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Abstract 

Soil-water characteristic curve (SWCC) is the relationship between matric suction and water content. The 

SWCC is the most important property in unsaturated soil mechanics as it contains information on 

seepage, shear strength, volume change and heat flow. 

Numerous methods of predicting the unsaturated properties (SWCC) and unsaturated permeability based 

on basic soil parameters have been introduced to reduce the cost of and skill required for unsaturated soil 

testing. This research proposes another unsaturated soil estimation method that used a predetermined 

SWCC to estimate the grain-size distribution (GSD) using computer iteration. 

The study was limited to laboratory scale testing and coding work. The goal of this project is to construct 

a back analysis program to predict GSD from a predetermined SWCC. The specific objectives for this 

research were:  

(1) Determine correlation(s) to relate AEV to characteristic particle diameters for fine-grained soil, 

which were achieved by completing the following tasks: 

a. Conduct literature review to collect published GSD and SWCC data of fine-grained soils. 

b. Conduct linear regression analysis on the published GSD and SWCC data to determine 

correlation(s) between AEV and characteristic particle diameters of fine-grained soils. 

(2) Determine a suitable SWCC prediction method and construct the method as a Python program, 

which were achieved by completing the following tasks: 

a. Conducting literature review on the existing SWCC estimation methods. 

b. Evaluate the strengths and weaknesses to find the most suitable method for this research. 

c. Address the limitations presented in the chosen SWCC estimation methods that would affect 

the back analysis method. 

d. Conduct a sensitivity analysis on each of the input of the methods to understand the effect on 

the predicted result. 

(3) Construct a back analysis program and evaluate the capability of the program, which were 

achieved by completing the following tasks: 

a. Laboratory testing for necessary soil properties to use for the input of the model and to 

validate the prediction results:  

b. The back analyzed GSD was put through the SWCC estimation method. The predicted 

SWCC produced from the back analyzed GSD was compared with the predetermined SWCC 

to evaluate the capability of the back analysis program. Correlation(s) determined from 
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Objective One were incorporated to the back analysis program to evaluate its capability on 

fine-grained soils.   

A new SWCC prediction method from GSD was created based on the theories of the Fredlund (2000) 

method. This method is termed the modified Fredlund method. The results showed that the modified 

Fredlund method can make reasonable SWCC prediction. A Monte-Carlo approach examining the 

variations to the GSD and the associated packing factor on the SWCC prediction are provided. Using this 

new prediction method as the basis for the back analysis program, it was possible to back-calculate a GSD 

from a given SWCC as well as a potential way to determine different combinations of GSD to produce 

the same SWCC.  
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Chapter 1 Introduction 

1.1. Background 

Unsaturated soil system has four phases: water, solid, gas and contractile skin. Unsaturated soil 

mechanics are concerned with the state of the soil where the degree of saturation is less than 100% (i.e., 

void spaces are partially filled with gas). In a soil, the arrangement of solid particles forms small gaps in 

between particles (void spaces); similar to the effect of suction in a capillary tube, water is pulled into this 

space against gravity as demonstrated on Figure 1-1. The interface between air and water is termed the 

contractile skin. Fredlund, Rahardjo and Fredlund (2012) explained that contractile skin should be treated 

as its own independent phase as it was different from the adjacent water phase. Compared to the water 

phase, the contractile skin has a lower density and is only several molecules thick. One of its most 

important characteristics is that contractile skin can bear tensile force. Due to surface tension of water, the 

contractile acts like an elastic membrane that pulls particles closer together (suction hardening effect) 

Stress state changes in the contractile skin such as changes in matric suction can cause a change in water 

content, volume, and shear strength in unsaturated soil. The contractile skin acts as barrier between the 

water and air phase which affects the hydraulic properties such as hydraulic conductivity and water 

retention capability of soil as it desaturates. 

 

Figure 1-1: Illustration demonstrating the effect of capillary rise in a glass tube  (Fredlund, Rahardjo and Fredlund 2012)  

Suction in soil is made up of two components, represented by Eq. (1-1): 

  

 
 

(1-1) 
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where ψ is the total suction (kPa), ua – uw is the matric suction (kPa), and π is osmotic suction (kPa). The 

capillary phenomenon in soil is associated with the matric suction component of total suction. Osmotic 

suction is associated with salt content in the pore water. Osmotic suction is often neglected in Eq. (1-1) 

apart from soils with high salt content such as shale or in cases where there is a sudden change in salt 

content in the pore fluid. Essentially, suction in soil is primary dominated by matric suction and thus Eq. 

(1-1) can be expressed as: 

  (1-2) 

Soil Water Characteristic Curve (SWCC) is the relationship between matric suction and the water content 

of soil (Figure 1-2). The SWCC is an effective tool to describe the distribution of water in voids. The first 

defining parameters of the SWCC is the air entry value (AEV). The AEV is the maximum negative pore-

pressure (matric suction) that the soil can withstand while still staying saturated. The part of the SWCC 

curve before the AEV is termed the boundary effect zone (or saturation zone). Beyond the AEV, the 

SWCC transits into transition zone which represents the desaturation of water in soil due to pores being 

drained rapidly by the penetration of air. Desaturation rate will decrease when the air pressure is not 

enough to drain water from smaller pores. At this stage, the SWCC has entered the residual zone and 

reached residual conditions where some water still remains. The SWCC provides information needed for 

analysis of seepage, shear strength, volume change, air flow, and heat flow in unsaturated soils. SWCC is 

one of the most fundamental concepts in unsaturated soil mechanics due to these reasons (Fredlund, 

Rahardjo and Fredlund 2012). 

 

Figure 1-2: A typical SWCC illustrating the different zones of the SWCC and the identification of AEV and residual conditions 

(Fredlund, Rahardjo and Fredlund 2012) 
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The cost of performing direct measurements of unsaturated soil properties, such as SWCC and 

unsaturated hydraulic conductivity, is often costly and expensive, leading to the pursuit of new methods 

of predicting unsaturated properties based on basic soil properties (grain size, bulk density, void ratio, 

etc). The author of this research proposes a back analysis method to predict a grain-size distribution 

(GSD) for a predetermined SWCC that could potentially bypass the arduous phases of unsaturated soil 

testing. The main objective of this study is to build a back analysis program to predict GSD from a 

predetermined SWCC.  

A program that can predict GSD from a predetermined SWCC can possibly be useful for a scenario where 

a soil material with a specific SWCC is required. One example that the back analysis program could be 

useful in is the application of capillary break layer (CBL) in barrier design for waste management. CBL 

occurs in unsaturated conditions when a fine-grained soil overlies a coarse-grained soil. The lower coarse 

soil acts as a hydraulic impedance layer at higher suction which forces the water to be retained in the 

upper layer and limit the downward infiltration until the water content and pressure in the upper layer is 

sufficient to begin downward seepage. The SWCC of the coarse-grained soil was determined to be one 

major factor that influences the expected water storage capacity of the upper clay layer. Proper selection 

to build a CBL will maximize the upper clay barrier ability to limit infiltration towards lower depths 

(Zornberg, Bouazza and McCartney 2010). With the ability to estimate multiple GSDs producing the 

same predetermined SWCC, the designer can choose the most appropriate material based on the result of 

the back analysis and bypass the arduous testing phase of multiple soils to find a suitable SWCC.  

1.2. Research objective 

The goal of this research is to develop a back analysis method to estimate GSD from a predetermined 

SWCC by completing the following objectives: 

1. Determine correlation(s) to relate AEV to characteristic particle diameters for fine-grained soil. 

2. Determine a suitable SWCC prediction method and construct the method as a Python program. 

3. Construct the back analysis program and validate the capability of the program on both coarse-

grained and fine-grained soils. 

Objective One was included to fulfill Objective Three. To fulfill Objective One, the following tasks were 

completed: 

a. Conduct literature review to collect published GSD and SWCC data of fine-grained soils. 

b. Conduct linear regression analysis on the published GSD and SWCC data to determine 

correlation(s) between AEV and characteristic particle diameters of fine-grained soils. 
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To fulfill Objective Two, the following tasks were completed: 

a. Conducting literature review on the existing SWCC estimation methods. 

b. Evaluate the strengths and weaknesses of existing methods to find the most suitable method for 

this research. 

c. Address the limitations presented in the chosen SWCC estimation methods that would affect the 

back analysis method. 

d. Conduct a sensitivity analysis on each of the input of the methods to understand the effect on the 

predicted result. 

To fulfill Objective Three, the following tasks were completed: 

a. The following tests were performed to determine necessary soil properties to use for the input 

of the model and to validate the prediction results:  

- Specific Gravity 

- Grain-size distribution 

- Atterberg Limits (LL and PL; only for clay dominant soils)  

- SWCC 

- Minimum density 

b. The predicted SWCC produced from the back analyzed GSD was compared with the 

predetermined SWCC to evaluate the capability of the back analysis program. Correlation(s) 

determined from Objective One were incorporated to the back analysis program to evaluate 

its capability on fine-grained soils.   

1.3. Scope of work 

The work presented in this chapter is limited to laboratory testing conditions and computer programing 

work.  

1.4. Organization of thesis 

The thesis consists of five chapters: 

- Chapter 1 introduces the purpose of the research project. 

- Chapter 2 consists of a review of the literature necessary to establish the foundation of the 

research.  

- Chapter 3 describes the methodology of the laboratory testing program and the coding work.  

- Chapter 4 presents the results obtained from the laboratory testing, the process of how the back 

analysis program was constructed and the results predicted by the back analysis program. 
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- Chapter 5 summarizes the findings, draws conclusions from the findings, discusses the limitations 

of the back analysis program, and makes recommendations for future research.  
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Chapter 2 Literature Review 

2.1. Back analysis 

As explained in Swoboda, et al. (1999), back analysis is a procedure to solve system identification 

system, where the unknown system is determined through measured responses. The system is simulated 

as a model, and the input parameters of models are determined from the output information. Due to the 

complex nature of soil, the back analysis procedure is commonly used and of great importance for 

geotechnical engineering (Swoboda, et al. 1999). The use of response from in situ measurements to back 

analyze the soil properties that produced the observed response has been done ever since the 1980s 

(Pichler , Lackner and Mang 2003). Back analysis is commonly used in slope stability analysis where 

measured readings such as displacement and porewater pressure responses were used to determine soil 

properties (shear strength parameters, hydraulic conductivity, load distribution, etc). According to 

Swoboda, et al. (1999), the main fields of application are:  

- Characterization of rock and soil parameters (Zhang, Tang and Zhang 2010, Yahsi and Ersoy 

2017)  

- Observational method for predicting the behavior of geotechnical structure (Sakurai, et al. 2003) 

- Evaluation of rock and soil field tests (Gioda and Sakurai 1986, Bui, Tan and Leung 2005)  

- Calibration of laboratory tests (Yuan and Whittle 2021) 

2.2. Overview of SWCC prediction methods based on GSD 

There is no research on predicting GSD based on SWCC in existing literature. However, there is an 

abundance of research relating basic soil properties and GSD to SWCC. GSD, bulk density, and void ratio 

are typically used basic soil properties in estimating SWCC. Retention of water in soils is controlled by 

the capillarity created by the soil pores which makes the SWCC highly dependent on the pore-size 

distribution. In turn, the pore-size distribution is dependent by the particle distribution as pores are formed 

from the arrangement of particles. The bulk density and void ratio also give information on the in-situ 

pore volume of a soil. Using a back analysis approach, one of these SWCC estimation methods could be 

constructed as a model and used to determine the GSD input parameters through a predetermined SWCC.  

The SWCC prediction method based on basic soil properties are generally grouped into three categories: 

- Point regression method 

- Functional parameter regression method 

- Physico- empirical based concept model  
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2.2.1. Point regression method  

Some of the methods utilized point regression method are Husz (1967), Gupta and Larson (1979), and 

Puckett, Dane and Hajek (1985). The point regression method involves relating water content to basic soil 

properties (soil fraction, bulk density, void ratio, and organic matter content) at a specific suction value. 

The point regression method is generally performed with regression analysis followed by curve fitting to 

the experimentally determined SWCC. This type of method was not evaluated for this study. The listed 

research did not use the entire GSD to estimate for the SWCC, therefore this type of method is not 

suitable for the goal of this thesis to estimate the entire GSD curve.  

2.2.2. Functional parameter regression method 

The functional parameter regression method correlates basic soil properties (most commonly GSD, bulk 

density and void ratio) to fitting parameters of an equation that represents the SWCC by regression 

analysis. An example of this method is the correlation between AEV of a SWCC equation and basic soil 

properties such as characteristic grain sizes, or percentage of sand or clay. Perera, et al. (2005) and 

Vanapali and Catana (2005) are a few researchers that used the function parameter regression method.   

2.2.2.1. Prediction of the SWCC based on GSD and index properties (Perera, et al. 2005) 

The regression analysis done by Perera, et al. (2005) attempted to correlate soil properties (GSD and 

plasticity index) with the fitting parameters of Fredlund and Xing (1994) equation: 

 (2-1) 

 

where ws is the saturated GWC, af is the fitting parameter corresponding to the soil suction at the first 

inflection point of the SWCC; loosely related to the AEV, n f is the fitting parameter related to the rate of 

desaturation of the soil, mf is the fitting parameter that defines the curvature of the SWCC function in the 

residual suction range, and hr is a constant parameter used to represent soil suction at residual water 

content. 

The fitting parameters were correlated to the GSD and Plasticity Index (PI). According to Perera, et al. 

(2005), the weighted PI (wPI) referred to as the product of the percentage of soil grains passing the no. 

200 sieve and PI. Soils with a wPI less than 1 were classified as non-plastic soil while soils with wPI 

greater than 1 were classified as plastic soils. Perera, et al. (2005) did not elaborate on what this type of 

classification is based on. 
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Statistical analysis was conducted by Perera, et al. (2005) to determine the error associated with the 

proposed correlations between measured and predicted degree of saturation for non-plastic and plastic 

soils  (Figure 2-1 and Figure 2-2). using the following error functions:  

• percent mean algebraic error (ealg) 

• percent mean absolute (eabs)  

• sum squared error based on the measured degree of saturation (Se)  

• the mean squared error based on average measured degree of saturation (Sy)  

 

Figure 2-1: Measured versus predicted degree of saturation for non-plastic soils (Perera, et al. 2005) 

 

Figure 2-2: Measured versus predicted degree of saturation for plastic soils (Perera, et al. 2005) 

The model presented by Perera, et al. (2005) can predict a SWCC with less than 15% error for non-plastic 

soils and less than 10% error for soils exhibiting plasticity (when the absolute error is considered as the 

criteria). 
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2.3.2.2. Estimation of the SWCC of coarse-grained soils using one point measurement and 

simple properties (Vanapalli and Catana 2005) 

Vanapalli and Catana (2005) introduced a method to estimate the SWCC based on the Fredlund – Xing 

(1994) equation for coarse-grained soils using one-point SWCC measurement and basic soil properties 

(GSD and void ratio). The method is a regression analysis with elements (coefficient of uniformity and 

void ratio) to account for the pore volume of the soil. The SWCC based on this method can be generated 

by estimating the parameters af and nf, and then a single point data calculation is estimated by changing 

the parameter mf until the fitted curve matches the measured SWCC. 

Vanapalli and Catana (2005) used the dominant grain size diameter, de, to establish the relationship to the 

curve fitted parameter af of Fredlund and Xing (1994). The dominant grain size diameter represents the 

diameter of a homogenous uniform porous medium, with the same hydraulic conductivity as the 

corresponding natural material (Vukovic and Soro 1992). Though not directly stated, we inferred from the 

research that this parameter was used to simplify the complicated distribution of particles in soil.  

