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ABSTRACT

Multivariate statistical analysis is the area of statistics that is concerned with observations made on many
variables. Determining how variables are related is a main objective in multivariate analysis. The covariance
matrix is an essential part of understanding the dependence between variables. The distribution of the sample
covariance matrix for a sample from a multivariate normal distribution, known as the Wishart distribution,
is fundamental to multivariate statistical analysis. An important assumption of the well-known Wishart
distribution is that the number of variables is smaller than the number of observations. In high-dimensions
when the number of variables exceeds the number of observations, the Wishart matrix is singular and has a
singular Wishart distribution. The purpose of this research is to rederive the Wishart and singular Wishart

distributions and understand the mathematics behind each derivation.
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CHAPTER 1

INTRODUCTION

Multivariate statistical analysis is the area of statistics that is concerned with observations made on many
variables [1]. An example of sample data that may be used for analysis is measurements of height and weight
of individuals drawn randomly from a certain population. Determining how variables are related is a main
objective in multivariate analysis. The covariance matrix is an essential part of understanding the dependence
between variables. The distribution of the sample covariance matrix for a sample from a multivariate normal
distribution, known as the Wishart distribution, is fundamental to multivariate statistical analysis [1].

In order to develop a better understanding of this chapter, we will introduce the underlying structure
of the problem. A more detailed approach will be presented in chapter 2. Assume that a random vector
Y = (X1,Xs, -+, X,) has a multivariate normal distribution, which we will denote Y ~ N, (p,%). Here
€ RYP is the population mean vector and ¥ € RP*P is the population covariance matrix. Consider a set of
N independent observations on each of the p variates, which we will represent by a random matrix X having
the independent random vectors Y1,Ys, ..., Yn ~ N, (p, ) as its columns. We will demonstrate in chapter
2 that the sample covariance matrix A can be expressed as the difference between the matrix X X7 and the
matrix formed from the sample mean vector (see equation (2.1)). In order to simplify this expression, we first
rotate X to create the rotated matrix X,.. From the choice of the rotation matrix, we observe that A can be
expressed as NA = XX T where X is the matrix obtained from removing the last column of X,.. Thus, X will
have p rows and M = N — 1 independent random vectors Y1, Yo, ..., Y ~ N,(0,%) as its columns. The
density function of X will be a starting point for the derivation of the distribution of the random Wishart
matrix Q = XX7.

A fundamental assumption of the well-known Wishart distribution is that the dimension, p, is smaller
than the number of observations, N. In high-dimensions when p is greater than N, the Wishart matrix is
singular, where the reason for singularity is explained in chapter 2. For the case of a singular Wishart matrix,
the random matrix has a singular Wishart distribution.

The research presented in this thesis is predominantly based on the derivation of the Wishart and singular
Wishart distributions of J. Wishart [33] and R. A. Janik and M. A. Nowak [15]. Each of the distributions
have been derived by several others, including the work of A. T. James [14] and I. Olkin and S. N. Roy [13] in
their derivations of the Wishart distribution. The singular Wishart distribution has been derived by H. Uhlig
[32], M. S. Srivastava [28], and Y. Yu and Y. Zhang [36], while a more recent derivation was provided by S.



Yu et al. [35] in 2014. Here we analyze the work of J. Wishart in his geometric derivation of the Wishart
distribution and R. A. Janik and M. A. Nowak’s algebraic approach to deriving both distributions. These
publications were of interest because we wanted to find different ways of approaching the same problem. The
fact that two completely different arguments can be used to derive identical distributions is an intriguing

discovery.

J. Wishart’s derivation of the Wishart distribution was of significant interest because of the alternative
approach than that of R. A. Janik and M. A. Nowak. It is also the first derivation of the celebrated Wishart
distribution and the work of J. Wishart has origins in random matrix theory [36]. The principal steps of the
derivation are as follows. With the application of Fubini’s theorem, we are able to consider the M observations
on a single variate and conduct a geometrical change of variable. A substantial portion of chapter 3 is used
to compute the Jacobian from this change of variable. After conducting this process for each variate and
certain variables are integrated out, the result is a product of ratios of parallelogram volumes. J. Wishart

provides an interesting result about such parallelogram volumes, which we present in Theorem 3.6.

The derivation of both the Wishart and singular Wishart distributions by R. A. Janik and M. A. Nowak
uses an algebraic approach. The main point of the derivation is the fact that the density function of the
random matrix 2 satisfies a recurrence relation. We present extensive details about this recurrence relation
and how to obtain a solution, more than that of the authors. The most interesting result of R. A. Janik and
M. A. Nowak’s paper was that the terms that appear in the recurrence relation can be expressed as a ratio
of principal minors of the Wishart matrix 2. We provide a different approach to proving this fact by using
the Lewis Carroll identity. By incorporating a familiar identity, we are able to present a more precise proof
of the theorem. We also compute the normalization coefficient of the singular Wishart distribution, which

we compare to the derivation by S. Yu et al. [35] and this yields the same result.

R. A. Janik and M. A. Nowak [15] state that obtaining an expression for the singular Wishart distribution
is a starting point for algorithms leading to fast reconstruction of the redundant information of the first M
rows of the Wishart matrix. Y. Yu and Y. Zhang [36] explain that familiarity about the singular Wishart
distribution is important in the study of bio-molecular interaction matrices, as knowledge of such a matrix
is fundamental for quantitatively understanding how cells function. Future research interests include the ap-
plication of the singular Wishart distribution in multivariate analysis, such as understanding the dependence

between genes in DNA microarray experiments 7] and analyzing security returns in financial analysis [21].

Each of the distributions have statistical applications, two of which we will briefly introduce. The first
will be the utilization of the Wishart distribution in the derivation of the generalized 72 distribution and the

second, an application of the singular Wishart distribution in Bayesian statistics.

Testing hypotheses about the mean vector p of the population and obtaining confidence intervals for
the mean vector are important problems in multivariate statistics [20]. What is known as the T?-statistic,
proposed by Hotelling (1931), can be used for testing such hypotheses when the covariance matrix is unknown.

