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transition modulated convection 
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Department of Physics, University of Toronto, Toronto, Ontario, Canada 

Abstract. The stability of a horizontal thermal boundary layer embedded within 
a very viscous fluid is investigated using the formalism of linear stability analysis. 
Thin thermal boundary layers in deep fluid regions and in the absence of phase 
transition and dynamical effects are thereby shown to be unstable at extremely long 
wavelengths. The stability of the internal thermal boundary layer which may exist 
at 660 km depth in the Earth's mantle as a consequence of the dynamical influence 
of the endothermic phase transition from 7 spinel to a mixture of perovskite and 
magnesiowfistite, recently discussed in some detail by Solhelm and Peltlet [1994a], 
is investigated in order to better understand the "avalanche effect" observed in 
this and similar nonlinear, time dependent simulations of the mantle convection 
process. It is demonstrated that if the stability problem is treated as purely thermal, 
then the boundary layer is predicted to be extremely unstable and the presence of 
the 660-km endothermic phase transition at middepth within the boundary layer 
is further destabilizing. When the kinematic effect of flow convergence onto the 
boundary layer and phase transition region is active, however, it is shown that 
the layer may be strongly stabilized. In the regime of physically realistic velocity 
convergence, the critical Rayleigh number is predicted to lie in the range suggested 
by the numerical simulations of Solhelm and Peltlet [1994a]. A threshold value of 
the magnitude of the Clapeyron slope of the endothermic phase transition for a 
given velocity convergence is also shown to exist, beyond which the fastest-growing 
mode of instability changes from avalanche type to layered type. 

Introduction 

Although it is now well established that a thermally 
induced convective circulation exists in the Earth's man- 

tle, there remain many unanswered questions as to its 
detailed physical characteristics. Foremost among these 
is the issue as to whether the circulation is "whole man- 

tle" in style or whether a two-layer pattern exists that 
could be enforced by the endothermic spinel to post- 
spinel phase transition at 660 km depth (or perhaps by 
a chemical discontinuity). A number of nonlinear simu- 
lations have recently been described [e.g., Machetel and 
Weber, 1991; Peltier and $olheim, 1992; Tackley et al., 
1993; Honda et al., 1993; Solheim and Peltlet, 1994a, 
b; Tackley et al., 1994; Peltier, 1996], which suggest 
that convection might, in fact, be layered by the in- 
fluence of the phase transition alone. These layered 
states are intermittent, however, with avalanches con- 
sisting of cold downwellings breaking through the 660- 
km phase transition and causing episodes of brief but 
intense mixing to take place between the upper man- 
tle and transition zone and lower mantle regions. It has 
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also been suggested [Peltlet et al., 1996] that this source 
of intermittency of the circulation may be important to 
understanding the supercontinent cycle. 

The question as to the criterion that must be satisfied 
for an avalanche to occur has come to be seen as impor-: 
tant. Tackley [1995] has usefully studied this problem 
in the case of a single local upwelling or downwelling 
interacting with an endothermic phase boundary, while 
Davies [1995] has employed a parameterized convection 
model of the kind introduced by Sharpe and Peltlet 
[1979] to investigate possible behaviors of time depen- 
dent phase change modulated convection. In the inves- 
tigation to be reported herein, we will address the cir- 
cumstance in which "ponding" at the phase boundary is 
pervasive and an internal boundary layer is established 
in the azimuthally averaged temperature field. Moti- 
vation for this analysis is provided by Figure 1, which 
is reproduced from Solheim and Peltlet [1994a]. The 
diagnostic analysis of the axisymmetric spherical flow 
presented in this figure was performed on a statistically 
stationary simulation of convection heated from below 
at an Earth-like Rayleigh number of 107 . The analysis 
demonstrates that if a local Rayleigh number is defined 
for the internal thermal boundary layer that develops at 
660 km depth during the layered phase, Ra66o, then this 
Rayleigh number reaches a peak just prior to the occur- 
rence of a typical avalanche (indicated by the peak in 
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Figure 1. From Solheim and Peltier [1994a], illustrating the high mass flux events (avalanches) 
that occur across the 660-km phase transition following maxima in the boundary layer Rayleigh 
number, (a) mass flux, (b) boundary, (c) Rayleigh number, (d) temperature change, and (e) 
boundary layer thickness. The system Rayleigh number Ra - 107, the 660-km phase transition 
has a Clapeyron slope -2.8 MPa/K, and the convective circulation is heated enti?ely from below. 
The boundary layer Rayleigh number is defined as Ra66o = (gc•AT6•oJ•3•o)/(nu), in which A.T•0 
and 56•0 are the temperature difference across the internal boundary layer and the boundary 
layer thickness, respectively. 

the 660-km mass flux time series), whereupon it drops 
sharply and then rises again to an apparently critical 
value near 700, whereafter the next avalanche occurs. 
In this diagnosti• analysis the temperature difference 
across the boundary layer is denoted by AT•0. The 
width of the thermal boundary layer, 5•60, significantly 
influences the variation of the boundary layer Rayleigh 
number (Ra• 0 - ga.A.T•oJ•6o/nU),' suggesting (which 
Solheim and Peltier [1994a] did suggest on this basis) 
that the avalanche phenomenon is controlled by a ther- 
mal instability of the boundary layer and that a linear 
stability analysis might be devised to explain the onset 
of such events. The purpose of this paper is to provide 
a detailed assessment of the ab!lity of an analysis of this 
kind to explain the observed "avalanche effect". 

In the following section of the paper we briefly dis- 
cuss the formalism that we shall employ to analyze the 
stability of mean states that are characterized by the 

. . 

presence of an internal thermal boundary layer. The 
formalism will be presented for both Cartesian plane 
layer and spherical geometry, it being important to es- 
tablish whether or not the results obtained are sensitive 

to this characteristic of the physical problem. Subse- 
quent sections include a discussion of the results ob- 
tained through application of the formalism and a sum- 
mary and conclusions. 

Theoretical Formulation 

Subject to the usual Boussinesq approximation, the 
nondimensional equations for mass, momentum, and 
energy conservation; along with a linearized equation 
of state, assume the following respective forms: 

. 

V-u-O, (1) 
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Ra Du pk + V p = _ + Vu, (2) 
Pr Dt 5 

DT 

- + Q, (s) 
p - i - 5(T - To). (4) 

The nondimensionalization employed in deriving this 
system is one in which length, time, velocity, tempera- 
ture, pressure, and density are expressed as' Xdim -- dx, 
tdim -- (y/gc•ATd)t, Udim -- (gc•ATd2/y)u, Tdim -- 
ATT, Pdim -- go•dp, and Pdim -- PoP, respectively. Here 
the subscript dim refers to a dimensional quantity, g is 
the acceleration due to gravity, Po is a reference density, 
d is the characteristic length scale, AT is the tempera- 
ture change across the boundary layer and the charac- 
teristic temperature scale, y is the kinematic viscosity, n 
is the thermal diffusivity, and c• is the thermal expansiv- 
ity. The thermodynamic and transport coefiqcients are 
herein assumed to be constant. Ra- (gaATd3/yn) is 
the Rayleigh number, Pr - y/n is the Prandtl num- 
ber, 5 - c•AT, and k is a unit vector in the vertical 
direction. The Prandtl number is effectively infinite in 
the Earth's mantle, but effects due to finite Pr will be 

shown to be of interest in more general circumstances 
to be discussed later. 

Expanding the dependent variables in the system 
(1)-(4) as the sum of a basic state field plus a small- 
amplitude perturbation as u - (y_/gc•ATd•)•k + eu •, 
p - • -•- ep •, p - • + e•r, and T - T + eS, where e is an, 
assumed small, ordering parameter and • is written as 
a dimensional quantity, we obtain the set of linear field 
equations (5)-(8). In our analyses, T will be taken to 
be a boundary layer temperature profile, some exam- 
ples of which are shown in Figure 2. Internal heating Q 
is a function of depth and is taken to have the distribu- 
tion required to maintain the boundary layer temper- 
ature profile in a steady state. Although the thermal 
boundary layer in the large-scale, nonlinear simulations 
is maintained by the background flow, this assumption 
will allow us to evaluate the thermal part of the bound- 
ary layer instability in isolation. In the following sys- 
tem the variable • is an assumed background variation 
of vertical velocity that we will employ to capture the 
boundary layer stabilizing effect of convergence within 
the large-scale flow in which the boundary layer is em- 
bedded. 