Vanapalli and Catana (2005) presented a linear regression analysis between de and af and showed a R2 

value of 83.9% (Figure 2-3). Vanapalli and Catana (2005) did not explicitly state how de can be used to 

relate to af. It was only mentioned in the research that as hydraulic conductivity and capacity of water 

retention depended on the pore size distribution, the dominant particle size could be used to relate to the 

SWCC parameters. Fredlund (2000) stated that the af parameter is loosely correlated to the AEV and is 

influenced by the largest pores. As the pore size distribution (PSD) is created by the arrangement of 

particles, using de to represent the particle size of soil structure will affect the PSD assumption as well. A 

pore size distribution created from uniform particles will most likely create uniform pores. Therefore, de 

will have an influence on AEV. This is a possible explanation on how de is used to indirectly relate to af 

in Vanapalli and Catana (2005). 
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Figure 2-3: Relationship between parameter af and de (Vanapalli and Catana 2005) 

Vanapalli and Catana (2005) explained that the parameter nf of the Fredlund-Xing (1994) model is related 

to the water desaturation portion of the SWCC. The authors further explained that for coarse grained soil, 

this parameter is affected by shape, size, and distribution of pore space. The coefficient of uniformity, Cu, 

which is the ratio of the diameter at 60% passing (D60) to diameter at 10% passing (D10), is a good 

representation of the PSD for coarse grained soil (Vanapalli and Catana, 2005). However, Cu alone is not 

enough to provide an adequate estimate of the parameter, nf as it did not account for the in-situ void 

volume. Therefore, Vanapalli and Catana (2005) incorporated the void ratio, e, with Cu in the estimation 

of parameter nf and conducted a linear regression analysis between the product of Cu and e and the 

parameter nf . (R
2 = 83.9%; Figure 2-4).  

 

Figure 2-4: Relationship between parameter nf and product of Cu and e (Vanapalli and Catana 2005) 

Attempts to correlate soil properties to the parameter mf of Fredlund and Xing (1994) were unsuccessful; 

therefore, Vanapalli and Catana (2005) estimated a single data measurement using de, Cu, and e, as a 

replacement for the mf parameter. Figure 2-5 demonstrates the result of using the proposed correlations 



11 
 

and single data point calculation to estimate an SWCC of a silty sand completed by Vanapalli and Catana 

(2005).  

 

Figure 2-5: The estimated SWCC of silty sand using the proposed method along with one measured data point (Vanapalli and 

Catana 2005) 

2.3.3. Physico – empirical concept model 

The physico-empirical concept model method works under the assumption that the radius of a soil particle 

can be correlated to the pore radius. In other words, this method converts GSD to PSD and relates to 

water holding capacity of a soil and the associated negative pore pressure derived from capillary theory. 

Arya and Paris (1981) and Fredlund (2000) were a few examples that used this method.  

2.3.3.1. A physcio – empirical model to predict the soil moisture characteristic from particle 

size distribution and bulk density data (Arya and Paris 1981) 

Arya and Paris (1981) was the first physico-empirical model to estimate a SWCC. The model used GSD 

and bulk density data to estimate a SWCC. The method assumes that larger particles would produce 

larger voids while smaller particles would produce smaller voids. The GSD is first divided into smaller 

fractions based on the experimental GSD data (the fraction of soil between each sieve). The mass of solid 

in the ith fraction is equated to the mass of ni spherical particles, with a bulk density equal to the natural 

assemblage of soil. The volume of voids for a particular fraction is calculated as: 

  (2-2) 
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where Vvi is the pore volume per unit sample mass associated with the solid particles in the ith particle 

fraction, Wi is the solid mass per unit sample mass in the ith particle fraction, ρs is the particle density, and 

e is the void ratio.  

Arya and Paris (1981) assumed that when the soil is divided into smaller fractions, particles in each size 

fraction pack is in a discrete domain and when all domains are assembled, the resulting assemblage has 

the same bulk density as the natural soil. The pore volumes, Vvi, generated by each size fraction were 

progressively accumulated and considered filled with water. The volumetric water content is represented 

with the following equation: 

           (2-3) 

where θvi is the VWC and represented by a pore volume for which the largest size pore corresponds to the 

upper limit of the ith fraction, and Vb is the sample bulk volume per unit sample mass.  

Arya and Paris (1981) related particle radius to pore radius based on two assumptions: (1) The solid 

volume in any soil structure could be approximated to be a uniform size spheres that are defined by a 

mean particle radius, and (2) The volume of resulting pores could be approximated to be a uniform size 

cylindrical capillary tube with a radius related to the mean particle radius. 

Arya and Paris (1981) explained that the pore length was approximated based on the number of particles 

along the pore path, which is the interconnectivity of pores created by the arrangement of the particles 

(Figure 2-6), times the length contributed by each particle. According to Aryia and Paris (1981), in a 

natural soil material, the pore length would depend on the particle shapes, sizes and orientations. The 

research stated that to account for the non-uniformity shapes and sizes of particles, it was assumed each 

particle contributed a length that is greater than the diameter of an equivalent sphere. Based on these 

assumptions, the following relationship between pore radius and particle radius was established: 

          (2-4) 

where ri is pore radius, ni the number of particles within the ith fraction, and α is an empirical constant, 

between 1 and 2, to account for the uncertainty in particle shapes and sizes. 
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Figure 2-6: Illustration of an example pore path in a soil structure 

Once the pore radius was obtained, the equivalent soil suction was obtained using capillary theory: 

  (2-5) 

where ψi is the matric soil suction, γ is surface tension of water, Θ is the contact angle, ρw is the density of 

water, and g is gravity acceleration constant.   

2.3.3.2. The role of unsaturated soil property functions in the practice of unsaturated soil 

mechanics (M. D. Fredlund 2000) 

Fredlund (2000) presented a physico-empirical method to estimate SWCC from GSD based on three 

fundamental theorems: 

- Theorem 1: Each uniform and homogeneous particle size that composed a soil would have a 

unique drying curve.  

- Theorem 2: The capillary model is best suited for estimation of the AEV of each collection 

uniform and homogeneous particle size. 

- Theorem 3: The sum of each unique SWCC would result in the SWCC of the soil composed of 

uniform and homogeneous particle sizes.  

The GSD data of a soil can be fitted using Fredlund (2000) unimodal GSD curve fit equation. The curve 

fit GSD function provided the information on the amount and distribution of particle sizes: 

  (2-6) 
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where agr is the parameter related to the initial breaking point of the curve, ngr is the parameter related to 

the steepest slope of the curve, mgr is the parameter related to the shape of the fines portion of the curve, 

dr is the parameter related to the inflection point towards the fine portions, d is the diameter of any 

particle size under consideration, dm is the diameter of the minimum allowable size particle. The effect of 

varying each curve fit parameter agr, ngr and mgr on a GSD curve were conducted by Fredlund (2000). The 

results are presented on Figure 2-7, Figure 2-8, and Figure 2-9. 

 

Figure 2-7: Effect of varying agr on a GSD as presented in Fredlund (2000)  

 

Figure 2-8: Effect of varying ngr on a GSD as presented in Fredlund (2000) 
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Figure 2-9: Effect of varying mgr on a GSD as presented in Fredlund (2000) 

It is important to note that the GSD curve fit parameters agr, ngr, and mgr are different from the SWCC 

parameters af, nf, and mf. The similarity in terminology was selected by Fredlund (2000) so that the inputs 

developed by Fredlund (2000) were consistent with the inputs for the Fredlund – Xing (1994) SWCC 

estimation and because GSD data has a sigmoidal shape similar to SWCC data.  

The GSD curve provides information on the amount and dominant sizes of particles present in a soil. 

Another form can also be used to visualize the distribution of particle sizes by differentiating Eq.  (2-6) 

(M. D. Fredlund 2000): 

(2-7) 

According to Fredlund (2000), differentiating the GSD function, produces an arithmetic particle size 

probability density function (PDF) in the form of Eq. (2-7). The peak of the PDF plot represents the most 

frequent particle size. However, Fredlund (2000) stated the PDF often appeared distorted when plotted on 

a log scale. Therefore, Eq. (2-7) was converted to a logarithmic PDF function (Eq. (2-8)). The peak value 

of Eq. (2-8) indicates the most frequent or dominant grain size on a log scale. 

  (2-8) 

Fredlund (2000) then proposed to use the log PDF to determine the probability distribution function of 

each grain size using Eq. (2-9): 



16 
 

  (2-9) 

The GSD of the soil was broken down into individual uniform and homogeneous soil fraction. Based on 

Theorem 1, each soil fraction would have a unique SWCC. According to Fredlund (2000), the af 

parameter of the Fredlund – Xing (1994) equation was estimated based on AEV. However, Fredlund 

(2000) did emphasize that the af fitting parameter is only loosely related to the AEV with the a f parameter 

being typically higher than the actual AEV. Fredlund (2000) explained that this difference between af and 

AEV can be reduced if the nf and mf parameters vary in a related manner. For an uniform and 

homogeneous soil fraction, if the pore radius is known, the equivalent AEV can be calculated based on 

capillary theory (Theorem 2).  

A parameter denoted as effective grain size diameter was used in Fredlund (2000) to relate to the 

parameters nf and mf. Fredlund (2000) incorporated the research conducted by Vukovic and Soro (1992) 

to calculate the effective grain size diameter which took the form of Eq. (2-10).   

  (2-10) 

where de is the effective grain size diameter, d1 is the largest diameter of the last fraction of the finest 

grain size of the material, Δg1 is the weight of the material of the last finest fraction in parts of total 

weight, i is the counter from 2, 3, 4, …, n, and n is the number the fractions the GSD is divided into.  

The parameter de was previously mentioned in the summary of Vanapalli and Catana (2005). Although 

the terminology is different in Fredlund (2000) and Vanapalli and Catana (2005), the parameter de in both 

literatures are the same parameter as both referenced from Vukovic and Soro (1992).  Figure 2-10 shows 

the empirical correlation between nf and mf to the parameter de. A best fit function for both data set shown 

above was proposed by Fredlund (2000) in the form of Eq. (2-11). According to Fredlund (2000), Eq.   

(2-11) can be used to estimate for nf and mf parameters of any soil composed of uniform diameter 

particles.  

  (2-11) 
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where p1, p2, p3, p4, p5 are the curve fitting parameters, and p(Φ) is a value representing either nf or mf. nf 

can be determined with p1 = 19, p2 = 50, p3 = 30, p4 = 1, p5 = 1; mf can be determined with p1 = 1.5, p2 = 

100, p3 = 10, p4 = 1, p5 = 0.5.  

 

Figure 2-10: Correlation of de to Fredlund and Xing (1994): a, parameter nf and b, parameter mf (M. D. Fredlund 2000) 

Fredlund (2000) stated that each fraction of soil contains its own packing arrangement and porosity. The 

author further explained that in an assemblage of soil particles, due to the effect of mixing, the voids 

created between larger particles would be filled with smaller particles and reduce the effect of the larger 

pores on the AEV. Fredlund (2000) indicated that this would reduce the influence of the larger particles 

on the SWCC. Therefore, the porosities of the individual fractions were summed until the measured 

porosity of the in-situ soil was reached; the remaining fractions are then ignored. It was also stated by 

Fredlund (2000) that the packing porosity, np, of each uniformly sized fraction was of great importance, 

though no relationship or correlation was determined for the packing porosity. Fredlund (2000) did not 

clearly define what the packing porosity is. However, Smith, Foote, and Busang (1929) was cited in the 

reference as recommended values to assume for this parameter based on different idealistic shapes. Smith, 

Foote and Busang (1929) conducted an experiment by depositing lead shots in a cylinder and compared 

the number of contacts between shots and porosity. The results determined by Smith, Foote and Busang 

(1929) demonstrates that a high number of contacts between lead shots correlates to lower porosity and 

vice versa. The results make sense since a higher number of contacts between shots would make the 

volume more densely packed and create less pore volume. Vice versa, a lower number of contacts 

between shots will leave larger gaps between particles and create more pore volume. Therefore, the 

packing porosity represents the porous fractional volume of the soil structure that is created by the shape 

and arrangement of the soil particles (Smith, Foote and Busang 1929). Essentially, the packing porosity 

was introduced to relate to the mixing of particles that created the pore volumes of a soil.  
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Fredlund (2000) assumed that the GSD represented a percent by weight distribution and proposed to 

calculate the weight of the soil with relative to the total unit weight of the soil. Individual weight fractions 

were calculated using Eq. (2-12). 

  (2-12) 

where Wi is the weight of individual fraction (kg), g is the function representing percent passing versus 

particle diameter, i is the counter from 1, 2, …, n, and ρt is the bulk density of the soil sample (kg/m3). 

The pore volume associated with each fraction was computed as being proportional to the total pore 

volume of the sample. With the assumed np, the pore volume associated with a fraction of soil was 

calculated using Eq. (2-13) (M. D. Fredlund 2000). 

  (2-13) 

where Vvi is the pore volume associated with the ith fraction, Gs is the specific gravity of the soil, ρw is the 

density of water (kg/m3), and np is the assumed packing porosity.  

The fractional volume was then summed incrementally along with the divisional SWCC of each soil 

fraction, starting from smallest pore volume until the in-situ porosity was reached. The resulting 

cumulative divisional SWCC up until this point is the resulting SWCC of the entire soil. 
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Chapter 3 Methodology 

3.1. Introduction 

Chapter 3 outlines the experimental program, the chosen SWCC prediction method along with its 

limitations and coding methodology to complete the objectives of this research. This chapter also 

discusses the required boundary conditions for the back analysis program.  

An experimental program was conducted to determine the necessary properties of soil needed to verify 

the capability of the proposed model. The soil samples used to investigate the method described in this 

research were: Clavet sand, aluminum oxide, Clavet clay, Battleford Till, and Edmonton Till. The 

Battleford Till and Edmonton Till are soils that are well documented through various research from 

Western Canada such as Fredlund (1975) and Marcotte and Fleming (2019). The Clavet sand is a light 

gray soil obtained from a road construction project in Clavet, Saskatchewan. The Clavet clay is a 

brownish yellow soil obtained from a test pit in Clavet, Saskatchewan used for testing the bearing 

capacity of soil reinforced with geo grid. The aluminum oxide is a gray material used as a sand blasting 

product. The characterization of these soils was determined using the following experimental methods: 

- Specific Gravity 

- Grain size distribution 

- Atterberg Limit (for clay dominant soils) 

- SWCC 

- Minimum density 

3.2. Experimental program  

3.2.1. Specific gravity  

Specific gravity test was conducted as per ASTM D854. The specific gravity was determined as a 

necessary soil property to calculate the pore volume as presented in Eq. (2-13). 

3.2.2. Grain-size distribution 

The grain-size distribution was determined as per ASTM D6913 and ASTM D7928. The outcome of the 

back analysis program was to determine a GSD from a pre-determined SWCC. Therefore, an accurate 

GSD must be produced to compare with the result of the back analysis. Wash sieving was conducted to 

get rid of the fine particles adhering on larger particles to determine the most accurate GSD. 
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3.2.3. Atterberg limits 

Atterberg limit testing was conducted as per ASTM D4318 on clay dominant soil samples. The test was 

conducted to classify the tested soils into clay dominant soil or coarse-grained soils which is important to 

determine the applicability of the back analysis program on different types of soil.    

3.2.4. Pressure plate cell 

The SWCC test was determined as per ASTM D6836. The pressure plate cell test was conducted to 

determine the SWCC of the tested soils as input for the back analysis program and as control data to 

compare with the result of the SWCC prediction method.  

The sample was prepared as a slurry mix and poured into an odometer ring. The dimensions of the ring 

used were 6.3 cm in diameter and 3 cm in thickness. For the coarse-grained samples (Clavet sand and 

aluminum oxide), 3 bar high air entry value (HAEV) stones were used. The odometer rings used were 

filled completely with slurry samples. For the Clavet sand, the pressure increments were 1, 4, 8, 15, 30, 

60, 120, and 240 kPa. For the aluminum oxide, the pressure increments were 0.1, 3, 5, 8, 10, 15, 35, 70, 

and 140 kPa. For the fine-grained samples, 5 bar HAEV stones were used. Due to fine-grained soils 

typically have low hydraulic conductivity, the odometer rings were filled about half-way with slurry 

sample to reduce the testing time. For all three fine-grained samples, the pressure increments were 

planned to be 1, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 120, 140, 160, 180, 200, 220, 240, 260, 280, and 

300 kPa. For low suction values between 0.1 – 10 kPa, the hanging column method was used to induce 

the suction. It was observed on the regulator that when the pressure valve was shut off, the reading needle 

did not seat at 0 kPa but randomly between 0 – 8 kPa each time the regulator was shut off. Therefore, 

hanging column was used to be able to measure pressure between 0 – 10 kPa. Another reason hanging 

column method was used was to get rid of the excess water in the slurry sample. For suction higher than 

10 kPa, a pressure regulator was used to induce the suction. The pressure regulator can induce a 

maximum pressure of 420 kPa. The precision of the pressure regulator used for this experiment is 2 kPa. 