In order to demonstrate the logistics of the statistic and how it is related to the Wishart distribution, we will



introduce some assumptions. Suppose that Y1,Ys,..., Yy ~ N,(p, X) with sample mean vector X e RI*P
and sample covariance matrix A € RP*P| then Hotelling’s T2-statistic is defined as T? = N(X — p)A~H(X —
)T [20]. We will go into more details about the parameters, X and A, in the next chapter. Observe that
if the population mean is zero, g = 0, then one would expect the sample means, X, to be close to zero and
therefore the T2-statistic would also be close to zero. If the population mean is unknown and we are testing
the null hypothesis that g = 0, we could reject the null when T2 was sufficiently large. This threshold would
be determined by the critical point on the 72 distribution, in relation to the significance level. One of the
fundamental assumptions for the T2 distribution, which is proportional to the F-distribution, is that the
matrix © = NA has a Wishart distribution [1].

In a paper by H. Uhlig [32], the basis of his motivation to obtain a distribution for a singular Wishart
matrix is to update a Bayesian posterior when tracking a time-varying covariance matrix. A covariance matrix
that is time-varying is common in financial analysis that uses time series data. H. Uhlig presents intricate
calculations describing a posterior probability distribution, which is a probability distribution of a random
variable that is conditional on evidence obtained from previous experiments. He explains, that the posterior
probability for a covariance matrix A; at time ¢ is developed from one’s knowledge of the distribution of the
covariance matrix A;_1, at time ¢ — 1. Thus, one can update a posterior probability for the covariance matrix
as time is varying.

The following chapters will demonstrate the derivation of the Wishart and singular Wishart distributions.
In chapter 2, we will go into greater detail about the assumptions of the model that were presented at the
beginning of this chapter. That is, assuming our random variables have a multivariate normal distribution,
we will make a transformation on our data matrix in order to derive the desired Wishart matrix. Also, we will
address the fact that the Wishart matrix is singular when p > N. The derivation of the Wishart distribution,
with the majority of the work following J. Wishart [33], will be demonstrated in chapter 3. This derivation
will be based on a geometric argument, where the assumption that p < N is crucial to the calculations. In
section 3.2, we will consider a single variate and derive the Wishart distribution in this case. In the following
section we will consider the bi-variate case and the last section of the chapter will be the derivation of the
Wishart distribution for general p. For the final chapter, we will present the derivation of both the Wishart
and Singular Wishart distributions. Computations throughout this chapter were motivated by the work of

R. A. Janik and M A. Nowak [15].



CHAPTER 2

SAMPLES OF A MULTIVARIATE NORMAL DISTRIBUTION

2.1 Introduction

The purpose of this chapter is to develop a starting point for the derivation of the distribution of a p-
dimensional random Wishart matrix. By making a transformation of our matrix of sample values, we can
express our sample covariance matrix as a matrix of inner products. This will allow us to obtain the density
function as a prelude to our derivations, as well as make inferences about the rank of the sample covariance

matrix.

2.2 The Density Function of X

Suppose that the elements of the random vector Y = (X1, X»,..., X},) are continuous random variables and
define the set {y = (z1,22,...,2p) : x € R}, as the range of values the random vector can take. Assume
the random variables X, X», ..., X}, have a multivariate normal distribution with vector of means p € R1*P

and covariance matrix ¥ € RP*P. Then, their density function is given by, [23]

1 1 -1 T
[ *(y P)Z (y H) P
y e 2 , y € RP,
fY( ) (2ﬂ)§(det Z)%

Here det Y is the determinant of the matrix ¥ and y denotes a row vector, while y7 is a column vector.

We will represent a set of N independent observations on each of the p variates, by the random matrix

Yi’” Y2T YIT\"]
X[ X1 X2 - Xy

P tXQ X'21 X.22 X?N ,
Xp Xpl Xp2 XpN

where Y7 is the vector of observations from the i*" sample and X ; represents NN independent observations
of the jt" variable [23]. We will define X = [zx,,] € RP*M as a matrix of possible values the random matrix

X can take and we will denote y! as the it" column and x; as the jth row of X.



Then, the density function of the random matrix X is

N
fe(X) =TT fv. )
n=1
1 -1
o aaEe R R )
T

Throughout this chapter, we will be manipulating the matrices, vectors, and variables that are the possible
values the corresponding random matrices, vectors, and variables can take. Any transformations done on these

quantities, will correspond to the same transformation on the respective random quantity. For clarification,

we will introduce the following notation:

e The random vector of sample means will be denoted by X and the possible values this random vector

can take will the denoted by X

e The random sample covariance matrix will be denoted by A and the corresponding matrix of possible

values will be denoted by A.

With this in mind, the entries of the vector of sample means X = [Z;] € R'*P and the entries of the sample

covariance matrix A = [ay;] € RP*? are defined by

;;%I

Il
2|~
M=

Tkn,
n=1
1 & IS
Akl = 37 n:1(xkn = Zk)(Tn — T1) = N ;l’knzm -z (1]

The second statement can be expressed in the following matrix form
NA+XTX)=XxXxT,

Leading to an equation for the sample covariance matrix
NA=XxX"-NXTX.

If we express this equation in terms of the corresponding random matrices and vectors, we obtain
NA=xxT - NXTX. (2.1)

The basis of our motivation from this point forward is to find a transformed matrix representation of
A. In order to accomplish this, we will transform the data matrix X. If we choose a rotation matrix with
the last column as (1/\/N, 1/VN, ..., 1/\/]V)T, when this rotation matrix acts on X the last column
of the resulting matrix will be proportional to the sample mean vector. This will allow us to simplify the

equation given in (2.1) and the rank of our sample covariance matrix A will be clear.