89O 

1890 

CMB 2890 
a b c d e 
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Figure 2. Temperature profiles used to approximate the boundary layer that develops at 660 
km depth. The mathematical forms of the profiles are as follows with z written as a dimensional 
quantity: a)T = 0 for z > z0, T = AT for z • z0; b)T = 0 for z > z0 + 0.5 bw, T = AT/2- (z - 
zo)AT(1/bw) for IZ-Zol • 0.5 bw, and T - AT for z • z0-0.5 bw; c)T - 0.5AT[1-tanh(2.18(z- 
zo)/bw)]; d)T - 0.5AT[1 - tanh(4.5(z - zo)/bw)]; and e)T - (1.578AT/v/•bw)f• exp•-[(z •- 
Zo)1.578/bw]2)dz •. See text for variable definitions. 
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Ra Ou' Wd u' (p'k + V•r) V2u, PW 0--•- +--(k'V) =- + (6) 

Ra •_•Ot • d + --(k-V)0 + Ra w(k-V)T - V20, (7) 

- -,0. (8) 

In terms of the above described scaling, momen- 
tum advection scales like the Reynolds number (•d/v), 
which can be expected to be less than 10 -22 for mantle 
convection and hence can be safely neglected. Temper- 
ature advection, however, scales like the P•clet number 
(•d/n) which might be as large as 200 and will be re- 
tained in the equations. (In both cases, surface plate 
velocities are taken as upper bounds on t•). In these 
analyses the above defined P•clet number plays a criti- 
cal role and will hereafter be referred to by v. It must 
be noted that the Reynolds number scales like 1/Pt, 
and, as such, calculations at finite Prandtl number cor- 
respond to nonzero Reynolds number or have v = 0. 

Substituting (8) into (6) and eliminating the pressure 
term in the linearized momentum balance equation by 
applying the operator V x V x in Cartesian coordinates 
results in 

-Ra 0 V2u• 020 020 . 020 020 • •74U t P"--• O'-• = OxOz i + OyOz J - ( • + •)k - . 
(9) 

From the vertical component of this equation and from 
the previous form of the energy equation, subjecting 
both to Laplace transformation in time and Fourier 
transformation of the horizontal space coordinates, we 
obtain the coupled set of ordinary differential equations 

(D 2 - k2)(D 2 - k 2 Raa) W _ k20 -7-/ 

(D 2 - k 2 - Raa - vD)O - WRaDT. 

(10) 

(11) 

In this system, D denotes d/dz, k 2 - k• + ky • and a is 
the growth rate. W and O are the z dependent ampli- 
tudes of the perturbation vertical velocity and temper- 
ature, respectively. Substitution for O from (10) into 
(11) yields the following modified form of the usual 
sixth-order ordinary differential equation in W alone 
in which the P•clet number v appears as a parameter. 

= DT k 2 W Ra (12) 

In spherical coordinates the system of ordinary dif- 
ferential equations that replaces (10) and (11) may be 
simply shown to comprise the following: 

[D l __ l(1-4f- 1) l(1 + 1) Raa](W r) r2 ][Dl - r2 Pr 

[l(1 + 1)] 0 (13) 

(Dr- l(1 + 1) _ Raa- v( rø•")2 0 OTw. r 2 r •rr )O-•rr ' (14) 

In this system we have employed the notation Dt - 
02/Or 2 + (2/r)O/Or , in which 1 is spherical harmonic 
degree and r0•, is the radius of the boundary layer at 
midpoint. We will also find it useful in what follows 
to have equations relating the normal stress •r to O 
and W, the vertical structure functions for tempera- 
ture and vertical velocity, respectively. These relations 
may be obtained by taking the divergence of (6) which, 
in Cartesian coordinates, delivers 

DO - (D 2 - k 2) • (15) 

D(D 2 - k 2 Raa) W - 
_ k 2• •. (16) 

Boundary Conditions 

Outer boundaries of the domain of analysis to be 
employed in what follows will always be taken to be 
isothermal, free-slip, and impermeable. These condi- 
tions imply that O = 0, D2W = 0, and W = 0 on 
these boundaries. In many cases the isothermal condi- 
tion may be satisfied by requiring that D4W - 0 on 
boundaries in the usual way. For some purposes it will 
be found interesting to consider circumstances in which 
the outer boundaries are placed at infinity. In these 
cases, W, D2W, and O were required to tend asymptot- 
ically to 0 as a function of increasing distance from the 
internal boundary layer. This condition will be satisfied 
in what follows by matching an inner solution to decay- 
ing solutions of the governing equations with DT = 0 
at a point sufficiently distant from the region of strong 
vertical temperature gradient. We will also find it useful 
in what follows to consider basic state vertical tempera- 
ture variations characterized by a delta function in ver- 
tical temperature gradient (see Figure 2a). On the ba- 
sis of continuity of mass, horizontal velocity, tangential 
stress, normal stress, and temperature, it can be shown 
that W, DW, D2W, •r/5, and O must be continuous 
across a delta function temperature gradient. To find 
the appropriate sixth boundary condition required in 
this situation, we integrate (11) with DT = -5(z- zo) 
across an infinitesimally thin layer containing the delta 
function. Given the previously stated five continuity 
conditions, we thereby obtain a jump condition on DO 
such that 

DO1 - DO2: --t•a W(zo). (17) 

In this expression the subscript 1 refers to the upper 
layer, while the subscript 2 refers to the lower layer, 
and z0 refers to the vertical position of the boundary 
layer. 

Rayleigh-Taylor Instability 

We have found in several of the analyses to follow 
that results from a simpler Rayleigh-Taylor instability 
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analysis are instructive when compared with the results 
of the thermal instability analysis. The Rayleigh-Taylor 
stability equations may be derived from the governing 
equations in the usual way, following Chandrasekhar 
[1961]. They can also be derived from the above dis- 
cussed thermal stability model by taking the thermal 
diffusivity to vanish, resulting in an infinite Rayleigh 
number. Subject to this assumption, (11) becomes sim- 
ply 

- a© = W DT. (18) 

Which implies that 

p' - -W D--p . (19) 

Substitution of this result into (10) then delivers 

(D 2 - k 2)(D • - k • gdS Sa)W - k • W Dp (20) 

The growth rate may next be rescaled as a' = &r in 
order to eliminate the parameter 5 and this results in 
the following equation for the onset of Rayleigh-Taylor 
instability: 

(D • - k2)(D • - k 2 gd3 ')W - k 2 W Dp (21) 

Phase Transitions 

Univariant phase transitions will be included in our 
analysis by employing the formulation first developed 
by Busse and Schubert [1971] and employed by Schu- 
bert and Turcotte [1971] and Peltlet [1972] in applica- 
tion to the mantle convection problem. In this analysis 
the phase change is assumed to occur at thermodynamic 
equilibrium and so it must exist at a mean depth where 
the Clapeyron curve intersects the mean pressure and 
temperature profiles in the mantle. Such an equilib- 
rium phase transition exerts its influence on convective 
mixing through two physical effects, namely, latent heat 
release and phase boundary deflection. Latent heat will 
be released or absorbed by material passing through 
the phase boundary, depending upon whether the tran- 
sition is exothermic or endothermic, causing a vertical 
motion inhibiting or vertical motion enhancing effect on 
the material owing to the influence of thermal expan- 
sion. Furthermore, since the phase transition must be 
assumed to remain on the Clapeyron curve if it is to re- 
main in thermal equilibrium, heating or cooling of the 
phase boundary due to latent heat release and/or tem- 
perature advection will cause the phase boundary to be 
deflected up or down. Because of the density difference 
between the shallower and deeper phases, a local ver- 
tical buoyancy force will result, which will again tend 
either to favor or to hinder instability. In the following 
formulation these effects will be taken into account us- 

ing effective boundary conditions across the equilibrium 
position of the phase transition, assuming the phase 
transition to be univariant. 