The accuracy of the pressure regulator is +/- 1% of the regulator’s max pressure which equates to +/- 4.2 

kPa. All pressure readings were measured to the nearest even number. 

The amount of water leaving the samples were measured manually by weighing the collected water in a 

collection vial connected to the drain tube. The precision of the measuring scale is 0.01g and the accuracy 

is +/- 0.1 g. All weight readings were measured to the nearest tenth of a gram. The coarse-grained 

samples were measured every hour at suction range between 1 - 20 kPa and measured once a day at 

suction greater than 20 kPa. The tests for these samples took approximately 17.5 days to complete. The 

fine-grained samples were measured every hour at suction range between 1 – 100 kPa. Beyond 100 kPa, 
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the measuring frequency was reduced to once a day. However, due to unknown circumstances which will 

be explained in a later section, the tests for two of these samples were unsuccessful.      

 

Figure 3-1: Schematic of a pressure plate cell (ASTM D6836 2016)  

3.2.5. Minimum density  

The minimum density was determined as per ASTM D4254. The soil was overfilled into a mold with a 

known volume. The excess soil was then removed using a straight edge by scraping the top of the loosely 

filled sample until it was flushed with the mold. The weight of the mold and soil was then measured to 

determine the density of soil placed in the mold. The process was repeated until consistent measurements 

were achieved (within 2% of the average).  

Eq. (2-12) requires a bulk density to calculate the weight of individual grain size fraction. It was assumed 

that this bulk density is calculated from the oven-dried and crushed sample prior to GSD testing. This test 

was chosen to determine the bulk density of the soil when loosely deposited sample and to determine the 

maximum void ratio of the soil. The maximum void ratio is tested to calculate for the relative density, Dr. 

The relative density, Dr, will be used as a method to relate to the packing porosity, np, which will be 

explained in the next section. 

A maximum density test was planned to determine the minimum void ratio for the boundary condition. 

However, due to the lack of a vibratory table in the laboratory as described in ASTM D4253, it was not 

possible to determine the minimum void ratio from testing.      

3.3. GSD to SWCC model  

3.3.1. The modified Fredlund method 

The physico - empirical model approach was chosen for this research as this approach used the entire 

GSD curve to relate to the SWCC. The back analysis program based on this method can estimate a full 
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range of GSD. A new SWCC prediction method using GSD based on the basis of Fredlund (2000) 

method due to Fredlund’s assumption to address a more realistic soil structure. Arya and Paris (1981) 

assumed that when the soil is divided into smaller fractions, particles in each size fraction is in a discrete 

domain and when all domains are assembled, the resulting assemblage has the same bulk density as the 

natural soil. Arya and Paris (1981) acknowledged that in natur.al soil samples, particles are not packed in 

discrete domains consisting of uniform-size particles but randomly distributed in the soil structure. The 

assumption made by Arya and Paris (1981) does not account for a more realistic structure that smaller 

particles can fall into and reduce the effect of larger pores which were accounted for in Fredlund (2000).   

The new GSD to SWCC prediction method is based on theory of Fredlund (2000) with adjustments to 

how the Fredlund – Xing (1994) parameters and the packing porosity are estimated. For clear 

transparency, at the time of research, the modifed Fredlund method was created based on the 

understanding of the author of this thesis in Fredlund (2000). Due to the lack of understanding of the 

research at the time, other research were consulted to fill in the gap of knowledge of the author of this 

research. It was discovered near the end of the research that this SWCC prediction method was different 

compared to Fredlund (2000). The differences between the two methods are only in terms of calculations. 

This method is still heavily based on the concepts explained in Fredlund (2000). Therefore, this new 

method will henceforth be called the modified Fredlund method. The current section will explain how the 

modified Fredlund method deviated from the original Fredlund (2000). 

Beforehand, it is important to acknowledge that there is no direct correlation between intrinsic soil 

parameters and curve fitting parameters. Intrinsic soil parameters are measurable characteristic properties 

that define a soil while curve fitting parameters are parameters that represents a continuous equation fitted 

over a set of data. However, empirical observations can be formed between intrinsic soil parameters and 

curve fitting parameters provided there are enough data to create a meaningful relationship. Hence why 

there is a category of SWCC prediction method based on this idea (Functional parameter regression 

method). The modified Fredlund method uses the empirical relationships created from Fredlund (2000).  

According to Fredlund (2000), the af parameter of each soil fraction was estimated using the AEV 

through capillary theory. However, to use capillary theory, pore radius of each soil fraction is required. 

Fredlund (2000) did not specify how the pore radius of each soil fraction was estimated. Other research 

was consulted to estimate the AEV of soils based on grain size information. Sakaki, Komatsu, and 

Takahashi (2014) conducted a research to determine an empirical relationship between AEV and 

characteristic grain size diameters (D10, D20, D30, …, D90). Sakaki, Komatsu and Takahashi (2014) found 

the AEVs to be highly correlated to smaller characteristic particle sizes D10 to D50 but less with larger 

characteristic particle sizes, D60 to D90. The authors explained the reason was due to AEV being 
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influenced by the largest pores and smaller particles tend to fall into the larger pores. Therefore, although 

larger pores are formed by large particles, they are actually influenced by the smaller particles filling the 

pores between large particles; hence, influencing the AEV of the soil. For all the sands examined in 

Sakaki, Komatsu and Takahashi (2014), the AEVs showed the strongest correlation to be D30, followed 

by D50. Therefore, Sakaki, Komatsu and Takahashi (2014) suggested the power functions for D30 and D50, 

Eq. (3-1) and (3-2) as “best guess” for AEVs. As stated by Fredlund (2000), af is loosely related to the 

AEV. Therefore, Eq. (3-1) and (3-2) were used to estimate for the AEV as a mean to estimate for af. 

  (3-1) 

  (3-2) 

One of the objectives of this research was to determine the capability of the back analysis program on 

different type of soils. However, the back analysis program would not be able to test on fine-grained soils 

due to the lack of correlation to the AEV. This problem can potentially be remedied by conducting a 

similar investigation to Sakaki, Komatsu and Takahashi (2014) for fine-grained soils. Due to the lack of 

test data for a meaningful analysis, 25 fine-grained soils were collected from published literatures (Table 

3-2). Linear regression analysis was performed on the collected fine-grained soils, along with the tested 

fine-grained soils in the experimental program, to determine correlations between AEV and characteristic 

particle diameters (D10, D20, D30, …, D90). R
2 value, 95% prediction interval, and residual plot were used 

to evaluate the correlations. 

Fredlund (2000) used Eq. (2-11) to estimate the nf and mf of each uniform soil fraction based on the 

respective grain size of the soil fraction. The author of this thesis interpreted that an effective grain size 

diameter must be calculated for the soil sample being investigated using Eq. (2-11). nf is the parameter 

related to the desaturation slope of the SWCC which is influenced by the PSD; mf is the parameter related 

the residual suction range which is influenced by the smallest pores. As previously mentioned in 

Vanapalli and Catana (2005), using de to represent the soil structure will influence the PSD assumption. 

However, using de will simplify the soil structure into a medium of uniform grain size, de, with the same 

hydraulic conductivity as the natural material. It was believed that the idea behind this correlation was to 

estimate for an overall nf and mf parameter from a simplified structure. However, according to Fredlund 

(2000), in a realistic soil is a lot more complicated due to the random distribution of various grain sizes 

throughout the structure. To account for a more realistic soil, although not directly stated in the original 

research, the author of this thesis inferred following step from Fredlund (2000). Theorem 3 of Fredlund 

(2000), referenced at the start of section 2.3.3.2, stated the summation of the individual SWCC of each 

grain size fraction would result in the SWCC of the whole soil. As previously mentioned, Eq. (2-9) was 
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used to determine the probability distribution of each grain size. It was assumed that the probability 

distribution also represented the contribution of each grain size towards the volume of the overall the soil 

sample. The cumulation of each contribution percentage must be 100% to represent the entire soil sample 

as a soil volume is created by the arrangement of each individual soil fraction. To fulfil Theorem 3, the 

previously calculated mf and nf from Eq. (2-11) must be divided into smaller fractions accordingly to the 

contribution percentage of each grain size fraction to represent the individual SWCC of each fraction. Eq. 

(3-3) and (3-4) were inferred to calculate the fractional nf and mf for each individual grain size fraction.  

  (3-3) 

  (3-4) 

where nfi and mfi are the fractional nf and mf of the ith particle size based on the probability distribution 

function for that particle size. 

The packing porosity, np, was a key factor in relating the GSD to the pore volume of the soil. The reason 

why this factor was adjusted was that this factor was recommended to be assumed in the original research. 

The assumed factor was identified to be a limitation for the back analysis program. For back analysis, the 

packing porosity must be bound to some basic soil properties to be iterated. Otherwise, this parameter 

will remain the same and produce an inaccurate result. This research tested three possible ways to relate 

np to basic soil properties. 

Relative density, Dr, was a parameter indicating the packing state of the soil which is heavily influenced 

by the shape and arrangement of particles (Cubrinovski and Ishihara 2002). This is very similar to the 

description of np given by Fredlund (2000). Therefore, Dr was used as replacement for np in an attempt to 

determine a reasonable range of packing porosity and to account for the effect of compaction on the 

SWCC. Cubrinovski and Ishihara (2002) conducted research to correlate the minimum and maximum 

void ratio of a coarse-grained soil which could then be used to determine Dr. Eq. (3-5) to (3-8) showed the 

correlations for different soil groups.  

- Clean sands (0 < Fc ≤ 5%): 

  (3-5) 

- Sands with fines (5 < Fc ≤ 15%): 

  (3-6) 

- Sands with fines and clay (15 < Fc ≤ 30%, 5 < Pc < 20%): 

  (3-7) 

- Silty soils (30 < Fc ≤ 70%, 5 < Pc < 20%): 



25 
 

  (3-8) 

Another possible way to relate np to basic soil properties was to use a theory provided in Vanapalli and 

Catana (2005). The research explained that the coefficient of uniformity, Cu, is a good representation of 

the pore size distribution for soils if paired along with the void ratio, e, to account for the in-situ pore 

volume of the soil. The combination of the two parameters can be used to represent the pore-size 

distribution in a given soil. np was also a factor highly dependent on shape and arrangement of particles. 

Due to these reasons, the product between Cu and e could potentially be used to estimate np. The 

correlation for np is proposed as: 

  (3-9) 

The last way to estimate np was to use the basic idea of soil porosity. np represents the porous fractional 

volume in the total soil volume created by the arrangement and shape of the particles (Smith, Foote and 

Busang 1929). Therefore, np can potentially be estimated using the measured porosity of the tested soil. 

Overall, the differences of the modified Fredlund method compared to the original Fredlund (2000) are 

summarized in Table 3-1. 

This method was created for SWCC prediction of unimodal soils. Bimodal soils are considered to be out 

of scope for this project.  
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Table 3-1: Summarized differences between Fredlund (2000) and modified Fredlund method 

 Fredlund (2000) method Modified Fredlund method 

Parameter af 

Estimated for each individual 

soil fraction based on the loose 

relation to the AEV calculated 

using capillary theory 

Estimated for the entire soil 

sample based on the loose 

relation to the AEV calculated 

using the correlations to particle 

diameters D30 and D50 

determined by Sakaki, Komatsu 

and Takahashi (2014) 

Parameter nf and mf 

Estimated based on Eq. (2-11) 

using the grain size of each soil 

fraction. 

Estimated based on the 

contribution percentage of each 

soil fraction using Eq. (3-3) and 

(3-4) 

Packing porosity, np Recommended to be assumed 

Attempted to correlated with 

basic soil properties: 

- Relative density, Dr 

- Coefficient of 

uniformity, Cu and void 

ratio, e 

- Measured soil porosity 

 

3.3.2. Summary of the process of the modified Fredlund method 

The steps taken to construct the modified Fredlund (2000) method were summarized as follows: 

- Step 1: Curve-fit the measured GSD data using Eq. (2-6) to produce the GSD parameters agr, ngr, 

and mgr. 
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- Step 2: Calculate the contribution percentage of each soil fraction using Eq. (2-7) to (2-9): 

 

 

 

 

 

- Step 3: Calculate the effective grain size diameter, de, using Eq. (2-10).  

 

- Step 4: As stated in Fredlund (2000), the af parameter is estimated using the AEV. Calculate the 

overall af for the entire soil sample based on AEV correlations with D30 and D50 using Eq. (3-1) 

and (3-2).  

 

 

- Step 5: Calculate an overall nf and mf based on de using Eq. (2-11). 

 

- Step 6: Calculate the fractional nf and mf for each soil fraction using Eq. (3-3) and (3-4). 

 

 

- Step 7: Determine packing porosity, np, based on one of these methods: 

o Using relative density, Dr, as a replacement for np 

o Using the product of coefficient of uniformity, Cu, and void ratio, e, to correlate to np 

o Using soil porosity to estimate for np  
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- Step 8: With a determined np, calculate the individual pore volume based on each soil fraction 

using Eq. (2-12) and (2-13). 

     

 

 

 

 

- Step 8: Starting from the smallest soil fraction, sum the individual pore volumes determined from 

the previous step along with the corresponding weighted nf and mf until the in-situ porosity of soil 

is reached. The summed fractional nf and mf up to this point is the nf and mf parameter of the 

SWCC. 

- Step 9: Use the determined af, nf, and mf parameters to construct the SWCC using Eq. (2-1): 
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Table 3-2: Published data of collected fine-grained soils 

Soil GSD Source SWCC Source 

Anthem soil Hashem (2013) Hashem (2013) 

Botkin silt Pham (2005) Vanapalli, Wright, and Fredlund   

Clay Fredlund (2000) Fredlund (2000) 

Clay till Saadeldin and Henni (2016) Saadeldin and Henni (2016) 

Custom silt Bruch (2008) Bruch (2008) 

Fuzhou soil Xu, et al. (2020) Xu, et al. (2020) 

Guilin clay Cai, et al. (2020) Cai, et al. (2020) 

Indian Head till Vanapalli (1996) Vanapalli, et al. (1996) 

London clay 
Zhang, Mavroulidou, and Gunn 

(2017) 
Smethurst, Clarke, and Powrie 

(2011) 

Marly clay soil Jamie, et al. (2008) Jamie, et al. (2008) 

MDNC soil Kassab, et al. (2021)  Kassab, et al. (2021) 

Pit natural silt Bruch (2008) Bruch (2008) 

Pottery clay Marcotte and Fleming (2019) 
Reina-leal, Ramirez, and Colmenares 

(2019) 

Processed silt Pham and Fredlund (2008) Pham and Fredlund (2008) 

Qiqihar soil Zhao, et al. (2021) Zhao, et al. (2021) 

Red clay Chen, et al. (2019) Chen, et al. (2019) 

Red Silt Wong and Elwood (2018) Wong and Elwood (2018) 

Regina clay Marcotte and Fleming (2019) Saadeldin and Henni (2016) 

Bukit Timah Granite Rahardjo, et al. (2019) Rahardjo, et al. (2019) 

Flysch rock soil Peranić, et al. (2018) Peranić, et al. (2018) 

Rock flour Park (2005) Park (2005) 

Silty loam Fredlund (2000)  Fredlund (2000)  

Silty tailing Swanson, et al. (1999) Swanson, et al. (1999) 

Speswhite Kaolin Tadza (2011) Tadza (2011) 

Yellow bentonite Tadza (2011) Tadza (2011) 

 

3.4. Coding program 

3.2.1. Coding methodology 

The Python programming language was chosen to construct the back analysis program. Python was 

chosen mainly due to the simplicity in terms of syntax and extreme versatility from its open-source 

development for mathematics, science, and engineering analysis. All codes developed as part of this 

research are provided in the Appendix D. 