When considering the N observations of a single variate, xy1, T, ..., TN, we have equations defining a

hyperplane in RV
|
Tk =3 Z Tk
n=1
1

with the unit normal vector I (1,1, l)T, as well as a sphere

1 N
app = — E 2 — T2
N kn k

n=1

We will study the intersection of the hyperplane and the sphere by analyzing the line perpendicular to the

hyperplane. To simplify the equation in (2.1), we will perform a rotation from the vector (0,0, -- 71)T to
T .

the vector \/% (1,1,---,1)", that is

0 1

0 1 1

R - )
VN
1 1

where R € RV*¥ is a rotation matrix, i.e. R = R™! and det(R) = 1. Now, the equations of the hyperplanes

can be written as
NX=(1,1,---,) X" =V/N(0,0,--- ,1) (XR)7,
resulting in
VNX =(0,0,---,1) (XR)T. (2.2)

Denote XR = X, = [Txn] € RPXN | where each @1, can be interpreted as the rotated observation from the
original data matrix X. We will denote the corresponding random matrix as X,.. Then, with the application

of (2.2), we have
VNX = (&1v,d2n, - Epn)

and
X, X' = (XR)(XR)T = XRRTXT = xXT. (2.3)

From the transformation of the data matrix, we were able to obtain an explicit expression for the vector
of sample means X. That is, the sample mean vector is proportional to the last column of the rotated matrix

X,.. This fact leads to the following lemma.
Lemma 2.1. Let X = [Zkm] € RP*M with M = N — 1. Then,

NA=XXT,



where X is the matriz obtained from removing the last column of the rotated matrix X,.. The corresponding

random matriz will be denoted as X = [ka] € RP*M obtained from removing the last column of the random

matriz X,.. Then, we can express the random matriz A as
NA=xx"T.

Proof. By (2.1) and (2.3),

NA=X, X' - NXTX
T IS A A T /A A ~
=X, X, — (&N, Zan, -+, TpN) " (Z1n, Ean, -+, TpN)
= XXT. O

Observe that from the previous lemma, the sample covariance matrix is expressed as a product of the

transformed matrix X € RP*M . Since the rank(X) < min(M, p), then the rank(A) < min(M,p). In the

case that the number of observations, N, is less than the number of variates, p, we have that the rank(A4) =

rank(X) < M. Notice that A is a p-dimensional matrix, thus when p > N, A will be singular.
Corollary 2.2. NA is a Gram matriz, i.e.
NA =[x, - %],

where X, is the k" row of the matriz X and “” defines the inner product.

Proof.
NA=XXT
T

X X1

X2 X2

Xp Xp

X1 X1 Xp-Xo X1 -Xp

5(2 )’\(1 )ACQ X2 5(2 Xp

Xp X1 Xp-X2 ... XX

= [Xk . Xl] . O

As mentioned in the introduction of this chapter, we would like to derive the density function of the random
Wishart matrix. We will define the random Wishart matrix by &2 = N A, where a matrix of possible values

Q can take will be denoted by 2. Observe, that if the population mean g is known, we can shift each sample



value by the population mean. Thus, without loss of generality we will assume Y1,Ys,..., Yx ~ N,(0,%),

giving the following density function

]. 1 N —-1.,T
X)=— = e 32nm1¥nI Va
T = G ()T
- 1 _ o3 Tr(XTEIX)
(2m) 2 (detX)2

In the following theorem, we will show that the density function of the random matrix X is invariant

under the rotation of X and the Jacobian of this transformation is equal to one.
We will introduce vertical bars to denote the product of the differentials, that is
p M
ax| =[] T deem-

k=1m=1

p(p+1)
2

For symmetric matrices, we are only concerned with the independent elements of the symmetric

matrix, thus
P
Q[ = [ dww (2.4)
k=1
k<l
Theorem 2.3. The density function of the random matrix X is invariant under the rotation of the random

matriz, i.e.

fXT»(Xr)|er| = fX(X)‘Xm
Proof. For the exponent appearing in the density function, we have
Tr(XR)T'S™HXR)) = Tr(RTXTY ' XR) = Tr (X' XTRTRX) = (7' X7 X).

Define ¥ : X — X,, = X R. Observe,

X1R
XQR
Xr = 5
xpR
where X1,Xs,...,X, are the rows of X. Then the Jacobian of this map will be
R 0 ... O
0 R ... 0
det | _ = (det R)".
0 0 ... R
Since R is an orthogonal matrix, det R = 1. Thus, fx.(X,)|dX,| = fx(X)|dX]. O

Theorem 2.4. The random matriz X has the following density function

PN 1 1 -1
Te(X) = e 2R,
" (2m) " (det ) ¥

where 0 = NA = XXT.



Proof. Recall from Theorem 2.3, we have that fx, (X,)|dX,| = fx(X)|dX]|. For simplicity, denote B = %71,

then the density function of the random matrix X, is given by,

1 1 T
fXT(Xr) - —efﬁTr(Xr BXT‘).
(27) % (det )3

We will denote the columns of X, as

X'r‘ = (y,{7ygv7yﬁ)v

where 37" = [21,,] € RP*!. Similarily, we will express B in terms of its columns
B=(b{,b},....b]),

with bl € RP*!. Then, the matrix product appearing in the exponent of our density function can be

simplified to

yib{  yiby ... yib}
yobl  §2bi ... §2b] T .
ynb{ ynbs ... yxb]

yibfdy + ..+ ylbg.’ipl
yobldo +... + }A’ngi'pg

ynbiiin + ...+ ynblEn

Since we are taking the trace of this product, the diagonal elements are only of interest. Thus,

Tr(X!BX,) =y1b{ &11+ ...+ y1b{ &p1 + ... + ynb] &1n + ... + Inbl &pn
= Tr(X"BX) + ynByL.

Applying the above equation to our density function, we obtain

1 5 5 T o N
Jat, (X)X, | = e T PRI |4 X | |dy .
(2m) 7= (det X)=
Integrating our density function with respect to the p variables, £1n,Z2n,...,Zpn, Will produce a factor

of (27)% (det B)’%, as observed in Lemma C.1 in Appendix C. Hence, the density function of the random

matrix X is given by

A 1 1 ST 1o
Fo(X) = _ e AT BX)
* (2) 255 (det ) 7
= pM ! M e_%Tr(XTEﬂX)'
(2m) 72 (detX) =

Considering that the trace is invariant under cyclic permutations and 2 = NA = XX T

N 1 1 1
(X)) = e 2 ETY) O
f2(%) (27m)%2" (det £) ¥




**Notation

We will consider the above formula to be our starting point for future reductions. For simplicity, we will

drop the hat from X in the formula. Thus, our density function reads

1 _
fA(X) = oM M e_%Tr(E 19)7
2

(2m) 5" (det X)

with
X eRP*M  and Q=xXxT.

