compositions) in a given tree (operation)

is called the weight. w will often be used to denote weight.

Definition 1.1.10. We will use Ty(K) to denote the set of all operations arising from
whose tree diagrams are complete n-ary plane trees with exactly K leaves. Note that every
tree in T (K) will have the same weight w, where K = N(w). We denote the disjoint union
of Ty(N(w)) for all w > 1 by %y,

This next definition will generalize the composition operation, for both operations and

for their tree representations.

Definition 1.1.11. Let g € T, (K) and h € T, (K') be operations with tree diagrams 7T,
and T}, respectively. Thus g has K total inputs (7}, has K leaves) and h has K’ total inputs
(T, has K’ leaves). Given an i € {1,..., K} we form the composition go; h by replacing
the ith input of g by the output of h. Equivalently, the composition Ty o; T}, denotes the tree
formed by grafting the root of T), at the ith leaf of T,. go; h € Ty(K + K' —1).

Proposition 1.1.4. The compositions of arbitrary elements of T, (their tree diagrams) sat-
isfy the associativity relations Proposition and Proposition if we replace ¥ with
arbitrary operations f, g, and h (arbitrary trees Ty, T,, and Tj,).



Proof. This follows immediately from the preceding definition and from the proofs of Propo-

sition and Proposition [I.1.2] O

Remark 1.1.2. Note that if n-ary trees T, and 7}, have weights w; and w, respectively,
T, 0; Tj, (where 1 < i < N(w;)) will have weight w; + wo. Importantly, this means that the
weight of Tj, o; T}, or Ty, 0; T, (where j < n) will be wy + 1.

We will use our definitions of composition to construct a representation of the free non-
symmetric operad. Note that this equivalent to the partial-composition definition of an

operad, which is defined precisely in [2], Section 3.2.2].

Definition 1.1.12 ([2]). Given an arbitrary n-ary operation ¢, the set T, equipped with the
composition operation given in Definition [1.1.11]is called the free nonsymmetric operad

generated by v; ¥ is known as the operad generator.

We will use this definition of the free nonsymmetric operad to present and solve an open
enumeration problem from operad theory using the properties of trees. This problem will be

introduced in the following section.

1.2 Introducing the enumeration problem

In this section, we will mainly work in terms of trees rather than operations. The definitions
and results for operations are equivalent, but our solutions to the enumeration problem will
be based on n-ary trees thus it is reasonable to define the problem in terms of trees as well.
We begin by naturally defining a distributive property of compositions over a sequence of
trees, after introducing some convenient notation for the number of n-ary trees of a given

weight.

Definition 1.2.1. l,, denotes the number of complete n-ary plane trees of weight w.

()

CESyEET [5] and the proof will be reviewed in Chapter .

It is known that [, =

Definition 1.2.2. Let T be an n-ary tree with at least i leaves and let (71,75, T5, ..., T,,) be

a sequence of m n-ary trees of weight w. Then, T o; (T1,T5, T3, ..., T,,) produces the sequence

9



(To; 11, T 0; Ty, T 0; T, ..., T 0; T,,). Likewise, if we assume each tree in the sequence has at
least j inputs then (11, T2, T3, ..., Tm) 0; T = (T10; T, To0; T, T50; T, ..., T, 0;T). This type

of composition, a tree with a sequence of trees, will be called a sequence composition.

Of interest will be sets generated by sequence compositions on the lexicographically or-
dered sequence of tree representations of elements of T, (N(w)) (for a fixed arity and a
given weight w). Lexicographical order will be defined in Section based on the word

representation of trees introduced earlier in that chapter.

Definition 1.2.3. Let w be our starting weight and denote the sequence of complete n-
ary plane trees of weight w in lexicographical order by (X1, X, X3,..., X, ), known as the
starting sequence. We define Ry = {(X1, X2, X3,...,X,,)}. Given i > 1, R; denotes the
set of sequences generated by performing 7 sequence compositions of the starting sequence

with the basic n-ary tree T;,. More precisely for 7 > 1,
Ri:{SOij | SERifl,l S]SN(?U+Z—1)}U{T¢O;€S|SEszl,l Skgn}
We will define R = J;5, R:.

The purpose of this thesis will be to find a formula for enumerating the elements of R;
given fixed arity n and starting weight w. This solves an open problem from operad theory,
but we have reformulated it in a purely combinatorial way using sequences of trees and
sequence composition. The connection to operad theory will be made clear in the following

theorem, which we will present without prooiﬂ

Theorem 1.2.1. Let T, be the free nonsymmetric operad generated by the n-ary operation
Y. Let g be an arbitrary element of T, which is homogeneous of degree 1+w(n—1) for a given
positive integer w. Then g is a formal linear combination (with indeterminate coefficients)
of all elements of T, (N(w)). The operad ideal generated by g is spanned as a subspace of Ty,
by all possible compositions of g with any number i occurences of the original n-ary operation

V. The set of all such compositions, for a given value of i, is isomorphic to R;.

'Email correspondence with Murray Bremner, August 22, 2018
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Note that “homogenous” means that all trees in the starting sequence (the sole element
of Rg) will have the same number of leaves. Since g and all compositions with copies of
1 are formal linear combinations with arbitrary coefficients, they can be represented as
sequences of trees in R;. An operad ideal is a subset of an operad that is closed under partial
compositions with other elements of that operad. This is somewhat analogous to ideals in
ring theory. Further details of the connection between operad ideals and this enumeration
problem are beyond the scope of this thesis. Complete details would require long digressions
into the theory of operads over general polynomial rings and the theory of free modules over

polynomial rings. For more information on these topics, see [2].

1.2.1 Enumerating the elements of R;

Generating R;

We will first precisely define the two methods for generating an element of R; given an element

(Ty, Ty, T3,...,T;,) € Ri_1. These follow automatically from the recursive definition of R;

(Definition [1.2.3)):

Procedure 1.2.1 (Procedure o). Let (11,15,T53,...,T;,) € Ri—1, and suppose 1 < j <
14+ (w+i—1)(n—1). The composition (11,1,T5,...,T;,) o; Ty can be computed. We say

that we are applying Procedure o at leaf j.

Procedure 1.2.2 (Procedure 7). Let (T1,15,T3,...,T;,) € R;_1, and suppose 1 < j < n.
The composition Ty, o; (11,15, Ts,...,T;,) can be computed. We say that we are applying

Procedure T at leaf 3.

Because we are using trees in the context of a composition system, it is only possible to
graft roots to internal nodes. Thus Procedure o and Procedure 7 are the only two procedures
we need to consider. To distinguish the two procedures, note that Procedure 7 (Procedure
grafts at the root (“I’op) of each tree in the sequence (11,75, 75, ...,1;,). Given R;_,
we can then use these two procedures to generate R; with the following algorithm:

For each element (71,75, T3,...,T;,) € Ri_1,

11



1. For each j from 1 to 1 + (w + i — 1)(n — 1) (the number of leaves in each tree), apply

Procedure o at leaf j and include the element generated in R;.

2. For each j from 1 to n, apply Procedure 7 at leaf 57 and include the element generated

in Rl

Note that this algorithm can generate duplicate elements, as will be shown in Example
1.2.4) making the enumeration of the elements of R; non-trivial. In Section [2.2, it will

be shown that both Procedure ¢ and Procedure 7 preserve lexicographical order (Theorem

2.2.3).

Example 1.2.4. Take n = 2, w = 2. Then the sole element of Ry, the starting sequence,
consists of two binary trees. Each of these binary trees has two internal nodes: the root and
its left child, or the root and its right child. In the top-left of Figure [I.2] the element of
Ry generated by applying Procedure o to the starting sequence at leaf 2. When we apply
Procedure o to the first leaf of this element, we get the sequence of trees in the top-right of
Figure

If we instead apply Procedure o to the starting sequence at leaf 1 (bottom-left of Figure
followed by Procedure o at leaf 3, we get the sequence of trees in the bottom-right of
Figure [1.2] This sequence is identical to the one in the top-right. Thus in generating R,

duplicate elements are generated.

For w =1, Ry = {T}y} and each sequence in R; has only one element (a n-ary tree with
i+ 1 internal nodes). Thus |R;| is simply the number of n-ary trees with i+ 1 internal nodes.

The algorithm in this section was run in Maple for w > 1, and the numerical data were
searched on the Online Encyclopedia of Integer Sequences (OEIS). The results are given in
Table [L11

Based on these numerical results, we propose the following formulas for calculating |R;|,

which will be proven in this thesis.

Main Theorem 1. For w =1,

B 1 n(i+ 1)
‘&M_Lﬂn—na+n<i+l)'

2Figures created with Draw.io, https://www.draw.io/
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Figure 1.2: Two different sequences of procedures resulting in the same element of
Rs.

Proof. As mentioned earlier, |R;| is the number of n-ary trees with ¢ + 1 internal nodes. The
number of such trees is equivalent to the (i 4 1)th n-ary Catalan number, m ("gijll)).
This is a well-known result [5, [16], but its proof will be presented in the following chapter

for the sake of completeness. O]

Main Theorem 2. For w > 1,

R = <(n—1)(w—-|—i)+i+l).

?

Chapter 3 and Chapter 4 will use original arguments to prove Main Theorem [2]

Summary and Overview

Through the use of operation diagrams, we have been able to construct a composition system
isomorphic to the free nonsymmetic operad. This allowed us to express the principal ideal

problem of interest in terms of sets of sequences of trees, which we can state as an enumerative

13



njw | Ry OEIS | Formula
2|2 1,5, 21, 84, 330, ... A002054 | (*F%)
213 1, 6, 28, 120, 495, ... A002694 | (¥
2|4 1,7, 36, 165, 715, ... A003516 | (*7)
2 (5| 1,8,45,220,1001, ... | A002696 | (*7°)
32| 1,8,55 364,2380,... | A013698 | (*F°)
313 1,10, 78,560, 3876, ... n/a (¥+7)
34| 1,12,105, 816, 5985, ... | A004321 | (*F?)
35| 1,14, 136, 1140, 8855, ... n/a (1)
4] 2| 1,11, 105, 969, 8855, ... n/a (+7)
4| 3|1, 14, 153, 1540, 14950, ... | n/a (4+10)
4|4 |1,17, 210, 2300, 23751, ... | n/a (41+13)
4|5 | 1,20, 276, 3276, 35960, ... | A004334 | (**')

Table 1.1: Numerical data for 2 <n <4, 2 <w <5.

combinatorics problem. Using empirical data, we were able to formulate a counting function
for the size of these sets.

We will prove Main Theorem [2| in the following chapters. In Chapter 2 we will review
known results regarding Catalan numbers and the enumeration of plane trees as well as
plane forests. These results will be necessary to support the proofs in the following chapter.
Chapter 3 will prove Main Theorem 2| case through a recurrence relation, as well as introduce
a new formula for |R;| that provides a non-recursive method of generating the elements of
R;. We will also introduce more compact notation for elements of R; which, in Chapter 4,
will lead to another proof for Main Theorem [2| involving an occupancy problem. The proofs
in these two chapters will be original work. In Chapter 5 we will summarize our results and

discuss future work that can build on these findings.
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CHAPTER 2
REVIEW OF COMBINATORIAL RESULTS ABOUT TREES

AND FORESTS

In this chapter, it will be proven that the the number of complete n-ary plane trees with
i+ 1 internal nodes is equal to m ("gfll)), the (7 + 1)th n-ary Catalan number. This
standard result ([5], [16]) proves Main Theorem [I| (the w = 1 case) as discussed in Section
[1.2.1] Its proof will be reviewed here for the sake of completeness and to add clarity to the
proof of the w > 1 case given in Chapters 3 and 4.

We will also provide the proofs for other known results. Firstly, we will prove that the
number of forests of ¢ n-ary trees and ¢ internal nodes is #H(m;“t) [5, 16]. This will be a
generalization of the proof for the number of complete n-ary plane trees with a given number
of internal nodes. We will also prove the Hagen-Rothe Identity Z]L:o ;%qj (p +jqj ) (7;_‘1]3 ) = (p JLFT)
[18], a useful convolution property. Both the formula for the number of forests and the Hagen-

Rothe Identity will be necessary for the proof of the general case given in Chapter 3.

2.1 Enumerating the complete n-ary plane trees

We will enumerate the complete n-ary plane trees with a given number of internal nodes.
This proof involves representing trees as words over a binary alphabet {a,b}. We can easily
determine the number of words of a given length, but we need a way of identifying which
words are actually valid (that is, represent trees). This can be done by converting the
words to paths over the Cartesian plane, which will allow us to show that invalid words can
be converted to valid words by the means of a cyclic shift. The problem of enumerating

complete n-ary plane trees is closely related to the Cycle Lemma and the Ballot Theorem
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[5, 16]. Unless stated otherwise we will use [5] as our main point of reference, though the

basic outline of the proof comes from [IJ.

2.1.1 The word representation of a tree

To help with the enumeration task, we will first introduce a more compact way of writing

trees [I].

Definition 2.1.1 ([§]). A word is an (ordered) sequence of letters from a given finite set,

known as an alphabet.

The purpose of this section will be to establish a natural bijection between complete
n-ary trees and a certain subset of words over the alphabet A = {a,b} [5]. For our word
representation (Definition , we will use pre-order depth-first traversal [9]. Depth-first
traversal is defined recursively in Definition Note that post-order depth-first traversal
is used in [5], but we will instead use pre-order depth-first traversal because it is consistent
with the treatment of trees as operation diagrams and leaves as arguments of a function
given in the previous chapter. It will also make the definition of lexicographical order and

the proof of the Hagen-Rothe identity more intuitive. The arguments, however, are parallel.

Definition 2.1.2 (Depth-first traversal [9]).

Given a plane tree T" with root vertex r.,
1. Visit the root vertex r.
2. If r is a leaf node, stop.

3. Otherwise, for each child vertex of r (going from left to right in the plane), perform a
Depth-first traversal on the subtree rooted at that vertex (the subtree of T' consisting

of that vertex, its descendants, and all connecting edges.

In a pre-order depth-first traversal of a tree, the vertices are labelled as they are first
visited. In a post-order depth-first traversal, the leaves are labelled in the order they

are visited but an internal node is only labelled after all of its children have been labelled.
We will use pre-order depth-first traversal throughout the remainder of this thesis.
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Definition 2.1.3 ([I, @]). To write the word representation of a complete n-ary tree
over the alphabet A = {a,b}, traverse the tree through depth-first traversal. Each time a
vertex is visited, write an a if the vertex is an internal node (including the root) and a b if

the vertex is a leaf node.

Some examples trees and their corresponding word representations are given in Figure

2.1

/\

Figure 2.1: Three binary trees with respective word representations aababbb, aaabbbb,

and abb.

Conversely given a word W of length L, we can construct the corresponding tree through
the procedure defined in Definition The algorithm constructs a tree recursively, while
classifying vertices as leaves or internal nodes as the procedure executes (though vertices will

be unclassified as they are first generated).

Definition 2.1.4 (Constructing a tree from its word representation).
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Given a valid word W of length L > 0,

1. Let v; be a new vertex. This will be the root of the tree.

Given a vertex v, we define next(v) to be the vertex visited immediately after v in a

depth-first pre-order traversal of the tree under construction.
2. For each m from 1 to L do:

(a) If the mth letter of W is a, classify v, as an internal node. Replace v,, with the
basic n-ary tree.

(b) If the mth letter of W is b, classify v as a leaf node.

(¢) If m < L, vypq1 = next(vy,).

Note that the word b produces the tree with only one node. Definition and Definition
together show a well-defined natural bijection between complete n-ary plane trees and
a subset of words over A = {a,b}. We will define this subset more precisely in the following

section, in which we will introduce the concept of word validity.

2.1.2 Identifying valid words

We can determine the number of complete n-ary plane trees that have exactly w internal

nodes by identifying words that represent such trees, then enumerating these words [5].

Definition 2.1.5. A word is said to be (n,w)-tree-valid if it represents a complete n-ary
tree with w internal nodes. For the remainder of this section, the term “tree-valid” will

refer to an (n, w)-tree valid word.

Lemma 2.1.1 ([5]). A tree-valid word must satisfy the following three conditions. Conversely,

every word satisfying these conditions is tree-valid:

1. The total number of a’s is equal to w, one for each internal node.

2. The total number of b’s is equal to (n — 1)w + 1, one for each leaf node.
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3. Let the word have length L. For the first m letters of the word (m < L), the number

of b’s does not exceed n — 1 times the number of a’s.

Proof. Condition 1 follows immediately. Condition 2 follows from Proposition To
see that condition 3 is necessary, imagine constructing a tree from a word as described in
Definition [2.1.4] Each vertex in the tree under construction can be placed into one of three
categories: internal nodes, leaves (vertices that will definitely be leaves in the final tree),
and unclassified vertices (vertices that are leaves in the tree under construction, but may
become internal nodes as the tree is built further). After reading the first m letters of a
word W (where m < L), the tree under construction must have at least one unclassified
vertex (otherwise there is no way to extend the tree). Each b classifies one vertex, while each
a classifies one vertex but generates m unclassified vertices. Since we begin with the root
(an unclassified vertex that we classify with the first letter) the total number of unclassified
vertices is 1 plus n — 1 times the number of a’s minus the number of b’s.