The additional parameters a, k, ½p, and y will be 
assumed for present purposes to be the same in both 
phases. At the level of approximation at which we shall 
work, the density difference between the phases will be 
taken into account only when considering the buoyancy 
force resulting from the phase boundary deflection. W, 
DW, D •W, and © are taken to be continuous across a 
phase boundary owing to the constraints of conservation 
of mass, continuity of tangential velocity and tangential 
stress and the assumption that the background temper- 
ature field is in equilibrium. The latent heat release per 
unit time at the phase boundary must be balanced by a 
discontinuity of the perturbation temperature gradient. 
When appropriately nondimensionalized, this delivers 
the following jump condition on DO: 

DO1 -- DO• -/•QW. (22) 

In this equation, subscript 1 denotes the region above 
the phase boundary and subscript 2 denotes the region 
below the phase boundary. In (22) the phase change 
Rayleigh number is just RQ = (go•d3"/TAp/nt•Cpp2). 
Phase boundary distortion effects are taken into ac- 
count by imposing a discontinuity in perturbation pres- 
sure that is sufficient to balance the buoyancy induced 
by the phase boundary deflection. In nondimensional 
form this balance yields the second jump condition 

71' 1 -- 71' 2 
=SO, (23) 

in which S = ([Ap/p]/ad[gp/7 + DT])is the ratio of the 
phase change density contrast to the thermally induced 
density contrast. In the case of the Rayleigh-Taylor 
instability this phase boundary deflection equation may 
be written in the more appropriate form 

71'1 -- 7I'2 _• 6 = S W. (24) 

Numerical Methodology 

Two different methods will be employed in what fol- 
lows to solve for the critical Rayleigh numbers, growth 
rates, and eigenfunctions required to characterize the 
stability of the basic states that will be of interest to 
us. The first of these is a shooting method in which 
a Runge-Kutta-Verner scheme (as implemented in the 
International Mathematics and Statistics Libraries, Inc. 
software package) is used to integrate three linearly 
independent solutions satisfying the lower boundary 
conditions from the lower boundary to the middle of 
the region of strong radial temperature gradient, while 
three additional linearly independent solutions satisfy- 
ing the upper boundary conditions are integrated down 
to the center of the region of strong temperature gradi- 
ent. In order to implement this conventional "shooting" 
method, the sixth-order system was written as a set of 
six simultaneous first-order equations, in the form 

y'= Ay, (25) 
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where y is the solution vector, y' is its vertical deriva- 
tive, and A is a matrix of coupling coe•cients. When 
phase transitions are included in the model it is most 
convenient to include •r and • explicitly in y. The so- 
lution vector y is then taken to be 

y-(W, W' W" •- O, O' ' ' 6' )' 

If boundaries are at finite distances, appropriate lin- 
early independent starting vectors satisfying the bound- 
ary conditions at the top and bottom boundaries may 
be taken to be 

yl-(0, 1, 0, 0, 0, 0), 

y2-(0, 0, 0, 1, 0, 0), 

y3-(0, 0, 0, 0, 0, 1). 

When the outer boundaries are at infinity, starting 
vectors must contain decaying solutions of the equa- 
tions(10,11,16) with DT = 0, since the DT profiles are 
always assumed to be localized to an internal boundary 
layer region. 

The matrix A is simply derived from (10),(11), and 
(16) and in its most general form (in Cartesian coordi- 
nates) is 

0 1 0 0 0 0 

0 0 1 0 0 0 

Ra k 2 0 k • +•7a 0 0 0 
_(k • + n•a • ) 0 I 0 I 0 

0 0 0 0 0 1 

Ra DT 0 0 0 k 2 + Ra a v 
(•6) 

In order to calculate the locus of neutral stability in 
Ra-k space, a is set to 0 based on the assumed validity 
of the exchange of stabilities principle and Ra is varied 
with k fixed until a linear combination of the solutions 

that match across the inner boundary is found. The 
lowest such value of Ra is the critical Rayleigh num- 
ber for that wavenumber. In circumstances in which 

growth rates are calculated explicitly, Ra is fixed and a 
is varied. In spherical coordinates the COUlMing matrix 
required to calculate the neutral curve is 

0 1 0 0 0 0 

0 0 1 0 0 0 

-L L 3 L 0 0 r• • -7 Y 
-L 2 • 0 I 0 ' 
0 0 • 0 0 1 
• DT 0 0 0 L -2 2 RaT • %- + v(r-•) 

(27) 

In (27), L = (l(l + 1)). In spherical coordinates, Wr 
is employed in place of W. The shooting method, based 
on (25), has the advantages that it is relatively simple 
to implement and temperature gradients of any func- 
tional form can be investigated in either Cartesian or 
spherical geometry. For certain problems, however, the 
system of equations becomes numerically stiff, and it 

is found advantageous to circumvent the need to em- 
ploy the numerical ordinary differential equation (ODE) 
solver. 

In these cases a finite region of constant tempera- 
ture gradient will be used to characterize the basic state 
(Figure 2b). Since it was found that the exact form of 
the gradient is not important, the necessity to employ 
this assumption to combat "stiffness" is not a major 
drawback. Under the assumption of a piecewise con- 
stant temperature gradient, the sixth-order system has 
constant coe•cients and solutions of the form exp(qz) 
can be found both inside and outside the boundary layer 
region. The solutions outside the region of nonzero gra- 
dient are the same as those employed as starting vectors 
when using the shooting method with boundaries at in- 
finity. The equation to be solved for q inside the region 
of nonzero gradient is simply 

- - _ - - 

: (28) bw ' 

In this algebraic equation the parameter bw is just the 
dimensional thickness of the boundary layer. When 
there is no background fiow(v - 0), this equation re- 
duces to a cubic in •b upon substitution of •b - (q2_ k2) 
and the six complex roots can be determined analyti- 
cally using Cardan's formula. When v is nonzero, the 
roots may be simply found numerically using Laguerre's 
method. When this method was employed, v was re- 
quired to be a constant. As previously discussed, we 
will be employing the parameter v to model the influ- 
ence of a basic state flow convergence onto the internal 
boundary layer, and for this purpose we will simply as- 
sume v to be a negative constant for z > z0 and a posi- 
tive constant for z < z0. A matrix equation containing 
the boundary conditions may then be constructed and 
critical Rayleigh numbers and growth rates calculated 
by finding the zeros of the determinant of this matrix. 
Very similar procedures to these are used to solve for 
the most unstable modes in the Rayleigh-Taylor prob- 
lem. The only difference in this case is that the system 
is then fourth order, and only growth rates can be de- 
termined because density inversions are always unstable 
in the absence of the influence of thermal diffusivity ef- 
fects. 

In what follows we will first employ the above dis- 
cussed theoretical methodology to present a number 
of issues concerning the problem of thermal boundary 
layer instability in general. Following this, we will ad- 
dress in successive sections the problem of the stability 
of the internal boundary layer that appears to develop 
in the mantle convective circulation under the influence 

of the endothermic phase transition at 660 km depth. 

Results 

Although linear stability analysis is most often ap- 
plied to the thermal convection problem in the analy- 
sis of the stability of the state of rest, the same meth- 
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ods have also been applied to investigate the stability 
of more general boundary layer temperature profiles in 
order to better understand the onset of secondary in- 
stabilities in the thermal boundary layers that develop 
in high Rayleigh number convective flows [e.g., Howard, 
1964; Yuen, et al., 1981]. As originally pointed out by 
Howard [1964], however, a thin boundary layer is most 
unstable for vanishingly small local Rayleigh number 
and at very large wavelength. 