2.3 Summary

(2.5)

The computations throughout this chapter allowed us to obtain a starting point for the derivation of the

distribution of the random Wishart matrix 2. That is, by rotating the random matrix X, we generated a

representation of our random sample covariance matrix A as a matrix of inner products. We then showed

that the density function of X was invariant under the rotation of X'. Furthermore, we considered the density

function of the rotated matrix X, and integrated with respect to the last column of the rotated matrix. This

enabled us to reduce the dimension and obtain the desired density function of the random matrix X € RP*M

for M = N — 1. Also, from the calculations we were able to deduce the rank of the random Wishart matrix,

i.e. when p > M, rank Q = M.

10



CHAPTER 3

A GEOMETRIC DERIVATION OF THE WISHART DISTRIBUTION

3.1 Introduction

In this chapter we will obtain the Wishart distribution of a random matrix € for the case of p = 1, p = 2, and
for general p. With the application of Fubini’s theorem, we will fix p — 1 vectors and conduct a geometrical
change of variable on the remaining vector. The majority of the work will involve the computation of
the Jacobian from the transformation. The integration of part of the Jacobian, that involves the polar
angles of the parameterization, gives the surface area of a sphere and the radius of the sphere is a ratio of
parallelogram volumes. Once we have considered each vector and integrated out all of the angles we will see
almost a complete cancellation of the parallelogram volumes and obtain the density function of the Wishart
matrix. The calculations and geometrical argument presented throughout this chapter follow the derivation
by J. Wishart [33]. We will now state the celebrated result of J. Wishart and the central outcome of this
chapter, which appears in section 3.4, equation (3.23).

Consider the random matrix )E', having the random vectors Yl,Yg, oY~ N,(0,3) as its columns.
The random matrix = X X7 is said to have a Wishart distribution if it has the following density function

—p(p—1)
4

2L§wﬁr M-—k+1
k=1 2

where p < M [1]. Here, det ¥ is the determinant of the covariance matrix and det 2 the determinant of the

M —

(det £)™F (det Q) F e 3 T(ET'Q), (3.1)

F1W>P(Q) =

Wishart matrix Q = [wy] € RP*P.

3.2 Univariate

In order to rederive the Wishart distribution for a univariate population, we will be sampling from our density

function in (2.5),

1 w1
f;e(X) ES L e 2911
(2m) = o]
with
X =x; € RlXM, w11 = X1 * X1, (32)

11



and o717 is the variance of the random vector X; as defined in Appendix A, definition A.7.

Observe this is a sphere in RM of radius /wi;. Now, we will choose an arbitrary unit vector g € RM,

then x; can be parameterized as
x1 = w11 R(O1)g, (33)

where R(©)) is a rotation matrix. Define ¥; : R™® — RM as a map, such that ¥;(u;) = x;. Specifically,

T T
w11 T11
011 212
Uy iup = . — X1 = . . (34)
91,M—1 Tim

Consider the change of variable formula. Let g be an integrable function on R, then

/ g(x1)]dx]| :/ g(¥1(uy) |det (DWq(uy))| [duy
Rl\l R]\/f

- 1/2
:/ 9(W1(w)) [det (DD ()" D (w))| " [duy . (3.5)
RM
The Jacobian appearing in (3.5) is therefore,
_ _1/2
H 6X1 2 8X1 ) 8x1
- 1/2 &un 8&)11 8010‘
[det ((Dllll(ul)) (D\yl(ul)))} = |det , (3.6)
8X1 ) 6X1 8X1 ] 8x1
891’1' awu 801,1- 801,3-

where 1 <i4,5 < M — 1.

Lemma 3.1. Consider the vector x1 as defined in (3.3). For all1 <j< M —1

8x1 8x1 0.

6&)11 . 8917]‘ -
Proof. Observe that x; - x; = wqy, then
0 . 8X1 8x1
R R T T
8x1
(Xl 891,] )

By the parameterization in 3.3, we see that 3 !
w11




Using Lemma 3.1, our Jacobian becomes

- 1/2
6 2
T 1/2 8X1 0
[det((D\I}l(ul)) (qul(ul)))] = |det Wit o
i 0 86, 00,
_ 8x1 _det 8X1 ) 8x1 1/2
(’9w11 L 891’1' 801’j

1 { < ox1  Ox >] 1/2
= det . .
21/0.}11 891’1‘ 891’]‘

Observe the integration of the determinant appearing in the above result, with respect to each angle 6, ;,

gives the surface area of a (M — 1)-dimensional sphere having radius /w17, thus

o ok \ ]V
Ap—1 (Vwir) = / / / det . dbi,ar—1 - - dfy 2dbr 1
0 0 0 ({991,1- ael,j
_ Py M—1
IR

After this change of variables, we obtain the univariate Wishart distribution of a random variable w

1 M M-2 wyq
2 2 20
o w [§] 11,
11 11
F(

)

FM>1(W11) = QM

vl

3.3 Bivariate

For a bivariate population, we will be sampling from our density function in (2.5),

1

—ITr(=7'Q
f2(X) = en) 2 (et ) F =,
with
X: X1 ERQXM
X2
and

x1]* x1 - %2

0=xXT=

2
X1 - Xg [|x2|

w11 W12
= . (3.7)

W21 W22

The 2-dimensional parallelogram in R™ spanned by vectors x1, X2, denoted P(x1, X3), has a 2-dimensional

volume of

vy = Volo P(x1, %3) = [det(XXT)]"? = (det Q)1/2.

13



Similarily, the volume of the 1-dimensional parallelogram spanned by x; is given by

v1 = Vol P(x1) = /X1 - X1 = y/w11.

Consider the expected value of the function g(£2), with respect to density function f;(X), as defined in
Appendix A Definition A.5

Blo) = [ | ol fe(X)lax (38)

-/, [ [, s @70l i (3.9)

where we used Fubini’s Theorem, as presented in Appendix H. That is, we will fix the vector x; and
integrate with respect to x,. First, we will parameterize x5 using the following procedure. Consider a
subspace W € RM such that RM = W @ W+, where W = Rx; and W+ the orthogonal complement of W.