Conditions 1 and 2 ensure that the tree has the correct number of leaves and internal
nodes. Condition 3 ensures that when constructing the tree, we never “run out” of unclassified
vertices (until the final step, when the number of b’s is exactly 1 more than (n — 1) times
the number of a’s). As we construct the word through pre-order depth-first search, the same
way we would traverse a tree to write its word representation, it follows that we visit and
classify every vertex and that Conditions 1 through 3 are necessary and sufficient for a word

to be tree-valid. O

Thus to find the number of complete n-ary plane trees with w internal nodes, we must
find the number of words with w a’s and 1+ w(n — 1) b’s that satisfy the third condition in
Lemma [2.1.1} In the following section, we will use the concept of cyclic shifts to identify the

words that satisfy this condition.

2.1.3 The path representation of a word

To more easily distinguish tree-valid from tree-invalid words, we can represent them as paths
in the zy plane [16]. This will make the proof more intuitive. We take a word with w a’s

and [w(n — 1) 4+ 1] b’s, and begin at the origin. At the point (z,y) join a line segment to
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(x+ 1,y +n — 1) if the following letter is a, or to (x 4+ 1,y — 1) if it is b. By definition, all
paths will start at (0,0) and end at (nw + 1,—1). If the word is tree-valid, the path will
never fall below the z-axis until the final step. If the word is tree-invalid, the path will fall

below the z-axis before the final step (see Figure .

Definition 2.1.6. The jth cyclic shift of a word of length L is a word formed by removing
the last j letters of the word (1 < j < L) and rewriting them at the start of the word (in

order).

Lemma 2.1.2 ([16]). Every word composed of w a’s and [w(n — 1) + 1] b’s can be converted

to a tree-valid word through a cyclic shift.

Proof. Consider a tree-invalid word W and its corresponding path P. At some point (g, —m),
where m > 0 and ¢ < nw+1, P will reach a minimum such that y > —m for all z € [0, nw+1]
and y > —m for all z < q. To convert W to a tree-valid word, partition it into two sub-words
Wy and Wy, where W consists of the first ¢ letters of W and W5 consists of the remaining
nw + 1 — q letters. Let Py be the path corresponding to the subword Wy, (where k € {1,2}).
P, starts at (0,0) and ends at (¢, —m). The net change in y (net change for short) is —m, and
the y-coordinate does not reach —m until the very last step. P starts at (¢, —m) and ends
at (nw + 1,—1). The net change is m — 1, and the path never falls below the line y = —m.

Now, consider the word W', formed by interchanging W; and W5, and its path P’. P]
starts at (0,0) and ends at (¢, m — 1), never falling below the z-axis. Pj starts at (¢,m — 1)
and ends at (nw+1,—1), never falling below the z-axis until the final step. W' is a tree-valid

word, and a cyclic shift of W. O]

Example 2.1.7. Consider Figure [2.2] in which we start with the path representation for the
invalid word W = abbbbba (n = 3). We have (¢, —m) = (6, —3) so we take W; = abbbbb and
Wy = a. Interchanging W; and W5, we get W’ = aabbbbb. The path representation of W’ is
given in Figure 2.2

Lemma 2.1.3 ([16]). Fvery word W (with w a’s and [w(n — 1) + 1] b’s) has exactly nw + 1

distinct cyclic shifts. Of these, only one is tree-valid.
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Figure 2.2: Top: the path for W = abbbbba (n = 3). Bottom: the path for W' =
aabbbbb, the only valid cyclic shift of W.

Proof. As shown in Lemma [2.1.2] every such word W has at least one tree-valid cyclic shift.
So we will assume that W is tree-valid. The total number of unique cyclic shifts of W is at
most nw + 1 (the length of the word, L). Let W, be the subword of W consisting of the
first j letters of W and P; be the corresponding path. Consider the jth cyclic shift to the
right (that is, where each letter of W is moved j positions to the right wrapping around as

necessary) where 0 < j < nw + 1. It will be shown that:

A) In the path corresponding to the jth cyclic shift, the minimum first occurs at x = j.

If this is true for all j between 1 and nw + 1 (inclusive), then each cyclic shift is unique.

B) The minimum is negative. This ensures that the word is tree-invalid (unless j = nw-+1,

which is just the original word).
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We will show A) by induction on j. First, consider the j = 1 case (first cyclic shift of
W). Since W is valid its path P reaches its minimum at (L, —1). Thus the last letter of W
must be b and the first cyclic shift of W will be b followed by W, _;). Notice that P,_; never
falls below the z-axis. The path corresponding to the first cyclic shift of W begins at (0, 0)
and falls to (1, —1). The remainder of the path consists of Pr_; shifted one unit down and
one unit to the right (never falling below the line y = —1). Thus the minimum first occurs
at x = 1.

Now, consider the j = k case (kth cyclic shift, where k > 1. Suppose that for the (k—1)th
cyclic shift, the minimum first occurs at (k—1, —m) (it will later be shown that the minimum
must be negative, that is m > 0, though this is not necessary to prove this result). We will
define the function f of z to model the y coordinate of the path for the (k — 1)th cyclic shift
of W, which consists solely of connected line segments. It immediately follows that:

i) f(k—1) = —m

i) f(x) =2 —m

i) f e < k—1, f(z) > —m.

The kth cyclic shift of W will be the last letter of the (k — 1)th cyclic shift followed by
the first L — 1 letters of the (k — 1)th cyclic shift. Thus the path for the kth cyclic shift will
be the same as the path for the (k — 1)th cyclic shift, but shifted one unit to the right and
either one unit down or n — 1 units up. If the last letter of the (j — 1)th cyclic shift of W is a
(that is, Wi_(,_1) ends in a), the path will be shifted n — 1 units up. If the last letter of the
(7 — 1)th cyclic shift of W is b (that is, W;_—1) ends in b), the path will be shifted one unit
down. We also draw a line segment from the origin to either (1, —1) or (1,n —1). To express
this more easily, we will define g as a function of x that models the y coordinate of the path
for the kth cyclic shift of w. Thus for x > 1, g(z) = f(x — 1) + h, where h € {—1,n — 1}. It
immediately follows that:

i)gk)=f(k—1)+h=—m+h

ii) g(x) > —m +h

iii) If x < k, g(z) > —m + h.

In other words, the minimum of ¢ first occurs at = k. Through induction on j, we see

that the minimum first occurs at = = j for all j between 1 and nw+ 1 (inclusive) as required.
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Therefore, each cyclic shift of W is unique.
To show B), consider the jth cyclic shift of W. It consists of the last j letters of W
followed by W _;, with the minimum occuring at « = j. Let W, have o a’s and 3 b’s. We

have

aln—1) > .

At the minimum (occuring at x = j), we have:

y=mn—-1)(w—a)—wnh—-1)+1-0] =wh—-1)—a(n—1)—w(n—1)—1+8 = f—a(n—1)—1.

Since a(n — 1) > S,

f—an—-1)<0
f—aln—1)—1<0.

This means that at x = j, the minimum value of y occurs and is negative. Thus the jth

cyclic shift of W is tree-invalid. [

We can now determine the number of tree-valid words. The total number of words of
length nw + 1 with w a’s (tree-valid or not) is ("“*'). Let Vj,,, be the number of tree-valid
words. Since every word of length nw + 1 is either tree-valid or is a cyclic shift of a tree-valid

word,

1
(nw+ 1)V, = (nw N )

w

Solving for V,, .,

() (w + 1)

w

Thw+l w!(nw + 1 —w)!(nw+ 1)
_ (nw)! B ) R ¢
w!(nw —w)l(nw+1-—w) nw+l—-w whn-—1)+1

()

w(n—1)+1

n,W

complete n-ary plane trees with w internal nodes.

(%)

w(n—1)+1

Thus there are exactly

Remark 2.1.1 ([16]). Numbers of the form are known as the n-ary Catalan num-

bers.
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We will next use the word definition to define a lexicographical order on trees and to show
that Procedure o (Procedure and Procedure 7 (Procedure preserve this ordering.
This ordering is necessary to properly define R; as in Definition In the remainder of
the chapter, we will generalize the enumeration of n-ary trees to forests of n-ary trees as well
as prove the Hagen-Rothe convolution identity. These results will be used in Chapter 3 to

prove Main Theorem [2] (the w > 1 case).

2.2 Lexicographical order of trees

We can use the word representation of a tree to define a standard lexicographical order for
complete n-ary plane trees with a given number of internal nodes, as required by Definition
1.2.3] We will also show that both Procedure ¢ and Procedure o preserve lexicographical

order.

Definition 2.2.1 (Lexicographical order on n-ary trees of weight w [17]). Let 77 and
Ty be complete n-ary trees, each with w internal nodes. We say that T < 75 if and only if

the word representation for 7} comes before the word representation for 75 alphabetically.

Since the trees in a given element of R;, 2+ > 0, all have the same number of internal nodes
(thus the word representations have the same length) we need not define the comparison of
two words of different lengths.

Let V and W be two words of length L over {a, b}, with V' # W. Let V; (W, respectively)
denote the ith letter of V' (W respectively), we can use the following simple algorithm to
determine whether V' < W [17]:

For each i from 1 to L do:
e If V; =a and W; = b, return “true”

e Else if V; = b and W; = a, return “false”.

We will now show that applying Procedure o and Procedure 7 to a sequence of trees

preserves lexicographical order.
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Proposition 2.2.1. Let T} and Ty be n-ary trees of weight w, with Ty < Ty, and let T be any
other n-ary tree. Given any i insert T' at the ith leaf of Ty and Ty, where 1 <i < 1+w(n—1),

and denote the new trees by T] and T} respectively. Then, T < Ty.

Proof. Let V., W, V' and W’ denote the word representations of T}, Ts, 1], and T} respec-
tively. Let V; denote the jth letter of V' and let W; denote the jth letter of W. Suppose W,
is the ith b in W (thus corresponding to the ith leaf of 73). There are three possibilities:

1. V; # W, for some j < z. In this case, it immediately follows that V' < W’ since the
beginning of each word is unaffected. Thus 77 < T5.

2. V; = W; for all j < z. In this case, it immediately follows that V' < W' since the
beginning and end of each word is unaffected and the “middle” is the same for both V' and
W (the b at position x is replaced by the word representation of T'). Thus 7] < T5.

3. V; =W, for all j <z but V, # W,. Since V' < W, this must mean that V, = a and
W, = b. Now, in W’ this b will have been replaced by the word representation of 7. To
generate V', on the other hand, the next b will be replaced by the word representation of
T. Every letter until then will be an a. W’ will reach the first b of the word representation
of T before V' does, and the corresponding letter in V/ must be an a. Thus V' < W’ and
T < T, O

It immediately follows from this result that Procedure o preserves lexicographical order.

Proposition 2.2.2. Let T\ and T, be complete n-ary plane trees of weight w, with Ty < Tb,
and let T be any other complete n-ary plane tree (with weight w'). Insert Ty at the ith leaf of
T to generate T}, and insert Ty at the ith leaf of T to generate T, where 1 < i < 14+w'(n—1).
Then, Ty < T}'.

Proof. Let U, V, W, V" and W” denote the word representations of T', Ty, Ty, T}, and
T3 respectively. Let U, denote the jth letter of U. Suppose U, is the ith b in U (thus
corresponding to the ith leaf of 7). Then U, V", and W” will be identical up to the first z

letters. Starting at position x 4+ 1, V" and W” will concur with V' and W respectively. Thus
V" <W" and T{ < Ty O

It immediately follows from this result that Procedure 7 preserves lexicographical order.

Combining these two results, we obtain:
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Theorem 2.2.3. Procedure o and Procedure T both preserve lexicographical order.

2.3 Enumerating forests of n-ary trees

We can generalize the argument from Section to forests of complete n-ary plane trees
[T, 5], which will be useful in the following chapter when we prove Main Theorem . The
arguments that follow are largely adapted from [5] and [16]. We begin with some terminology.

Definition 2.3.1 ([9]). A forest is a graph consisting of a disjoint union of trees. A plane
forest is an embedding of a forest in a plane. That is, the order in which the trees are placed
in the plane is relevant. Conventionally, plane forests of rooted trees have the roots placed

on the same horizontal axis.

Definition 2.3.2. We will use F(i,t;n) to denote the number of plane forests composed of

t complete n-ary trees with ¢ internal nodes between them.

It is well-known that F(i,t;n) = —— (") [5,1]. The proof for this result will be reviewed

in this section.

Proposition 2.3.1 ([1]). A forest of t n-ary trees with i internal nodes has i(n — 1) +t leaf

nodes.

Proof. Let the forest have t trees, and let the kth tree have i, internal nodes. The kth tree

then has ix(n — 1) 4 1 leaves, so the total number of leaf nodes in the forest is
t t t t

S lin =1 +1 =) irn—1)+> 1=(n—-1)) ir+t=(n—1)i+t

k=1 k=1 k=1 k=1

2.3.1 The word representation of a forest

The word representation of a forest follows naturally from the word representation of n-ary

trees given in Definition [2.1.3] [A].

Definition 2.3.3 ([5]). To write the word representation of a forest, write the word

representation of each tree in the forest and concatenate them from left to right.
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An example of a forest and its word representation is given in Figure [2.3|

/\

Figure 2.3: The forest with word representation aababbbaaabbbbabb.

Conversely, we can construct a forest from a word through the procedure in Definition
[2.1.4] but starting a new tree as soon as we have classified all vertices (i.e. have nowhere else
to extend the current tree).

As with trees, we will need a way of identifying which words over A = {a,b} actually

represent forests of n-ary trees.

2.3.2 Identifying valid words

Definition 2.3.4. A word is said to be (n,1)-forest-valid if and only if it represents a plane
forest of ¢t complete n-ary trees with a total of ¢ internal nodes. For the remainder of this

section, the term “forest-valid” will refer to a word that is (n, i)-forest-valid.
We again identify necessary and sufficient conditions for a word to be valid.

Lemma 2.3.2 ([5]). A word W representing a plane forest of t complete n-ary plane trees
with a total of i internal nodes must satisfy the following three conditions. Conversely, every

word satisfying these criteria will represent such a forest:
1. 7 a’s, one for each internal node.
2. i(n — 1)+t b’s, one for each leaf node.

3. It must be possible to partition W into t subwords Wi, Ws, ... W;. Each of these
subwords represents a complete n-ary tree. That is, the following is true for each

ke{l,2,... t}:
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e Let Ly be the length of Wj. The total number of b’s in W}, is one more than n — 1
times the number of a’s. For the first m letters of Wy, (m < Lg), the number of

b’s does not exceed n — 1 times the number of a’s.

Proof. Conditions 1 and 2 follow immediately and from Proposition [2.3.1} respectively. Con-
dition 3 is necessary (and sufficient) to ensure that we get a forest with the correct number

of complete n-ary trees. This follows from the forest construction algorithm. O

Note that by definition the partition of W into tree-valid subwords will be unique, as W,
would no longer be valid if letters were added or removed. The same argument can be made
for W5 through W;.

Thus to find the number of plane forests of ¢ complete n-ary trees with 7 internal nodes,
we must find the number of words with ¢ as and i(n— 1)+t bs that satisfy the third condition
in Lemma [2.3.2 The total number of words (forest-valid or forest-invalid) with ¢ a’s and
i(n— 1)+t bsis (™). Let r be the ratio of forest-valid words to total words. We have
F(i,t;n) = r(mjt). So to find a formula F'(i,¢;n), all that remains is to find a formula for r.

We will again turn to the path representation of words and cyclic shifts as in Section [2.1.3]
(see also [5] and [16]). The proof will be slightly more involved this time however, because a
word can have more than one valid cyclic shift. For example if we taken =2, ¢t =2, ¢ =1 the
valid word abbb has another valid cyclic shift (babb). Thus, we will introduce a new system
that gives us a way of distinguishing cyclic shifts of a word. Firstly, we use A’ to denote the
alphabet {ai,as,as, ..., a;,b1,ba, ..., bin—1)4¢}. We will consider words over A’ that use each
letter exactly once. A word over A; is said to be valid if and only if removing the subscripts
would produce a valid word over {a,b}.

The advantage of using A’ is that, since each letter-subscript pairing is considered a
distinct letter, the total number of distinct cyclic shifts (forest-valid or not) for any word
is equal to the length of the word ni + t. For example a1b1b2a2b3b4 would be considered a
different cyclic shift from asbzbsab1be, even though these two words would be the same if

the subscripts were removed.

Lemma 2.3.3. Let B be the set of all words of length ni+t with exactly i a’s and i(n—1)+t
b’s (no subscripts) and let By be the set of all forest-valid words of length ni +t with exactly
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ia’sandiln—1)+tb’s (no subscripts). Let B' be the set of all words using all letters of
the alphabet A" = {ai,as, as, ..., a;,b1,ba, ..., bin_1y44} exactly once, and let By, be the set of
all forest-valid words using all letters of A’ exactly once. Then, |Bi,|/|B'| = |By|/|B| =r.

Proof. Given an element of B, there are i![i(n — 1) + t]! elements of B’ that would give the
same element of B if the subscripts on the letters were removed (the number of ways to
permute the subscripts on the a’s, times the number of ways to permute the subscripts on
the b’s). Likewise, given an element of By, there are i![i(n — 1) + t]! elements of Bj, that

would give the same element of By if the subscripts on the letters were removed. Thus,

| B/ | _ |By | -illi(n — 1) + ]! _ |By| .
| B'| |B| - illi(n — 1) +t]! |B|

2.3.3 The path representation of a word

As in Section [2.1.3] every word with i a’s and [i(n — 1) + t] b’s can be represented as a
path in the xy plane, starting at the origin [I6]. At the point (z,y) join a line segment to
(x + 1,y + n — 1) if the following letter is a a, or to (z + 1,y — 1) if it’s a b. By definition,
all paths will start at (0,0) and end at (ni + ¢, —t). If the word is forest-valid, the path will
never fall below the line y = 1 — ¢ until the final step. If the word is forest-invalid, the path
will fall below the line y = 1 — ¢ before the final step. When drawing the paths for words

over A’, we will ignore the subscripts (thus each path will correspond to multiple words).