Thermal Boundary Layer Stability 

In order to explicitly validate Howard's [1964] com- 
ment, neutral curves were calculated for a boundary 
layer of fixed thickness located in the middle of a fluid 
region as a function of the total layer depth L. The 
results of these analyses are shown in Figure 3a for 
the sequence (L/bw) = 4, 6, 8, 10, c•. For the purpose 
of these analyses the governing equations were scaled 
by the thickness of the boundary layer bw. Curves of 
neutral stability do not depend on the Prandtl num- 
ber, and the P6clet number is set to 0. Effects due to 
finite P6clet number will be discussed in a later sec- 
tion. In this calculation and for all other calculations 

to be presented, the temperature gradient is taken to be 
piecewise constant unless otherwise stated. The region 
above a neutral curve denotes the region of Rayleigh 
number-wavenumber space in which the growth rate is 

positive and in which a fluctuation will therefore grow 
in time. The minimum in this curve Ramin denotes the 
lowest Rayleigh number above which instability is pos- 
sible, and the horizontal wavenumber kmin at which this 
minimum is realized denotes the horizontal wavenumber 

of the so-called fastest growing mode of linear instabil- 
ity. It will be noted from Figure 3a that as the outer 
boundaries are moved progressively farther from the re- 
gion of nonzero temperature gradient, Ramin and kmin 
both rapidly approach zero. The lowest curve, corre- 
sponding to the circumstance in which the boundaries 
are placed at infinity, never recovers for small k. This 
may seem surprising in that it appears that a vanish- 
ingly small temperature gradient can cause the onset 
of a very large scale instability in a thick layer of fluid. 
However, it is important to realize that in a thick layer 
there will be considerable gravitational potential en- 
ergy available to drive instability owing to the large 
thickness of fluid of higher density overlying an equally 
great thickness of fluid of lower density. When Ramin 
and kmin are plotted as a function of the ratio bw/L, 
(long-dashed line and short-dashed line in Figure 4a, 
respectively), an interesting scaling emerges. Ramin is 
seen to scale like (bw/L) 3 for L sufficiently greater than 
bw, while k scales like (bw/L) itself. This implies that 
the natural length scale for the system is, in fact, the 
entire layer depth L and that if this nondimensionaliza- 
tion is chosen, the dynamics do not vary with bw for 
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Figure 3. (a) Neutral curves with quantities scaled by bw and differing distances to outer 
boundaries with the boundary layer placed at the center of the fluid region. From top to bottom, 
L/bw=4,6,8,10, and c•. (b) Neutral curves with quantities scaled by bw and differing distances 
to the far outer boundary with the boundary layer adjacent to one outer boundary. From top to 
bottom, L/bw-4,6,8,10, and c•. 
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Figure 4. (a) Variation of minimum critical Rayleigh numbers and wavenumbers with log(bw/L). 
Long-dashed lines are Rayleigh numbers for a boundary layer placed in the middle of a fluid region. 
Short-dashed lines are wavenumbers for a boundary layer placed in the middle of a fluid region. 
Dotted lines are critical minimum Rayleigh numbers for the case in which the boundary layer is 
adjacent to an outer boundary. Solid lines are minimum wavenumbers for the case in which the 
boundary layer is placed adjacent to an outer boundary. b)Variation of log(RaLmin) (solid line) 
and log(kLmin) (dashed line) with log(l/L) using a delta function temperature gradient. 

bw/L sufficiently small. Nondimensional quantities will 
henceforth have subscripts indicating the length scale 
by which they are nondimensionalized. 

Figure 5 shows the variation of RaLmin with bw/L 
for a boundary layer placed in the middle of the fluid 
region. The three curves shown are for three different 
mathematical forms of the boundary layer temperature 
gradient, including a step function, a hyperbolic secant 
squared, and a Gaussian. These are, respectively, 

DT - -L/bw for [z - z0[ < 0.5(bw/L), 
DT - 0 iz- z01 > 0.5(Sw/L) (29a) 

DT = -2.18L/(2bw)sech212.18(z- zo)L/bw] (29b) 

DT - -1.578L/(bwx/)exp(-{[1.578(z - zo)L]/bw}2). 
(29c) 

The corresponding temperature profiles are shown in 
Figures 2b, 2c, and 2e. Inspection of the results shown 
in Figure 5 demonstrates that for bw/L less than 0.1, 
Raœmin is independent both of bw and of the exact form 
of the temperature gradient. When bw = L for the step 
function case, we recover the Rayleigh-B•nard critical 

value of 657.51, and when bw-0, the minimum Rayleigh 
number of 327.39 obtains, which is the critical Rayleigh 
number for a delta function temperature gradient sit- 
uated in the middle of a layer of unit thickness. This 
quantity was found to be quite useful in that it provides 
a convenient check on any thin boundary layer in the 
middle of a plane layer. Since most boundary layers 
of interest will be considerably thinner than the entire 
fluid region in which they are found, it is seen that a 
thermal boundary layer in the middle of a deep fluid 
region may be well approximated by a delta function 
temperature gradient. It will also be shown presently 
that a thin thermal boundary layer at arbitrary depth 
in a layer of finite thickness is well approximated by a 
delta function at the appropriate depth. Also of inter- 
est is the fact that/•aLmin is a monotonically increasing 
function of bw/L, implying that thin regions of strong 
temperature gradient in the middle of deep layers are 
more unstable than thick regions. This makes good 
physical sense since thin regions of strong gradient are 
associated with greater temperature contrast between 
the upper and lower regions of the fluid, resulting in 
greater buoyancy forces. Minimum critical horizontal 
wavenumbers k• were found to vary only slightly with 
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Figure 5. Variation of minimum Raœ with bw/L, based upon the following alternative choices for 
the profile of temperature gradient- DT - -1.578L/(bwx/•)exp{-[(z- zo)1.578L/bw]2)(dotted 
line), DT=-2.18L/(2bw)sech212.18(z- zo)L/bw](dashed line), and DT - -L/bw for [z- z0[ < 
0.5 bw/L and DT - 0 for [z - z0] > 0.5 bw/L (solid line). 

bw/L, decreasing monotonically from 2.227 to 2.221 as 
bw/L was increased from 0 to 1. 

Figure 6a shows vertical velocity W (solid line) and 
temperature perturbation O (dotted line) eigenfunc- 
tions and eddy heat transport < OW > (dashed line) 
for the delta function temperature gradient in the mid- 
dle of a plane layer. We see that the vertical velocity 
eigenfunction is virtually unchanged from the solution 
of the B•nard (constant gradient) case (Figure 6b), and 
all of the vertical structure functions are seen to fill 

the entire region; they are in no way limited to the 
boundary layer region of space. Also, because the hor- 
izontal wavenumber does not change significantly, the 
aspect ratio of the convection cells changes very little 
with bw/L. For the case of a localized gradient in the 
middle of a plane layer, we note that Howard's [1964] 
predictions are simply a consequence of the fact that 
the natural length scale of the system is the entire layer 
depth. Since kbw = kL(bw/L) for a given physical con- 
figuration and Rabw = Raœ(bw/L) 3 and given that kœ 
and Ra• both tend to constants for bw/L << 1, it 
is clear that kbwmin and Rabwmin must be vanishingly 
small for bw < < L. That the temperature perturbation 
eigenfunction develops a cusp and, as such, is narrowed 

by the narrower boundary layer will be seen to be im- 
portant in determining the stability of a boundary layer 
in the presence of a phase transition. 

Referring to the previously discussed Figure 3b, we 
present a series of neutral curves for variables scaled by 
the boundary layer thickness, when the boundary layer 
is located adjacent to one of the impermeable bound- 
aries for various total layer depths. As in Figure 3a, 
we present results for the sequence L/bw-4,6,8,10 and 
oe. Again, the critical Rayleigh number and wavenum- 
ber go to zero as the outer boundary is moved pro- 
gressively farther away. Yuen et el. [1981] presented 
growth rate curves nondimensionalized by the bound- 
ary layer depth for a boundary layer at the surface of 
an infinite half-space. Their results for constant vis- 
cosity were qualitatively reproduced in the course of 
this investigation. Of interest is the fact that their 
growth rate curve does not have a long-wavelength cut- 
off, clearly indicating that Rabwmin must go to zero as 
k goes to zero. One might expect that a boundary layer 
located adjacent to an impermeable boundary would be 
less unstable than a boundary layer well removed from 
walls because most of the fluid region would be isother- 
mal, with only a small region of density contrast on 
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Figure 6. (a) Eigenfunctions for the case in which the governing equations are scaled by the 
total layer depth and a delta function temperature gradient is assumed. Solid line is the vertical 
velocity eigenfunction, dotted line is the temperature perturbation eigenfunction, and the dashed 
line is the eddy heat transport. (b)Eigenfunctions for the case in which the governing equations 
are scaled by the total layer depth for the case of a constant temperature gradient (Bdnard 
configuration). Solid line is the vertical velocity and the temperature perturbation eigenfunctions 
(they are identical in this case); dashed line is eddy heat transport. Note that all eigenfunctions 
have been normalized so that their peak amplitudes are unity. 