Then, we can express Xg as
Xo = aX) + X5, (3.10)

where x5 € W+ and a a constant coefficient. Performing rotations of a unit vector f € W+, that leave W+
invariant, we obtain a unit (M — 2)-dimensional sphere. Thus, an arbitrary point on a sphere of radius ||x; ||

can be parametrized as ||x4||R(©2)f, where R(0) is a rotation matrix that leaves W+ invariant. Therefore,
_ 1
x2 = axy + ||x5 || R(©2)F.

From (3.7) and the parameterization of x5 in (3.10), we can determine a and the length of x3- with the

following computations

Xo - x1 = (ax3 —l—xé‘) -xX1 = aX] - X1).

Hence,

Then, we see that the length of x5 can be expressed as a ratio of parallelogram volumes, i.e.

It = (- 220

OJ]_ 1
= X2 9 — — (X2 Xl)
w11
= Xé‘ * X9
w12
= (X2 - 7X1) X2
w11
2
_ Wig
= W22 — ——
w11
2
det Q2 Vo
= = = , (3.11)
w11 U1



resulting in a final parameterization for xo

w11 U1

Define ¥y : RM — RM {0 be a map, such that WUy (us) = x5. Specifically,

T T
w12 T21
w22 T22
Uy ug = 021 —rxXo=| 23
02 01—2 ToMm

Recall the change of variables formula from (3.5). For the above map, the computation of the Jacobian is as

follows
_ 172
é)X2 2 8X2 ] 6x2 8x2 ) 8X2
awlg 8w12 aWQQ 8&]12 8027j
1/2 Ox, Ox ox Oxy Ox
det ((D® "(Dw = | det 2 g% 2 2 7 ,
[det (D ()" (D () | ot | pxe B H s

8xz ze 6X2 c’)x2 6x2 8x2
8(.012 892,,' 3wQ2 89271‘ (99271' 8927]‘

where 1 <i4,5 < M — 2.

Lemma 3.2. Consider the vector xo as defined in (3.12). Then, for all1 < j < M — 2,

8xz ) BXQ —0 8xz ) aXQ -0
&ulg 892,]‘ o aw22 892,]' -

Proof. Observe from (3.11), we have that x5 - x5 does not depend on 65 ;. Then,

0 1L 1 axﬁ' n
. =2 . = 0.
905, (2 - x3) <aez,j Xy ) =0

Similarly, x5 - x; is independent of our angles

0 (X X )_ aXQ x; + % 8x1
By, 2 T T B0, T 06y
8x2
o6, X1 =0
From (3.10), we obtain
8X2 - % 6X1 8x2L
69“ w11 892,j 8920'
_ 3X2L
00y,
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and

From the parameterization in (3.12), we have that

8x2

1

=—x
Owia  wini

where 8 does not depend on 6, ;. Thus,

6xz 8X2 1

3w12 892,j w11

=0.

By the same argument

3x2

0x3

L
0x5

1

w12

(Xl .

6x2

8w22 . 892’j -

8&)12 ’

0.

Once applying Lemma 3.2, our Jacobian can be simplified to

[det (DW>(w))" (DW5(ws)))] Ve

det

2

o x5 . Hence,

aXQ 8xQ ) E)xQ 0
Ow12 Owia  Owaa
6X2 aXQ 8X2 2 0
8W12 80.)22 GWQQ
BxQ 8)(2
0 .
0 903 00,

Calculating the partial derivatives of the above Jacobian, we obtain

Then

8x2

Bwu

8x2

8(.4)22

3x2

|
|

8w12

(’9w12

3X2

8w22

3x2 )

1
ﬁ — wlg—R(Qg)f,
(% VU1
U1
— R(©-)f.
21}2 ( 2)
2
_ W22
v3’
2
— Wi
4v3’
Oxp _ _wi2
awgg o 2’1)%
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Resulting in the following
- 1/2

2 w —w 0 0
<12> det 2 ] det ( X2 X2 )
’UQ —Wis w11 69271 6927j
-1 1 2 9 Oxg Oxg
= — _— d t .
4 (U%) v2ae (89271' 8927j )

= L det 0% . 0% 1/2.
2’1)2 862,i 8624

Observe that the integration of the determinant appearing in the above result, with respect to each angle

[det (D (u2))" (DVs(wy)))] v

A~

v
02,;, gives the surface area of a (M — 2)-dimensional sphere. The radius of this sphere is —2, the length of
U1
||x2LH as observed in 3.12; and the area of its surface is therefore

M—-1 M-—-2
4 (vz> _ (W)
M-—-2 v T (M2—1) I~ .

Thus, the expected value of the function g is now

M-3
v
E(g) :/ 9(Q) fx(X)[dX]| =C / [ 2 —g(Q) fx(X) dwudwzzl |dx |,
R21\/I RJM R2 ’Ul
M—1
T2
L (%5
Consider the vector x;. Beginning with the parameterization in (3.3), the change of variables and inte-

where C7 =

gration of this vector will follow exactly as in the univariate case. Recalling that, /w11 = v1, we obtain

Blo) = [ o@Fe(X)1ax]

M—-3

(% —
= CQ 1}?\47_2’[}{% 2 g(Q)fX (X) dwlgdWQdell

R3 Uy
= 02/ Ué\/l_3 g(Q)f/?(X) dwlngJQden,
R3

2M—1
™

where Cy = . Then, we can simplify the presentation of the expected value of g, such that

B(o) = | o(@Fuaa(@)lag,

where Fy;.,(f2) is the density function of the random matrix €2, which can be expressed as

_1
T2

~ 2T ()T ()

Fir-2(9) (det =)~ ¥ (det Q)7 e 3T,

Thus, the random matrix € has a Wishart distribution.

3.4 p - Variate

For the derivation of the Wishart distribution for a p-variate population, we will be sampling from our reduced

probability measure (2.5)

1 1 1
(X)) = e 3THETIR).
J2(%) (2W)p§l(det2)1§{
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with

M
X=1| = [ eRrRY,

Xp

where we will assume the vectors x; to be linearly independent. Again, we have that

Hx1||2 X1 X2 ... X1 Xp
N . X9 %1 x| ... %2 %,
2
Xp X1 Xp X2 ... ||%p]]
w11 W12 L. Wip
wo1 W22 cee Wop
= . o ] . (3.13)
Wpl Wp2 ... Wpp

Consider the expected value, as defined in Appendix A Definition A.5, of the function g(£2)
B@) = [ o@)p(0/ax]
RpM

where f;(X) is the density function of the the random matrix X. Observe that for general p, the expected
value involves pM integration variables. If we hold the vectors x1,...,%,_1 constant, we can integrate with
respect to x,; then we integrate the resulting function with respect to x,_1, and so on. This application of
Fubini’s Theorem, with details given in Appendix H, allows us to compute multiple integrals by hand. Thus,

the expectation of g can be viewed as

o) = [ | [ [ sosacoias |l - 314

We will now parameterize xj,, for 1 < k < p, using the following procedure. Consider a subspace W C RM
such that RM = W @ W+, where W = span{xy,...,x;_1} and W+ is the orthogonal complement of W.