Lemma 2.3.4 ([I6]). Every word over A’ can be converted to a forest-valid word through a

cyclic shift.

Proof. Consider a forest-invalid word W and its corresponding path P. At some point
(¢q,—m), where m > t — 1 and ¢ < ni + ¢, P will reach a minimum such that y > —m
for all x € [0,ni+t] and y > —m for all z < ¢. To convert W to a forest-valid word, partition
it into two sub-words W7 and W,, where W, consists of the first ¢ letters of W and W,
consists of the remaining ni 4+t — q letters. Let Py be the path corresponding to the subword

Wy. Py starts at (0,0) and ends at (¢, —m). The net change is —m, and the y-coordinate
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does not reach —m until the very last step. P, starts at (¢, —m) and ends at (ni + t, —t).
The net change is m — t, and the path never falls below the line y = —m.

Now, consider the word W', formed by interchanging W; and W, and its path P'. P|
starts at (0,0) and ends at (¢,m — t), never falling below the line y = 1 —¢. Pj starts at
(¢q,m —t) and ends at (ni + t, —t), never falling below the line y = 1 — ¢ until the final step.
W' is a forest-valid word, and a cyclic shift of . O

Lemma 2.3.5 ([16]). Let W be a word over A'. W has ni+t distinct cyclic shifts, of which

t are forest-valid.

Proof. Without loss of generality (see Lemma [2.3.4), assume W is forest-valid. Let
W =wOwdOwe W(t),

where each subword W) represents a tree. Clearly WOWMOWE w1,
WEDWOW® W2 ete. are valid cyclic shifts of W, so at least ¢ of the cyclic shifts
of W are forest-valid.

Next, consider the kth cyclic shift of W, where & < L® (the length of W®). Let
X = WOWAWS Wt and let W represent the first ¢ letters of W), The kth
cyclic shift of W consists of the last k letters of W® followed by X, followed by Wétz e Let
ijk have o a’s and 3 b’s. Since W) represents an n-ary tree, 3 < (n — 1)a. The last k
letters of W must have v — a a’s and y(n — 1) +1 — 3 b’s. The path representation for the
kth cyclic shift of W will then go through the following points:

1. The starting point (0, 0)

2. (k,[y—a]ln—1]—9[n—1] -1+ B) = (k, 8 — ajn — 1] — 1) (the last k letters of W®)

. (intt—a—-3,—an—-1—-1-[t—1)=(in+t—a—5,6—an—1] —1t) (for X)

4. (in +t,—t)

Because 5 < (n — 1)a, f— (n — 1)a < 0. This means that § —a[n —1] —t <1—1t. So
the path representation for the kth cyclic shift of W falls below the line y = 1 — ¢ (at step 3
above), thus the kth cyclic shift of W' cannot be a forest-valid word.

This means that the only valid cyclic shifts of W are:

WwWOWOWE =Dy

30



So W has exactly t forest-valid cyclic shifts. m

t
in+t’

Since every over A’ is either forest-valid or a cyclic shift of a forest-valid word, r =

Multiplying r by the total number of words with ¢ a’s and (n — 1)i + 1 b’s (no subscripts)
results in Proposition [2.3.6;

Proposition 2.3.6 ([5]).

F(i,t;n) = ! (mH)

nt+t 1

2.4 The Hagen-Rothe Identity

We will next use the word and path representations of forests from the previous section to
prove an identity related to convolutions of finite sequences. This identity will be used in the
next chapter. This result is fairly well-known [18 4, [I4] 15], and we will go through a proof
given in [I8].

Lemma 2.4.1 (Hagen-Rothe Identity [18]). Let p, q, 7, and L be non-negative integers
with p >0, ¢ >0, and r > qL. Then,

() - ()

J

Proof. Consider fixed p, ¢, r, and L as given in the statement of the Lemma. It does not
matter what the value of ¢ is, provided that » > ¢L (to ensure that the left side of the
equation is defined). The right side of the equation is simply the total number of words
with L a’s and p+r — L b’s (no other restrictions). The path representation of such a word

can be defined as in Section [2.1.3] but moving from (x,y) to (x + 1,y + ¢ — 1) for every a.
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The net change in yis L(¢ —1) —(p+r —L) = Lg—p —r. Since r > qL, ¢ < 7. So
Lqg—p—r < L(7) — p—r. Thus the net change in y cannot exceed —p. This means the
path representation for any word (with L a’s and p+r — L b’s) must touch the line y = —p.
For the left side, consider any word W (that has L a’s and p +r — L b’s) and its path
P. Divide W into two parts W; and W5 and their corresponding paths P, and P», where the
path does not fall below the line y = 1 — p until the final step of P;. Wj can then represent a
plane forest of p complete g-ary trees. If W; is to have j a’s, there are F'(j, p; q) possibilities
for W;. Wi is of length p 4 ¢j, so the length of W5 is p+r — (p+ qj) = r — qj. Since there
are no restrictions on Ws, there are (2_:1; ) possibilities. Applying the multiplication principle
and summing over all possible values of j gives
. Flima(" ") ~ p (p+ai\(r—di
2 (‘“”’Q)(L—j) _;)WA j )(L—j)

which is the left side of the equation given in Lemma [2.4.1] O

Remark 2.4.1. Note that if ¢ = 0 and we have p > L and ¢ > L, the Hagen-Rothe identity

reduces to the more familiar Vandermonde’s Identity.

2.5 Summary

We have reviewed the proofs for three major known results that can be related to the proof
of the Main Theorems. Firstly, we have shown that the number of complete n-ary plane

trees with w internal nodes is exactly %, from which Main Theorem [1| immediately

followed. We also generalized this result to plane forests with ¢t complete n-ary trees and

ot (nw+t

o U ) such forests. Lastly, we reviewed

w total internal nodes, showing that there are
a proof of the Hagen-Rothe convolution identity that used the properties of forests. These

latter results will be used in the following chapter to prove Main Theorem 2]
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CHAPTER 3

PROOF OF MAIN THOEREM [2| (w > 1)

This chapter will provide a proof of Main Theorem 2| (the w > 1 case). We will develop
properties of Procedure o (Procedure and Procedure 7 (Procedure [1.2.2)), and use
them to divide R; into ¢ + 1 different subsets. We will prove that these subsets are mutually
exclusive and exhaustive (a partition of R;), and then determine the number of elements in
each of them. This will ultimately lead to a recurrence relation that we can solve. We will
end by providing a new, non-recursive method of generating the elements of R;. The proofs
we provide are original, though when we enumerate the elements of the subsets of R; and
solve the recurrence relations we will make use of known results reviewed in Chapter 2. The
proof also involves forests of n-ary trees, and may have further applications to this topic.

We begin with notation that allows us to write elements of R; as words based on which
procedures were used to generate them. This notation can be used to prove some properties
related to Procedure o and Procedure 7. We will next characterize and enumerate the
elements of Ry and R, then generalize to higher values of . Unless otherwise stated, we will

assume that n and w are fixed integers greater than 1.

3.1 The word representation of elements of R;

We will begin this section by introducing some new notation that will help us to write
elements of R; more compactly as a sequence of applications of Procedure ¢ and Procedure
7. We will then develop some basic identities related to this notation. These properties will
be useful in our two proofs of Main Theorem 2] one of which will be presented in this chapter
and one in the following chapter.

We will first introduce new notation for the number of leaves per tree for each element
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of R;. This notation is simpler than the N (w) notation introduced in Chapter 1 (Definition
1.1.6)), and it is unambiguous because we have assumed n and w to be fixed constants.

Definition 3.1.1. Given fixed arity n and weight w and any i > 0, we define £(z) to be the

number of leaves per tree for each element of R;.

Note that
(i) =Nw+i)=1+(w+1i)(n—1), (3.1)

by Proposition [1.1.3]
We next introduce a new notation for elements of R;. Each element of R; can be defined
by at least one sequence of applications of Procedure o and Procedure TE| We will represent

each procedure as a letter, as defined in the following notation.

Definition 3.1.2. Let og; represent applying Procedure o at the jth leaf (that is, grafting
T, at the jth leaf of each tree in a given sequence), and let 7 denote applying Procedure 7

at the kth leaf (that is, grafting each tree in a given sequence at the kth leaf of the basic tree

Tw).

Recall that the leaves of a tree are labelled through pre-order depth-first traversal, con-
sistent with the operation diagrams given in Chapter 1.

Recall that applying Procedure o at the jth leaf to a given sequence of trees produces
a new sequence of trees where each term is produced by grafting the basic tree T3, at the
jth leaf of the corresponding term of the original sequence. Likewise applying Procedure 7
at the kth leaf to a given sequence of trees produces a sequence of trees where each term is
produced by grafting the corresponding term of the original sequence to the kth leaf of the
basic tree Ty,. Thus every element of R; can be represented by a set of words of length ¢ over
the alphabet A; = {71, 7,73,...,7y,01,02,03,...,00-1)} (we will discuss elements of R;
having multiple word representations, known as equivalent words, later in this section). By
convention, the procedures are to be executed from left to right starting on the sole element

of Ro, denoted by (Xl, XQ, Xg, e 7Xlw)-

! Adapted from unpublished paper by Nick Beaton.
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Example 3.1.3. Let n = 2, w = 2. Thus Ry = {(X1, X2)}. We will denote Sy = (X3, X»)
(X; and X, are shown in Figure [3.1F). The word 73750105 represents the following sequence

of procedures:

1. Apply Procedure 7 at leaf 1. That is, insert each tree in Sy at leaf 1 of the basic tree

T, to produce the sequence Ty, 01 Sy = (T} 01 X1, Ty 01 Xo) (which we will denote as
S1 = (X1, X})). See Figure[3.2]

2. Apply Procedure 7 at leaf 2. That is, insert each tree in S; at leaf 2 of the basic tree
T, to produce the sequence Ty, 09 S1 = (T 02 X{, Ty 0o X3) (which we will denote as
Sy = (X{,XY)). See Figure 3.3

3. Apply Procedure o at leaf 1. That is, insert the basic tree T;, at leaf 1 of each of the
trees in the sequence Sy to produce the sequence Sy 01Ty, = (X{ 0y Ty, X4 04 T},) (which
we will denote as S5 = (X", X%")). See Figure [3.4]

4. Apply Procedure o at leaf 2. That is, insert the basic tree T;; at leaf 2 of each of the
trees in the sequence S5 to produce the sequence Sz 09 Ty, = (X" 09 Ty, X3 05 T). See
Figure [3.5]

MNull word

Figure 3.1: Null word for n =2, w = 2.

2Figures created with Draw.io, https://www.draw.io/.
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Figure 3.2: Applying Procedure 7 at leaf 1, n = 2, w = 2.

3.1.1 Identifying valid words and equivalent words

We will next define valid words over A;.

Definition 3.1.4. A word of length i over A, is said to be A;-valid if it represents an element

of R;. The set of all A;-valid words of length i over A; is denoted by V' (A;).

For the remainder of this chapter, the term “valid” will refer to A;-valid words.

A letter o; or 7; at position k in an A;-valid word means that the corresponding operation
is being applied to an element of Ry _;, where elements of R;_; are sequences of trees each
with ¢(k — 1) leaves (see Definition . Clearly, 7’s can be placed anywhere as any tree
can be inserted into T}, at any of its n leaves. However, o; can only be placed at a position
k of a valid word if j < ¢(k — 1) so that leaf j is available for applying Procedure o. For
example if w = 2 and n = 2, the word o403 is not valid because each of the trees in the sole
element of Ry only have 3 leaves, so we cannot insert 7}, at the 4th leaf. Note that a word
will be valid if and only if the sequence of procedures could be applied to any one of the trees
in the starting sequence Sy, as all trees will have the same number of leaves in any element

of Rz

Lemma 3.1.1. If W € V(4,), then the first j characters of W form an element of V(A;)

for all 5 <.
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T2
Figure 3.3: Applying Procedure 7 at leaf 1 and then at leaf 2, n = 2, w = 2.

Proof. This follows immediately from the definition of validity and of a word as a sequence

of procedures applied to the sole element of R,. O]
We will next define and prove two identities related to equivalent words over A;.

Definition 3.1.5. Two valid words are said to be equivalent if they represent the same

element of R;. If W, and W, are equivalent words, we say that W; = Ws.

Lemma 3.1.2. Given any i > 1, let Wy and Wy be words over A; such that there exists j, k
with j > k and where Wyo;0,Ws is a valid word (of length i, over A;). Then Wiojo,Wy =
Wiorojtn-1yWa.

Likewise if W1010,, W3 is a valid word where m > l4+(n—1) then Wy0,0, Wy = Wiom—(n-1yoiWs.

Proof. Since Wio0,W3 is valid so are Wy, Wio;, and Wiojo;, (by Lemma . We first
note that W00, (,—1)W> is guaranteed to be a valid word given the validity of W00, Ws.
To see this, we denote the length of W; by L; (that is, W; € Ry,). Hence Wio; being valid
means that j < ¢(Ly), that is j <1+ (w+ Ly)(n — 1). Likewise Wjo;04 being valid means
that k < l(L;+1), thatis k < 14 (w+L;+1)(n—1). Since k < j it immediately follows that
k </¢(Ly)and that j+ (n—1) < (L;+1) (since j+(n—1) <1+ (w+ L1)(n—1)+ (n—1)
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Figure 3.4: Applying Procedure 7 at leaf 1, at leaf 2, and then Procedure o at leaf 1,
n=2 w=2.

soj+(n—1) <1+ (w+ Ly +1)(n—1)). This makes W1040;1(,—1) a valid word. Since W,
is unchanged, W100;4(n—1)W2 must be valid as well.

Now consider the left-hand side of the equivalence Wioj0, Wy = Wi040j4(—1yWa. In
Wioj, leaf j of each of the original trees in the sequence of trees represented by Wi is
replaced by the basic tree T;,. Leaves j+1 and above are relabelled, but leaf £ is not because
k < j. So the oy, step simply inserts T), at what was leaf k in each of the original trees (in
the sequence of trees represented by W;). The sequence of procedures given by Ws is then
applied.

For the right hand side, we first replace leaf k in each of the original trees (in the sequence
of trees represented by W) by T, (leaf k must exist because k < j and Wio; is valid so leaf
j exists). For leaves k + 1 and higher, the label is increased by n — 1 (since Procedure o
increases the total number of leaves by n — 1). This means leaf j becomes leaf j + (n — 1).
Thus 04 (,—1) inserts Ty, at what was leaf j in the original trees. The sequence of procedures
given by W5 is then applied.

For the converse the arguments are parallel. However, we have the additional requirement
that the difference between the two subscripts exceeds n — 1, as otherwise the second appli-

cation of Procedure o (denoted by 0,,) would be at one of the leaves generated by the first
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Figure 3.5: Applying Procedure 7 at leaf 1, at leaf 2, Procedure o at leaf 1, and then
at leaf 2, n =2, w = 2.

application of Procedure ¢ (denoted by ;) so it must be performed after the first application

of Procedure o. O]

Example 3.1.6. Let w = n = 2. This example will demonstrate a special case of the
preceding lemma for A; = Ay = {71, 72, 01, 09, 03,04} and where both W; and W5 correspond

to the null word. Figure 3.6| demonstrates that oo01 = 0103.

Lemma 3.1.3. Given any i > 1 let Wy and Wy be words over A; such that Wyo;mWs is a
valid word over A; for some positive integers j and k. Then Wyo;mWe = W04 (i—1)Woa.

Likeunse if we denote the length of Wy by Ly and Witjo0,,Ws is a valid word where | <
m <ULy +1) — (I = 1) then Wm0, Wa = W10 p,——1)1iWa.

Proof. Firstly note that similar to Lemma , W10+ (k—1)Wo is guaranteed to be a valid
word. We know that j < ¢(Ly); that is j <14 (w+ Ly)(n — 1). It immediately follows that
j+n—1)<lLi+1),sincej+(n—1) <1+ (w+L)(n—1)+(n—-1)soj+(n—1) <
I+ (w+ Ly +1)(n—1).

On the left-hand side, Procedure o is applied at leaf j in each of the trees in the sequence
represented by W;. Then Procedure 7 is applied at leaf k of the basic tree (that is, inserting

each tree in the sequence at leaf k in T},). The relabelling of leaves resulting from the first
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Figure 3.6: Example .

procedure does not affect Procedure 7. The sequence of procedures represented by Wj is
then applied.

For the right-hand side, Procedure 7 is first applied at leaf k. This means leaf k in the
basic tree was replaced by each tree in the sequence represented by W;. This procedure
added k — 1 leaves to the left of the original tree and n — k to the right. Thus each of the
original leaves has its label increased by k — 1. So what was originally leaf j is now leaf
J+ (k—1). Thus we apply o4 —1).-

For the converse the arguments are parallel. However, we have the additional requirement
that the application of Procedure o (denoted by o,,) is not at one of the leaves added by
the application of Procedure 7 (denoted by 7;). This means we cannot have m < [ or
m > {(Ly+1)—(I—1). Note also that if we had m < lorm > ¢(Ly+1)—(I—1), Wi0pm_q-1)7
would be invalid (as we would have either m — (I —1) <lorm — (I —1) > (L, +1). O

Example 3.1.7. Let w = n = 2. This example will demonstrate a special case of the
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preceding lemma for A; = Ay = {7, 72, 01,09, 03,04} and where both W and W correspond

to the null word. Figure demonstrates that o7 = 704.