one extremity. This is found to be the case in that the 
Rayleigh number is seen to approach 0 as bw/L in this 
case (dotted line in Figure 4a) rather than as (bw/L) 3, 
which is the scaling for a boundary layer in the middle 
of a deep layer. The solid line in Figure 4a shows the 
scaling of kbwmin when a boundary layer is located ad- 
jacent to an outer boundary. This result implies that 
if the equations were scaled by the entire layer depth, 
the critical Rayleigh number would, in fact, diverge to 
infinity as (L/bw) 2 for bw << L. This was found to 
be the case. From Figure 4b it will be noted that if a 
delta function gradient is moved toward the edge of a 
unit layer, RaLmin diverges inversely as the square of 
the distance to the closest outer boundary, the same 
scaling that obtains when a finite thickness boundary 
layer adjacent to a single horizontal boundary is de- 
creased in thickness. This indicates that it is not the 

depth of the region of strong gradient that is impor- 
tant but, rather, the distance from the effective center 
of the region of strong gradient to the nearest imper- 
meable boundary. This length scale we will henceforth 
call 1. The results shown in Figure 4b may be employed 
to determine the minimum critical Rayleigh number for 
any thin boundary layer in a deep fluid region by lo- 
cating the relative position of the boundary layer in the 
layer, determining the corresponding Rayleigh number 
and then scaling the result appropriately. Also of in- 

terest is that the eigenfunctions remain "space filling" 
when the thermal boundary layer is located adjacent to 
an impermeable boundary and, furthermore, since the 
horizontal wavenumber (dashed line Figure 4b) is seen 
to vary very little with l/L, the aspect ratio of the cells 
remains of order unity. 

Some calculations of growth rates with supercritical 
Rayleigh numbers were performed with equations scaled 
by bw and with various distances to outer boundaries 
and with various values of the Prandtl number. In 

each case the Pdclet number v was set to 0. In par- 
ticular, it was observed that at infinite Prandtl number 
the wavelength of the most unstable mode once again 
scaled with the distance to the nearest outer bound- 

ary and diverged if the outer boundaries were placed 
infinitely far away from the thermal boundary layer re- 
gio,i. If a finite Prandtl number was used and, as such, 
the inertial term was included in the equations, it was 
observed that even for outer boundaries at infinite sep- 
aration, the disturbance occupied only a finite region 
of space. The new length scale imposed under these 
circumstances was seen to be (•2/g)•. 

Application to Convection in the Earth's 
Mantle: Initial Estimates 

In order to compare the critical boundary layer Ray- 
leigh numbers inferred from the nonlinear, time depen- 
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dent simulations of Solhelm and Peltlet [1994a, b] to 
those arising from a purely thermal instability, the equa- 
tions were scaled by 140 km, a typical boundary layer 
thickness obtained in the Solhelm and Peltlet [1994a] 
simulations of the influence of phase transitions on con- 
vective mixing. The boundary layer was then placed so 
as to be centered on 660 km depth, and the flee-slip 
outer boundaries were placed in accordance with the 
scaled positions of the core-mantle boundary (CMB) 
(dimensional depth of 2890 km) and the Earth's surface. 
The minimum Rayleigh numbers that were obtained in 
Cartesian and spherical coordinates were 0.0773 and 
0.0819, respectively, for this circumstance and these ob- 
tained at dimensional wavelengths of 8000 and 7800 km, 
respectively. (See the lowest neutral curve in Figure 7a 
for the Cartesian case with v-0). The eigenfunctions 
were seen to fill the entire space between the lower and 
upper boundaries (Figure 7b shows the vertical velocity 
(solid line) and temperature perturbation (dotted line) 
eigenfunctions). This solution clearly represents what 
we might refer to as an avalanche since it does involve 
the entire depth of the fluid and its horizontal wave- 
length is of the order of the wavelengths of the observed 
avalanche disturbances, which were typically seen to be 
about 8000 km. The minimum Rayleigh number, how- 
ever, is many orders of magnitude smaller than those 
observed by $olheim and Peltlet [1994a]. Although a 

very small boundary layer Rayleigh number is to be 
expected for this geometry based on the discussion of 
the previous section, the question as to why the ther- 
mal boundary layer in Figure I is not unstable at much 
lower Rayleigh numbers clearly arises. 

An important issue certainly concerns the influence 
of the phase transition itself. The parameters used to 
estimate $ and Re) for the spinel to postspinel phase 
transition at 660 km depth for this purpose are listed 
in Table 1. The resulting parameters, $ and Re), based 
upon these parameters, were calculated to be -1.8 and 
-95, respectively. With this phase transition positioned 
at the center of the thermal boundary layer, the sys- 
tem was found to have a negative minimum Rayleigh 
number, indicating that there would need to be a sta- 
bilizing temperature gradient for the system to be even 
marginally stable. This clearly indicates that at onset 
of instability, for Earth-like geometry, the destabilizing 
latent heat effect of the endothermic phase transition 
dominates the stabilizing phase boundary deflection ef- 
fect since the critical Rayleigh number is seen to de- 
crease. This was first demonstrated by Peltlet [1985]. 
Buffet et al. [1994] obtained a similar result for the case 
of a linear temperature profile throughout the mantle. 
In order to test the robustness of this result, the stabiliz- 
ing parameter $ was increased in magnitude, with fixed 
Re), until the Rayleigh number became positive. The 
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Figure 1. (a) Neutral curves for the case in which the boundaries are placed to coincide with 
the Earth's surface and core-mantle boundary (CMB), with no phase change present but with 
a background velocity convergence onto the boundary layer at 660 km depth. From bottom to 
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(dotted line and long-dashed line, respective]y). 
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Table 1. Representative Values of the Parameters of the 660-km Phase Transition 

Parameter Symbol Value 

Density difference between lower and upper phases 
Average density 
Characteristic length scale 
Thermal expansivity 
Gravitational acceleration 

Clapeyron slope 
Temperature gradient at the phase boundary 
Temperature at the phase boundary 
Kinematic viscosity 
Thermal diffusivity 
Specific heat capacity at constant pressure 

Ap 450 kg/m s 
p 4200 kg/m s 
d 140 km 
a 2.5 x 10 -0 K -• 
g 10 m/s 2 
"7 -2.8 x 106 kg/(m s 2 K) 

DT(zo) -2.14 x 10-•K/m 
T 2300 K 

•, 10XSm2/s 
n 9.5 x 10 -? m2/s 
½p 1250 J/(K kg) 

critical value 'of $ was thereby shown to be near-12, 
indicating that one could not achieve stabilization by 
tuning the parameters. Again, this result is not surpris- 
ing given that Peltier [1985] pointed out that when the 
660-km endothermic phase transition is placed in a layer 
of the dimensions of the Earth's mantle, the destabiliz- 
ing influence of latent heat release dominates because 
it scales like L 3, while the stabilizing phase boundary 
deflection effect scales like 1/L. Although the equations 
in this case are explicitly scaled with the narrow bound- 
ary layer thickness bw, it seems clear that the stabilizing 
or destabilizing nature of a phase transition cannot de- 
pend on an arbitrary choice of nondimensionalization. 
Since the natural length scale of the system has been 
demonstrated to be the "outer scale" L it would seem 

that an endothermic phase transition in a fluid region 
becomes increasingly destabilizing with the depth of the 
fluid region. In order to test this, an endothermic phase 
transition with the same parameter values for S and RQ 
as above was placed in the middle of a boundary layer 
of depth bw in a fluid layer of depth L. The equa- 
tions were nondimensionalized by bw. As (L/bw) was 
increased, the critical Rayleigh number varied from be- 
ing well above the critical Rayleigh number in the ab- 
sence of a phase transition for (L/bw) - 1 to negative 
for (L/bw) - 3. The nondimensional distances from 
the phase transition to the surface and CMB are 4.79 
and 15.9, respectively. This clearly indicates that en- 
dothermic phase transitions become increasingly desta- 
bilizing with the depth of the total layer and the 660-km 
phase transition is very strongly destabilizing at onset 
for Earth geometry. This destabilization was verified for 
spherical geometry as well. The additional influences of 
the phase transition at 400 km depth were also added 
to the model, as in the work by Peltier [1972], but these 
were found to be only slightly stabilizing. 