Then, x; can be expressed as

k—1

X = Z x| + X, (3.15)
1=1

where xi € W+ and each q; are constant coefficients. Performing rotations about a unit vector f € W=, that
leave W+ invariant, we obtain a unit (M — k)-dimensional sphere. Thus, any point on the sphere of radius

||xit|| can be parameterized as ||x;- || R(©x)f, where R(Oy) is a rotation matrix that leaves W+ invariant.

18



Hence,

k—1
xp = Y aux; + || xp || R(Op)E. (3.16)
=1

In the bi-variate case, we introduced formulas for volumes of 1 and 2-dimensional parallelograms. Now, we

will define the volume of a k-parallelogram in RM.

Definition 3.3. (Volume of a k-parallelogram in R). Let the k vectors x1,...,x; be in RM, and let
B € R¥*M be the matrix with these vectors as its rows: B = (x1,...,xx)?. Then the k-dimensional volume

of the parallelogram spanned by {x1,...,Xy}, denoted P(x1,...,Xy), is

v = Voly P(x1, ..., x5) = [det (BBT)]"/.
Theorem 3.4. For a vector xx, as defined in (3.15)
1. The perpendicular distance from this vector to the subspace W = span(xy, ..., Xp_1) is
1 Uk
X =
et = 2

2. Each coefficient, a; for 1 <1<k — 1, must satisfy the following system

X1 - X1 X9 - X1 Xke—1 X1 a1 Xk - X1
X1 - X9 X9 X9 Xk—1 " X2 (65) Xk - X2
X1 Xg—1 X2 Xg-1 ... Xp—1-Xg-1 Op—1 Xk - Xk—1

Proof. Consider the vector x as defined in (3.15), then

k—1

i
Xp = E aX; + Xj, .
=1

Observe W = span(xy, ..., Xx—1) and x;- € WL, Then, for any 1 <r <k — 1,

k—1
Ozxi “Xp = (xkualxl) “ Xy, (3.17)
=1
and
) k—1 k—1
HX,CLH = xp - (xp — Zalxl) =xpxp = (x5 — Zalxl) - X (3.18)
=1 =1

From (3.17) and (3.18), we have a system of k linear equations

k—1
Zalxl cXp = Xp - X, (3.19)
=1

k—1 )

Zalxl CXp + Hxﬁ” = Xk - Xk,

1=1

19



which can be written as

X1:X] Xo:X| ... Xp_1-X3 O a1 Xp - X1
X1+Xg Xg:Xg ... Xp_1-X2 0 Xp - X2 (3.20)
k-1 :
12
X1 X X9 Xgp ... Xp_1-Xp |1 ka H X - Xk

. 2 .
We can determine kaLH by the use of Cramer’s rule, i.e.

X1 X1 X9 * X1 kal]
0
0

X1 X9 X2-°Xo ... Xp-Xo
det
2
X1-Xp X2 Xk o o... .
HXH|2= 1 Xp X2 Xg Xk - Xp _ ( Vol P(x1, ... ,Xg) )
X1+X1 Xo-'X1 ... Xgp—1-'Xq VOIk*lP(Xh”"Xk*l)
X1 X2 X9:'X2 ... Xp—1- X9
det
X1 -Xp X9 X ... Xp_1-Xp 1
. . i Uk
Thus, with the application of Definition (3.3), | Xi H = .
Vk—1

Recall the system of & — 1 equations given in (3.19). Then, each coefficient, a;, must satisfy the following

X1 - X1 X9 - X1 XEe—1 X1 (65} Xk - X1
X1 - X2 X9 * X9 . Xp—1 X2 (6] Xk - X9
X1 Xg—-1 X2 Xg—1 ... Xp—1- Xg-1 Qf—1 Xk Xg—1
O
From Theorem 3.4, we can express Xj as
k—1
(%
X = E X + R(@k)f (321)
=1 Vk—1
Define ¥, : RM — RM as a map such that ¥ (u;,) = x,. Specifically,
T
Wik
Wk T
Tk1
Tk2
Up:ug = WEk —r X = . . (3.22)
0.1
LM
Ok, M—k
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Consider the change of variables formula presented in (3.5). For the above map, the Jacobian will be
1/2

6xk 6xk 6Xk 8xk

1/2 Bwlk ' Bwﬂc 8wlk . 80;6,-

[det (DWy(wy))" (DWL(w)))] " = |det ’ ,
3Xk ) 3xk 6Xk ) (9Xk
&U,«k 8(9;6,1» 89;671 69“'

for1<l,r<kandl1<i,j<M-—k.

Theorem 3.5. Consider the vector x; as defined in (3.21). For any 1 <1 <k and 1 < j < M — k, the

following holds

8xk 8xk -0
awlk aek’j o

Proof. Consider the vector x; as defined in (3.21),

k—1
Xk = Z X, + 'U:kl R(ek)fa
r=1 -

recall that —~ R(®)f = xi. Observe,
Vk—1
8Xk o axé
Ok 00,
. . oy
Since x1,Xs,...,X,_1 are independent of each wj, and Dore X Xj;
lk
ox k—1
k _ 1
Ak ; Brx, + 5Xk s
where (5, = ar Considering the fact that the inner products, xi‘ ~xé‘ and xj, - X,-, are independent of each
Wik
angle, 0, ;, we have
8xﬁ 1 6xk
: =0 Xy = 07
90,, KT 0,
forl<r<k—-1land1l<j<M—k. Thus
Oxp  0x = ox ox
k k k 1 k
_— = Xy + Bx;; - = 0. O
awlk 89;%]' Zl 6 891.3,]' ﬂ k ael@j
With the application of Theorem 3.5, we obtain the following simplified Jacobian
1/2
(9Xk 8xk
1/2 Owi - Owrk 0
[det (D) (DUx(ue)))] " = det [ 2
0 an, 8xk
00y, 00 ;