5 5
4
4
3 1 2 3 4
3 1 2 3 4
1 2

G4 o4y

5
4 4
4
3 1
3 1 2 3 4
1 2 2 3

T T,0,

o

Figure 3.7: Proof that oy = 1107.

These identities will be useful in proving key properties of Procedure ¢ and Procedure 7

that we will use in our partitions of R;.

3.2 Basic properties and enumerating the elements of
Ry

Our strategy in proving Main Theorem [2] will be to develop a partition of R;. We will develop
this partition based on the procedure used to generate a given element of R;. In this section
we will develop properties of Procedure ¢ and Procedure 7 that we will use to partition R;.
Our strategy for enumerating the elements of Ry and R; for higher values of ¢ will be parallel,

though we will require slightly more complex properties of Procedure ¢ and Procedure 7.
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3.2.1 Basic properties of Procedure ¢ and Procedure 7

This next definition will help us develop our partition of R;.

Definition 3.2.1. Let Rz(l) denote the elements of R; that can be generated by applying
Procedure o to an element of R;_; (that is, the element of R; has a word representation that
ends with a 0). Similarly, let R,@) denote the elements of R; that can be generated by applying
Procedure 7 to an element of R; 1 (that is, the element of R; has a word representation that

ends with a 7). Thus R; = Rgl) U REQ) and
(Rl = [RY|+ B = R O R

The following properties will help us to identify elements of RZ@), providing a necessary

and sufficient condition. We begin with a definition.

Definition 3.2.2. A singular tree is a complete n-ary plane tree with exactly n — 1 leaves
at level 1. A j-singular tree is a singular tree in which the sole internal node at level 1 is

located at position j (from the left).

Example 3.2.3. In Figure 3.7 both trees in 7 are 1-singular as the first (leftmost) vertex

is the only internal node at level 1.
We will use Definition to characterize elements of RZ@) in the following properties.

Proposition 3.2.1. If S € RZ@) for some i € N, then S is a sequence of j-singular trees for

some j € {1,2,...,n}.

Proof. This follows immediately from Definition and the definition of Procedure 7. In
particular S having a word representation ending in 7; for some j € {1,2,...,n} implies S

is a sequence of j-singular trees. O

This property allows us to simplify the enumeration of the elements of R;.

Corollary 3.2.2. If w > 1, Rgl) N R?) =1
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Proof. The sole element of Ry, (X1, Xa, X3,...,X;,), cannot be a sequence of singular trees
for w > 1 as this element is a sequence of all complete n-ary plane trees of weight w, which
must necessarily include at least one tree with two internal nodes at level 1. Applying Pro-
cedure o to this sequence will not result in a sequence of j-singular trees because Procedure
o cannot reduce the number of level-1 internal nodes. Thus by Proposition |3.2.1] all elements

of R§2> can only be generated through Procedure 2. O]

These results are sufficient for enumerating the elements of R;. However, the converse of
Proposition [3.2.1] can be proven easily and will be used in the following sections so its proof

will be presented now.

Proposition 3.2.3. Given any 1 € N, suppose S € R; and S is a sequence of j-singular trees

for some value of j <n. Then, S € RZ@).

Proof. The proof is by induction on 7. For ¢+ = 1, the only way to generate a sequence of
j-singular trees is to apply Procedure 7 to the only element of Ry (see Corollary . Thus
the ¢ = 1 case follows immediately.

Now, suppose Proposition is true for ¢ < m. Suppose S € R,,4+1 is a sequence of
j-singular trees. Then, since R; = Rz(l) U R§2)7 S must be an element of RSL if S ¢ szzrl.
Let S’ be an element of R,, that produces S if Procedure o is applied at leaf | for some
[ <{(m—1) (that is, S = S" o; T;. Then, since every tree in S is j-singular, the leaf [ where
T, is inserted must not be one of the n — 1 level-1 leaves and S’ must also be a sequence of
j-singular trees. From the inductive hypothesis, S’ € R'?. Thus there is an element of R,
that produces S” after Procedure 7 is applied at leaf 7. We will call this element S” (that is,
S"' =Ty 0; 5").

Thus if W is the word representation of S”, the word representation of S will be W;0;.
Since S (as well as S’) must be a sequence of j-singular trees we cannot have [ < j or
[ > ¢(m) — j. Thus by Lemma , Waoy_(j—1y7; will also be a word representation for S.
Since a word representation of S ends in a 7, S € R,(EL)H. Thus by induction, Proposition

is true for all 7 € N. O

Combining Propositions and [3.2.3] we get:
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Proposition 3.2.4. Given a sequence S € R;, S € RZ@) if and only if S is a sequence of

j-singular trees for some value of 7 < n.

We will next use these properties of Procedure o and Procedure 7 to enumerate the

elements of R;

3.2.2 Enumerating the elements of R,

As stated in Corollary [3.2.2 R n RP = .

This means that for ¢ = 1, R; can be partitioned into :4+1 = 2 mutually exclusive subsets:

° Rgl), the set of all elements generated by applying Procedure ¢ to the sole element of

Ry. Since the trees in this sequence have 1 + w(n — 1) leaves, |R§1)| =1+w(n—1).

° RP, the set of all elements generated by applying Procedure 7 to the sole element of

Rq. Since the basic n-ary tree has n leaves, |R\”| = n.

Thus |R;| = 1+w(n—1)+n. The value predicted by Main Theoremis ((”_1)(“’ji)+i+1) =
(D@D = (p — D(w+ 1)+ 1+1=14+wn—-1)+n—1+1=1+w(n—1)+n
Thus Main Theorem [2 holds for ¢ = 1.

3.3 Further properties and enumerating the elements

of R»

We will next extend the arguments to Ry. We will first need to develop some more complex

properties of Procedure ¢ and Procedure 7, as the partition of Ry will involve more subsets.

3.3.1 Further properties of Procedure ¢ and Procedure 7
Firstly, we have a recursive property for |Rz(i)1|.
Proposition 3.3.1. Fori >0, |Rl(i)1\ = n|R;|.
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Proof. Suppose S € R;. Since there are n different 7’s (ways to apply Procedure 7), there are
at most n different ways to add a 7 to the end of the word representation of S and generate
an element of Rgi)l. This means |R§i)1| < n|R,|.

We must now show that every application of Procedure 7 to an element of R; produces
a unique element of R;;;. That is given elements S1,S; € R; and natural numbers j; and
jo we must show that an application of Procedure 7 to S; at leaf j; will produce the same
sequence as an application of Procedure 7 to S5 at leaf j5 only if S; = Sy and j; = jo. We
will call the former sequence S} and the latter S. By definition, an application of Procedure
7 at leaf j; must produce a sequence of jj-singular trees. Thus S| must be a sequence of
ji-singular trees. Likewise, S must be a sequence of js-singular trees. Since 57 = S5, we
must have j; = jo. If we look at the first tree in 57, we know that it was constructed by
grafting the first tree of Sy to the jith leaf of the basic tree Tj. Likewise the first tree of S}
was constructed by grafting the first tree of S, to the jith leaf of the basic tree Ti. The first
tree of S| must be the same as the first tree of S5, but this is only possible if the first tree of
S1 is the same as the first tree of S;. We follow this same reasoning for each of the trees in
S1 and Sy and conclude that S} = Ss.

It follows that |R§i)1| = n|R,|.

O

This next property will relate to the case where Procedure o is applied to an element of
R§2). We will use it to partition R; based on how many times Procedure o was applied to the
“new” leaves generated by the last application of Procedure 7. This concept will be defined

more precisely in the following definitions.

Definition 3.3.1. The set of all elements of R; that can be generated by a sequence of ¢
applications of Procedure o will be denoted by R,(lo), where “lo” is short for “Procedure
o only”. We will denote the complement of this set by E(lo). That is E(lo) is defined to
be the set of all elements of R; that cannot be generated by applying Procedure o i times.
Procedure 7 must have been applied at least once (so any word representation of an element

of ;" will have at least one 7).

Definition 3.3.2. Given 1 < j < n a sequence of complete n-ary plane trees will be called
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j-unique if each of the trees in the sequence have n — 1 level-1 subtrees in common but one
subtree, the jth, is different for each tree in the sequence. That is the jth level-1 vertex in
each tree in S is the root of a subtree which is different for each tree in the sequence but the
trees are otherwise identical. In such a sequence, we will refer to the jth level-1 subtree as the
unique level-1 subtree or simply as the unique subtree. The other level-1 subtrees will
be referred to as common (level-1) subtrees. The subset of R; consisting of all sequences

which are j-unique for some j will be denoted by Rgunique).
We will show that R; (o) Rl(unique).

Lemma 3.3.2. 7, % C Rl™iaw

Proof. We first show that the following two statements together are sufficient to prove the
lemma:

1. Given an arbitrary j < ¢, R(.2) C R(‘unique).

2. An application of Procedure o to an element of R(umque) produces an element of
(unique)
Ry

Since every element of E(lo) is either an element of RZ@) or is generated by a sequence of
¢ — j applications of Procedure o to an element of R§-2), conditions 1 and 2 together would
automatically imply that R C R, (unique),

To show that the first statement is true, we know by Proposition that all trees in
an element of R§-2) will have n — 1 level-1 subtrees in common, as these level-1 subtrees are
simply the leaves generated by the last application of Procedure 7) (by Proposition .
Thus Rj(»z) C Rg-unique) for any positive value of j.

If Procedure o is applied to an element of Rﬁunique)

, the basic tree will be inserted either
within one of the common level-1 subtrees or within the unique level-1 subtree. Since the
number of leaves within the unique level-1 subtree is the same for every tree in the sequence,
either way the result will be an element of Rﬁnlique).

It follows that ;0 C R, O

Lemma 3.3.3. R§““ique> C E(lo)

Proof. We can show this by induction on 1.

46



Base case: we will show that Rg““iq“e) C E(lo). We will denote the sole element of R,
(the starting sequence) by Sp. Since w > 1, Sy must contain at least one tree 7" in which the
leftmost level-1 vertex is the only one that has children. Sy must also contain another tree
U in which the second level-1 vertex from the left is the only one that has children. Clearly,
T and U differ at two level-1 subtrees so Sy ¢ R{™ (thus R{™" = ()). Both T and U
have (n — 1)w + 1 leaves. In T, leaves 1 through (n — 1)w + 1 — (n — 1) inclusive (that is, all
except the rightmost n — 1 leaves) are descendants of the first (leftmost) level-1 vertex. The
second level-1 vertex is leaf (n — )w 41— (n—1) 4+ 1. In U, leaf 1 is the first level-1 vertex
and leaves 2 through (n — 1)w + 1 — (n — 1) + 1 inclusive (that is, all except the first and
the rightmost n — 2 leaves) are descendants of the second level-1 vertex. We will look at the

four different possible cases of applying Procedure o to Sy and its effect on 7" and U.

e If we apply Procedure o to Sy at leaf 1, the number of leaves within the first level-1
subtree increases by n — 1 in both 7" and in U. We will call these new trees 7" and
U’ respectively. Thus the number of leaves in the first level-1 subtree of the resulting
tree T will still exceed the number of leaves in the first level-1 subtree of U’. Since the
second level-1 subtree has not been changed in either tree, the second level-1 subtree
in 7" still will not have as many leaves as the second level-1 subtree in U’. Thus 7" and

U’ still differ at two level-1 subtrees and we do not get an element of Rl(unique).

e If we apply Procedure o to Sy at leaf j, where 2 < j < (n—1)w+1—(n—1), the number
of leaves within the first level-1 subtree increases by n — 1 in T. In U, the number of
leaves on the second level-1 subtree will increase by n — 1. We will (again) call these
new trees 7" and U’ respectively. Thus the number of leaves in the first level-1 subtree
of the resulting tree 7" will still exceed the number of leaves in the first level-1 subtree
of U’. Since the second level-1 subtree has not been changed in T', the second level-1
subtree in 7" still will not have as many leaves as the second level-1 subtree in U’. Thus

T" and U’ still differ at two level-1 subtrees and we do not get an element of Rgunique).

e If we apply Procedure o to Sy at leaf (n — 1)w + 1 — (n — 1) + 1 (the second level-1
vertex of T'; a descendant of the second level-1 vertex of U), the number of leaves in

the second level-1 subtree increases by n — 1 in both 7" and U, but the first level-1
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subtree will be unchanged. Thus the two trees still differ at two level-1 subtrees and

the sequence produced is not an element of Rﬁ“niq“ef

e If we apply Procedure o to Sy at leaf j, where (n—1)w+1—(n—1)+2 < j < (n—1)w—+1,
the first two level-1 subtrees are unchanged in both 7" and U (thus they are different

for both trees). The sequence produced is not an element of R{"™

This covers all possibilities for applying Procedure o to Sy, so we must conclude that the

unique)

only way to generate an element of Rg is to apply Procedure 7 to Sy. Thus R§2) = E(lo)
and Rl(unique) c R—l(lo).

Inductive step: Firstly notice in the base case that no matter where we apply Procedure
o to, the difference between the number of leaves within the first subtree of 77 and the first
level-1 subtree of U’ will always be equal to the difference between the number of leaves
within the second level-1 subtree of U’ and the second subtree of 7. In Sy this difference is
equal to (n — 1)w + 1 — (n — 1) — 1. Depending on where we apply Procedure o the four
possibilities are (respectively): increase the number of leaves by n — 1 within the first level-1
subtree in both T" and U, increase the number of leaves by n—1 within the first level-1 subtree
of T and the second level-1 subtree of U, increase the number of leaves by n — 1 within the
second level-1 subtree in both 7" and U, or increase the number of leaves in a different level-1
subtree and leave the first two unchanged in both 7" and U. Either both differences remain
unchanged, or both increase by n — 1. For the inductive step then, we will take S € R,,, and
S ¢ RY™M) for some m > 0. We will also assume that S has two trees T and U satisfying

the following properties (where x, y, and a are arbitrary natural numbers):

T U
1st level-1 | 2nd level-1 | 1st level-1 | 2nd level-1
subtree subtree subtree subtree
Number of | x y—a r—a Y
leaves
z+1 to r—a+1 to
Leaf range 1tox 1tox—a
T+y—a T+y—a
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We have defined a to be the difference between the number of leaves within the first subtree
of T and the first level-1 subtree of U. We will use 77 and U’ to denote T and U after

Procedure o has been applied. Note that, as explained above, every element of R; that is

unique

not an element of Rg ) will have two trees that have these properties. Thus if we can

prove that no application of Procedure o to S produces an element of Rf;;f?ue), and that the
difference between the number of leaves within the first subtree of 7" and the first level-1
subtree of U’ will always be equal to the difference between the number of leaves within the
second level-1 subtree of U" and the second subtree of 7", it will follow by induction that for

all values of i Procedure 7 must be applied at least once to generate an element of Rg‘miq“e).

Notice that in both 7" and U, the total number of leaves in the first two level-1 subtrees

is x4y —a. If we apply Procedure ¢ to S at one of the first x — a leaves, we get the following

table:
T U’

1st level-1 | 2nd level-1 | 1st level-1 | 2nd level-1

subtree subtree subtree subtree
Number of | x+n—1 y—a r—a+n—1 Y
leaves

z+n to 1 to r—a+n to
Leaf range 1 to z4+n—1
r+n+y—a—1 r—a+n—1 r—a+y+n—1

Thus the number of leaves in the first level-1 subtree of the resulting tree 7" will still
exceed the number of leaves in the first level-1 subtree of U’. Since the second level-1 subtree
has not been changed in either tree, the second level-1 subtree in 7" still will not have as
many leaves as the second level-1 subtree in U’. Thus the two trees again differ at two level-1
subtrees — we simply replace x with x +n — 1. Furthermore, the difference between the
number of leaves within the first subtree of 7" and the first level-1 subtree of U’ is equal to
the difference between the number of leaves within the second level-1 subtree of U’ and the
second subtree of 7" (both are equal to a), as required.

If we instead apply Procedure o to S at leaf j, where v —a+ 1 < j < z, we get the

following;:
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T U’

1st level-1 | 2nd level-1 | 1st level-1 | 2nd level-1

subtree subtree subtree subtree
Number of | z+n—1 y—a r—a y+n—1
leaves

z+n to r—a+1 to
Leaf range 1to z+n—1 1 to z—a
r+y—a+n—1 r+y—a+n—1

Thus the number of leaves in the first level-1 subtree of the resulting tree 7" will still exceed
the number of leaves in the first level-1 subtree of U’. Likewise the number of leaves in the
second level-1 subtree of the resulting tree U’ will still exceed the number of leaves in the
second level-1 subtree of T”. The two trees again differ at two level-1 subtrees — we simply
replace a with a +n — 1. Furthermore, the difference between the number of leaves within
the first subtree of 7" and the first level-1 subtree of U’ is equal to the difference between the
number of leaves within the second level-1 subtree of U’" and the second subtree of 7" (both
are equal to a +n — 1), as required.

If we instead apply Procedure o to S at leaf j, where x +1 < j <z 4+ y — a, we get the

following;:
T U’

1st level-1 | 2nd level-1 | 1st level-1 | 2nd level-1

subtree subtree subtree subtree
Number of |z y—a+n—1 r—a y+n—1
leaves

z+1 to r—a+1 to
Leaf range 1tox 1toz—a
r+y—a+n—1 r+y—a+n—1

Thus the number of leaves in the second level-1 subtree of the resulting tree U’ will still
exceed the number of leaves in the second level-1 subtree of T”. Since the first level-1 subtree
has not been changed in either tree, the first level-1 subtree in U’ still will not have as many
leaves as the first level-1 subtree in 7”. Thus the two trees again differ at two level-1 subtrees

— we simply replace y with y +n — 1. Furthermore, the difference between the number of
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leaves within the first subtree of 7" and the first level-1 subtree of U’ is equal to the difference
between the number of leaves within the second level-1 subtree of U’ and the second subtree
of T" (both are equal to a), as required.