Statistics of the generated curves to measured data was carried out using the scipy.optimize.curve_fit 

function built into Python. According to the scipy.optimize.curve_fit source code document (SciPy.org 
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n.d.), this function uses the non-linear least square method to determine the best fit for the data points. 

The scipy.optimize.curve_fit function, henceforth, will be addressed as the curve fit function.  

To achieve the goal of predicting a GSD from a given SWCC, the Python curve fit function was utilized. 

Two components are required as input for the curve fit function before this function can be used: 

- A SWCC prediction function that can take input as GSD and basic soil properties. 

- A data set of a predetermined SWCC. 

It is important to understand that the curve fit function by itself is only an iteration tool. A computational 

function for the modified Fredlund method was constructed as a required input for the curve fit function. 

This function took in GSD curve fit parameters acquired from Fredlund’s unimodal GSD equation, the 

packing porosity, np, and basic soil properties (specific gravity and bulk density) as the inputs. The 

modified Fredlund function was provided to the curve fit function. When a predetermined SWCC is 

given, the curve fit function iteratively changes the input of the modified Fredlund method to minimize 

the squared difference between predetermined and predicted SWCC. The inputs of the modified Fredlund 

function that produced the lowest squared difference will be reported as the back calculated GSD of the 

back analysis program.  

Figure 3-2 presented the flow diagram for a visual representation of how the back analysis program was 

constructed. To utilize the curve fit function as the basis to build the back analysis program, it is crucial to 

build the modified Fredlund method as an SWCC prediction computational function first. 

The basic soil property inputs of the modified Fredlund function were intentionally left as constant values 

and therefore, these properties are not iteratively changed in the back analysis program. In a designing 

scenario that the specific gravity and bulk density of the soil have to be specific values, the values can be 

provided to the modified Fredlund function. Or if the specific gravity and bulk density are unknown, the 

designer can use suitable assumed values for these properties. The back analysis program will be able to 

back calculate GSD based on the constant values. By leaving these inputs as constant values, it will also 

reduce the iteration time of the back analysis program.  
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Figure 3-2: Flow diagram of the back analysis method to estimate GSD from SWCC 

3.2.3. Boundary conditions 

During the process of testing the back analysis program, the program was unable to converge to a 

solution. The reason was due to the lack of boundary conditions for the input GSD parameters of the 

modified Fredlund function. The iteration process attempted to iterate through an infinite number of grain 

sizes and was unable to converge to a solution. The tested soils listed in the experimental program are too 

few to create statistically meaningful boundary conditions. Therefore, to remedy this problem, GSD data 

of 24 soils were collected from published literature (Table 3-3). The primary focus of the published data 

was on soils comprised of silty sands. Fredlund’s (2000) unimodal GSD equation was used to determine 

the GSD parameters of the published data which was presented in Table 3-4. The ranges for the GSD 

parameters were 0.12 – 1.9, 1.09 - 10, and 0.503 - 1.9 for agr, ngr, and mgr respectively. For fine grained 

soils, the published soil summarized in Table 3-2 were used to generate the boundary conditions. Similar 

to the published silty sands, the fine-grained soils were also curve fitted with Fredlund’s (2000) unimodal 

GSD curve fit equation. The GSD parameters of these soils were summarized on Table 3-5. The boundary 

conditions are 3.95×10-4 – 0.607, 0.726 – 7.33, and 0.14 – 10.3 for agr, ngr, and mgr respectively. 
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Table 3-3: Published data of collected silty sand soils  

Soil Source 

Bandarabbas silty sand Mogahaddas and Asakereh (2007) 

Bjuh soil Sitharam, Govinda Raju, and Srinivasa Murthy (2004) 

Bostanj silty sand Vilhar, Jovicic and Coop (2013) 

Calabria soil de Magistris, Silvestri and Vinale (1998) 

CBL sand Bathurst, Siemens, and Ho (2009) 

Chelf sand Belkhatir, et al. (2012) 

Clavet sand Tested for this research 

F15 sand Baziar and Sharafi (2011) 

Mai Liao sand Huang, et al. (2004) 

Metreamo soil Rampino, Mancuso, and Vinale (1999) 

Ohghishima sand Tsukamoto, Ishihara, and Sawada (2004) 

Penrith sand Heitor, Indraratna, and Rujikiatkamjorn (2013) 

Perafita sand Fleureau, Hadiwardoyo, and Gomes Correia (2003) 

Processed Barajin River soil Naeini and Gholampoor (2014) 

Processed Chelf sand Taiba, et al. (2016) 

Processed Nevada sand Monkul, Yamamuro, and Lade (2011) 

Processed Toyoura sand Yoshimi and Goto (1996) 

Qinghai-Tibet soil Liu, Chang, and Yu (2016) 

Ruedlingen sand Casini, Serri, and Springman (2013) 

Silty sand Rao and Nasr 2011 (2012) 

Swiss Molasse sand Schnellmann, Rahardjo, and Schneider (2013) 

Tsukuba River sand  Gallage and Uchimura (2010) 

Wildlife sand El-sekelly, et al. (2016) 

Yellow sand Rabbi, Rahman, and Cameron (2018) 
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Table 3-4: Determined GSD parameters of published silty sand soils 

Soil agr ngr mgr 

F15 sand 0.578 4.49 0.76 

Chelf sand 0.851 4.87 0.93 

Ruedlingen sand 0.2 6.02 0.846 
Calabria soil 1.03 2.4 0.455 

Wildlife sand 0.15 7.89 0.922 

Perafita sand 0.641 1.09 1.77 
Penrith sand 0.188 2.66 1.9 

Mai Liao sand 0.139 5.35 1.31 

Qinghai-Tibet soil 0.301 2.83 1.28 
Clavet sand 0.145 9.86 0.994 

Processed Nevada sand 0.14 7.00 1.3 

Processed Barajin River soil 0.843 1.38 1.66 
Yellow sand 0.327 6.45 0.837 

Metreamo soil 0.986 2.34 0.503 

Silty sand 0.131 10 0.937 
Bjuh soil 0.497 2.59 0.942 

Processed Chelf sand 0.751 3.9 1.1 

Bandarabbas silty sand 0.123 8.36 0.79 
Ohghishima sand 0.227 1.88 1.9 

Bostanj silty sand 0.166 4.77 0.897 

Processed Toyoura sand 0.26 5.17 0.763 
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Table 3-5: Determined GSD parameters of published fine-grained soils 

Soil agr ngr mgr 

Anthem soil 0.082 2.02 0.531 

Botkin silt 0.116 2.45 0.597 

Clay 0.0450 2.10 0.269 

Clay till 0.00522 1.13 2.15 

Custom silt 0.0410 3.78 1.25 

Fuzhou soil 0.00522 1.13 2.15 

Guilin clay 0.0618 1.17 0.458 

Indian Head till 0.607 0.73 1.16 

London clay 0.0365 3.31 0.253 

Marly clay soil 0.0790 2.46 0.473 

MDNC soil 0.0555 4.64 0.537 

Pit natural silt 0.0335 2.35 1.53 

Pottery clay 0.0641 2.41 0.245 

Processed silt 0.0423 3.76 1.24 

Qiqihar soil 0.0249 1.09 1.80 

Red clay 0.0220 0.81 2.64 

Red Silt 0.0063 0.90 4.68 

Regina clay 0.4033 3.10 0.140 

Bukit Timah Granite 0.4858 2.95 0.335 

Flysch rock soil 0.0099 1.22 1.41 

Rock flour 0.1197 1.71 0.905 

Silty loam 0.0869 7.33 0.568 

Silty tailing 0.00824 1.72 7.71 

Speswhite Kaolin 0.000617 6.05 1.52 

Yellow bentonite 0.000395 4.42 10.3 

 

The np parameter also required a boundary condition for the same reason for the GSD curve fit 

parameters. For np, three methods mentioned previously will be investigated to relate to np. As all three 

methods involve void ratio, the tested minimum and maximum void ratio of a soil was applied as 

boundary condition for that specific soil. A maximum density test was planned to determine the minimum 

void ratio for the boundary condition. However, due to the lack of a vibratory table in the laboratory as 

described in ASTM D4253, it was not possible to determine the minimum void ratio from testing. Instead, 

the minimum void ratio was determined from the maximum void ratio using Cubrinovski and Ishihara 

(2002) research, which correlated maximum void ratio to minimum void ratio.   
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Chapter 4 Results and Discussion 
4.1. Introduction 

4.1.1. Experimentation results 

The properties determined for the tested soils are summarized in Table 4-1.  

Figure 4-1 presents the experimental data of the GSDs and SWCCs. 

Table 4-1: Required basic soil properties of the tested materials 

Soil Dry bulk 

density (g/cm3) 

Specific 

Gravity 

Maximum 

void ratio 

Plastic 

Limit (%) 

Liquid 

Limit (%) 

USCS 

Clavet sand 1.56 2.6 1.32 n/a n/a SP 
Aluminum oxide 1.57 3.89 1.47 n/a n/a ML 

Clavet clay 0.957 2.75 1.88 24 39 CL 
Battleford Till 1.28 2.73 1.36 9.7 23.3 CL 

Edmonton Till 1.08 2.72 1.5 17.8 32.8 CL 

 

 

 

Figure 4-1: Recorded a, GSDs and b, SWCCs of tested materials 

It was not possible to measure the SWCCs of the Battleford till and Clavet clay. During the initial testing 

phase, the water in the cells (including the outflow tubes) with the Edmonton till, Battleford till, and 

Clavet clay drained completely at roughly 40-60 kPa. It was suspected that there might have been cracks 

on the high air-entry value (HAEV) stones in these cells. New replacement, 5-bar HAEV discs were 

placed into the cells; however, the problem persisted for all three samples, with the Battleford till and 

Clavet Clay draining at 40 and 20 kPa respectively. The Edmonton till did not drain until a pressure of 

300 kPa was achieved. This pressure resulted in an incomplete curve as shown in  

Figure 4-1. The new discs were also suspected to be cracked. A hydraulic conductivity test was conducted 

on these discs, the resulting hydraulic conductivity was determined to be roughly 1×10-9 m/s. This value 

a,  b,  
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was similar to the manufacturer specification which indicated that there were no cracks on these discs. 

Another possible explanation was that there might be gap between the HAEV disc and the cell. New cells 

were changed out for the Battleford till and Clavet Clay. However, these cells also drained at low suction 

values. It is unknown at this stage as to why this problem persisted. Because of this problem, published 

research were consulted to search for any available SWCC data of the Battleford till, Edmonton till and 

Clavet clay. However, no SWCC data for these soils were available in published research. 

Owing to the lack of data to test the capability of the back analysis program, additional soils properties 

available from published literature were collected. The published soil that were used to determine the 

capability of the back analysis program are summarized in Table 4-2. The GSDs and SWCCs of these 

soils were presented on Figure 4-2. The GSD of the CBL sand was not included in Bathurst, Siemens and 

Ho (2009) and therefore absent from Figure 4-2. The properties of each soil are summarized in Table 4-3. 

The SWCCs of the Swiss Molasse sand and Tsukuba River sand was originally published in terms of 

volumetric water content (θ). The Fredlund (2000) method is only applicable to SWCCs based on 

gravimetric water content (w), therefore, the θ-SWCCs were converted to w-SWCC. The w-SWCCs were 

converted from θ-SWCC by using the measured void ratio of these soils. It should be noted that to 

convert the θ-SWCCs to w-SWCCs, information related to the shrinkage during drying is required. In the 

absence of shrinkage information in the literature, the shrinkage of the two sands was assumed to be 

negligible.  

Table 4-2: Published soils to test the capability of the back analysis program 

Soil Source USCS 

CBL sand 
Bathurst, Siemens and Ho 

(2009) 
SP 

Swiss Molasse sand 
Schenellman, Rahardjo, and 

Schneider (2013) 
SW-SM 

Tsukuba River sand Gallage and Uchimura (2010) SW 

Red silt Wong and Elwood (2018) MI 
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Table 4-3: Basic soil properties of the published soils to test the capability of the back analysis program  

Soil Source USCS 

Specific 

gravity, 

Gs 

Coefficient 

of 
uniformity, 

Cu 

Dry 

bulk 
density 

(kg/m3) 

CBL sand 
Bathurst, 

Siemens and 
Ho (2009) 

SP 2.72 4.8 1350 

Swiss 
Molasse 

sand 

Schenellman, 
Rahardjo, and 

Schneider 
(2013) 

SW-
SM 

2.88 6.57 1650 

Tsukuba 
River sand 

Gallage and 
Uchimura 

(2010) 
SW 2.71 4.5 1350 

Red silt 
Wong and 

Elwood (2018) 
MI 2.7 9.2 950 

 

  

Figure 4-2: Published a, GSDs and b, SWCCs data of published soils to test the capability of the back analysis program 

4.2. Results and discussion 

4.2.1. Linear regression analysis to determine correlation(s) between AEV and 

characteristic particle diameters of fine-grained soil   

The back analysis program is not possible to determine the capability of the program to produce accurate 

GSDs for fine-grained soils. There is currently a lack of a relationship between the AEV and GSDs for 

fine-grained soils. Therefore, a similar study to Sakaki, Komatsu and Takahashi (2014) was conducted for 

this thesis using data from published fine-grained soils (Table 3-2). These data were summarized in 

Appendix A and are used for linear regression analysis to determine if correlation(s) between a 

characteristic diameter and AEV of fine-grained soil exist. 

a,  b,   
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Linear regression analysis was conducted between characteristic diameters (D10, D20, D30, …, D90) and 

AEV of the collected soils to determine the correlations. Prediction intervals, coefficient of determination, 

R2 value, and residual plots were used to determine the accuracy of the relationships.  

The linear regression results showed that there was no apparent correlation between any characteristic 

diameters and AEV for the data published on fine-grained soils. For results of each characteristic 

diameters and AEV relationships, please refer to Appendix B. As an example of the determined result, 

Figure 4-3 shows the linear regression between D50 and AEV of the published fine-grained soils. The 

prediction interval of D50 and AEV was determined to be between ~10 – 2000 kPa. The R2 value for this 

relationship was determined to be 0.072 which indicated that approximately 93% of the data were 

unexplained by the relationship. The residual plot (Figure 4-4) of this relationship shows that the data 

were scattered away from the horizontal zero line indicating large differences between measured and 

predicted AEV. These factors all indicate that the relationship between D50 and AEV was poorly 

correlated. Other relationships between characteristic diameters and AEV all demonstrate similar results 

to those of the D50 and AEV relationship.  

 

Figure 4-3: Linear regression analysis of D50 and AEV relationship for fine-grained soil 
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Figure 4-4: Residual plot of D50 and AEV relationship for fine-grained soil 

The lack of relationships between AEV and characteristic diameters for the collected fine-grained soils is 

likely owing to the electrostatic nature of clay particles. According to Bhattacharjee (2016), when the clay 

particles are suspended in an electrolyte, a layer of cations is strongly bonded on the clay’s surface; this 

layer is termed as the Stern layer. Outside of this layer, the electrostatic attraction from the clay’s surface 

is still active but decreases with distance. Due to this process, another layer, consisting of both cations and 

anions, grows beyond the Stern layer. This layer is known as the Gouy-Chapman layer. These two layers 

from the structure commonly known as the double diffusive layer (DDL). The DDL was found to affect 

the hydraulic conductivity and swelling in clay soils (Xu, Liao and Li 2008); therefore, DDL has 

influences on the pore-water interaction which also is affected by the PSD. Because the SWCC is 

controlled by the pore-size distribution, the double diffusive layer (DDL) would affect the SWCC as well. 

The existence of the DDL effectively changes the pore-size distribution, the water capacity of the soil and 

its ability to transmit pore-water under a given pressure change.  