Theorem 3.6. Consider the vector x; as previously defined. Then for any 1 < I,r < k, we have
det ox,  Oxy 1/2 _ i
8wlk 8wrk - 2’0]@.
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Proof. Consider the vector xj, associated with the map from (3.22), ¥ (uy) = xi. As observed, the Jacobian

of this map will be
1/2

[det (Dwx ()" Dw())]

where
OXy, Oxp OxXy, o,
(Df(ue)) = < Do O 0ni T D0 )
and from Theorem 3.5,
8xk 3Xk
6wlk . aw,-k 0
(DT ()" (D (uy)) = ;
0 8Xk ) 8xk
00,; 00

for 1 <l,r<kand1<i,j<M-—k. Consider

-1 T

(PP (D)) = D¥(u)  (DTe(u) )

For a differentiable function f(z1,z3,...,2,), we will define Vf as the gradient of f, that is

of  of of
V= =— — ... —/— |.
/ ( Oxr1  Oxs oz,
Thus,
Vwik
_ ou Ou Vwg
(DU (uy)) 1:( LA b ):
Oy Orpnr I
VO nm—k
Then our inverse Jacobian becomes,
1 lek . VUJ,«k 0
(Dw(w)” D) =
0 Vi, VO

Observe we have the following relationships

Wi = X1 - Xk

Therefore,

X l#£k
Vuwi = : 7 )
2Xk l=k
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which results in the following

X1 - X1 X1-X9 ... 2X1-Xp

X9+ X1 X9 Xo ... 2Xo- X
lek . Vwrk =

2Xp X1 2Xp X9 ... 4AXp - Xp

Observe det (Vuwy - Vwr) = (2 Volg(x1, ..., xz))> = (20r)2. Hence,

oxp  Oxy 1z —1/2
det T o = [det (Vwii - Vwrg)] =5 =

Applying Theorem 3.6 we have

{det ((D\Ifk(uk))T (D\I/k(Uk))>] 12 _ ﬁ {det (88521 , 850);,2)] 1/2.

As observed in the bi-variate case, the integration of the of the determinant appearing in above result gives

the surface area of a (M — k)-dimensional sphere. The radius of the sphere is v:i - the length of xi, and

the area of its surface is therefore

M—k+1 M—k
A ( Vk > 2T 2 ( Vk )
M—k = I .
V1 T (JW 2k+1) Vh—1

Hence the change of variables and integration of the M — k angles from the k*"-variate produces

7T]VI—2k+1 vl]@wikil |d |
M—k M—k AWkl
r ( 2 H) Vk—1

where we will define |dwg| = dwypdway - - - dwgk.
For the computation of our entire density function, we will begin by letting £ = p and fixing each vector
X1,...Xp—1. If we conduct the same change of variables and integration of the M — p angles as we presented

for general k, we will obtain
JVI—2p+1 prfl

E M — ‘ :1("' |
1 p
F ( Miszr ) UZ 1 p

Thus, the expected value of g, as presented in (3.14), is

Blo) = [ | a(@)(X)1ax]

,UZ\/prfl
o f - [/M V ZM_,,Q(Q)f;e(X)dWﬂ] |dxp_1|] e,

p—1
M—p+1
T 2
where O] = ————.
T M—p+1
2
Now consider the vector x,_; and fix each vector xi,--- ,%x,_2. The change of variables and integration

of the M — p + 1 angles will produce

M—(p—1)+1 M—(p—1)—1
Mo(pobt1 (p—1)

p—1 |dwy—1]
M—(p—1)+1 M—(p—1) p—1l
F( (P2 ) ) v

(p—1)—1
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Observe, the expected value of g will be

Bo) = [ | a(@)p(X)1ax]

pM—p—1 sz
202/ / / p]\/[i_p]\;fwg(g)f;\?(‘x)ldwpndwp—ﬂ |dxp—2|| -+ [dx1],
RM RM R2p—1 vp—l Up—2
M—p+2 M—p+1
T 2 T 2

where Cy =

2 2
We will continue to implement the same process, by considering the vector x,_» and so on until the last

T M—p+2 r M—p+1> ’

vector x;. As observed in previous sections, the change of variables and integration of the angles from the

parameterization of x; will produce

M
T2 9
M U1
(%)
Thus,
pM—p—1 v]\/:p M3
B0 = | o @ 000X] = Cy [, B iy S ol @ e () a0
d p—1  Up-2 1
p(QMZPJrl)

where C), = Observe that we will see almost a complete cancellation of

D ()T (M) o (M)

parallelogram volumes, with only the largest volume, v —P~1

» , remaining.

Then, the expected value of the function g can be simplified to

B(0) = | s 90 Fur, (D125,
2
where Fy,.,(Q2) is the density function of the random matrix €, which can be expressed as

—p(p—1)
T 4

p
pM M—-k+1
272 |IF _
k=1 ( 2 )

From the form of the density function in (3.23), the random matrix € has a Wishart distribution.

Foo,(Q) = (det2)~ % (det Q) F e d TR, (3.23)

3.5 Summary

As presented in this chapter, the distribution of the Wishart matrix can be obtained by a geometrical
argument. After conducting a change of variable and computing the Jacobian of each transformation, we
observed that integration with respect to each angle resulted in the surface area of a sphere. The radius of the
sphere was a ratio of parallelogram volumes, which we proved by the use of Cramer’s rule. Upon integration
of the angles, there was an abundance of parallelogram volumes. After cancellations, the resulting volume

was in fact the determinant of our Wishart matrix and we obtained the desired Wishart distribution.
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CHAPTER 4

AN ALGEBRAIC DERIVATION OF THE WISHART AND

SINGULAR WISHART DISTRIBUTIONS

4.1 Introduction

This chapter will present R. A. Janik and M. A. Nowak’s [15] approach to deriving both the Wishart and
singular Wishart distributions. We will introduce the Dirac delta in order to express the density function
of the random matrix Q. After simplifications, we demonstrate that the density function of € satisfies a
recurrence relation. The terms in the recurrence relation can be expressed as ratios of minors from the original
matrix . We took a different approach than the authors, by using the Lewis Carroll identity to prove the
theorem. Dependent on the number of variates compared to the number of observations, the solution of the
recurrence relation will be proportional to either the Wishart or singular Wishart distribution. The main
outcome of this chapter will appear in Theorem 4.8, which we will now introduce. The notation appearing

in the second result will be explained in more detail later in the chapter.