It has been argued [e.g., Tackley, 1995] that the ef- 
fect of latent heat in high Rayleigh number convection 
is considerably less significant then in a quiescent back- 
ground state. This is because a convecting fluid tends 
to adopt an adiabatic temperature profile, and as a re- 
sult, the temperature change induced by latent heating 

is felt everywhere beneath the phase boundary and, as 
such, no buoyancy-producing lateral density gradients 
are created. In one series of calculations, the latent 
heating parameter RQ was set to 0. For 5' = -1.8 
a critical Rayleigh number of 0.1 obtained at a wave- 
length of 8000 km. Evidently, even in the absence of 
latent heating effects, the endothermic phase transition 
at 660 km depth will not stabilize a thermal boundary 
layer to the extent that stability is observed in the nu- 
merical simulations of $olheim and Peltier [1994a, b]. 
Clearly, effects other than phase transitions must be 
included in a linear stability calculation in order to ac- 
count for the relative stability of the thermal boundary 
layers seen in the numerical simulations and for the im- 
portance of the boundary layer thickness in determining 
this stability. 

Rayleigh-Taylor Analysis With a Phase 
Transition 

A necessary criterion for penetration through an en- 
dothermic phase boundary was recently suggested by 
Bercovici et al [1993], based upon a parameter Fr - 
(p2c•gd) / (flAp), representing the ratio of gravitational 
to phase boundary deflection forces, and it was sug- 
gested that the value of this parameter should exceed 
1 for penetration to occur. Since both of the forces 
whose balance is represented by this ratio increase lin- 
early with AT, the parameter itself is clearly indepen- 
dent of the temperature contrast across the boundary 
layer but, importantly, increases with the length scale 
d. Fr is also the negative reciprocal of our parameter 
$ if temperature gradient effects are neglected. In or- 
der to test the utility of this parameter in the context 
of a complete Rayleigh-Taylor analysis, an endothermic 
phase change was placed in the middle of a boundary 
layer and growth rates were calculated as a function of 
wavelength for the Rayleigh-Taylor case with equations 
scaled by the boundary layer thickness bw. Latent heat- 
ing effects were neglected as these cannot be assessed 
in the absence of thermal diffusion. This process was 
repeated for different values of the boundary layer thick- 
ness, which resulted in different values of the parameter 
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$. In Figure 8a we show results for a sequence of cal- 
culations with $--0.943,-0.962, -0.980,-1.0,-1.02, and 
-1.04. Vertical velocity eigenfunctions, corresponding 
to the most unstable modes for this sequence of anal- 
yses, are shown in Figure 8b. Inspection of these re- 
sults demonstrates that the eigenfunctions change from 
avalanche type (layer filling) to layered type when bw is 
fixed such as to set the parameter $ to a value close 
to-1. This analysis differs from that performed by 
Bercovici et al. [1993] in that these authors considered 
an isolated descending plug, while here we assume that 
the boundary layer has been built up uniformly by the 
background flow. The length scale used in the analy- 
sis of Bercovici et al. is the average thickness of that 
part of the plug which has accumulated above the phase 
boundary and represents the thickness of an imposed 
density fluctuation. In the work reported herein the 
length scale used to calculate $ is the thickness of the 
region of significant background density gradient bw. 
However, in the absence of thermal conductivity, den- 
sity fluctuations are proportional to the density gradient 
for an avalanche solution (see (18)) and so their thick- 
ness is fixed by the thickness of the boundary layer. The 
thickness of the boundary layer is thus demonstrated 
to be critically important in determining whether an 

avalanche will occur in the case of a Rayleigh-Taylor 
instability. 

It is seen then that a mechanism does exist within 

the Rayleigh-Taylor formalism to turn avalanches on 
and off: avalanches will occur if the boundary layer is 
sufficiently thick. If not, the instability develops as a 
layered mode. The question remains, however, as to 
how appropriate such an analysis, based upon the ne- 
glect of thermal conduction effects, could be in describ- 
ing the boundary layer instability events that could oc- 
cur within the Earth's mantle. One important prob- 
lem clearly arises in consequence of the fact that the 
growth rate calculated for the avalanche slightly below 
the critical value of $ is such that risetimes are 2 orders 

of magnitude shorter than those observed in the full 
nonlinear simulations of $olheim and Peltier [1994a], 
which are operating in the statistical equilibrium state. 
Clearly, another problem is that in the Rayleigh-Taylor 
analysis, density inversions always drive instability; no 
stable regime exists of the kind that is observed in the 
nonlinear simulations. When in the layered regime, 
the instability would erase the boundary layer, which 
would destroy the possibility of further avalanches. As 
avalanches are observed in the nonlinear simulations, in- 
termittently separated by significant periods of stably 
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Figure 8. (a) Variation of growth rate with wavelength for Rayleigh-Taylor instabilities with 
outer boundaries at positions corresponding to the Earth's surface and CMB and with an en- 
dothermic phase transition at 660 km depth. Different curves correspond to different values of 
the stabilizing parameter $, where $=-1 is the critical value. From top to bottom, $=-0.943, 
-0.962,-0.98,-1, -1.02, and -1.04, and we see the transition from a short-wavelength maximum 
for $ < -1 to a long-wavelength maximum for $ ) -1. (b) Vertical velocity eigenfunctions with 
$ = -0.943 (solid line), $ = -0.962 (dotted line), $ = -0.98 (short-dashed line), and $ = -1 
(long-dashed line). Note that below $--1 the eigenfunctions all have the same layered form. 
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layered flow, it seems clear that thermal diffusion effects 
cannot be neglected. The Rayleigh-Taylor criterion is 
insufficient to explain the avalanche process. 

As a consequence of finite thermal diffusivity, the 
perturbation temperature eigenfunction of the unsta- 
ble mode becomes nonlocal. As penetration through 
the phase boundary was demonstrated to increase with 
the width of the perturbation density (which is propor- 
tional to the perturbation temperature), thermal insta- 
bilities remain avalanches for much more negative val- 
ues of the stabilizing parameter $. When temperature 
perturbation eigenfunctions were plotted along with ve- 
locity eigenfunctions (not shown) and when phase tran- 
sitions were present in the thermal instability case, it 
was observed that temperature perturbation eigenfunc- 
tions were always nonzero over a significant region sur- 
rounding the phase boundary whenever avalanches oc- 
cur. This demonstrates that although the penetrative 
or layered properties of convection through a phase 
boundary are not fixed by the boundary layer thickness 
and the parameter $ in the thermal instability case as 
they are in the Rayleigh-Taylor case, the depth extent of 
the temperature fluctuation is vitally important in de- 
termining whether or not an avalanche will occur. For 
this reason, any process that results in a localization 
of the perturbation temperature eigenfunction will re- 
sult in a stabilization of the boundary layer against the 
occurrence of an avalanche. 

Process of Dynamical Stabilization 

One important factor neglected in the previous sec- 
tions concerns effects due to the background flow. More 
heat is advected into a boundary layer region by convec- 
tive flows than is advected outward [Jarvis and Peltier, 
1982]. Thus effects due to the background flow might 
quite reasonably be expected to result in a localization 
of a density perturbation and hence stabilize an inter- 
nal thermal boundary layer in the presence of an en- 
dothermic phase transition as described in the previous 
section. In order to simply capture effects due to ad- 
vective heat convergence by the background flow, a con- 
stant positive P•clet number will be assumed below the 
phase transition and an equal in magnitude constant 
negative value will be assumed above. As previously 
discussed, momentum advection due to the background 
flow may be neglected for mantle circulation and, as 
such, this velocity convergence will affect the stability 
of the boundary layer only through its influence on the 
temperature structure. This incorporation of mean flow 
effects through introduction of a constant velocity con- 
vergence might be expected to be justifiable on the ba- 
sis of a separation of length scales in two limiting cases: 
(1)if the width of a thermal plume in the layered state is 
much larger than the wavelength of a boundary layer in- 
stability and (2)if the spacing between thermal plumes 
in the layered state is much less than the wavelength 
of a boundary layer instability. It is this second limit 
which we expect to be appropriate in the present con- 
text; in the simulations of Solhelm and Peltier [1994a], 
avalanche instabilities are seen to have long wavelengths 

compared with the internal spacing of upper mantle 
thermal plumes. A schematic representation of this sce- 
nario is presented in Figure 9. The dashed lines repre- 
sent the upper and lower extremities of the boundary 
layer, while the sinusoid represents an incipient insta- 
bility of the boundary layer itself. One wavelength of 
the incipient instability extends over many upper and 
lower convection cells. Although there is an outward 
flow that is necessary to conserve mass, there is a net 
influx of advected heat, and it is the effects of this heat 
advection that we wish to capture through the P•clet 
number parametrization. 