In order to provide some usable relationship for fine-grained soils, the published data was divided into 

their respective classifications of silt and clay. A linear regression analysis was conducted on soils 

classified as silt. It was found that there is a high correlation for the relationship between D80 and AEV 

which was represented by the following equation: 

  (4-1) 
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Figure 4-5: Linear regression analysis of D80 and AEV for silt-classified soils 

 

Figure 4-6: Residual plot of D80 and AEV relationship for silt-classified soils 

Figure 4-5 shows that the prediction interval is much closer to the line of regression with values ranging 

between 2 – 200 kPa and the R2 value is calculated approximately 97%. Figure 4-6 shows that the 

residual values clustered near to the zero-horizontal line, indicating a small difference between the 

recorded and predicted values. These factors all indicate that there is a good correlation between D80 and 

AEV for silt dominant fine-grained soils. Although the linear regression analysis indicates a strong 

correlation, it is important to note that the relationship is statistically insignificant due to the relatively 

small data set. The effect of Cu was not analyzed as GSDD of some of the soils used for this analysis 

lacked the D10 data (not measured pass D10) needed to calculate for Cu. However, for a silt dominated 

GSD, Cu is expected to be between 1 to 2. The D80 correlation was used to test the capability of the back 

analysis program on silt soil. 
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Sakaki, Komatsu, and Takahashi (2014) determined that D30 and D50 relate well to the AEV for coarse-

grained soils. The authors explained that the smaller particles had a greater influence on the AEV as 

smaller particles could fall into the bigger voids. This distribution of grains therefore reduces the 

influence of the larger voids on the AEV. The correlation determined between D80 and AEV for silt-

classified soil suggests the opposite, in that larger particles have a strong influence on the AEV. A 

possible explanation is that, for a silt soil, there is a likelihood that the Cu would be between 1 to 2. The 

tight range of Cu would indicate that there is small difference between the small and large particles. 

Hence, Sakaki, Komatsu and Takahashi (2014) explanation on smaller particles having a greater influence 

on AEV might still hold true in silt soil. However, it is still unknown as to why D80 specifically has the 

highest correlation to the AEV. A future study to investigate the mechanics of the pores created by D80 in 

silt soils is recommended.  

4.2.2. The modified Fredlund method 

4.2.2.1. Constructing the modified Fredlund function 

As previously mentioned, constructing the modified Fredlund function is a required input for the pre-built 

curve fit function. The curve fit function is the basis to build the back analysis program. When given a 

predetermined SWCC, the curve fit function will iteratively change the inputs of the modified Fredlund 

function until a matching SWCC is produced. Therefore, it is crucial to construct the modified Fredlund 

method as a computational function.  

The Clavet sand was chosen as the experimental material to test the capability of the constructed function. 

The function was constructed in the steps laid out in Chapter 3. The experimental GSD of the Clavet sand 

was fitted using Fredlund (2000) unimodal curve fit equation; the particle size probability density 

function (PDF) was also calculated. The curve fit parameters were determined to be 0.145, 9.8, and 0.99 

for agr, ngr, and mgr respectively. The cumulation of the contribution percentage of each particle size was 

found to be 1.9, which cannot exceed 1 and therefore could not be correct. This error indicated that the 

increment of diameter was too large and led to an error in integration. To fix this problem, the GSD was 

divided into much smaller increments of particle sizes (1000 increments). The result was a smoother 

curve fit GSD and PDF (Figure 4-7). The agr, ngr, and mgr parameters for the second attempt remained the 

same. The cumulative contribution percentage was found to be 0.97 which was more reasonable when 

compared to the first attempt. 



42 
 

 

Figure 4-7: Curve-fitted GSD and particle-size log PDF for Clavet sand 

The next step was to determine the Fredlund - Xing (1994) parameters of each individual grain size. af can 

be estimated with because AEV is approximately equal to af (M. D. Fredlund 2000). As the coefficient of 

uniformity, Cu, of the Clavet sand was determined to be 2.2, this satisfied the condition to use both AEV 

correlations using D30 and D50 from Sakaki, Komatsu and Takahashi (2014). The af parameter was 

estimated for the entire soil sample and determined to be 7.9 and 8.3 kPa using D30 and D50, respectively. 

The nf and mf determined from de using Eq. (2-11) were determined to be 20 and 2, respectively. Note that 

the determined nf and mf were not the actual SWCC parameters as this correlation does not account for the 

influence of smaller particles filling the larger pore spaces. This influence was accounted for by 

calculating the fractional nf and mf. Theorem 3 of. Fredlund (2000) states that the summation of individual 

SWCCs of each grain size fractions would result in the SWCC of the whole soil sample. However, in the 

original research, the calculation for this step was not directly stated. Individual SWCC for each grain size 

fraction must be estimated. Eq. (3-3) and (3-4) were inferred as the results by taking the nf and mf 

parameters calculated from de  and multiplied with the contribution percentage of each grain size 

calculated. Figure 4-8 presents the contribution percentage of each soil fraction and Figure 4-9 presents 

the resulting weighted nf and mf of each fraction. 

a
gr

 = 0.145 

n
gr

= 9.8 

m
gr

= 0.99 
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Figure 4-8: Contribution percentage of each individual particle fraction  

 

Figure 4-9: Weighted nf and mf parameter of each individual particle fraction 

Using Eq. (2-12) and (2-13), fractional pore volumes were generated. Fredlund (2000) suggests that if the 

pore sizes were assessed as uniform pores stacked in discrete domain, the summation of the pores would 

result in porosity much greater than the in-situ porosity of the sample. This due to mixing of particles that 

smaller particles tend to fall into larger pore spaces, and fill voids. The filled voids would create a more 

realistic pore structure and reduce the effect of larger pore sizes on the SWCC. The porosities of the 

individual fractions were then summed, starting from the smallest fraction, until the measured porosity of 

the in-situ soil was reached; the remaining fractions were ignored as the effect of larger particles can be 

negligible if the voids are filled with smaller particles. The weighted nf and mf were also summed, along 

with the fractional volume, until the in-situ porosity was achieved. 
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The packing porosity, np, was required to determine the overall pore volume. As previously mentioned, 

three possible methods were proposed to correlate to this parameter as there was no correlations to 

determine this parameter: 

- Using relative density, Dr 

- Using the product of coefficient of uniformity, Cu, and void ratio, e  

- Using the soil measured porosity  

Relative density, Dr, was investigated first as a replacement for np. Dr can be used to estimate for np as 

both parameters are based on the porous volume of the soil; np represents the porous fractional volume 

and Dr is calculated based on minimum and maximum void ratio. Both parameters are also influenced by 

the shape and arrangement of the particles. For the Clavet sand, the minimum density was determined to 

be 1.56 g/cm3 which corresponded to a maximum void ratio of 1.32. As the Clavet sand has roughly 10% 

silt and 5% clay, Eq. (3-7) was used. The minimum void ratio for the soil was determined to be 0.91; a 

void ratio range of 0.91 – 1.32 was generated. The void ratio range was then used to calculate Dr. For this 

investigation, Dr of the soil was determined by changing the factor until the estimated SWCC matched the 

experimental SWCC.  

Two SWCCs were constructed using the weighted nf and mf along with the determined af parameters from 

Sakaki, Komatsu and Takahashi (2014). Figure 4-10 presented the result of using Dr to predict the 

SWCC. SWCCs generated by Dr of 0 – 0.29 were all the same as SWCC generated by Dr of 0.43 and 

therefore not shown on the graphs. As can be seen in Figure 4-10, by increasing Dr, it lessened the 

steepness of the desaturation slope and increased the water content towards the residual end. Extra pores 

formed from the increasing Dr resulted in creation of more diverse pore sizes that lessened the steepness 

of the desaturation slope as well as smaller pores that increased the water retention capacity that resulted 

in the increase in water content towards the lower end.  

 

Figure 4-10: Estimated SWCCs based on varying Dr. Left: AEV estimated with D30, Right: AEV estimated with D50 
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For the various SWCCs generated through the range of Dr, the relative density for the Clavet Sand was 

determined to be 0.78. This was obtained by varying the Dr parameter until the predicted SWCC matched 

with the measured SWCC data. The predicted SWCCs using both af correlations of Sakaki, Komatsu and 

Takahashi (2014) produced good fit, with R2 value of 0.99 for both data set when compared with the 

experimental SWCC of the Clavet sand. The parameters of the predicted SWCC with af estimated from 

D30 are:  af = 7.9 kPa, nf = 5.3, and mf = 0.53 with a Dr of 0.78 (Figure 4-11). The parameters of the 

predicted SWCC with af estimated from D50 are:  af = 8.3 kPa, nf = 5.7, and mf = 0.57 with a Dr of 0.78 

(Figure 4-12). The parameters of both predicted SWCC are approximately close to the curve fit 

parameters of the experimental data which are: af = 7.5 kPa, nf = 5.7, and mf = 0.57. 

 

Figure 4-11: Experimental SWCC and predicted SWCC with af estimated from D30   

 

Figure 4-12: Experimental SWCC and predicted SWCC with af estimated from D50   
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Figure 4-13 shows the effect of Dr on the pore volume creation. Increasing the packing factor resulted in 

an increase of the incremental pore volume created by each fraction since the more densely distributed the 

particles are, the more pores would be formed between the contacts of the particles. The figure also 

suggests a flaw in using Dr as a replacement for np. For Dr = 0, Figure 4-13 shows that the pore volume is 

zero which is impossible for a soil structure. This is because, by definition of the parameter np, indicates 

the porous fractional volume created by the arrangement and shape of the particle (Smith, Foote and 

Busang 1929). An np of zero (same as np of 1) indicates that there were no pores (zero pore volume) to 

form the porous structure. This is in contradiction with the definition of Dr which indicates the denseness 

of the soil based on maximum and minimum void ratio. A Dr of 0 is the density of a soil in its loosest 

state; in this case, pores should still exist within the arrangement of particles. 

 

Figure 4-13: Pore volume formation using various Dr 

The result of this investigation indicates that Dr was able to produce reasonable estimation of SWCC, 

because it was a value between 0 – 1 similar to np. However, it was still an unsuitable as a replacement for 

np at the extreme values as the definitions of the two parameters were not compatible.  

The remaining methods, previously mentioned in Chapter 3, to relate to the packing porosity, np, were 

investigated. The second method was based on Vanapalli and Catana (2005) explanation that the product 

of Cu and e could represent the in-situ pore distribution of a soil and has a good correlation with 

parameter nf (Figure 2-4) which is related to the desaturation slope of the SWCC. np is a factor represents 

the porous fractional volume of a soil and was found by Fredlund (2000) to have an influence on the 

desaturation slope. Therefore, np was estimated using the product of Cu and e. For the Clavet sand, a range 

of 2.00 – 3.43 was estimated for np using Eq. (3-7). This range was inadequate as the range value was 

outside the possible range of 0 – 1 for the np parameter.  
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The final method to estimate a packing porosity used the soil porosity. The porosity of the Clavet sand 

was determined to be between 0.48 – 0.57 based on the previously estimated minimum and maximum 

void ratio range of 0.91 – 1.32. The method is unsuitable as the estimated porosity range is not close to 

the fitted np value of 0.78. 

Overall, out of the three proposed methods to estimate for np, the method of using Dr demonstrated the 

most promising results. However, Dr might not be a suitable replacement for np as its definition was not 

able to account for the extremities of np. 

During the investigation of using Dr as a replacement for np, the value was changed until the predicted 

SWCC matched with the experimental SWCC. Therefore, to rectify the problem of lacking a correlation 

to np, np was treated as an extra ‘curve-fit’ parameter with a range between 0 – 1; the factor could then be 

iteratively solved for using Python curve-fit feature.      

4.2.2.2. Comparison between modified Fredlund method to Fredlund (2000) method 

A comparison between the modified Fredlund and Fredlund (2000) method was conducted. Figure 4-14 

presents the predicted SWCCs for the Clavet sand using the modified Fredlund method and the original 

Fredlund (2000). The SWCC predicted from D30 from the previous section was used to represent the 

result for the Modified Fredlund method. The Fredlund and Xing parameters of the predicted SWCC 

using Fredlund (2000) are: af = 3.45, nf = 1.94, mf = 0.75 and np = 0.6. The determined R2 values were 

0.99 and 0.98 for the modified Fredlund and Fredlund (2000) method respectively when compared with 

the curve fitted SWCC of the Clavet sand. The comparison showed that both methods were able to 

produce good fit to the recorded data of the Clavet sand. Visual comparison showed the modified 

Fredlund was able to predict a SWCC that matched closer to the recorded SWCC data than the SWCC 

predicted by the Fredlund (2000) method.  
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Figure 4-14: Comparison of predicted SWCCs for the Clavet sand using the modified Fredlund and the original Fredlund (2000) 

method 

Figure 4-15 presents the predicted SWCC for the Tsukuba sand (presented in Table 4-2) using the 

modified Fredlund method and the original Fredlund (2000). The parameters of the SWCC predicted 

using the modified Fredlund method are: af = 2.02, nf = 4.05, mf = 0.405, and np = 0.8. The parameters of 

the SWCC predicted using the Fredlund (2000) method are: af = 3.37, nf = 1.93, mf = 0.874, and np = 0.85. 

The parameters of the curve fitted SWCC of the Tsukuba sand are: af = 2.35, nf = 9.25, and mf = 0.31. The 

determined R2 values were 0.99 and 0.98 for the modified Fredlund and Fredlund (2000) method 

respectively when compared with the curve fitted SWCC of the Tsukuba sand. The comparison showed 

that both methods were able to produce good fit to the recorded data of the Tsukuba sand. Visual 

comparison, again, showed that the modified Fredlund was able to predict a SWCC that matched closer to 

the recorded data of the Tsukuba sand.   

 

Figure 4-15: Comparison of predicted SWCCs for the Tsukuba sand using the modified Fredlund and the original Fredlund 

(2000) method 
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The modified Fredlund method was able to produce reasonable predictions for both the Clavet sand and 

Tsukuba sand (R2 value of 0.99 for both cases). When compared with the Fredlund (2000) predictions, the 

modified Fredlund produced a slightly better fit to the recorded data (R2 value of 0.99 and 0.98). The 

modified Fredlund also produced a much closer visual match to the original SWCCs of both Clavet and 

Tsukuba sand. Based on the results from this comparison, it showed that the modified Fredlund is a slight 

improvement over the original Fredlund (2000) method for the two soils used in this investigation.  

4.2.2.3. Sensitivity analysis  

To further understand the effect the effect of GSD curve fit (agr, ngr, and mgr) parameters and np on the 

predicted SWCC of the modified Fredlund method, a sensitivity analysis was conducted. A Monte Carlo 

approach was for this analysis. One parameter at a time was varied randomly multiple times while the 

other parameters were held constant.  

The published data of silty sands were used to generate a trained Monte Carlo data set using normal 

probability distribution for each GSD curve fit parameters (Table 4-4). A problem arises that when using 

the probability distributions to generate random values, is that some of the randomly generated values are 

negative which is not possible for a GSD curve fit parameter. This problem was solved by creating a 

separate Python function to check the randomly generated values. If the generated value is negative, the 

value will be generated again until a positive value is produced. Due to lack of data to generate a mean 

and standard deviation for np, the parameter was simply varied from 0 – 1 to demonstrate the effect.  

Table 4-4: Mean and standard deviation of each GSD curve fit parameter based on published data of silty sand 

Parameter Mean (μ) Standard deviation (σ) 

af 0.43 0.42 

nf 4.67 2.66 

mf 1.12 0.39 

 

Due to the large amount of data generated from a Monte Carlo approach, the data were filtered to a 

manageable level. Only the generated data set surrounding the measured data were shown. For the 

unfiltered data of each run, please refer to Appendix C. All data were compared to the calculated values 

used to generate the SWCC of the Clavet Sand. 

The effect of varying the parameters on the resulting GSD are presented on Figure 4-16 to Figure 4-18.  

Varying the agr parameter shifted the entire GSD curve laterally; varying the ngr parameter changes the 

steepness of the GSD slope; varying mgr affects the tail end of the GSD curve. Fredlund (2000) also 
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conducted a similar paremetric study; the results presented here are the same as the results presented by 

Fredlund (2000) (Figure 2-7 to Figure 2-9).  

In Figure 4-16, varying the agr parameter results in a lateral shift of the SWCC, which results in a change 

of AEV. However, this did not mean that agr is correlated to AEV. Varying agr also results in a lateral 

shift of the entire GSD. The slope of the GSD represents the dominant particle sizes, meaning that when 

the entire GSD is shifted latterally, the dominant particle sizes are changed. Smaller agr suggests a smaller 

dominant particle size. This in turn results in smaller pore sizes and a shifting of the SWCC to the right 

side (higher suction for a given water content) and vice versa.  