Applying Procedure o to S at leaf j, where 7 > x 4+ y — a, does not add leaves to either
the first or the second level-1 subtree. Thus 7" and U’ still differ at two different subtrees,
and the difference between the number of leaves within the first level-1 subtree of 7" and the
first level-1 subtree of U’ is the same as the difference between the number of leaves within
the second level-1 subtree of U’ and the second level-1 subtree of 7".

This covers all possibilities for applying Procedure ¢ to S. Combined with the base case,
it follows that repeated applications of Procedure o to Sy cannot produce an element of

R(unique) . 0

Combining these two lemmas, we obtain:
ops - (1o)  (unique)
Proposition 3.3.4. R,7 " = R, .

Two major consequences immediately follow from this result. The first will be used to
develop our partition of R; and the recurrence relation that will be introduced in the next

section.

Corollary 3.3.5. For each element S € E(lo) there exists a unique ordered triple (j, F, Sk),

where:
e 1<j<n.
e 0<k<i-—1.
o 7, is the rightmost T in any word representation of S.
e F is a plane forest with n — 1 complete n-ary trees and a total of k internal nodes.
e S. € Ri_j_1.

Because each element of E(lo) has a specified value of k, we can partition E(lo) based on
this value. There are i possible values k can take, so such a partition will divide E(lo) mto 1

mutually exclusive subsets.
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Proof. By Proposition an element of R; will be an element of E(lo) if and only if it’s

unique) i at is, a j-unique sequence for some value of j. This j-value

an element of Rz(
will be the last application of Procedure 7 and therefore 7; must be the rightmost 7 in any
word representation of S. We construct the plane forest F by considering (without loss of
generality) the first tree in .S, which we will call 7;. We remove the unique level-1 subtree
from T (i.e. the jth) as well as the root and all edges joining the root to a level-1 vertex.
This results in the plane forest Fj. Note that because S is j-unique, the same forest results
regardless of which tree in S is used to generate it. The subscript £ denotes the number
of internal nodes in the forest. Equivalently, k is the total number of internal nodes in the
common level-1 subtrees of T} or the number of ¢’s to the right of 7; in a word representation
of S where 7; is as far to the right as possible. We will denote this word representation by
W. S} is defined to be the sequence of unique level-1 subtrees, one from each tree in S. More
precisely, given 1 < m < [, the mth tree in Sy will be the unique level-1 subtree of the mth
tree in S. Because W is of length ¢ and there are k o’s to the right of 7;, the first i — k — 1

letters of W are a word representation of S. Therefore S, € R;_,_1. O
Corollary can be understood more easily through an example.

Example 3.3.3. Suppose w = n = 2 and ¢ = 4. Consider the sequence S € R4 given in
Figure[3.8 We can see that the first (leftmost) level-1 subtree is the same for both trees in the
sequence, but the second (rightmost) differs. Thus S is a 2-unique sequence, S € Riumque),
and S € E(lo). We can conclude that the last application of Procedure 7 was at the second
leaf (so the rightmost 7 in any word representation of S would be 75). The common level-1
subtree (the first) has a total of two internal nodes, so a word representation of S with 7, as
far to the right as possible will end in moo (in this case, it would end with mo103). Since

there is only one common level-1 subtree, the forest F» consists of only one tree (the leftmost

level-1 subtree in either tree in .S).
We will next define a partition of R; based on Corollary [3.3.5]

Definition 3.3.4. We have already defined RZOO) and E(lo), the latter being equivalent to

R("™9%) W will use the notation RM™®® (where 0 < k < i — 1) to denote the subset of
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Figure 3.8: Example m

R<unique) in which the common level-1 subtrees have a total of k£ internal nodes. Thus the sets

()
lo unique, 0 unique, 1 unique, 2 unique, i—1
R( )’ Rz( q )’ Rz( q )7 R( q ) e Rz( q

i ; , ) will be a partition of R;.
Our next corollary will ultimately help us develop an algorithm for directly generating R;

(that is, without generating duplicate elements).

Corollary 3.3.6. For each element S € R; there exists a unique ordered pair (s, F'), where
s is a sequence of T’s of length L, (where 0 < L. <) and F is a plane forest of 1 +w(n —

1)+ L.(n — 1) complete n-ary trees with a total of i — L, internal nodes.

Proof. As in the proof for Corollary we can tell whether or not Procedure 7 has ever
been used to generate S. If indeed S € E(lo), then there exists j; (as in the statement of
Corollary such that S is a ji;-unique sequence. 7; will be the rightmost 7 in any word
representation of S.

From S we will form a new sequence of trees, denoted by S, that consists of the unique
level-1 subtrees of each tree in S. Sy is necessarily an element of Rj for some k > 0. If
Sy € R_k(lo), then Corollary applies again and there exists js such that the joth level-1
subtree is the unique one and 7j, is the rightmost 7 in any word representation of Sy. We
can form a new sequence of trees denoted by S5, that consists of the unique level-1 subtrees

of each tree in S, and repeat the process until we get a sequence of trees S,,; such that
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Sii1 € Rfﬁo) for some m > 0. Thus any word representation of S will have x 7’s, with their
subscripts determined by where Procedure 7 was applied. In the case where S € R&O), we
have x = 0 so the sequence of 7’s is empty. Thus L, = x.

From Lemma [3.1.3] there exists a word representation of S in which all of the 7’s are at
the beginning. Given this sequence of 7’s (which will be empty if L, = 0 and S € RZOO)),
we obtain the forest as follows. We first apply the 7 sequence to the sole element of Ry to
obtain a sequence of trees, which we will call S (if L; = 0 then S=25 ). We will denote
these sequences by S = (13,15, ...,T;,) and S = (fl,fg, o ,T}w) For a tree T, in S (where
1 < p <), the corresponding tree T;, in S is a plane subtree of 7, with the same root
as T,. Hence corresponding to each leaf vertex v of ’fp there will be a subtree of T}, whose
root is v - call this subtree 7,,(v). Labelling the leaves of fp lexicographically and according
to their position in the plane (the way we would with a pre-order depth-first labelling), we
obtain a corresponding sequence of trees T,,(v1), T, (v2), ..., Tp(ver,)). This is the required
plane forest. Note that the subtrees T),(v) must have resulted from applications of Procedure

o (since they are not part of fp) and hence every tree in S yields the same forest.

This will again be made more clear with an example.

Example 3.3.5. Suppose w = n = 2 and ¢ = 4. Consider the sequence S € R4 given in
Figure [3.91 We will determine the sequence of 7’s that any given word representation of S

will have.

1. We first note that the first (leftmost) level-1 subtree is the same for both trees in S.
Thus we conclude that the last (rightmost) 7 is 75, since the unique level-1 subtree is

the second.

2. We next take the second level-1 subtree from each tree in S and form the new sequence
Sy (Figure [3.10). We see that the second (rightmost) level-1 subtree is the same for

both trees in Sy, so the second last 7 is 7 as the unique level-1 subtree is the first.

3. We take the first level-1 subtree from each tree in S, and form the new sequence S

(Figure[3.11)). We see that the first level-1 subtree in the first tree of S is not the same
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as the first level-1 subtree in the second tree of S5. Likewise the second level-1 subtree
in the first tree of S3 is not the same as the second level-1 subtree in the second tree
of Sy. Thus S ¢ Ry * for any k > 0 (in this case S5 € Ry but S ¢ R, ), which is
empty).
Thus every word representation of S will contain a 7 somewhere in the word, with a 7
somewhere to the right of the 7.

For the forest F', we compare the original sequence of trees S with the sequence S , which
we obtain by applying the 7 sequence to the sole element of Ry (Figure . Without loss
of generality we compare the first tree in S (denoted by T}) with the first tree in S (denoted
by YN}) Each leaf of T} corresponds to the root of a subtree of T} (Figure . F' consists of

these subtrees. Since ﬁ has five leaves, F' will consist of the following five trees:

1. A binary tree with two internal nodes (the root and its right child). This corresponds to
leaves 1, 2, and 3 in 77 (and the two internal nodes along the shortest path connecting

these three leaf vertices).
2. A single vertex. This corresponds to leaf 4 in 7.
3. A single vertex. This corresponds to leaf 5 in T7.
4. A single vertex. This corresponds to leaf 6 in Tj.
5. A single vertex. This corresponds to leaf 7 in T7.
Note that F' will be the same if we use T, and fg instead of T.

To provide an example of the partitioning strategy, we will use it to enumerate the

elements of Rs.

3.3.2 Enumerating the elements of Rs

By Definition we can partition Ry into 2 + 1 = 3 different classes:

1. Elements of RS‘”. Every word representation consists of two ¢’s. This can be broken

up into two sub-cases:
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Figure 3.9: Example , step 1.

(a) Starting from the sole element Ry, choose a pair of leaves on each tree (ie the first

and third leaf on every tree in the original sequence) and apply Procedure o at

1+w(n—1)

5 ) elements of this type.

both of these leaves. There are (

(b) Starting from the sole element of Ry, apply Procedure o at leaf j (1 < j <
14+ w(n —1)). Then apply Procedure o to one of the new leaves generated in the

first step (leaves j through j +mn —1). There are [1 + w(n — 1)]n elements of this

type.

2. Elements of R{™? (equivalent to RY). By Proposition [3.3.1, |R{?| = n|Ry| =
n[l 4+ w(n —1)] +n?. These elements of Ry have a word representation that ends with

a T.

. Elements of Réunique’l). That is, the word representation has exactly one 7 and the
common level-1 subtrees have one internal node between them (so one of them has
an internal node, while the other n — 2 common level-1 subtrees are just leaf nodes).
The word representation will be of the form 705, where 1 < 57 < n and k < j or
k > j+ w(n —1). There are n(n — 1) possible ways to perform this sequence of

procedures.
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4 4
3 1
1 2 2 3

Figure 3.10: Example , step 2.

A 1%
1 2 2 3

Figure 3.11: Example , step 3.

Summing these terms, we get n[1+w(n—1)]+n%+n(n—1)+ (""0) +n[l+w(n-1)],

(n—1)(w+2)4+2+1

) ) through expansions. This is the value

which can be shown to be equal to (

predicted by Main Theorem [2

3.4 Enumerating the elements of R;

Definition allows us to partition R; into 7 + 1 mutually exclusive classes. We will use
this partition to set up a recurrence relation for enumerating the elements of R;. For the

enumeration, we will need to set up two bijections: one for E(lo), and one for R§1°).

Proposition 3.4.1. Let k be a fized integer (where 0 < k <i—1) and let 7;(@ be the set of
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T4T2

Figure 3.12: Example[3.3.5[ S.

ordered triples (j, Fi, Sk), where:

e 1<j<n.
o 7, is the rightmost T in any word representation of S.

e [} is a plane forest with n — 1 complete n-ary trees and a total of k internal nodes.

o S, € Rij1.
Then there is a bijection between 7;(k) and Rz(umq“ev k).

Proof. By Corollary [3.3.5] for every element of Rgunique’ ") there exists a unique element of
ﬁ(k). Thus to show a bijection, we must show that for each element of ﬁ(k) there exists a

unique, k)

unique element of RE . Given (j, Fy, Sr) we begin by applying Procedure 7 to Sy at
leaf j. This gives us an element of Rz@k, which we will denote by S;. We can write a word
representation of this sequence by writing 7; at the end of any word representation of Sj.
We will use F, to extend this word so that we get an element of R " First, we draw
a forest of n — 1 single-node trees which we will denote by F}. We then label the first j — 1
leaf vertices in F} sequentially from left to right. For leaf vertices j through n, we assign the
labels (i — k) — (n — j) through ¢(i — k) (this matches the level-1 leaves in the sequence of

trees S},). We then apply the following recursive algorithm:
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1. Simultaneously traverse both F} and F} through pre-order depth-first traversal, starting
from the leftmost tree and moving rightward, until we reach a vertex which is a leaf
node in F but an internal node in Fj. Suppose this is the mth leaf node in F;. We
replace this leaf node with the basic n-ary tree. We write o, at the end of the word
(since this represents an application of Procedure o, then add n — 1 to the labels of
all leaves in F’ with labels greater than m. The leaves of the basic tree that were just

added are labelled m through m +n — 1.

(unique, k)
i .

2. Repeat step 1 until F] = Fj. The final word will represent an element of R

O

This result allows us to use the multiplication rule to enumerate the elements of Rgunique’ ")

proving the following:
Proposition 3.4.2. |R"™ "% | = n F(k,n — 1:n) |Ri_s_1).

The following bijection will build on Corollary [3.3.6, It will allow us to enumerate the

elements of R{".

Proposition 3.4.3. Let P; be the set of ordered pairs (s, F'), where s is a sequence of T7’s of
length L, (where 0 < L, <) and F is a plane forest of 1 + (w + L;)(n — 1) complete n-ary

trees with a total of i — L, internal nodes. Then there is a bijection between P; and R;.

Proof. By Corollary for every element of R; there exists a unique element of P;. Thus
to show a bijection, we must show that for each element of P; there exists a unique element of
R;. Given (s, F') we first apply the sequence of iterations of Procedure 7 given in s to the sole
element of Ry. We will call this sequence of trees S. Each tree in S has 1+ (w + L,)(n — 1)
leaves. We will use F' to extend s so we get a word representation of an element of R;. First,
we draw a forest of 1+ (w+ L;)(n — 1) single-node trees which we will denote by F”. Then,

we follow this recursive algorithm:

1. Label the leaf nodes of F’ through pre-order depth-first traversal starting from the

leftmost tree and moving rightward.
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2. Simultaneously traverse both F' and F” through pre-order depth-first traversal, starting
from the leftmost tree and moving rightward, until we reach a vertex which is a leaf
node in F’ but an internal node in F. Suppose this is the mth leaf node in F’. We
replace this leaf node with the basic n-ary tree. We write o, at the end of the word,

then go back to the previous step.

Once F = F’, the algorithm ends and we have a word representation of an element of R;

corresponding to F'. Thus there is a bijection between P; and R;. O]
This result proves the following:
Proposition 3.4.4. |R"”| = F(i,1 4+ w(n — 1);n).

Combining Proposition with Proposition we get the following recurrence rela-

tion:

Proposition 3.4.5. |Ry| = 1. Fori >0, the following equation holds:

i—1
[Bel = B+ 3R
k=0

i—1
=F(i,1+w(n—1)in)+ Y _n|Ri_y|F(k,n - 1;n)
k=0

l+wn—-1) [(ni+1+w(n—1) +§n|R | n—1 nk+n—1
' — Tk 4+ '

T nitl+wn—1) i —1 k
(3.2)
Note that the initial condition (|Ry| = 1) implies that any solution to this recurrence
relation must be unique. This immediately follows by induction on ¢. So if the conjectured

value of |R;| satisfies the recurrence relation, Main Theorem 2] is proven automatically. We

will show this using the Hagen-Rothe identity (Lemma [2.4.1]).

Proposition 3.4.6. The conjectured value of |R;| satisfies the recurrence relation in Propo-
sition [3.4.9

Proof. From Main Theorem |R;| = (”(“’”)i(”*l)ﬂ) = (=) Substituting this into
the right side of 3.2}

I4w(n—1) (ni+14+w(n—1) - n—1 (nk+n—1
Ry | ———
ni—|—1+w(n—1)( i +I§”| ey G
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I+w(n—1) (ni+1+w(n—1))+n§(wn—i—m—nk:—n—w—i—l) n—1 (nk—i—n—l)

ni+1+w(n—1) i — i—k—1 nk+n—1 k

_ I+w(n—1) (ni+l4+w(n—-1) ”Z n—1 (nk+n—1\ [wn+in—nk—n—w+1
it l4w(n—1) j nk+n—1 k i—k—1
 IH4w(n—1) ni+1+w(n—1) N (n—1)+(wn+in—n—w+1)

nit1+w(n—1) i " i1

(by Lemma2.4.1|with L=i—1,p=n—1,¢g=n,and r =wn+in —n—w+ 1)

1+w(n—1) (m—i—l—i—wn 1)+ (wn—l—m w))
= n

ni+1+w(n—1)

_ I+w(n—1) m—l—l—l—w (n—1) n(wn+in—w)!
~ nit+1l+w(n—1 < )+ M(wn+in—w—i+1)!
_ I+w(n—1) m—|—1+w (n—1) n(wn-+in—w)! i (wn4in—w+1)
~ nitl+w(n—1) < >+ Dl (wn+in—w—i+1)! i (wntin—w-+1)
_ 14w(n-1) m—|—1+w (n—1) ni(wn+in—w-+1)!
"~ nitl+w(n—1) < )+ l(wn+in—w—i+1)!(wn+in—w+1)
 I+w(n—1) m+1+w (n—1) ni+1+w(n—1)
~ nitl4w(n—1) < >+wn+m w+1< { )

I4+w(n—1) m—l—1+w (n—1) ni+1+w(n—1)
- ni+14+w(n—1) ( >+m—|—1+w(n—1) ( i >

(m+1+w n— 1)) 1+w(n 1)+ni (m’—l—l—i—w(n—l))'

ni+1+w(n—1) i

Thus Main Theorem [2 holds for all w > 1. OJ

3.5 An algorithm for generating R;

We will end this chapter by using Proposition to derive an alternate fomula for |R;|.
This formula will provide a straightforward algorithm for generating R; for a given value of
1. We will show that the formula satisfies the recurrence relation in Proposition which
proves that it’s equivalent to the conjectured value of |R;|.