An upper bound on the P•clet number v, based upon 
surface plate velocities of the order of 4 cm/yr would be 
approximately 200. For the purposes of the linear sta- 
bility analysis, v is expected to be much smaller how- 
ever, since it is intended to represent only the effective 
convergence onto the boundary layer and not the total 
background flow. Referring once more to Figure 7a, a 
series of neutral curves are presented for various val- 
ues of the nondimensional velocity convergence (P•clet 
number) in the absence of phase transitions for the 
Earth-like geometry described above. The minimum 
critical Rayleigh number is seen to rise monotonically 
with v. In order to attain Rayleigh numbers similar to 
those recorded in the Solhelm and Peltier [1994a] analy- 
sis, v was required to be near 100. It seems unlikely that 
the effective background convergence for boundary layer 
stabilization could be of the same order of magnitude 
as the mean flow speed. The role of the dynamics in 
stabilizing the internal thermal boundary layer is, nev- 
ertheless, clearly illustrated, and it is rather likely that 
effects due to deformation flows that apply effective con- 
vergence across the region of strong radial temperature 
gradient will stabilize internal thermal boundary layers 
in high Rayleigh number convection. Also of interest 
are the perturbation vertical velocity and temperature 
eigenfunctions, which are shown in Figure 7b as the 
short-dashed line and long-dashed line, respectively, for 
the case v-1.4. It will be observed that the velocity 
structure is shifted somewhat from the zero background 
velocity case, but more importantly, the temperature 
perturbation eigenfunction becomes strongly localized 
into the region of the boundary layer itself. 

When the endothermic phase transition is also placed 
in the center of the boundary layer and a background 
velocity convergence is active, it is found that the com- 
bination of these effects may be very strongly stabilizing 
indeed. Figure 10a shows a series of neutral curves for 
which the parameters of the endothermic phase transi- 
tion are chosen to be the same as those employed above 
and with various values for the velocity convergence. 
Two distinct minima are now observed to be charac- 

teristic of the neutral curves. Figure 10b shows eigen- 
functions for critical Rayleigh numbers and wavelengths 
corresponding to the long wavelength (8800 km,v-l.3) 
and short-wavelength (1375 km,v=l.4) minima. The 
long-wavelength solution represents an avalanche, while 
the short-wavelength solution represents a split mode 
of instability with no penetration of the phase bound- 
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Figure 9. Schematic illustrating the process of dynamical stabilization of the thermal boundary 
layer. The influence of temperature advection onto the boundary layer (solid arrows) in con- 
vergence is taken to exceed the influence of advection of the return flows (dashed arrows). The 
spacing between thermal plumes in the layered state is considerably shorter than the wavelength 
of a boundary layer instability (sinusoid), supporting a separation of length scales argument 
whereby a simple parametrization of the background flow as a constant convergence may be 
employed. 

ary. On the basis of the neutral curves, it is seen 
that if the background convergence onto the boundary 
layer is increased, the low-wavenumber minimum dis- 
appears and the fastest-growing instability is switched 
from avalanche to layered style. In nonlinear simula- 
tions an increase in the system Rayleigh number is seen 
to decrease the number of avalanche events, leading to 
more complete layering. It seems reasonable that larger 
external Rayleigh numbers will correspond to higher 
average convergence onto the phase boundary, and so 
this result agrees well with the numerical simulations. 
Our analysis clearly predicts that for very large exter- 
nal Rayleigh numbers the flow would be more nearly 
perfectly layered, a circumstance that we expect would 
most probably have obtained in the early Earth. It 
has often been suggested [e.g., Peltier, 1996] that such 
phase transition induced layering in the early Earth 
could have led to the development of a chemical discon- 
tinuity across the phase change interface, thus strongly 
increasing the degree of layering. 

Figure 11a shows a series of neutral curves for a 
constant value of the background convergence (v-1.4) 
but with different values of the Clapeyron slope of the 
phase transition using a temperature gradient of the 

form DT = -2.25sech•[4.5(z- z0)](Figure 2d). For 
smaller values of the magnitude of the Clapeyron slope 
we see that the long-wavelength avalanche solution cor- 
responds to the most unstable mode. As the magni- 
tude of the Clapeyron slope is increased, however, the 
most unstable mode changes from one with a wave- 
length near 8000 km to one with a wavelength near 1300 
km. Clearly, there is a critical Clapeyron slope below 
which layering is enforced. For this particular value of 
the background velocity and for this form of the temper- 
ature gradient, the critical Clapeyron slope is found to 
be between-2.58 and-2.59 MPa/K. A critical value of 
the Clapeyron slope is found to exist for every value of 
the background velocity convergence. Note also that all 
of the curves are identical in the short-wavelength limit 
and that once the Clapeyron slope is sufficiently stabi- 
lizing, the minimum critical Rayleigh number does not 
increase with a further decrease in the Clapeyron slope. 
This value of the Rayleigh number is an upper bound 
on the possible value for the minimum critical bound- 
ary layer Rayleigh number for an avalanche solution for 
a particular velocity convergence with a boundary layer 
of a particular vertical structure. 
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Figure 10. (a) Neutral curves with a phase transition of Clapeyron slope-2.8 MPa/K placed at 
660 km depth and varying values of velocity convergence. From top to bottom, v- 1.5, 1.4, 1.3, 
and 1.2. (b) The solid line is vertical velocity corresponding to the long-wavelength minimum with 
v-1.3. The short-dashed line is vertical velocity corresponding to the short-wavelength minimum 
with v-1.4. The dotted line is temperature perturbation of the long-wavelength solution. The 
long-dashed line is temperature perturbation of the short-wavelength solution. 

It must be noted, however, that when a phase transi- 
tion and a converging background flow are present, the 
dynamics are very sensitive to the exact values of the 
parameters and to the width and shape of the boundary 
layer. It was found that for v=l.3 a Clapeyron slope 
of-2 MPa/K is unstable at negative Rayleigh numbers, 
while a value of-3.2MPa/K shows only completely lay- 
ered solutions with Rayleigh numbers of 328. Small 
variations in the background velocity show similar sen- 
sitivity as do variations in the boundary layer thick- 
ness and shape, and we have no method of determin- 
ing an appropriate velocity convergence for a particular 
value of the system Rayleigh number. However, given 
the similarity between the nonlinear model results and 
those found here, it seems likely that the Earth, or at 
least the nonlinear models of the Earth that have been 

explored numerically, is (are) operating in a region of 
parameter space in which the Clapeyron slope is sub- 
critical but the minimum critical Rayleigh number for 
the avalanche solution is positive. There are then seen 
to be two ways of "triggering" an avalanche. Either the 
background velocity convergence decreases, decreasing 
the critical Rayleigh number required to cause the insta- 
bility, or the boundary layer Rayleigh number increases 
owing to an increase in the temperature contrast or to 
an increase in boundary layer thickness. Once a bound- 
ary layer is destroyed, flow across the phase transition 

once more becomes inhibited and it takes time for the 

boundary layer to be built up to a critical state again by 
the background flow, resulting in the quasi-periodicity 
(intermittency) observed in the simulations. 

Calculations in spherical coordinates have also been 
performed with a phase transition and background con- 
vergence, and in all cases the results were very similar 
to the results obtained for the calculations performed 
in Cartesian geometry. Figure 11b shows the analogous 
neutral curves to those in Figure 11a for the sphere. 
We see that they are qualitatively extremely similar. 
Of course, in the spherical case the wavelength spec- 
trum is discrete and thus results are shown only for the 
wavelength corresponding to discrete values of spherical 
harmonic degree. One small difference is that the insta- 
bility in the spherical case becomes layered for slightly 
less negative values of the Clapeyron slope. In Figure 
11b the critical Clapeyron slope is seen to be between 
-2.54 and-2.55 MPa/K. 