 

 

Figure 4-16: Resulting a, GSDs and b, SWCCs by varying agr while holding other parameters constant 

Varying ngr and mgr was also found to shift the SWCC laterally (Figure 4-17 and Figure 4-18). It is 

expected that varying ngr, which influences the steepness of the GSD slope, the desaturation slope and 

residual end of the SWCC will be changed.. However, the result shown in Figure 4-17 does not reflect 

this expectation. The results show that a more well graded soil would only result in a higher AEV due to 

the higher fines content and vice versa. The same result could be seen for varying mgr; a higher fines 

content only results in change of AEV value.  

 

a,  b,  
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Figure 4-17: Resulting a, GSDs and b, SWCCs by varying ngr while holding other parameters constant 

 

 

 

Figure 4-18: Resulting a, GSDs and b, SWCCs by varying mgr while holding other parameters constant 

Figure 4-19 presents the result of varying the packing porosity, np while holding GSD curve fit 

parameters constant. All np values less than 0.5 were excluded as the generated SWCC curves showed no 

notable change compared to np = 0.5. The result shows that varying np changes the overall shape of the 

SWCC with no discernable change to the AEV. The curve generated by np = 0.99 on Figure 4-19 seems to 

suggest that the AEV was increased. However, a change in AEV was not possible. For the modified 

Fredlund method, the AEV is estimated based on characteristics particle diameters. As the GSD curve fit 

parameters were held constant for this analysis, the characteristic grain diameters have not been changed 

and therefore the AEV must in fact remain the same. As can be seen with the curve generated by np = 0.9, 

the desaturation slope starts to become shallower, and the SWCC near the residual value becomes steeper. 

Beyond the value of np = 0.9, the desaturation slope and approach to residual continues to change until the 

desaturation slope becomes nearly horizontal and the approach to residual becomes much steeper. Due to 

a,  b,  

a,  b,  
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this change, at np = 0.99, it makes a false impression that the AEV is increased. The AEV, at packing state 

np = 0.99, must remain the same as explained before. The drastic change of the SWCC was due to the 

packing porosity of 0.99 that creates an impossibly high water-retention capacity.  

Packing porosity, np, represents the porous fractional volume created from the shape and arrangement of 

soil particles (Smith, Foote and Busang 1929). As np represents the porosity, it was expected that lower np 

value, would result in smaller pores that increased the water retention capacity from higher capillary 

suction and vice versa.  

Figure 4-19 shows that as np approaches a higher value (np = 0.99), the desaturation slope became 

shallower and the approach to residual becomes steeper which demonstrates a higher water retention 

capacity. Vice versa, a low np (np = 0.5) results in a lower water retention capacity. The results contradicts 

with the expectation based on the definition of packing porosity. Based on the result of this sensitivity 

analysis, it was believed that packing porosity may not be a suitable parameter to use for the calculation 

of pore volume. Instead, the atomic packing factor (APF), which defines as the fraction of volume 

occupied by solid particles, would be more appropriate as it would be able to describe the result on Figure 

4-19. Assuming that np represents the APF, increasing the np parameter results in higher water retention 

capacity from a more densely packed structure which decreases the pore sizes and allows for higher 

capillary action. Vice versa, a lower np would create a more loosely packed structure with bigger voids 

that allow water to drain more easily.         

 

 

Figure 4-19: Resulting a, GSD and b, SWCCs from varying np while holding GSD parameters constant 

The sensitivity analysis demonstrates that, for the modified Fredlund method, the GSD parameters (agr, 

ngr, and mgr) only affect the AEV by shifting the entire SWCC laterally since the AEV is correlated 

through the characteristic particle diameters. GSD is related to pore size distribution (PSD) since the 

arrangement of particles would create pore spaces. The inclusion of np instructs the program of this 

a,  b,  
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relationship between GSD and PSD. The results showed that GSD, as a soil property, does not have any 

direct influence on the SWCC. The factor that controls the SWCC is the PSD which is formed through the 

arrangement and packing of particles. An example mentioned in Fredlund (2000) demonstrated this 

concept; if two samples from the same soil were to be compacted at different density, while the GSD 

remained the same, the resulting SWCCs would be different. The difference in the SWCC was due to the 

effect of compaction changing the PSD that affected the SWCC.  

The predicted SWCCs with np less than 0.5 showed no noticeable difference to predicted SWCC with np = 

0.5. Therefore, np = 0.5 can be set as the lower boundary condition for this parameter.  

4.2.2.4. Effect of compaction on SWCC prediction 

As explained in Fredlund (2000), compaction or overburden stress has a major influence on the SWCC. 

An example mentioned in the research that, if two samples from a same soil were to be compacted at 

different degree of compaction or subjected to different overburden pressure, the resulting SWCCs would 

be different. The difference was due to the effect of stress changing the PSD that controls the SWCC. 

For the modified Fredlund method, np is an important factor for the prediction of the SWCC as it relates 

the arrangement and packing state of particles that creates the pore volume. As shown in previous results, 

a lower np would create a SWCC with lower water retention capacity, and higher np would create a 

SWCC with higher water retention capacity. From a design perspective, although the modified Fredlund 

can predict a SWCC, np does not really have any meaning in terms of field design. The previous study to 

investigate the use of relative density, Dr as a replacement for np was an attempt to account for the effect 

of compaction on the SWCC prediction. The results from the previous section clearly showed that 

variation in Dr has an effect on the PSD of the soil that changed the overall shape of the predicted SWCC. 

Higher Dr resulted in smaller pores that increased the water retention capacity of the predicted SWCC and 

vice versa. Different compaction state on a soil would affect the AEV of the soil as well; however, for the 

modified Fredlund method, the AEV is calculated based on characteristic particle diameters. As 

established in the sensitivity analysis, GSD does not have direct influence on the SWCC; it is the PSD 

that affects the SWCC. Therefore, the modified Fredlund method is still not able to fully account for the 

effect of compaction on SWCC prediction.          

4.2.3. Constructing the back analysis program to estimate GSD from SWCC 

The curve fit function of Python was utilized for the iterative method to estimate GSD from SWCC. This 

function used the previously built modified Fredlund function as the model function as listed in one of its 

requirements. When the back analysis program is given a predetermined SWCC, the program iteratively 

changes the input of the modified Fredlund method to minimize the squared difference between 
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predetermined and predicted SWCC. The parameters that predict the smallest squared difference will be 

reported as the output GSD parameters that produce the same SWCC as the predetermined SWCC.     

As previously mentioned, boundary conditions are required for the GSD curve fit parameters. As the GSD 

was defined with the GSD parameters (agr, ngr, and mgr), providing boundary conditions for each GSD 

parameter would limit the range of grain sizes. The coarse-grained soils summarized in Table 3-3 were 

collected to provide bounding values. Using a broader range of coarse-grained soils also resulted in 

failure for determining the correct GSD for the Clavet sand. Soils with a classification reported as silty 

sand were gathered from published research, similar to the Clavet sand, to narrow down the range of 

possible grain sizes. A range of curve fit GSD parameters were generated as boundary conditions for a 

silty sand soil classification (Table 3-4 and Table 3-5). The ranges for the GSD parameters were 0.12 – 

1.9, 1.09 - 10, and 0.503 - 1.9 for agr, ngr, and mgr respectively. Boundary condition for the np parameter 

was left as 0.5 – 1 in order for the curve-fit feature to solve for this parameter.  

By introducing the boundary conditions, a solution was converged upon as is shown in Figure 4-20. The 

inclusion of boundary conditions improved the iterative process by confining the grain-size to a finite 

range. Material bounding improved the calculation for correlations using de with de being calculated based 

on the entire GSD, which in turn was defined by the GSD parameters.  

The back calculated parameters were determined to be 0.33, 4.8, and 0.67 for agr, ngr, and mgr 

respectively. The calculated GSD of the back calculated soil are: 8.4% medium sand, 65.3% fine sand, 

18% silt, and 8% clay. The coefficient of uniformity, Cu, and coefficient of curvature, Cc of this soil are 

calculated to be 31 and 6 respectively. The back analyzed GSD has a USCS classification of silty sand, 

similar to the tested Clavet sand. This consistency demonstrates that the iteration result remains within a 

reasonable soil classification range with the inclusion of the boundary conditions. However, Figure 4-20 

shows that there is still a considerable difference between the experimental and back-analyzed GSDs. One 

possible explanation for this difference was that the correlation between mf and de (Figure 2-10) provided 

by Fredlund (2000) was established using data set with considerable scatter. This scatter from the line of 

best fit is likely associated with errors that are carried through to the back calculation. Another possible 

explanation for the difference in calculated versus observed GSDs is that the generated GSD is able to 

produce the same SWCC as the input SWCC. This would stop the iteration of the program and produce a 

corresponding curve fit function. 
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Figure 4-20: Back calculated GSD versus Experimental GSD 

To test these hypotheses, the back calculated GSD parameters were used to generate a SWCC to compare 

with the input SWCC. The results of the calculated SWCC are shown in (Figure 4-21). The calculated 

SWCC parameters from the back-analyzed GSD were 7.4, 5.3 and 0.53 for af, nf, and mf, respectively. 

When these are compared to the SWCC parameters of Clavet sand, which were 7.5, 5.7 and 0.57 for af, nf, 

and mf, respectively, there is clearly a strong correlation. The R2 coefficient between two data sets for the 

SWCC was determined to be 0.99. This suggests that the SWCC estimated from back calculated GSD 

was able to produce the same SWCC as the measured SWCC. This meant that the difference observed in 

Figure 4-20 was not necessarily due to errors associated with the method outlined by Fredlund (2000) but 

because the back calculated GSD is able to produce the same SWCC as the input SWCC. The result 

suggests that it was possible to determine a GSD from a given SWCC through an iterative process and it 

was also possible that there might be more than one GSD that could produce the same SWCC as one 

would expect.  
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Figure 4-21: Comparison of recorded SWCC and estimated SWCC from the back calculated GSD 

To determine the possibility of estimating different GSDs with the same SWCC, the back analysis 

program was modified to accommodate a Monte Carlo approach. The basic idea is that a random set of 

input of GSD curve fit parameters and np is generated to predict a SWCC. This process is repeated many 

times. The predicted SWCCs is then compared with measured SWCC of the Clavet sand. SWCCs that 

don’t match with the measured SWCC are discarded while with matching SWCCs, the GSD parameters 

and np values of the matching SWCCs are reported back. The normal probability distributions, based on 

the mean and standard deviation presented in Table 4-4, are used to generate random values for each GSD 

curve fit parameters. Due to lack of data to generate a mean and standard deviation for np, a pre-built 

uniform distribution Python function to generate random values for this parameter between the range of 

0.5 - 1. 

Another problem with this process is that the Python curve fit function was not designed for a Monte 

Carlo analysis. Following the basic idea explained previously, each random set of inputs must be passed 

through the iteration one at a time. With the required arguments of the curve fit function, this was not 

possible as the function can only take in single value for each input as initial guesses and would then be 

changed iteratively within the range of the boundary condition. The curve fit function needs to be 

tweaked to take in value input one at a time. This was accomplished by taking advantage of the boundary 

condition arguments of the function. Boundary condition arguments for the curve-fit feature required a 

lower and upper bound. It was possible to provide the curve fit function a single value input as the lower 

bound of the boundary condition. From this initial point, the single value was increased an infinitesimal 

amount to provide as the upper boundary condition. The infinitesimal increase satisfies the condition for 

the boundary conditions while being small enough that it is essentially simulating a single value input. By 

providing a boundary condition in this fashion, there was a high chance that the back calculated 
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parameters would be incorrect; however, based on the result of trial-and-error, the back analysis program 

would still report these incorrect back calculated parameters as the ‘closest’ to producing the desired 

outcome. As an example, three random parameters were generated as 0.2, 2 and 0.6 for agr, ngr, and mgr, 

respectively. These parameters were then used to set up a boundary condition for each parameter. The 

lower bound for agr would be set as 0.2 and the upper bound would be set as 0.2 + 0.0001; the same was 

done for the other parameters. When the back analysis program was asked to find a combination of GSD 

parameters that produced the same SWCC as the Clavet sand, the result determined from the curve fit 

function was incorrect but reported a value between the example bounds for agr, ngr, and mgr, respectively, 

as the ‘closest’ solution to producing a SWCC, similar to the Clavet sand.  

The Monte Carlo approach was then applied by introducing new random inputs to the program each time 

for iteration. By iterating through a large number of randomly generated inputs, different GSD parameters 

producing the same SWCC were determined.  

1500 sets of GSD curve fit parameters and np were back calculated and then used to predict corresponding 

SWCCs using the modified Fredlund method. Statistical analysis was also conducted to filter out 

matching SWCCs by showing only results with R2 ≥ 0.98 with the measured (or desired) SWCC. Because 

many calculated GSD curves were repeated or there was only a slight variation of one to another because 

of the randomly generated inputs, the results were then filtered using visual comparison. 

Three unique GSDs were calculated using this approach for the Clavet sand SWCC. The parameters for 

each GSD and the corresponding SWCC parameters are provided in Table 4-5. The first GSD was 

approximately the same as the measured GSD for the Clavet sand. The second GSD was the determined 

GSD from the previous section. The final GSD was determined to be a well graded soil when compared 

to the original soil. The Cu and Cc of this GSD are 87 and 2.7 respectively. As shown in  

Figure 4-22, all three soils were able to produce similar SWCCs when compared to the measured Clavet 

sand SWCC. Each had R2 coefficients approximately equal to 0.98, with the exception of GSD#3 which 

has a R2 value of 0.99. It was expected that each back analyzed GSD would have unique np factor 

however, for all three back analyzed GSDs, the np was approximately close to 0.78, which was the back 

analyzed np factor. The calculated packing factor, np for each GSD is provided in  Table 4-5.  
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Figure 4-22: a, Back analyzed GSDs and b, corresponding SWCCs based on Clavet sand properties 

 Table 4-5: Parameters of GSDs producing similar SWCC and corresponding SWCC parameters 

 GSD parameters SWCC parameters 

GSD agr ngr mgr np af nf mf 

#1 0.146 3.78 1.38 0.73 8.84 6.85 0.685 
#2 0.33 4.8 0.67 0.78 7.4 5.3 0.53 

#3 1.49 1.09 1.17 0.81 5.29 5 0.5 
 

It was expected that if the randomly generated np for these GSDs were 0.78, the estimated SWCCs based 

on the GSD would fit well with the measured data based on how similar the np parameters are to the back 

analyzed np of 0.78. The modified Fredlund function was used on all three GSDs to predict their 

respective SWCCs, with np forced to be 0.78. The results are presented on Figure 4-23. The R2 value of 

each predicted SWCC of GSD#1 and GSD#2, compared with the measured data, is improve from 0.98 to 

0.99. From visually comparison, the predicted SWCCs of GSD#1 and #2 fit much better with the 

measured data. As for the predicted SWCC of GSD #3, the R2 value remains the same. However, the 

visual fit of this curve to the measured data is poorer compared to the curve estimated from n p = 0.81. The 

reason for this was because the calculated a f parameter based on GSD#3 is lower compare the other GSDs 

and the curve fit of the measured data (af = 7.9). This makes the predicted SWCC shift to the left of the 

measured data; therefore, to match with the measured SWCC, np value has to be higher than 0.78 to 

compensate for the shift. The results of this investigation show that back analyzed GSDs may have unique 

np to produce the same SWCC as the measured data.    

a,  b,  
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Figure 4-23: Predicted SWCCs of back calculated GSDs with np = 0.78 

4.2.4. Validation of the back analysis program on coarse-grained soil  

To determine the capability of the program to work with coarse-grained soils, the model was run on 

published data for the Tsukuba River sand, CBL sand, and Swiss Molasse sand were used. The properties 

of these soils are summarized in Table 4-3 while the GSDs and SWCCs are presented on Figure 4-2.  