Firstly we know from Corollary that given an element S € R;, the sequence of 7’s

will be the same for every word representation for that element. This sequence can be moved
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to the beginning of a word representation of S. Secondly we know from Proposition [3.4.3
that there is a bijection between R; and the set of ordered pairs of the form (s, F'), where s is
a sequence of 7’s of length L (where 0 < L <) and F is a plane forest of 1+ (w+ L;)(n—1)
complete n-ary trees with a total of ¢ — L. internal nodes.

Thus each element S € R; consists of two components, each of which can easily be

generated:

1. A sequence of 7’s of length L, where 0 < L <. This corresponds to L applications of

Procedure 7.

2. A plane forest of 1 4+ (w+ L)(n — 1) complete n-ary trees with a total of ¢ — L internal

nodes (for some 0 < L < i).
Thus we have the following result:

Theorem 3.5.1. .
|Ri| =Y F(i— L1+ (w+ L)(n - 1);n)n".

L=0

We will lastly verify that this formula for |R;| satisfies the recurrence relation given in

Proposition [3.4.5

Proposition 3.5.2. The formula for |R;| given in Theorem satisfies the recurrence

recurrence relation given in Proposition|5.4.5.

Proof. For v = 0, we have:
0
[Ri| =Y F(0—L,1+ (w+L)(n—1);in)n" = F(0,1+ w(n — 1);n)n’ = 1.
L=0

Thus the initial condition holds. For ¢ > 0,

i—1
|R;| = F(i, 1+w(n—1);n)+ Z n|Ri_j_1|F(k,n—1;n)
k=0

= F(i,14+w(n—1);n)+ lz_: n- 1_25 F(i—k—1—L,1+(w+L)(n—1);n)n*F(k,n—1;n)

k=0 L=0
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S
|
—_
.
|
ko
|
—

= F(i, 14+w(n—1);n)+ F(i—k—1—L, 14+(w+L)(n—1);n)n* ™ F(k,n—1;n)

|~
g

S
Iy

<.
I
—

= F(i,14w(n—1);n)+ F(i—k—1—L,14+(w+L)(n—1);n)n*  F(k,n—1;n)

(]

I~
&
o

<.
|
—

&R
Iy

= F(i, 14+w(n—1);n)+ F(i—k—1—L,14+(w+L)(n—1);n)n* ™ F(k,n—1;n)

(]

L=0 k=0
i—1 i—L—1
= F(i, 14w(n—1);n)+ Z nttt Z F(i—L—1-k,1+(w+L)(n—1);n)F(k,n—1;n)
L=0 k=0
i—1

= F(i, 1+w(n—1);n)+ Y n"F(i—(L+1), 1+(w+L+1)(n—1);n)

i
(en)

(combining the two forests with a fixed number of total internal nodes into a single forest)

= F(i,14+w(n—1);n)+ zz: n*F(i—L, 1+(w+L)(n—1);n)
= Z n*F(i—L,1+(w+L)(n—1);n)

L=0
This is the formula for |R;| given in Theorem [3.5.1] O

3.6 Summary

We developed properties of Procedure ¢ and Procedure 7 that allowed us to partition R; into
1+ 1 mutually exclusive subsets. We used the properties of forests to enumerate these subsets
and develop a recurrence relation for |R;|. We were then able to show that the conjectured
value of |R;| satisfies the recurrence relation, thus proving Main Theorem [2| for the general
case. These properties also helped us to develop an alternative formula for |R;| and an
algorithm for generating elements of R;. We also introduced new notation for Procedure o
and Procedure 7 that will allow us to write elements of R; in a more compact way. This
notation will be particularly useful in the following chapter, in which we will provide an

additional proof for Main Theorem [2| using the occupancy problem.
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CHAPTER 4
REPHRASING ELEMENTS OF R; AS WORDS: AN AD-

DITIONAL PROOF OF MAIN THEOREM

In this chapter, we will demonstrate an additional proof of Main Theorem [2| It will again
be assumed throughout that, unless otherwise stated, n and w are fixed constants (with
n > 1) so we have fixed Ry = {(X1, X2, X3,...,X;,)}. As such, the definitions that follow
will be dependent on the values of n and w. Recall from Section [3.1 each element of R;
can be defined as a sequence of procedures, which can then be denoted as a word over the
alphabet A; = {71,72,73,...,Tp,01,02,03,...,005-1)}, Where £(i — 1) is the number of leaves
that every tree in an element of R; has (see Definition EI Since n and w are fixed, we
have fixed Ry = {(X1, Xo, X3,...,X;,)}. Enumerating the elements of R;, then, becomes a
matter of finding the number of (non-redundant) words that represent elements of R;. The
method we present will be original. However some standard results, as well as material from
the previous chapter, will be applied where necessary. To eliminate redundant words, we will
define a standard form for valid words over A;. We will then develop a bijection from the set
of standard-form valid words to another set, one that can easily be enumerated through the
occupancy problem. The proof in this chapter will also lead to a straightforward algorithm

for generating R;.

4.1 Equivalent words and standard form

Recall from Definition in Section that a word is said to be A;-valid (hereafter

valid) if it represents an element of R;. We used the set V(A;) to represent all valid words.

! Adapted from unpublished paper by Nick Beaton.
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Recall that a 7 can be placed anywhere in a valid word, but we can place o; at position & if

and only if j < ¢(k —1). In Lemmas |3.1.2] and [3.1.3) we proved some properties related to

equivalent words over A; - that is, words that represent the same element of R;.

To enumerate R;, then, we must enumerate the valid words of length i (over A;) while
eliminating words that are redundant (that is, equivalent to one another). We will do this
by defining a standard form of words over A;. This will naturally lead to an enumeration
problem on valid words in standard form, which will be of equal cardinality to R;. We will

solve this problem by constructing a bijection to a set of words that is easier to enumerate.

Definition 4.1.1. A word of length i over A; is said to be in standard form if the 7’s are
written before the o’s, and the indices on the ¢’s are written in non-decreasing order. We

denote the set of all such words by S(A4;).

Remark 4.1.1. Standard form does not require the 7’s to be in any particular order, and
Figure illustrates that 775 # m7. Furthermore, a word in standard form is not neces-

sarily valid. 7050506 is in standard form, but is not valid for n = w = 2.

1 1
5 5
5 5
1 1
4 2
2 2
2 3 3 4 2 3 3 4

T4T2 T:T,

Figure 4.1: 775 # 11y (n =2, w = 2).

Definition 4.1.2. SV(4;) = S(A;) NV (A,;).

We will now show that there is a bijection between SV (A4;) and R;.

2Figures created with Draw.io, https://www.draw.io/.
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Lemma 4.1.1 (Surjection). Let W € V(4;). Then, there exists a word W' such that W' €
S(A;) and W = W',

Proof. We can apply Lemma [3.1.3|repeatedly so that all of the 7’s are before the ¢’s. Lemma
[3.1.2) can then be applied to rearrange the o’s so that their subscripts are in non-decreasing
order. ]

Thus every element of R; has at least one word representation that is in standard form.

Lemma 4.1.2 (Injection). Let W € SV(A;). Then, no other word over A; can be both

equivalent to W and in standard form.

Proof. Corollary implies that any standard-form word equivalent to W must begin with
the same sequence of 7’s. To construct the sequence of trees represented by W, Procedure 7
(Procedure is first performed as indicated by the 7’s.

Note that the leaves of the trees in any given element of R; are labelled through pre-order
depth-first traversal (Definition [2.1.2). When Procedure o (Procedure [L.2.1]) is applied at
a given leaf, that leaf becomes an internal node and the labels on subsequent leaves are
increased by n — 1. When the subscripts on the ¢’s are in non-decreasing order (as in a
standard-form word), this therefore implies that the trees are constructed and traversed in
the same way (pre-order depth-first traversal) as we apply Procedure o according to the o’s in
W. Since a tree has only one pre-order depth-first traversal, there must be only one sequence
of ¢’s in increasing order that can correspond to that element and therefore no word can be

both equivalent to W and in standard form. O

Thus every element of R; has exactly one standard form word representation. This one-

to-one correspondence gives the following result.
Proposition 4.1.3. |SV(4;)| = |R,|.

We have now reframed the problem of enumerating elements of R; (sequences of trees)
to a problem of enumerating words, now that we have a well-defined set SV (A;) which is of

equal cardinality to R;. We will next describe a strategy for enumerating the elements of

SV(A,).
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4.2 A strategy for enumerating the elements of SV (4;)

A method for direct enumeration of the elements of SV(A4;) is not immediately obvious.
However, it is possible to set up a bijection between SV (A;) and a set of words that is much

easier to enumerate.

Definition 4.2.1. Let U(A;) be the set of elements of S(4;), with the additional condition

that the indices on the 7’s are in non-decreasing order.

U(A;) excludes some elements of SV(A;) (727 where ¢ = 2, for example). However there
are elements of U(A;) that are not in SV(A4;), as there is no requirement for the words
in U(4;) to be valid. If we set n = i = w = 2 for instance, we get o404 € U(A;) but
o404 ¢ SV (A;) . Equivalently, the following four conditions define SV (A4;) and U(A4;):

1. 0; can only be placed at the kth position if j < ¢(k —1).
2. All of the 7’s occur before the o’s.
3. The indices on the ¢’s are in non-decreasing order.

4. The indices on the 7’s are in non-decreasing order.

Conditions 1-3 define SV (A4;), while conditions 2-4 define U(4;).
We will first show that |U(A;)| is the conjectured value of |R;|. We will then establish a
bijection between U(A;) and SV (A4;).

4.2.1 Enumerating the elements of U(4;): the occupancy problem

Notice that conditions 2-4 imply that calculating |U(A;)| is equivalent to finding the number
of words of length i over an alphabet of size |A;| with the only restriction that the letters
must be arranged in alphabetical order. Thus the only information we need to construct a
word is the number of each type of letter. This can be modelled as an occupancy problem,
the combinatorial problem of determining the number of ways in which a given number of
balls can be sorted into a given number of bins. There are many variants of the occupancy

problem - the balls and the bins may be identical or distinguishable, and empty bins may or
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may not be allowed [I7]. Calculating |U(A;)| is equivalent to the version in which bins are
distinguishable but balls are not. Empty bins are allowed, and there are no other constraints.
The length of the word (i) is the number of balls, and each letter type corresponds to a bin.
Thus there are |A;| total bins. The solution to this occupancy problem is a standard result

[17], though its proof will be reviewed here for the sake of completeness.

Proposition 4.2.1 ([I7]). There are (H‘f;""_l) ways to sort i indistinguishable balls into | A,

distinguishable bins.

Proof. We can represent each possibility by using a dot to represent each ball and a vertical
line to represent each boundary between two bins [I7]. For example if we have i = 2, |A;| = 3,

the possible sortings are as given in Table [4. 1}

Representation Description
oo Both balls in first bin.
oo One ball in first bin, one ball in second bin.
o||e One ball in first bin, one ball in third bin.
| oo Both balls in second bin.
| oo One ball in second bin, one ball in third bin.
||oe Both balls in third bin.

Table 4.1: Occupancy problem for i = 2, |A;| =3

If there are |A;| bins in total, there must be |A;| — 1 vertical lines between bins. So the
number of possible sortings is the number of arrangements of ¢ dots and |A;| — 1 vertical lines.
Thus we have a word of length i + |A;| — 1, and we must choose i positions to be occupied

by dots. There are (HV?'*I) ways in which to do this. O

Since |A;| =n+ 1+ (w+i—1)(n—1),

S| = <i+|4z|—1> _ (z’+n+1—|—(w+-z'—1)(n_1)_1>

1 1

3This example isn’t actually possible in the context of words over A;, as it would imply that n < 2 or

w < 2. However, it still works to illustrate this case of the occupancy problem.
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B (i+n+1+(w+i)(n—1)—n+1—1) ((w—i—z’)(n—l)—l—z’—l—l).

i 1
This is exactly the value conjectured for |R;|. Thus showing that |[SV(A;)| = |U(A4;)]| is
enough to prove Main Theorem [2] We will prove this by constructing a bijection between

the two sets.

4.3 Proving that |SV(A;)| = |U(A;)|

We will construct a bijection f : SV (A;) — U(A;). We can partition SV (A;) UU(A;) into
three subsets: SV (A;)NU(A;), SV(A)\U(A;), and U(A;)\SV(A4;). To simplify the notation

we introduce the following definitions.

Definition 4.3.1. We will define SV'(4;) = SV (A;)\U(A4;) and U'(4;) = U(A;)\SV(A;).
That is: SV'(A;) C SV (A;), SV'(A)NU(A;) =0, U(A;) C UA), U(A)NSV(A4;) =10,
and SV'(A;) UU'(A;) U (SV(A) NU(A;)) = SV(A)UU(A).

We will naturally define f so that any element of SV (A;) NU(A;) is mapped to itself.
Next, we must find a way to map each element of SV'(A;) to a unique element of U’'(A4;).
This will involve the 7 sequence at the beginning of the word, which we will define more
formally in the following section along with other key terms related to SV'(A4;) and U'(A4;).
Roughly speaking, sequences of 7’s that are not in non-decreasing order are sent to blocks of
o’s that result in an invalid word. This is illustrated in Figure and full details are given

in the following two sections.

f
T1T2TTaTe T T3T2T 1 1212016020027 030 —* T1T2T2015018018018020025025027 025 029029030

\ \ - o r
Y \ P - ~
\\ \ g 7 —
\ Y // - o
\ Y - - -
, , e -
RN -~ T
™ A T -
~ T e _ __;_J-""'--

Figure 4.2: Mapping SV'(A;) — U'(4;)
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4.3.1 Prefixes and the tier of a letter

Definition 4.3.2. A simple prefix is defined to be a sequence of 7’s of any length L > 1
satisfying the condition that the indices on the first L — 1 7’s are in non-decreasing order,
but the index on the Lth 7 is less than the index on the (L — 1)th 7. A compound prefix

is a sequence of two or more simple prefixes.

A standard-form word over A; must either begin with a compound prefix, begin with a
simple prefix, or have no prefix. To avoid confusion we will say that a word begins with a
simple prefix only if the remainder of the word does not have any other prefixes - that is the
original word did not begin with a compound prefix (even though a word beginning with a
compound prefix technically does begin with a simple prefix, as a compound prefix consists
of two or more simple prefixes in sequence).

Note that a word in SV (A;) without a prefix must have either no 7’s or its 7’s will be in
non-decreasing order, so it will be an element of SV (A;) N U(A;). Conversely every word in
SV'(A;) must begin with either a simple prefix (followed either by no 7’s at all or 7’s with
indices in non-decreasing order) or a compound prefix. A word in U(A4;) will have no prefix
by definition, so our objective will be to map each valid word beginning with a simple prefix

to an invalid word without a prefix. Some examples are provided for clarity.

Example 4.3.3. Suppose n = 4, w = 2. The word 1797107 begins with the simple prefix
717971 The word T ToT3T4TyT3ToT1 T1 ToT309 begins with the compound prefix 773747473727

(which consists of the simple prefixes T 7973747473 and 7577).

Example 4.3.4. For n = w = 2 and ¢ = 4, a list of words in SV (A4;) and their prefixes is
given in Table

Definition 4.3.5. The tier of a letter is the earliest possible position at which that letter
can appear in a word. If [ € A;, we denote the tier of [ by #(l).

For any j € {1,2,3,...,n}, t(7;) = 1. As noted in [3.1.1} o; can be placed at the kth
position in a word if and only if 7 < 1+ (w+ k — 1)(n — 1). Solving this inequality for k

gives k > — w + 1. By definition, the tier of any letter must be a positive integer. Thus

t(o;) = max(l,(]—l— w+ 11).
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Word | Prefix | Type of Prefix || Word | Prefix | Type of Prefix
ocooo None N/A 7imiTiT2 | None N/A
TOOO None N/A TITITeT) | T1T1T2T1 Simple

Timioo | None N/A T17172To | None N/A

TITH00 None N/A TIToTITL | TiTeT1 Simple

ToT100 ToT] Simple TIToTI Ty | T1ToTy Simple

ToToOO None N/A TIToToT1 | T1ToTaT1 Simple

im0 | None N/A T1ToToTo | None N/A

7171720 | None N/A ToTITIT ToTi Simple

TIToT1IO | TiT2T1 Simple ToT1T1 Ty ToTy Simple

T1ToT20 | None N/A ToT1ToT1 | ToT1ToTy Compound

ToT1T1O ToT1 Simple ToT1ToT ToT1 Simple

ToT1ToO ToTy Simple ToToTITL | ToToTi Simple

ToToT1IO | ToToTi Simple ToToT1Ty | ToToTi Simple

ToToToo | None N/A ToToToTl | ToToToTl Simple

71771 | None N/A ToToToTa |  None N/A

Table 4.2: List of words in SV (A;) for n =2, w = 2 and i = 4. Note that for letters
with missing subscripts, the prefix and type of prefix are the same regardless of the
subscripts on these letters.

A word will be valid if and only if for every position p occupied by letter [ in the word,
t(l) < p. For any given word in U’(A;), there is a letter [ at some position p such that
t(l) > p. This follows from the definition of U’(4;), as every word in U’(A4;) must be invalid.