Discussion and Conclusions 

Thermal boundary layers in the absence of the in- 
fluence of phase transitions and dynamical effects were 
shown to be highly unstable when situated in a deep 
layer. Boundary layers situated at the center of deep 
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Figure 11. (a) Neutral curves with v= 1.4 with varying Clapeyron slopes in Cartesian coordinates 
and DT -- -2.25sech214.5(z- z0)], showing the change from an avalanche type instability to the 
layered mode for decreasing values of the endothermic Clapeyron slope. The Clapeyron slope 
corresponding to the curve represented by the long-dashed line is -/=-2.55 MPa/K, for the dotted 
line is -/=-2.56 MPa/K, for the short-dashed line is -/=-2.57 MPa/K, for the solid line is if= 
-2.58 MPa/K, for the short-dash-dotted line is -/=-2.59 MPa/K, and for the long-dash-dotted 
line is -/=-2.6 MPa/K. (b)Neutral curves with v=l.4 for varying values of the Clapeyron slope in 
spherical coordinates and DT - -2.25sech214.5(r- r0)]. The Clapeyron slopes corresponding to 
the curve marked by the crosses, dots, solid squares, open squares, stars and triangles are -2.51, 
-2.52,-2.53,-2.54,-2.55, and-2.56 MPa/K, respectively. 

fluid regions were shown to be particularly unstable, 
and stability increased as the region of strong vertical 
temperature gradient was moved closer to an imperme- 
able boundary. The length scales controlling the dy- 
namics were shown to be the entire layer depth and 
the distance to the closest impermeable boundary. The 
depth of the thermal boundary layer was shown to ex- 
ert very little influence on the dynamics as long as it 
was shallower than one tenth of the full layer depth. 
In this case the thermal boundary layer was shown to 
be well approximated by a delta function temperature 
gradient at the appropriate depth. As a result, the spa- 
tial extent of convection at the critical Rayleigh number 
arising from thermal boundary layers is not limited to 
the region of the boundary layer but, rather, it fills the 
entire fluid layer in which the boundary layer is con- 
tained. This result is consistent with the divergence of 
the correlation length of a convective cell at the critical 
Rayleigh number [e.g., Zaitsev and $hliomis, 1971]. 

In the absence of background flow and phase transi- 
tions the thermal boundary layer at 660 km that was 
shown to develop in the simulations of Solheim and 
Peltier [1994a, b] was observed to be unstable at ex- 

tremely small Rayleigh numbers, but the instability 
that ensued was consistent with the spatial extent of 
an avalanche. The presence of the endothermic phase 
transition alone at 660 km depth was seen to further 
destabilize the layer, and this was shown to be a result 
of the fact that endothermic phase transitions are in- 
creasingly destabilizing the deeper the layer of fluid in 
which they exist, in accord with arguments of Peltier 
[1985]. 

A criterion for determining whether a Rayleigh-Taylor 
instability will be avalanche-like or layered was dis- 
cussed, and this was shown to depend critically on the 
boundary layer thickness. In the considerably more 
complex thermal instability this criterion was shown 
to offer insight into the importance of boundary layer 
thickness and velocity convergence in determining the 
stability of the boundary layer. 

A converging flow was seen to stabilize a thermal 
boundary layer, possibly explaining the region of sta- 
bility of the thermal boundary layers observed in high 
Rayleigh number numerical simulations of the convec- 
tion process. The values of the velocity convergence re- 
quired to achieve critical boundary layer Rayleigh num- 
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bets comparable to those in the simulation of $olheim 
and Peltier [1994a] were unrealistically high in the ab- 
sence of the influence of the endothermic phase tran- 
sition itself. When coupled with the influence of the 
endothermic phase transition, however, the applied ve- 
locity convergence was shown to be very strongly stabi- 
lizing. Stabilization increased with decreasing Clapey- 
ton slope and increasing velocity convergence. A critical 
Clapeyron slope for a given value of the velocity con- 
vergence was shown to exist, below which, only layered 
convection solutions exist, and above which, avalanche 
solutions occurred. The effects of sphericity were shown 
not to affect these results significantly. The results ob- 
tained through application of linear stability analysis 
to an internal thermal boundary layer in the Earth-like 
geometry and an assessment of the extent of the agree- 
ment of these results with the simulations of Solheim 
and Peltier are summarized in Table 2. This stabiliza- 

tion of a thermal boundary layer by a uniform strain 
field is quite similar to the stabilization of a vorticity 
strip against Kelvin- Helmholtz instability by a strain 
field [e.g., Dritchel et al., 1991] in infinite Reynolds 
number flow. 

A number of potentially important effects have not 
been dealt with in the analysis reported herein, how- 
ever. The influence of internal heating, in particular, 
has not been considered, although it is likely that this 

will simply accentuate the downwellings from the up- 
per surface, increasing the convergence onto the bound- 
ary layer and hence should be stabilizing, as has al- 
ready been demonstrated to be the case in the numer- 
ical simulations of Solhelm and Peltlet [1994a]. Also, 
non-Boussinesq effects have been neglected. Although 
these will probably affect the results quantitatively, it 
is quite clear that in their presence a converging flow 
onto an endothermic phase transition will still be sta- 
bilizing. Effects due to variations in viscosity, thermal 
conductivity, and the thermodynamic coefficients have 
also been neglected. It remains to be seen whether these 
will influence the ability of velocity convergence to sta- 
bilize the boundary layer. Also, the Clapeyron slope of 
the 660-km phase transition is only constrained to lie 
within the range-2 to-6 MPa/K according to Ito and 
Takahashi [1989], although Chopelas et al. [1994] found 
it to be more strongly constrained to a value near-3 
MPa/K. Although our model is quite sensitive to the 
exact value of the Clapeyron slope, it has been shown 
that for any value of the Clapeyron slope there is a ve- 
locity convergence for which the avalanche solution ob- 
tains at the minimum Rayleigh number and where if the 
velocity convergence is sufficiently high, layered convec- 
tion will be the only possible form. Clearly, a constant 
velocity convergence is an enormous simplification of 
the influence of the real, time dependent, background 

Table 2. Effects Included in the Analysis of Convective Instability for Earth-Like Geometry and Comparison 
with the Numerical Experiments of $olheim and Pettier [1994a, b] 

Included 

Effects Type of Case Agreement With Numerical Experiment Disagreement with Numerical Experiment 

I pure thermal 
convective 

1,2 

1,3 

1,2,3 

Rayleigh- 
Taylor limit 
with phase 
transition 

thermal case 

with phase 
transition 

thermal case 
with 

velocity 
convergence 

thermal case 

with phase 
transition 

and velocity 
convergence 

velocity eigenfunction structure is compat- 
ible with observed avalanches 

avalanche solutions and layered solutions 
are observed, layering increases with de- 
creasing Clapeyron slope and decreasing 
boundary layer width 

avalanche solutions are seen 

avalanche solutions are seen; Ramin is 
higher than in the absence of velocity 
convergence 

avalanches and layered regimes are ob- 
served; layering increases with decreased 
boundary layer width, with decreasing 
Claperon slope, and increased velocity 
convergence 

Ramin is many orders of magnitude smaller 
than those obtained in the numerical 

experiments, no layered solutions are found, 
the boundary layer width is found not to 
play a significant role in the instability 

timescale for instability is 2 orders of mag- 
nitude too short, no stable regime exists 

Ramin is negative; no layering is observed 

Ramin is similar to values observed in the 
numerical experiments only if an unrealis- 
tically large velocity convergence is used, 
no layered solutions are observed 

Included physical effects are denoted by the following numbering scheme: 1, thermal conductivity; 2, endothermic phase 
transition at 660 km depth; 3, velocity convergence. 



BUTLER AND PELTIER: THE ORIGIN OF THE AVALANCHE EFFECT 2749 

flow; horizontal and vertical variations in vertical veloc- 
ity have been neglected, while horizontal velocity has 
been neglected entirely. Also, continuity is not satis- 
fied at the phase boundary or at the outer boundaries. 
The P6clet number parametrization is intended, how- 
ever, to capture only the effect of the heat advection 
convergence, and it is the intention of our calculation 
to represent this in the simplest possible fashion in or- 
der to gain physical insight into the avalanche process. 
Since this simple parameterization appears to explain 
many of the features seen in the full nonlinear simula- 
tions, it would appear that we have effectively captured 
much of the important physics governing the avalanche 
process. It is intended to further test the hypothesis 
developed herein, that it is velocity convergence onto 
the boundary layer and its interaction with the phase 
transition that stabilizes the thermal boundary layer in 
the above cited numerical simulations, using a series of 
especially designed nonlinear simulations. Such further 
analyses will be reported in due course. 
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