The determination of different GSDs producing the same SWCC as the measured SWCC of these soils 

were carried out similarly to the Clavet sand. Statistical analysis was conducted to filter out matching 

SWCCs by showing only results with R2 ≥ 0.98 with the measured SWCC, as well as a visual comparison 

to filter out repeated results.  

For the Tsukuba River sand, the back analysis method was able to determine a GSD similar to the 

reported GSD. The reported R2 values are 0.99 for the predicted SWCCs of both GSDs. A second GSD 

was found that also produced a SWCC that matched the reported SWCC as shown in Figure 4-24. The Cu 

and Cc of the second GSD are 4.3 and 2.3 respectively. The parameters for each GSD and corresponding 

SWCC parameters are summarized in Table 4-6.  
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Figure 4-24: a, Back analyzed GSD and b, corresponding SWCCs based on Tsukuba River sand properties 

Table 4-6: Parameters of GSDs producing similar SWCC as the Tsukuba River sand’s SWCC and corresponding SWCC 

parameters 

 GSD parameters SWCC parameters 

GSD agr ngr mgr np af nf mf 

#1 0.758 2.29 1.74 0.8 2.02 4.05 0.405 

#2 0.516 8.74 0.855 0.8 2.41 4.24 0.424 

 

For the CBL sand, experimental GSD data for this soil was not presented in the original research; 

however, the research did state that the soil was as a poorly graded sand. Two GSDs were generated using 

the back analysis method (Figure 4-25). The R2 values are 0.98 for the predicted SWCCs of both GSDs. 

The Cu and Cc of GSD#1 are 1.6 and 1.1 respectively. GSD#1 was a poorly graded sand (GSD#1) which 

was the same as the description of the CBL sand from the original research. However, the Cu of the two 

soils is different. The second soil back analyzed was a slightly more well graded sand. The Cu and Cc of 

GSD #2 are 11.9 and 2.6 respectively. Figure 4-26 shows that the SWCCs produced by the back analyzed 

GSDs were like the reported SWCC for the CBL sand.   

a,  b,  
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Figure 4-25: Back analyzed GSDs based on CBL sand properties 

 

Figure 4-26: Corresponding SWCCs from back analyzed GSDs based on CBL sand properties  

Table 4-7: Parameters of GSDs producing similar SWCC as the CBL sand’s SWCC and corresponding SWCC parameters  

 GSD parameters SWCC parameters 

GSD agr ngr mgr np af nf mf 

#1 0.97 9.97 1.45 0.78 0.978 6.36 0.636 

#2 1.64 2.6 1.14 0.78 1.33 6.61 0.661 

 

For the Swiss Molasse sand, it was important to note first that the Cu for this soil was 6.57 which was 

outside of the coefficient of uniformity constraints of Cu < 5.6 given by Sakaki, Komatsu and Takahashi 

(2014). Two GSDs were calculated and the corresponding SWCCs were found to fit the reported SWCC 

of the Swiss Molasse sand quite well with R2 values of 0.99 for both predicted SWCCs (Figure 4-27). 

However, it can be seen in Figure 4-27 that none of the calculated GSDs matched with the experimental 
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GSD data. This error clearly demonstrates that the program cannot estimate a suitable GSD for all soils, 

but rather, only for soils falling into the Cu given by Sakaki, Komatsu and Takahashi (2014).  

 

 

Figure 4-27: a, Back analyzed GSDs and b, corresponding SWCCs based on Swiss Molasse sand properties 

Table 4-8: Parameters of GSDs producing similar SWCC as the Swiss Molasse sand’s SWCC and corresponding SWCC 

parameters 

 GSD parameters SWCC parameters 

GSD agr ngr mgr np af nf mf 

#1 0.76 6.16 1.27 0.73 1.51 5.01 0.501 

#2 1.63 3.21 0.864 0.73 1.65 4.92 0.492 
 

4.2.5. Validation of the back analysis program on fine-grained soil  

The conducted linear regression analysis showed that there was only one correlation determined between 

D80 and AEV for silt classified soils. Therefore, the back analysis, at its current stage, can only be 

performed on silt soils. Due to this reason, the boundary conditions generated previously for fine-grained 

soils are not suitable (Table 3-5). The boundary conditions were revised to be able to validate silt soils. 

The published silt classified soils from Table 3-2 were used to generate boundary conditions for the 

analysis. The generated boundary conditions were 0.000522 – 0.0869, 0.726 – 10.57, and 0.458 – 7.71 for 

agr, ngr, and mgr, respectively. The GSD parameters of published silt soils are summarized in Table 4-9.   

 

 

 

 

a,  b,  
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Table 4-9: GSD parameters for published silt soils 

Soil agr ngr mgr 

Aluminum oxide 0.0608 10.7 1.33 

Custom silt 0.041 3.78 1.25 

Fuzhou uni residual soil 0.00522 1.13 2.15 

Guilin lateritic clay 0.0618 1.17 0.458 

Pit natural silt 0.0335 2.35 1.53 

Processed silt 0.0423 3.76 1.24 

Red Silt 0.00627 0.905 4.68 

Silty loam 0.0869 7.33 0.568 

Silty tailing 0.00824 1.72 7.71 
 

The red silt was used to validate the result of the program. The soil was classified as MI based on USCS. 

The Cu of the soil is 9.2. The necessary properties for the program were specific gravity and bulk density 

which were determined to be 2.71 and 950 kg/m3 respectively. The recorded GSD and SWCC were 

shown on Figure 4-28.  

Eq. (4-1) was used to determine the soil’s AEV. The result of the back analysis is presented on  

Figure 4-28. The back analyzed GSD parameters and corresponding SWCC parameters were summarized 

in Table 4-10. Two different GSDs were determined that produce SWCCs similar the red silt’s SWCC. 

The R2 value for both predicted SWCCs are 0.98. The Cu and Cc of GSD #1 are 12.6 and 1.9 respectively. 

The Cu and Cc of GSD #2 are 2.6 and 1.3 respectively. The predicted SWCCs also demonstrate that Eq. 

(4-1) is able to reasonably estimate the AEV of the soil. 
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Figure 4-28: Back analyzed GSD and corresponding SWCCs based on red silt properties 

Table 4-10: Parameters of GSDs producing similar SWCC as the red silt’s SWCC and corresponding SWCC parameters  

 GSD parameters SWCC parameters 

GSD agr ngr mgr np af nf mf 

#1 0.031 1.83 1.24 0.83 19.4 7.36 0.736 
#2 0.0515 5.04 1.32 0.87 11.8 4.86 0.486 

 

 

 

  

a,  b,  
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Chapter 5 Conclusion 

5.1. Summary and conclusion 

The main goal of this research was to construct a back analysis that program to back analyze a grain -size 

distribution (GSD) from a predetermined soil-water characteristic curve (SWCC). Three objectives 

constituted this research: (1) find a correlation to relate to the AEV of fine-grained soils to apply to the 

back analysis method, (2) create the modified Fredlund method as a program to use as the basis for the 

back analysis program, and (3) construct a back analysis program. The first step was to construct the 

modified Fredlund method as one of the required input for the Python curve fit function. When a 

predetermined SWCC is given to the curve fit function, the curve fit function will iteratively change the 

input of the SWCC prediction function until the predicted SWCC matches with the predetermined 

SWCC. The GSD parameters that produce the matching SWCC will be reported as the back analyzed 

GSD. The result of the back analysis program was able to produce reliable GSD from a known SWCC.  

Testing results of the Clavet sand, aluminum oxide, red silt, Clavet clay, Battleford till and Edmonton till 

were presented for this research. However, Tempe cells for Battleford till and Clavet clay samples 

encountered problems that resulted in the failure of determining the SWCC of these soils. As a result, 

published soil properties were gathered from various literature to make up for the lack of data. The tested 

Clavet sand, along with 3 coarse grained soils (Tsukuba River sand, Swiss Molasse, and CBL sand) and 1 

fine-grained soil (red silt) acquired from published literature, were used to validate the program. The valid 

laboratory tested soils and additional published data of 24 coarse-grained soils and 25 fine-grained soils, 

were used to generate boundary conditions for the developed program. The published fine-grained soils 

were also used in an attempt to develop a correlation between characteristic diameters and AEV.  

The first objective focused on determining a correlation between characteristic diameters and AEV for 

fine-grained soil using data published in the literature for fine-grained (clay-based) soils similar to the 

research conducted by Sakaki, Komatsu and Takahashi (2014). The results showed that there were no 

correlations between characteristic diameters and AEV for fine-grained soils. The reason for this is most 

likely due to the electrostatic nature of clay particles. The charged clay particles create the DDL which 

changes the pore-water interaction and affects the effective pore-diameter. As the SWCC is highly 

dependent on the pore-size distribution, the effect of DDL will drastically affect the SWCC. When the 

researched fine-grained soils were divided into their respective classifications of clay and silt soil, a good 

correlation between D80 and AEV was determined for silt soils. However, this correlation is statistically 

insignificant as there were only a few data points found in the literature for silts. This result showed that 

larger particles have more influence on AEV which contradicts existing research which stated that smaller 
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particles have more influence on the AEV. A possible explanation is that, for a silt soil, the Cu is most 

likely to be between 1 and 2. The tight range of Cu indicated that there is a small difference between small 

and large particles. Therefore, smaller particles in silt soils may still have greater influence on the AEV. It 

was still inconclusive as to why D80 specifically has the highest correlation to the AEV.  

The results of developing the GSD to SWCC code and back analysis method was developed and tested 

for the Clavet sand. The physico - empirical model was chosen as the focus for this research. This method 

was selected because it uses the entire GSD curve to relate to the SWCC. A new SWCC prediction 

method (the modified Fredlund method) based on theory of the Fredlund (2000) method was created with 

adjustments to how the Fredlund – Xing parameters and np are estimated. The correlations between D30 

and D50 to the AEV determined by Sakaki, Komatsu and Takahashi (2014) was used to estimate the af 

parmeter. The nf and mf parameters are estimated based on the contribution percentage of each soil 

fraction towards the entire soil sample. The packing factor, np was identified as a limitation for the back 

analysis program as this factor was ostensibly assumed. Multiple methods were investigated as potential 

correlations to this parameter: 

- Using Dr as a replacement for np 

- Using the product of Cu and e to correlate to np  

- Using soil porosity to estimate np 

The modified Fredlund method was successfully constructed as it was able to predict the SWCC of the 

Clavet sand and Tsukuba sand. However, none of the methods mentioned to address the limitation of np 

were suitable for correlation. It was decided to leave the parameter as a range between 0.5 – 1. The lower 

bound condition was set to 0.5 because the predicted SWCCs below this value produced no change 

compared to the predicted SWCC with np = 0.5. The factor could then be iteratively solved for using the 

Python curve-fit feature.  

A sensitivity analysis was conducted to understand how each input of the modified Fredlund method 

affected the prediction of the GSD to SWCC function. It was concluded that varying the GSD parameters 

(agr, ngr, and mgr), while holding the packing factor constant only changed the AEV and kept the overall 

shape of the SWCC the same. The reason for this was because characteristic particle diameters (D30 and 

D50) were used to relate to the AEV. Varying the packing factor while holding the GSD parameters 

constant resulted in a change in the desaturation slope and residual portion of the SWCC while keeping 

the AEV constant. This was due to the inclusion of np to relate the GSD to the PSD.  

The determination of a GSD from a SWCC was also tested on three other silty sand soils: Tsukuba River 

sand, CBL sand and Swiss Molasse sand. For the Tsukuba River sand, the program was able to accurately 
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predict the measured GSD as well as determine at least one other GSD that produced the same SWCC. 

For the CBL sand, the original research did not include the GSD data of this soil; only description that the 

soil was a poorly graded sand. Out of two different GSDs back analyzed from the program, one of the 

GSDs was found to be a poorly graded sand which was conceivably similar to the measured GSD. For the 

Swiss Molasse sand, this soil was intentionally chosen as the Cu of this soil was 6.5, which was outside of 

the boundaries for AEV set by Sakaki, Komatsu and Takahashi (2014). The back analyzed result was able 

to determine two different GSDs for this soil; however, none of the back analyzed GSDs matched with 

the reported GSD of the soil because the Cu condition was not met. This clearly demonstrated that the 

program would not be able to estimate for a soil outside of the Cu requirements of Sakaki, Komatsu and 

Takahashi (2014). 

The following conclusions were made based on the results of this research: 

- There were no correlations between characteristic diameters and AEV for clay soils due to the 

electrostatic nature of the clay particles. One correlation between D80 and AEV was determined 

for silt soils. 

- A new SWCC prediction method was created and showed reasonable prediction results on some 

of the soils used in this research.  

- The results presented in this research demonstrates that the back analysis program was 

successfully constructed to back analyze the recorded GSD of a soil, it was also discovered to be 

able to determine different GSDs, with similar properties, producing the same SWCC, provided 

that the constraints for the GSD were met.  

- The sensitivity analysis results showed that the factor for estimating SWCC based on GSD that 

had the strongest influence on the accuracy of the estimate, was the packing factor, np, which 

ultimately dictates the pore sizes for a given grain-size distribution. 

5.2. Limitations and recommendations 

The work presented in this research has shown that the back analysis program was successfully 

constructed. However, the program has limitations that need to be addressed going forward. The 

limitations are listed below along with recommendations for future research to overcome these 

limitations:  

- The program has limited usage for fine-grained soils. The first recommendation is to acquire 

more data on silt soils to confirm the AEV relationships developed as part of this research. If the 

D80 and AEV relationship continues to hold strong then an experimental program studying the 

effect the pore sizes, created by this characteristic diameter, on the AEV is recommended.  
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- It was difficult to correlate to characteristic diameter to AEV of clay soils due to electrostatic 

nature of clay particles. It is recommended for future research that a third variable of zeta 

potential should be considered and compared. The zeta potential explains the change in effective 

pore size caused by the DDL. It determines the electrostatic repulsion of adjacent particles. If the 

zeta potential is high, the particles will remain dispersed. Vice versa, if the zeta potential is low, 

the particles will flocculate (Hanaor, et al. 2011). Understanding this factor is believed to be 

crucial to relate the grain-size to AEV of fine-grained soil. Another recommendation to consider 

is that during the process of a drying (especially for clay soi) soils typically undergo volume 

change due to the loss of water. As shrinkage curve represents the volume change of a soil based 

on water content, it is recommended to investigate the packing factor as a function of the 

shrinkage curve. 

- The research was unable to determine a way to estimate the packing factor, np. However, it is 

believed that investigation of using relative density, Dr, as a potential replacement for np, should 

be expanded upon. Both parameters are based on the porous volume of the soil and are both 

highly dependent on shape and arrangement of soil particles. The only problem of using Dr is that 

the definition of Dr doesn’t fit well with np at the extremities. For future research, it is 

recommended to follow Fredlund (2000) that for a correct estimation of np, the parameter should 

be estimated for each fraction of the GSD instead of assuming a single value.  