The rule we will define for mapping an element of SV’(A;) to U'(A;) will depend on
the prefix the word begins with. Roughly, the 7 sequence that makes up the prefix will be
mapped to sequences of ¢’s with high enough tiers to cause the output word to be invalid.
The other 7’s and ¢’s in the original word are then added to the output word in between

these o’s. This process is illustrated in Figure 4.2]
We begin with words that have simple prefixes.
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4.3.2 Words beginning with simple prefixes

We must develop a rule for mapping each word in SV’(A;) that begins with a simple prefix
(but not a compound prefix) to an element of U'(A;). It becomes more apparent how to
do this after we notice that there is a one-to-one correspondence between simple prefixes of
length L and words of length L in which all of the letters are of the same tier ¢, where ¢
ranges from 2 to L. Note that all of the letters in these words will be ¢’s, as the tier of any
7 is 1, and all must be invalid (as the first letter will be of tier 2 or higher). Our strategy
will be to first map each (valid) simple prefix to one of these (invalid) words. This is given

more precisely in the following definition.

Definition 4.3.6. Let L be a fixed integer, where L > 2. We will denote the set of all simple
prefixes of length L by X. The set of all standard-form words of length L consisting only of
tier ¢ letters (where 2 <t < L+ 1) will be denoted by Y;.

Proposition 4.3.1. |X| = |U, Y| = (L — 1) (F2)

Proof. |\, Yi| is relatively simple to calculate. With the exception of the first tier (which
includes the n 7’s as well as oy through oyun-1)), each tier has exactly n — 1 letters (as
each procedure adds exactly n — 1 new leaves). For example tier 2 consists of T2 4w(n—1)
through 14 (w41)(n—1) and in general, tier ¢ (where ¢ > 1) consists of ooy (uw4t—2)(n—1) through
14+ (w+t—1)(n—1). The only restrictions on a word in Y; are that all letters need to be of
tier ¢ and that the indices on the ¢’s must be in non-decreasing order. So given a tier t > 2,
the number of words is equal to the number of ways in which L indistinguishable balls can

be sorted into n — 1 distinguishable bins (empty bins are allowed). Since 2 < t < L, there

L+n7171) —

are L — 1 possible values for t. Thus the total number of such words is (L — 1)(**";

(L-1)("7).

We can calculate |X|, the number of simple prefixes of length L, by considering each
possible case for the second-last letter in the prefix. Suppose the second-last letter is ;.
Then the first L — 2 letters of the prefix are elements of the set {7, 72,73,...,7;}, and the

indices on the first L — 2 7’'s are in non-decreasing order. The number of possibilities for the

first L — 2 letters of the prefix is equal to the number of ways in which L — 2 indistinguishable
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balls can be sorted into j distinguishable bins (empty bins are allowed). There are also j — 1
possibilities for the last letter of the prefix as it must be a 7 with an index strictly less than
j. Thus if the second-last letter is 7;, there are (" 77" (j — 1) = (/7% (j — 1) prefixes of
length L. Summing over all possible values of j, there are

" (L+35-3\ .
> (5705 )0
7j=2
total prefixes of length L.
Thus we must now prove that the equality
" (L+j—-3)\ . L+n-—2
—1)=(L-1
;(L_Q)o =w-n(*7; 77

holds for all possible combinations of L, n. This is done through induction on n. For

n = 2, the left side becomes

n

Z(LZf;?’)(j—U=ZZI(LZ{;3)(J‘—1)

CLaoo3 ii1 (L—1)!
:(1;4 yQ_D:<L—Q:7L—mw;J—L+®!
(L=1)(L-2)

T (L-2)-1 =L=l

The right side becomes

(L—U(L+Z_2>:(L—U(L+z_2>:(L—D<§>:L—1

So the equality holds for n = 2.

Next, suppose that the equality holds for all n < m for some m > 2. For n = m + 1, the

left-side becomes



L+m—2) L+m—2)
:m((L—Z)!m!) +(L_1)(L!(m—2)!)

(L+m —2)! m L—-1
T m = mm =1 LI =1

(L+m—2)! 1 1
“Z—im-2 w11

(L+m—-2)! L+m-—1 (L+m—1)!

B (L—2)!(m—2)!< L(m—l)) (m — DY(L)(L —2)!
(L+m—1)! L-1 (L+m—-1)NL—-1) L+m-1
T m-DIL(L-2) -1 (m-1)LI :(L_l)( L )

:(L_l)(L+(m2—1)—2) :(L—l)(L+Z_2)

Thus the equality holds for n = m + 1. This proves the proposition for all L, n combina-

tions. O

So we can map each simple prefix of length L to a word of length L composed only of
tier t letters, where 2 < t < L (with indices on the ¢’s in non-decreasing order). It does
not really matter which word we map each prefix to, but the most natural way would be
to list both sets in lexiographical order and simply make a correspondence according to this

ordering. We denote this function by g.

Example 4.3.7. For w = 2, n = 3, the simple prefixes of length 2, 3, and 4 and their
corresponding images are as given in Table [£.3]

For any prefix P, g(P) is not a valid word (as the tier of the first letter is at least 2). We
will next define our function mapping SV'(A;) — U’(A4;) for all elements of SV’(A;) (that is,

valid words in standard form) beginning with a simple prefix.

Definition 4.3.8. Let W € SV’(A;) be a word beginning with a simple prefix. We use the
following procedure to define f(WV):

1. If W is a simple prefix, then f(W) = g(W).
2. Otherwise,

(a) Identify the (simple) prefix of W, hereafter P.
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P 9(P) p 9(P)
T2T1 0606 TIT1T3T2 06060707
T3T1 0607 T1T2T2T1 06070707
T3T2 0707 T1T273T1 07070707
T1T2T1 060606 T1T2T3T2 08080808
T17T3T1 060607 T1T373T1 08080809
T1T3T2 060707 T1T373T2 08080909
T2T2Ty 070707 TaT2T2T1 08090909
T2T3T] 080808 T2T2T3T1 09090909
T2T3T2 080809 T2T273T2 | 010010010010
T3T3T1 080909 T2T373T1 | 010010010011
T3T3T2 090909 T2T373T2 | 010010011011
T1T1T2T1 | 06060606 73737371 | 010011011011
T1T17T371 | 06060607 T37373T2 | 011011011011
Table 4.3: Simple prefixes of length 2, 3, and 4 with their corresponding images for
n=3 w=2.

(b) Write g(P). This will hereafter be called the “translated prefix”. All letters in the

translated prefix will be of the same tier (between 2 and L).

(¢) Read the remainder of W from left to right. Take the first letter that has not yet
been read. This will be called .

1.

11.

If ¢(1) exceeds the tier of the translated prefix, write [ at the end of the word.
This ensures [ stays in the word, the translated prefix can be identified in
f(W), and f(W) remains invalid.

Otherwise, write [ immediately before the translated prefix. Increase the index
on each of the letters to the right of [ by n — 1. This ensures that f(W) will

be invalid, the translated prefix can be identified in f(W), and [ remains in

the word.

(d) Repeat step c until all of W has been read. The output is f(IV).
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The easiest way to understand this procedure is with an example, which will be worked

out step-by-step.

Example 4.3.9. Let w = 2, n = 3. In Table it is shown that f(7e73m72T3013016019) =
T2T73013 014014014 016019 (as defined in Definition . Note that T273013014014014016019 is
an invalid word (since t(o14) = 6) and an element of U(A;) (since the indices on the 7’s are

in non-decreasing order). Thus f(7a7371T2T3013016019) € U'(A4;).

Input letter(s) Current output Notes

ToT3T1 080803 Prefix P is 7o737. Translated prefix g(P) will
be underlined to distinguish it. See Table|4.3|
t(O‘g) =3

Ty Ty 010010010 t(m3) = 1. Since 1 < t(og), we write 75 before
the translated prefix and increase the indices

T3 T2T3 012012012 t(Tg) = 1. Since 1 < t(O’lo), we write 73 be-
fore the translated prefix and increase the in-

dices accordingly. t(o12) =5

013 T273013 014014014 t(O’lg) = 5. Since 5 = t(O‘lg), we write 013
before the translated prefix and increase the

indices accordingly t(o14) = 6

o16 ToT3013 014014014 016 | t(016) = 6. Since 6 > t(014), we simply write

016 at the end of the word.

019 T2T73013 014014014 016019 t(0'19> = 7. Since 7 > t(0'14), we sunply write

019 at the end of the word.

Table 4.4: f(1oT3TT2T2013016019)

4.3.3 Words beginning with compound prefixes

Thus far, we have been able to calculate f(W) for any W € SV(A;) such that W € U(A4;)

or W begins with a simple prefix (this includes cases in which W itself is a simple prefix).
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We must now develop a rule for mapping words beginning with compound prefixes to U(A;),
one that does not contradict the previous rules. If we were given the word W = mymmmo;
and n = 3, w = 2, using Definition to calculate f(W) would not produce an element
of U'(A;) (as we would still be left with two 7’s not in non-decreasing order after translating
the first simple prefix 7571). Thus we need to extend our definition to cover words beginning
with compound prefixes.

We will start with the case where W itself is a compound prefix. Our strategy will be
a generalization of the strategy for mapping simple prefixes to invalid words (in which all
letters of the translated prefix have the same tier). A compound prefix is a sequence of simple
prefixes. We will thus map each component simple prefix to a word of the same length, with
all letters of the same tier. We will ensure that each of these translated simple prefixes is of
a different tier, and that the final word is invalid.

More precisely, let W = PyP,Ps ... P,, where P; is a simple prefix of length L; for 1 <
j <p,and let L = 25:1 L;. We will show that the following procedure can be used to map
W to an element of U'(A4;):

1. Replace P, with a word of length L, composed only of tier ¢ letters, where L — L, +2 <
t < L (with indices on the ¢’s in non-decreasing order). By convention, we will use
the same lexiographical ordering system used for simple prefixes. For the remainder of
the procedure, we will denote this value of ¢ as t,. This first step ensures that the final

word is invalid.

2. For each j from p — 1 to 1 (counting downward), replace P; with a word of length L,
composed only of tier ¢ letters (indices on ¢’s in non-decreasing order), where ¢;,; —
L;+1 <t <t;;; —1. By convention, we will use the same lexiographical ordering
system used for simple prefixes. For the remainder of this procedure, we will denote
this value of ¢ as t;. This step ensures that each simple prefix is mapped to a word of

a different tier.

We will denote this procedure by g. Note that this is a generalization of the g we had in the

previous section, so we use the same notation.
Proposition 4.3.2. g is well-defined and injective.
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Proof. We will first show that g is well-defined. As proven in Proposition the number of

simple prefixes of length L; is equal to (L; — 1)( , the number of standard-form words

n+L;—2

0
of length L; composed only of tier ¢ letters (where 2 < ¢ < L;). The number of words of
length L; composed only of tier ¢ letters, where instead ¢ ranges from ¢;41 —L; +1to ¢ —1,

is also equal to (L; — 1)("+£j_2). Similarly the number of words of length L, composed
only of tier ¢ letters, where ¢ ranges from L — L, + 2 to L, is equal to (L, — 1) ("+£:_2).
Furthermore, each simple prefix is guaranteed to be translated to a word of a different tier
(in step 2), and it can be shown by induction on p that the first (leftmost) simple prefix will
always be translated to a word of tier p + 1 or higher (so g(P) must be invalid for every
compound prefix P). Thus g is well-defined for every compound prefix.

We will next show that ¢ is an injective map. Let P and () be compound prefixes,
and suppose g(P) = ¢(Q). We will show that P = Q. Without loss of generality we will
take g(P) = WiWs...W,, where p > 2 and W; is a standard-form word of length L; and
composed solely of tier ¢; letters (for 1 < j < p). We also need L — L, +2 < t, < L (where
L is the total length of g(P) and, by definition, P and @ as well) and, for 1 < j < p —1,

tiy1—Lj+1<t<tj;; —1. We can use the following procedure to get P given g(P):

1. Make a list of simple prefixes of length L, in lexicographical order. Then make a list
of standard-form words, in lexicographical order, consisting only of letters of the same
tier (with tier ranging from L — L, + 2 to L). Draw a correspondence between the two
sets. W, is matched to F,, the last simple prefix of P. Because this correspondence is

one-to-one, the last simple prefix of () must also be F,.

2. For each j from p—1 to 1 (counting downward), make a list of simple prefixes of length
L; in lexicographical order. Then make a list of standard-form words, in lexicographical
order, consisting only of letters of the same tier (with tier ranging from ¢;,; — L; + 1
to t; —1). Draw a correspondence between the two sets. W, is matched to P;, the jth
simple prefix of P. Because this correspondence is one-to-one, the jth simple prefix of

() must also be P;.

Since all simple prefixes in both P and () are the same, P = () and ¢ is an injective map. [
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Example 4.3.10. For n = 3, w = 2, the compound prefixes of length 4, 5 and their
corresponding images are as given in Tables [4.5] and [4.6]

P 9(P)

ToT1T2T1 | 0808010010

ToT17T3T1 | 0808010011

ToT1T3T2 | 0808011011

T3T1T2T1 | 0809010010

T3T1737T1 | 0809010011

T3T173T2 | 0809011011

T3T2T2T1 | 0909010010

T3T2T3T1 | 0909010011

T3T2T3T2 | 0909011011

Table 4.5: The compound prefixes of length 4 and their corresponding images for
n=3, w=2.

We will next define our function mapping SV’(A;) — U’(A;) for all elements of SV'(A4;)

(that is, valid words in standard form) beginning with a compound prefix.

Definition 4.3.11. Let W € SV’(A;) be a word beginning with a compound prefix. We use
the following procedure to find f(WV):

1. If W is a compound prefix, then f(WW) = g(W).

2. Otherwise,

(a) Identify the (compound) prefix of W, hereafter P.

(b) Write g(P). This will hereafter be called the “translated prefix”. Keep track of
which component of g(P) corresponds to each simple prefix comprising P. All
letters in a given component of the translated prefix will be of the same tier, and

no two components will have the same tier.

(¢) Read the remainder of W from left to right. Take the first letter that has not yet
been read. This will be called [.
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P 9(P) p 9(P) p 9(P)
T1T2T1T2T1 080808012012 T2T37T2737T1 | 010010011012013 T3T1T1T2T1 7879710710710
T1T2T1T3T1 080808012013 T2T3T2T3T2 | 010010011013013 || T3T1T1737T1 T8T9T107T10T11
T1T2T1T3T2 080808013013 T3T3T1T2T1 | 010011011012012 T3T1T1T3T2 T8T9T10T11711
T1T3T1T2T1 080809012012 T3T3T173T1 | 010011011012013 T3T1T2T2T1 T8T9T11T11T11
T1T3T17T3T1 080809012013 T373T173T2 | 010011011013013 T3T1T2T3T1 | T10T11T127T12712
T1T3T1T3T2 080809013013 T3T3T2T2T1 | 011011011012012 T3T1T2T3T2 | T10T117T12712713
T1T3T2T2T1 080909012012 T3T3T273T1 | 011011011012013 T3T1T37T3T1 | T10T117T12713713
T1T3T273T1 080909012013 T3T3T2T3T2 | 011011011013013 T3T1T37T3T2 | T107T11713713713
T1T3T2T3T2 080909013013 ToT1T1T2T1 7878710710710 T3T2T1T2T1 T9T9T10T10710
ToT2T1T2T1 090909012012 ToT1T1T3T1 7878710710711 T3T2T1T3T1 T9T9T10T10711
ToT2T173T1 090909012013 ToT1T1T3T2 T8T8T10T11T11 T3T2T1T3T2 T9T9T10T117T11
TaT2T1T3T2 090909013013 TaT1T2T2T1 T8T8T11T11T11 T3T2T2T2T1 T9T9T11T11T11
T2T3T1T2T1 | 010010010012012 TaT1T2T3T1 T107T107T127T12712 T3T2T2T3T1 | T11T11T12T12712
T2T3T17T3T1 | 010010010012013 ToT1T2T3T2 T107107T12712713 T3T2T2T3T2 | T11T117T127T12713
T2T3T173T2 | 010010010013013 T2T1T3T3T1 T107107T12713713 T3T2T3T3T1 | T117T117T12713713
T2T3T2T2T1 | 010010011012012 T2T1T3T3T2 T10710713713713 T3T2T3T3T2 | T117T11713713713

Table 4.6: The compound prefixes of length 5 and their corresponding images for
n=3 w=2.

the end of the word.

i. If t(I) exceeds the tier of every component of the translated prefix, write [ at

ii. Otherwise, write [ immediately before the leftmost component with tier greater

(d) Repeat step c until all of W has been read. The output is f(WW

than or equal to t(l).

n — 1 (this ensures that the f(W) will be invalid).

Increase the index on each letter to the right of [ by

).

We will work through an example step-by-step to illustrate how this procedure is applied.

Example 4.3.12. Let w = 2, n = 3. In Table [4.7] it is shown that

f(7'17’27'17'37'27'17'372717’27'2016020027030) = T1T2720160180180180200250250270280290290 30,
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as defined in Definition 4.3.111 Notes on Table 4.7t

1.