- Using Dr as a replacement for np was investigated as a way to account for the effect of 

compaction on the SWCC. However, the modified Fredlund method is also not able to  account 

fully account for the effect of compaction as the AEV estimation is based on characteristic 

particle diameters. It is recommended to further explore on a correlation between AEV to soil 

properties that can be related with the packing state of the soil.   
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grained soil 
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Table A1: Characteristic diameters and AEV of the collected fine-grained soil 

Soil 
D10 

(mm) 

D20 

(mm) 

D30 

(mm) 

D40 

(mm) 

D50 

(mm) 

D60 

(mm) 

D70 

(mm) 

D80 

(mm) 

D90 

(mm) 

AEV 

(kPa) 

Aluminum oxide 3.59E-02 4.48E-02 4.94E-02 5.27E-02 5.54E-02 5.81E-02 6.09E-02 6.43E-02 6.96E-02 8 

Anthem soil   1.27E-03 5.14E-03 1.36E-02 2.50E-02 3.96E-02 6.02E-02 1.00E-01 3 

Botkin silt  3.40E-04 5.39E-03 1.76E-02 3.29E-02 5.00E-02 6.99E-02 9.66E-02 1.44E-01 20 

Clay      1.88E-03 7.66E-03 1.75E-02 3.51E-02 400 

Clay till  1.14E-03 1.95E-03 2.94E-03 4.25E-03 6.10E-03 9.01E-03 1.45E-02 2.96E-02 63 

Custom silt 7.87E-03 1.60E-02 2.18E-02 2.64E-02 3.07E-02 3.52E-02 4.04E-02 4.72E-02 5.92E-02 20 

Edmonton till  2.08E-03 4.27E-03 1.01E-02 2.56E-02 6.02E-02 1.19E-01 2.06E-01 3.73E-01 210 

Fuzhou soil 2.65E-03 4.13E-03 5.99E-03 8.51E-03 1.22E-02 1.80E-02 2.88E-02 5.36E-02 1.47E-01 13 

Guilin clay     2.04E-03 5.24E-03 1.32E-02 2.94E-02 7.44E-02 80 

Indian Head till   3.01E-01 4.79E-02 1.11E-01 2.32E-01 4.84E-01 1.12E+00 3.67E+00 90 

London clay     1.60E-03 5.88E-03 1.29E-02 2.14E-02 3.39E-02 55 

Marly clay soil   1.14E-03 5.39E-03 1.42E-02 2.57E-02 3.93E-02 5.71E-02 8.81E-02 17 

MDNC soil 2.57E-03 5.56E-03 1.18E-02 2.00E-01 2.80E-02 3.51E-02 4.23E-02 5.06E-02 6.37E-02 200 

Pit natural silt 4.97E-03 1.06E-02 1.53E-02 1.97E-02 2.44E-02 2.97E-02 3.64E-02 4.65E-02 6.61E-02 25 

Pottery clay    1.66E-03 3.29E-03 7.26E-03 1.57E-02 2.94E-02 5.34E-02 450 

Processed silt 7.73E-03 1.62E-02 2.22E-02 2.70E-02 3.15E-02 3.61E-02 4.15E-02 4.86E-02 6.10E-02 30 

Qiqihar soil 1.73E-03 3.52E-03 6.53E-03 1.05E-02 1.59E-02 2.37E-02 3.60E-02 5.98E-02 1.27E-01 150 

Red clay 1.64E-03 4.59E-03 8.69E-03 1.45E-02 2.33E-02 3.74E-02 6.32E-02 1.20E-01 3.19E-01 50 

Red Silt 2.37E-03 4.38E-03 6.82E-03 9.99E-03 1.44E-02 2.12E-02 3.27E-02 5.69E-02 1.34E-01 9 

Regina clay      2.61E-03 1.75E-02 9.39E-02 2.38E-01 150 

Bukit Timah soil    2.47E-03 3.29E-02 1.03E-01 1.91E-01 2.96E-01 4.52E-01 105 

Flysch rock soil 4.27E-04 1.19E-03 2.24E-03 3.58E-03 5.33E-03 7.78E-03 1.15E-02 1.84E-02 3.62E-02 40 

Rock flour 1.97E-03 7.29E-03 1.73E-02 3.04E-02 4.63E-02 6.61E-02 9.32E-02 1.36E-01 2.31E-01 43 

Silty loam  8.34E-03 2.78E-02 4.38E-02 5.54E-02 6.44E-02 7.24E-02 8.09E-02 9.28E-02 4 

Silty tailing 2.18E-03 9.38E-03 1.20E-02 1.47E-02 1.77E-02 2.15E-02 2.68E-02 3.56E-02 5.57E-02 50 

Speswhite Kaolin 3.71E-04 4.49E-04 5.04E-04 5.51E-04 5.98E-04 6.50E-04 7.15E-04 8.11E-04 1.02E-03 200 

Yellow bentonite 4.77E-04 5.31E-04 5.80E-04 6.31E-04 6.89E-04 7.63E-04 8.63E-04 1.02E-03 1.37E-03 30 



77 
 

 

 

 

 

 

 

 

 

 

 

Appendix B - Linear regression analysis result 
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Figure B1: Linear regression analysis of D10 and AEV for collected fine-grained soils 

 

Figure B2: Residual plot of D10 and AEV relationship for collected fine-grained soils 
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Figure B3: Linear regression analysis of D20 and AEV for collected fine-grained soils 

 

Figure B4: Residual plot of D20 and AEV relationship for collected fine-grained soils 
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Figure B5: Linear regression analysis of D30 and AEV for collected fine-grained soils 

 

Figure B6: Residual plot of D30 and AEV relationship for collected fine-grained soils 
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Figure B7: Linear regression analysis of D40 and AEV for collected fine-grained soils 

 

Figure B8: Residual plot of D40 and AEV relationship for collected fine-grained soils 
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Figure B9: Linear regression analysis of D60 and AEV for collected fine-grained soils 

 

Figure B10: Residual plot of D60 and AEV relationship for collected fine-grained soils 
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Figure B11: Linear regression analysis of D70 and AEV for collected fine-grained soils 

 

Figure B12: Residual plot of D70 and AEV relationship for collected fine-grained soils 
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Figure B13: Linear regression analysis of D80 and AEV for collected fine-grained soils 

 

Figure B14: Residual plot of D80 and AEV relationship for collected fine-grained soils 
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Figure B15: Linear regression analysis of D90 and AEV for collected fine-grained soils 

 

Figure B16: Residual plot of D90 and AEV relationship for collected fine-grained soils 
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Figure B17: Linear regression analysis of D10 and AEV for collected silt classified soils 

 

Figure B18: Residual plot of D10 and AEV relationship for collected silt classified soils 
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Figure B19: Linear regression analysis of D20 and AEV for collected silt classified soils 

 

Figure B20: Residual plot of D20 and AEV relationship for collected silt classified soils 
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Figure B21: Linear regression analysis of D30 and AEV for collected silt classified soils 

 

Figure B22: Residual plot of D30 and AEV relationship for collected silt classified soils 
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Figure B33: Linear regression analysis of D40 and AEV for collected silt classified soils 

 

Figure B34: Residual plot of D40 and AEV relationship for collected silt classified soils 
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Figure B35: Linear regression analysis of D50 and AEV for collected silt classified soils 

 

Figure B36: Residual plot of D50 and AEV relationship for collected silt classified soils 
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Figure B37: Linear regression analysis of D60 and AEV for collected silt classified soils 

 

Figure B38: Residual plot of D60 and AEV relationship for collected silt classified soils 
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Figure B39: Linear regression analysis of D70 and AEV for collected silt classified soils 

 

Figure B40: Residual plot of D70 and AEV relationship for collected silt classified soils 
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Figure B41: Linear regression analysis of D90 and AEV for collected silt classified soils 

 

Figure B42: Residual plot of D90 and AEV relationship for collected silt classified soils 
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Appendix C – Sensitivity analysis results 
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Figure C1: Resulting GSDs and SWCCs by varying agr while holding ngr, mgr, and np constant 

 

Figure C2: Resulting GSDs and SWCCs by varying ngr while holding agr, mgr, and np constant 

 

Figure C3: Resulting GSDs and SWCCs by varying mgr while holding agr, ngr, and np constant 
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Appendix D: Source code for back analysis program 
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#This code is conducted on the properties of the Clavet sand 

#Necessary libraries 

import numpy 
import numpy as np 
import matplotlib.pyplot as plt 
from scipy.optimize import curve_fit 
from scipy import stats 
import random 
 
#Basic global matrices and variables set up  

swccx = np.logspace(-1,6,1000) 
xFit = np.logspace(-3,0.7,1000) 
xFit_rev = xFit [::-1] 
n=len(xFit) 
rho = 1670 #Bulk dry density of a loosely placed sample (kg/m3) 
Gs = 2670 #Particle density (kg/m3) 
p=0.57 #Porosity 
ws=0.33 # Saturated GWC from measured SWCC. Can be estimated using mass-volume relationships 
psiRes=1000 #Residual suction, can be a random guess  
 
#SWCC curve fit function 

def gSWCCFunc(x,af,nf,mf,psiRes,ws): 
return (ws*(1- 
np.log(1+x/psiRes))/(np.log(1+1000000./psiRes))))/(np.log(np.exp(1)+(x/af)**nf))**mf 

psi=[0.1, 4, 8, 15, 30, 60, 120, 240, 400] 
 
wcData=[0.329995224, 0.326777748, 0.257624565, 0.149670211, 0.105337685, 0.084742556, 
0.072120549, 0.063032473, 0.057477503] 

 
# Modified Fredlund function  
def MFfunc(d,dr,dm,agr,ngr,mgr,j): 

#Define a GSD curve 
     GSD = (1/(np.log(np.exp(1)+(agr/d)**ngr))**mgr)*(1-((np.log(1+dr/d))/(np.log(1+dr/dm)))**7) 
         
    #Calculate pdf 
     first=1/(np.log(np.exp(1)+(agr/d)**ngr))**mgr 
     second=(1-((np.log(1+dr/d))/(np.log(1+dr/dm)))**7) 
     third=mgr*(agr/d)**ngr 
     fourth=ngr/(d*((np.exp(1)+(agr/d)**ngr)*(np.log(np.exp(1)+(agr/d)**ngr)))) 
    fifth=7/((np.log(np.exp(1)+(agr/d)**ngr))**mgr) 
     sixth=(np.log(1+dr/d))**6/(((np.log(1+dr/dm)))**7) 
     seventh=dr/(d**2*(1+dr/d)) 
     pdf= (first*second*third*fourth+fifth*sixth*seventh)*np.log(10)*d 
     
    #Reverse GSD and PDF list 
     GSD_rev = GSD[::-1] 
     pdf_rev = pdf[::-1] 
          
    #Effective grain size diameter calculation 
     g=np.zeros(n) 
     for i in range(n-2): 
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      g[i+1]=GSD_rev[i]-GSD_rev[i+1]     
     

g1=GSD_rev[-2]-GSD_rev[-1] 
     d1=xFit_rev[-2] 
     
     gidi=np.zeros(n) 
     for i in range(n-1): 
          gidi[i+1]=g[i+1]/xFit_rev[i] 
 
     gidiT=np.zeros(n) 
     for i in range(n): 
         gidiT[-i-1]=gidiT[-i]+gidi[-i-1] 
 
     de=np.zeros(n) 
     for i in range(n): 
          de[i]=1/((3/2)*(g1/d1)+gidiT[i]) 
     
    #Finding D30 
     d=0.001 
     
     goal = 0.3 
 
     while True:  
          GSD = (1/(np.log(np.exp(1)+(agr/d)**ngr))**mgr)*((1- 

((np.log(1+dr/d))/(np.log(1+dr/dm)))**7)) 
          d+=0.0001 
          if (GSD >= goal).any(): 
               D30=d 
               break 
 
    #Calculate af based on Sakaki, Komatsu and Takahashi (2014) 
     af = (8/(D30))*0.0980665 
          
    #Calculating nf and mf  
     nf = 19*((1/(np.log(np.exp(1)+((10**(-np.log10(de[0])-1)/50)**30))))**1)+1 
     mf = 1.5*((1/(np.log(np.exp(1)+((10**(-np.log10(de[0])-1)/100)**10))))**1)+0.5 
     
    #Calculate weighted nf and mf  
     nf_w=np.zeros(n) 
     mf_w=np.zeros(n) 
     for i in range (n): 
          nf_w[i]=nf*pdf_rev[i]/np.sum(pdf_rev) 
          mf_w[i]=mf*pdf_rev[i]/np.sum(pdf_rev) 
     
   #Estimate SWCC  
     w=np.zeros(n) 
     for i in range(n-1): 
          w[i+1]=abs((GSD_rev[i]-GSD_rev[i+1])*rho) 
                
     V=np.zeros(n) 
     n_tot=0 
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     m_tot=0 
     for i in range(n): 
          if np.sum(V)<=p: 
               V[i]=(w[i]/Gs)*(j/(1-j)) 
               n_tot=n_tot+nf_w[i] 
              m_tot=m_tot+mf_w[i] 
         else: 
               pass 
     
  swccy=gSWCCFunc(swccx,af,n_tot,m_tot,1000,0.33) 
      

return swccy, af, n_tot, m_tot 
 
#Measured SWCC of Clavet sand 

m_SWCC = gSWCCFunc(swccx,7.5 ,5.7, 0.57,psiRes,ws) 
 
#Back analysis program 

yGSDs=[] 
ySWCCs=[] 
r2=[] 
 
af=[] 
nf=[] 
mf=[] 
cf_value=[] 
#GSD parameters of Clavet sand  
#Diameters: 
xD=[4.75, 2, 0.85, 0.425, 0.25, 0.15, 0.075, 0.0624,  0.0461, 0.0333, 0.0215, 0.0154, 0.0125, 0.0089, 
0.0083, 0.0077, 0.0063, 0.0013] 
 
#Measured Passing 
yP=[1, 1, 0.996452757, 0.989116414, 0.974524347, 0.817075137, 0.146404386, 0.097787199, 
0.081324708, 0.070758782, 0.061689445, 0.055703085, 0.055703085, 0.052709905, 0.052709905, 
0.052709905, 0.049716724, 0.044897704] 
 
# Monte-Carlo work around to work with curve_fit 
for i in range(100):  
     a_gr=np.random.uniform(0.123,1.88,15) 
     n_gr=np.random.uniform(1.09,10,15) 
     m_gr=np.random.uniform(0.503,1.91,15) 
     e=np.random.uniform(0.1,0.99,15) 
     for a1, a2, a3, a4 in zip(a_gr,n_gr,m_gr,e): 
          popt, pcov = curve_fit(MFfunc, swccx, ySWCC,bounds=((1.1e-2,1.1e-8 

,a1,a2,a3,a4),(3.92e3,1.1e8+0.001 
,a1+0.001,a2+0.001,a3+0.001,a4+0.001)),maxfev=25000) 
 

         yGSD = GSDfit(xFit, popt[0], popt[1],popt[2],popt[3],popt[4])  
#popt[0], …, popt[4] are determined parameters of MFfunc input parameters.  
#yGSD is the GSD generated from the back-calculated parameters popt[0], … popt[4] 
 
        #Calculating SWCC based on GSD 
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         x1, x2, x3, x4=MFfunc(xFit, popt[0], popt[1],popt[2],popt[3],popt[4],popt[5]) 
#x1 is place holder for w/c data of estimated SWCC based on back-calculated GSD parameters 
#x2 is place holder for af parameters 
#x3 is place holder for nf parameters 
#x4 is place holder for mf parameters 
 
         slope, intercept, r_value, p_value, std_err = stats.linregress(m_SWCC, x1)  
#Calculating R2 value by comparing the w/c data of the measured SWCC (m_SWCC) and the estimated 
SWCC (x1) based on back-calculated GSD parameters  
         

r2_value=r_value**2 
         cf_value.append(popt) 
         r2.append(r2_value) 
         yGSDs.append(yGSD) 
         ySWCCs.append(bc_SWCC) 
         af.append(x2) 
         nf.append(x3) 
         mf.append(x4) 
#These append matrices are for collecting the calculated parameters 
 
#Filtering out collected data  

for yGSD,ySWCC,r2,z1,z2,z3,z4 in zip(yGSDs,ySWCCs,r2,af,nf,mf,cf_value): 
     if r2>0.98: 
         plt.semilogx(swccx,ySWCC, label = 'Estimated w/ Sieve GSD') 
         plt.scatter(psi, wcData, label ='Recorded SWCC') 
         plt.xlabel('Suction (kPa)') 
         plt.ylabel('GWC') 
         plt.grid(axis='both',which='both',ls=':',color='lightgray') 
         plt.legend(framealpha=1, frameon=True) 
        
         plt.show() 
         
         print(z1) #Print out af parameter 
         print(z2) #Print out nf parameter 
         print(z3) #Print out mf parameter 
         
         plt.semilogx(xFit,yGSD,label = 'Back Calculated') 
         plt.scatter(xD,yP, label = 'Experimental Data') 
         plt.ylabel('% passing') 
         plt.xlabel('Diameter (mm)') 
         plt.grid(axis='both',which='both',ls=':',color='lightgray') 
         plt.legend(framealpha=1, frameon=True) 
         plt. savefig('EstimatedGSD.png') 
         plt.show() 
 
         print(r2) #Print out R2 value 
        print(z4) #Print out back calculated GSD parameters 