The prefix is 71797 737271 372, composed of three separate simple prefixes: 11797, 7370,

and 7 7379. Following the procedure for translating compound prefixes,

9(7'17'27'17’37'27'17'372) = 010010010015015016017017-

Each part of the translated prefix has been underlined to distinguish it. t(oq9) = 4,
t(0'15> = 6, t(0'16) = t(0'17) =7

. t(m) = 1. Since 1 < t(o19), we write 7, before the first component of the translated

prefix and increase the indices accordingly. t(o12) =5, t(o17) =7, t(o1s) = t(o19) = 8

. t(m2) = 1. Since 1 < t(012), we write 75 before the first component of the translated

prefix and increase the indices accordingly. ¢(o14) = 6, t(019) = 8, t(09) = t(021) =9

t(m) = 1. Since 1 < t(014), we write 75 before the first component of the translated

prefix and increase the indices accordingly. t(o16) = 7, t(021) = 9, t(092) = t(023) = 10

. t(o16) = 7. Since 7 = t(016), we write 014 before the first component of the translated

prefix and increase the indices accordingly. t(o15) = 8, t(093) = 10, t(024) = t(025) = 11

. (o) = 9. Since t(o18) < 9 < t(093), we write oy after the first component but before

the second component of the translated prefix and increase the indices accordingly.

t(0'25) = ]_1, t(O'QG) = t(0'27) =12.

t(o97) = 12. Since t(095) < 12 < t(097), we write 97 after the second component but
before the third component of the translated prefix and increase the indices accordingly.

t(ogg) = t(ogg) = 13.

. t(o30) = 14. Since 14 > t(oq9), we write o3¢ at the end of the word. Thus,

f(7'17'27'17'37'27'1T3T2T17'27'2016020027030) = T1T27201601801801802002502502702802902903(-

Note that 71 79T9016018018018020095025097028029029030 is an invalid word (since t(016) =
7) and an element of U(A;) (since the indices on the 7’s are in non-decreasing order).

Thus f(TiToTIT8ToTI T8 T2 TI T2 T2 0 16020027030) € U'(A;).
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Input Letter(s) Current output Notes
T1T2T1T3T2T1T3T2 010010010 915915 916917917 1
1 T1 012012012 017017 018019019 2
T2 T1T2 014014014 019019 020021021 3
T2 T1T2T2 016016016 021021 022023023 4
O16 T1T2T2016 018018018 023023 024025025 5
020 T1T272016 018018018 020 025025 026027027 6
027 T1T2T2016 018018018 020 025025 027 028029029 7
030 T1T2T2016 018018018 020 025025 027 028029029 030 8

Table 47 f(7’17'27'17'37'27'17'37‘27‘1’7'27’20'160'200'270'30)

We have now constructed a map from SV (A;) to U(A;), defined for all words in SV (4;).

It must still be shown that this map is bijective. This will be proven in the following section.

4.3.4 Showing that f is a bijection

Our definition of f(W) in cases where W begins with a simple prefix is a special case of the

definition for words beginning with compound prefixes. This simplifies the final definition of

f
Given a word W € SV (4;), we calculate f(W) as follows:

1. U W eU(4), f(IW)=W.
2. If W is a prefix (simple or compound), then f(WW) = g(W)
3. Otherwise, W will begin with a compound prefix:

(a) Identify the prefix of W, hereafter P.

(b) Write g(P). This will hereafter be called the “translated prefix”. Keep track of
which component of g(P) corresponds to each simple prefix comprising P (there

will be only one component if P is simple). All letters in a given component of
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the translated prefix will be of the same tier, and no two components will have

the same tier.

(¢) Read the remainder of W from left to right. Take the first letter that has not yet
been read. This will be called /.

i. If ¢(1) exceeds the tier of every component of the translated prefix, write [ at

the end of the word.

ii. Otherwise, write [ immediately before the leftmost component with tier greater
than or equal to ¢(1). Increase the subscript on each letter to the right of [ by
n — 1 (this ensures that the f(W) will be invalid).

(d) Repeat step c until all of W has been read. The output is f(IV).

We must prove now that f is a bijection from SV (A;) to U(A;). That is f is well-defined,

injective, and surjective.
Lemma 4.3.3. f is a well defined function mapping SV (A;) to U(A;).

Proof. This follows immediately. f(W) cannot have a prefix, so the subscripts on the 7’s
must be in non-decreasing order. This ensures f(W) € U(A;). The procedure for calculating
f(W) defines a way to map each element of SV(A4;) to a single element of U(A;). This
includes each type of element: elements of SV (A;) N U(A4;), words beginning with a simple

prefix, and words beginning with a compound prefix. O

To show that f is a bijection, we will prove that f has an inverse function. First, define

h:U(A;) = SV(A;) as follows: given a word V' € U(4;),
1. ItV € SV(A,), then h(V) = V.

2. Otherwise, V is invalid. We will keep track of the tier and position of each letter of
V', and a sequence of letters of the same tier will be referred to as a block. Suppose V'
consists of b blocks By, Bs, ..., By. To calculate h(V'), we execute the following steps.

We initially have a null word as the output and as the remainder.

For j = b to 1 (counting downwards),
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(a) If the remainder is a null word,

i. If the position of the first (leftmost) letter of B; is at least ¢(B;), write B; at

the beginning (far left) of the output word.

ii. If¢(B;) exceeds the position of the first letter of B;, B; becomes the remainder.

The output is not changed.
(b) Otherwise, let r be the first (leftmost) letter of the remainder.

i. Ift(r)—t(B;) > Lp, (where Lp, is the length of B;), write B; at the beginning
of the remainder. The output is not changed.

ii. Otherwise, write B; at the beginning of the output. In the remainder, the

subscript of each ¢ is reduced by Lg,(n — 1).

Once this has been done for all blocks, find the prefix P such that g(P) gives the
remainder. Write P at the beginning of the output word. The final output is h(V).

This is most easily illustrated with an example.

Example 4.3.13. We will let w = 2, n = 3 and show that
h(7'17'27'2016018018018020025025027028029029030) = T1T2T1T3T2T1T3T2T1T272016020027030

The first step is to write down the tier and position of each letter in h.

Tm T2 T2 016 018 018 018 020 025 025 O97 028 029 029 030
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 1 7 8 8 8 9 11 11 12 13 13 13 14

So the blocks are: T1T2T2, 016, 018018018, 020, 0250925, 027, 0280929029, U3(- In Table 4.8, we

process each of these blocks starting with osg. Notes on Table [4.8}

1. t(o30) = 14, and this block begins at position 15. Thus it’s not a part of the remainder
and will be added to the output.

2. t(o9g) = 13, and this block begins at position 12. Thus it’s part of the remainder.
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. The length of this block is 1, and the tier is 12. The tier of the first block of the
remainder is 13. Since 13 — 12 > 1, this block is not part of the remainder and will be

added to the output. In the remainder, we reduce each subscript by 1(n—1) = 3—1 = 2.

. The length of this block is 2, and the tier is 11. The tier of the first block of the

remainder is 12. Since 12 — 11 < 2, this block is part of the remainder.

. The length of this block is 1, and the tier is 9. The tier of the first block of the remainder
is 11. Since 11 — 9 > 1, this block is not part of the remainder and will be added to

the output. In the remainder, we reduce each subscript by 1(n —1) =3 -1 =2.

. The length of this block is 3, and the tier is 8. The tier of the first block of the remainder
is 10. Since 10 — 8 < 3, this block is part of the remainder.

. The length of this block is 1, and the tier is 7. The tier of the first block of the remainder
is 8. Since 8 — 7 > 1, this block is not part of the remainder and will be added to the

output. In the remainder, we reduce each subscript by 1(n —1) =3 —1 = 2.

. The length of this block is 3, and the tier is 1. The tier of the first block of the remainder
is 7. Since 7 — 1 > 3, this block is not part of the remainder and will be added to the

output. In the remainder, we reduce each subscript by 3(n — 1) =3(3 — 1) = 6.

. The final remainder is 019010010015015016017017. As demonstrated in Example 4.3.12]

this corresponds to the prefix 777 37071737, Thus,

h(71727'2016018018018020025025027028029029030) = T1T2T1T3T2T1T3T2T1T2T2016020027030-

This example is summarized in Figure [4.3

We must now prove that h is well-defined (that is, h(V') has exactly one value for every

word V € U(4;)) and that h is an inverse of f.

Lemma 4.3.4. h is well-defined.

Proof. There are three cases that need to be considered: cases where V' is valid, cases where

(after reading all blocks of V') the remainder consists of only one block, and cases in which

the remainder consists of two or more blocks.
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Block Current output Current remainder | Notes
030 O30 None 1
028029029 030 028029029 2
027 027030 0926027027 3
025025 027030 025025026027027 4
020 020027030 093093024025025 5
018018018 020027030 018018018023023024025025 6
016 016020027030 016016016021021022023023 7
T1T2T2 T1T2T2016020027030 010010010015015016017017 8
Prefix T1T2T1T3TT1T3T2T17T272016020027030 | 010010010015015016017017 9

T1T2T1T3T2T1T3T2T1T2T201502002?030 ‘—T1TzTECH50130150150200250&02?028029029030

\\\

.
\ o

The first case follows immediately from the definition. Every valid word without a prefix

Table 4.8: h(T1T2T20160180180180200250250270280290290730) -

h

\ \ 7
\\ ™, -
\
\\
‘“‘*—-\.

. .

_: = =

\
e

Figure 4.3: Mapping U’(

A;) = SV'(4)

is an element of SV'(A;), so h(V) € SV (4;) for any valid word V.

For the second case, let V' = V] BV;,, where B is the block that will comprise the remainder
(V1 and V5 may have any number of blocks, or may be null words). Let L;, Lg, and Ly be
the lengths of Vi, B, and V, respectively. Clearly ¢(B) > L; + 1 (as otherwise V' would be
Ly > 1. That is, t(B) — Ly > 2. Thus the tier of V' is at least 2. On the
other hand, ¢(B) must be less than the tier of the first block of V5. This value is at most
Li+Lg+1. Thust(B) < L1+ Lg+1, or t(B) —

valid), so t(B) —

So the tier of B ranges between 2 and Lp (the length of the block).
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the final step of the algorithm leaves B as the remainder and V;V; as the current output.
By Proposition [4.3.1] we can map every possible remainder B to a simple prefix P. Thus
h(V) = PV Vs.

For the third case, let b be the total number of blocks in the remainder and let V' =
ViB1VaBs ...V, ByVyy1 (where By, Bs, ..., By will be the blocks that comprise the remainder
and V1, Vs, ..., Vpyq are words consisting of any number of blocks). Let L; be the length of
Vi and Lp, be the length of B;. In the final remainder then, the tier of the final block will
be t(By) — >0 L.

For B, to be part of the remainder we need #(By) > 14+ S20_1 Lp, + 23:1 L;, so

t(B) =) Li>2+ Y L,

j=1 i=1
On the other hand, t(B,) must be less than or equal to the total length of V' (less the length
of Vpy1). That is,

i=1 j=1
b b
t(By) =Y L;<> Lp
7=1 =1

Compare this with the output of g(P) for an arbitrary prefix P composed of b simple prefixes
(as in Proposition . The tier of the final block of the translated prefix is between
Lp — Ly + 2 and Lp, where Lp is the total length of the prefix and L, is the length of the
final simple prefix. This is exactly the range we have calculated above.

Next, consider an arbitrary block B;, where 1 < j < b. On the one hand, for B; to be

part of the remainder we need

(t(Bj+1) — Lj1) — t(B;)) < L,
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(t(Bj11) = Lj+1) — L, <1(By)
t(Bj) > ({(Bj+1) — Lj+1) — L,

t(B;) =1+ (t(Bj+1) — Ljs1) — Lg,

ZL > 1+t(Bjy1) ZL Lj —

On the other hand ¢(B;) must be less than the tier of the first block of Vj;;, which we
will denote by V; ;1. Since Vji; is part of the output, we need t(Bjy1) — t(Vij11) > Ljt1.
That is,

t(Bjt1) = t(Vij41) > Ljn
t(Bjy1) — Ljp1 > t(Vij41)
t(B;) < t(Vijn) <t(Bjy1) — Lin

t(B;) < t(Bjt1) — Ljt1 — 1

J
t<Bj) - ZLi < t(Bj-H) — Ly — ZLi -1

=1 1=
J Jj+1
HB;) = D0 Lo < (H(Bya) = D L) — 1
i=1 i=1
Combining these inequalities, we obtain
J+1 J+1

1+ (t(Bj11) ZL — Ly, <t(B Z < (HBjp1) = > Li) — L.
i=1 i=1

Compare this with the output of g(P) for an arbitrary prefix P composed of b simple
prefixes (as in Proposition . The tier of the jth block of the translated prefix (where
1 < j < b), denoted by t;, is between ¢;11 — L; + 1 and t;;1 — 1, where L; is the length of
the jth simple prefix. This is exactly the range we have calculated above.

Thus we can find a prefix P such that g(P) gives the final remainder. This means h(V)
is well-defined for any V' € U(A;). O
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Lemma 4.3.5. f and h are inverse functions.

Proof. We will prove that h(f(W)) =W for all W € SV(A;). This is most easily seen if we

look at the equivalent definition of f in terms of blocks:

Given a word W € SV (4;), we calculate f(W) as follows:

L IfW e U(A), f(W) =W,

2. If W is a prefix, then f(W) = g(W).

3. Otherwise, W will begin with a simple prefix or a compound prefix:

(a)

(b)

(d)

Identify the prefix of W, hereafter P. It is composed of the simple prefixes
P, P, ..., P, where p > 1.

Write g(P). This will hereafter be called the “translated prefix”, Q. @ will be
composed of the blocks Q1,Qs, ..., Q,. These will hereafter be referred to as the
-blocks.

The remainder of W will be the blocks By, Bs, ..., By, where k£ > 1. For each j
from 1 to k, write B; to the right of B;_; (if j > 1), to the left of any Q)-blocks of
tier less than ¢(B;), and to the right of any ()-blocks of tier greater than or equal
to t(B;). For Q-blocks to the right of B;, increase the tier of each of these blocks
by the length of B; (that is, add Lp,(n — 1) to the index on each letter).

The output is f(W).

Now, to calculate h(f(W)) we read the word from right to left (one block at a time). Every

block will either be a B-block or a @-block (in the latter case, the tier will have been

increased). We must ensure that h correctly identifies which blocks are B-blocks and which

are (Q-blocks, and that the original translated prefix @) is all that remains after all blocks

have been read. We know from the definition of g, the prefix translation function, that the

tier of the rightmost @)-block must be greater than the position of its first (leftmost) letter.

Conversely, any block that meets this criterion cannot be a B-block (as that would result

in an invalid word after applying h). After the right-most @-block has been identified, we

continue reading blocks from right to left, determining whether the tier of the next block
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exceeds the tier of the leftmost known ()-block by at least the length of the block. If so, we
reduce the tier on all known ()-blocks by the length of the block. This is, again, consistent
with the above definition of f as well as the prefix translation function. Every step of h
undoes a step of f, but in the reverse order. Thus we eventually do get () as our remainder

and W as the final result. Likewise, we could similarly reason that f(h(W)) = W. O

This proves that there exists a bijection between SV (A;) and U(A;). Thus, |R;| =
[SV(4)] = |U(A)] = ("),

7

4.4 Summary

We have formulated a way to write the elements of R; as words over a given alphabet and
to identify whether a given word over this alphabet actually represents an element of R;.
We then identified two properties that allowed us to identify words that represent the same
element of R; and to define a unique standard form for words. The number of valid words in
standard form is then equal to |R;|. We were able to develop a bijection between the set of
valid words in standard form and another set of words (over the same alphabet) that could

be enumerated using the occupancy problem. This proved Main Theorem 2]
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

We began this thesis by constructing a representation of the free nonsymmetric operad and
the principal operad ideal in terms of a composition system. We were then able to present the
enumeration problem on spanning sets (R;) of the principal operad ideal in terms of trees,
and give a recursive algorithm for generating these spanning sets. We then introduced a
conjectured solution based on empirical data. Known results on the enumeration of complete
n-ary plane trees and the n-ary Catalan numbers allowed us to prove Main Theorem (1, which
enumerates the elements of R; where the starting weight is 1. We then used properties of
the recursive algorithm, along with known results on plane forests of complete n-ary trees, to
generate a recurrence relation for enumerating the elements of R; in the case where w > 1.
The conjectured value of |R;| satisfied this recurrence relation, proving Main Theorem .
We were also able to develop a non-recursive algorithm for generating the elements of R; for
an arbitrary value of 7, without generating duplicate elements. We then presented a word
representation for elements of R;, which led to an additional proof of Main Theorem [ by
the means of occupancy problems.

We provided two different independent proofs of Main Theorem A natural way to
connect these two perspectives is not obvious, and may be an interesting area for future
research. This may lead to a way to relate forests of n-ary trees to occupancy problems.
Notably, the formula for |R;| for the w > 1 case appears to be very similar to the formula
for the number of plane forests of 1+ w(n — 1) complete n-ary trees with a total of ¢ internal

nodes, after removing the #th factor (where ¢ is the number of trees):

1 1

R = ((n—l)(wﬂ)ﬂ'H) _ (m’+(w(@—1)+1)>
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_ w41 (ni+(w(n—1)+1)) nit(w(n—1)+1)
~ nit(w(n—1)+1) i w(n—1)+1
ni+(w(n—1)+1)

w(n—1)+1

= F(i, 14+w(n—1);n) -

Rearranging this equation, we get the following:

|R;| - (w(n—1)+1) = F(i, 14+w(n—1);n) - [ni+(w(n—1)+1].

This result could provide some further insight into the connection between |R;| and plane
forests, as each element of |R;| can be thought of as a forest of n-ary trees satisfying certain
conditions.

Additionally, our scope was limited to principal ideals on nonsymmetric operads. It may
be of interest to expand or generalize these results to ideals with more than one generator.
In terms of trees, this would begin with an Ry set that contains more than one sequence.

Likewise, there are likely avenues for applying this research to symmetric operads.
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