Consider the random matrix 22, having the random vectors Yl,Y% . ,YM ~ N,(0,%) as its columns.
We can simplify the presentation of the density functions by setting > = I, where an explanation is given
at the beginning of section 4.2. Then, the density function of the random matrix 2 = X X7 can take the

following forms

1. When M > p, the random matrix 2 has a Wishart distribution given by the density function

—p(p—1)
T 1

ol ﬁr M-—k+1
k=1 2

Fuey(Q) = (det ) F ™3™,

2. When M < p, the random matrix 2 has a singular Wishart distribution given by the density function

e M P det
™ 4 M—p—1 _ 1y v
P = £t T ().
pM M—-k+1 =M1 det [M]
oo Tr (M50

k=1
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4.2 Derivation

The density function of the random matrix /\>, having the random vectors Yl,Y27 .. ,YM ~ N,(0,X) as its
columns, is given by
1 1 Ty—1
fA(X): —5Tr(X" 2 X).
v (27) %" (det $) ¥

As mentioned in the introduction of this chapter, we will introduce the Dirac delta in order to establish the
density function of the Wishart matrix 2. We will use the integral representation of the Dirac delta in our
density function. After this, we will need to simplify our function in order to integrate with respect to our
sample matrix X. For the purpose of simplifying these calculations, we will rescale the matrix X, that is we
will make the transformation that X = ¥~2 X. In order to determine the Jacobian of this transformation,
observe

X= ( Z_%le E_%yg Z_%yﬂ ),

where yT,y2, ..., yf/f are the columns of X. Hence, the Jacobian of this transformation will be (det E)%.

We will drop the tilde from the formula for simplicity, thus the density function of the random matrix X

becomes
1
f)?(X) = I3 e_%Tr(XXT)7
(2m)F"
with
X1
X2 x M
X = ) e RP*HM
Xp
and
2
Ix1||” %1 -%2 ... X1-%p
x9-x1 x| ... %2 %,
O=xxT=
2
Xp X1 Xp X2 ... ||%p]]
w11 W12 L. Wip
wo1 W22 cee Wop
Wpl Wp2 ... Wpp

Since we would like to obtain the density function for the random matrix €2, we may incorporate the Dirac

delta. Thus, the density function of a p-dimensional random matrix €2 is given by

F(Q) = f2(X)3(Q - XXT)|dX],

R[Jl\/l
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where §(Q2 — X X7) is a multidimensional Dirac delta [6]. We will now introduce an integral representation,

with detail given in Appendix D, for a multidimensional Dirac delta

p(p—1)
2

2

p(pt1)
2

(2)

where T is a real symmetric p X p matrix. Inserting the integral representation of the Dirac delta into our

5 - xxT) = / iy, @ THIEQ=XXD g

density function we obtain

F(Q) = C/ /p(p+1> eTr(féXXT+iTﬂfiTXXT)|dT‘ dX]|
RpM R 2

- C [/ o e—éTr[(1+i2T)XXT]eiTr(TQ)|dT|:| |dX\,
RpM R 3

(p=1)
275
where C = ———————. Observe that with the application of Fubini’s theorem (before we take each

(27‘_) p(p+;+M) :

N; — 00, as explained in Appendix D), we can fix T and integrate with respect to X, that is

F(Q) =C ol Tr(TQ) eféT&r[(lJriQT)XXT”dX‘ dT|.
Rp(p;rl) RPM

To eliminate the factor of 2, we will do a simple change of variable, T' — 2T
F(Q) = c’ e 3iTr(TQ) e—%T‘r[(1+iT)XXT]‘dX| |dT|
Rp(p;rl) RpM ’

9D
where C' = —— iy - Observe that the integration with respect to X is a real Gaussian integral, which
(2m) 2

produces (27)PM/2 det(1 +iT)~ %, as shown in Appendix C. Thus,

1

F(Q) = C”/}RMH) det(1 +iT)~ 2 e2 (T |q7|, (4.1)
2

27P 1
where O = —— 7 - From this point forward we will conduct multiple integrations of the above ZM
2r) T2

dimensional integral. We will denote this integral as

Gt () = / oy det(1 +1T)~ ¥ AT g7, (4.2)
R

2

Consider the following decomposition of the matrices T" and 2

ti1| ¢ wil| w
T = Q= , (4.3)

tT Tpfl w’ prl

where t1; and w1 are the entries from the first row and first column of each respective matrix, t and w are
(p — 1)-dimensional row vectors and the bottom right (p — 1) x (p — 1) submatrices are symmetric. Observe

that the determinant of some matrix D, that is decomposed in the above way and has an invertible submatrix,
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can be expressed as follows

din| d
det(D) = det
dT | D,
1| d dyy —dD, !, d” ‘ 0
= det )
0D, 4 pYat I,
where I, is a (p — 1)-dimensional identity matrix. Thus
det(D) = det(Dp_1) - det(dy; —dD,*,d").
Observe the second term is the determinant of a 1-dimensional matrix
det(D) = det(Dp_1) - (d11 —dD, 1, d"). (4.4)

In our case, we can use this property to factor the matrix 1 4+i7. Observe that the submatrix 1 +i7}_1,

is invertible. This can be shown by first diagonalizing 7,,_1, that is
T,-1=UDU",
for an orthogonal matrix U and diagonal matrix D. Then,
1+iT, 1 =1+iUDU ' =UU ' +iUDU ' =U(1 +iD)U ",

observe that an inverse exists since 1 + iD is a diagonal matrix with all nonzero entries. Thus, from the
property in (4.4) we can rewrite det(1 + iT), which gives

M
2

Gy () = /R"“’“) (1 + ity + (1 +iTp—1) " T) det(1 +iT—1)) " * e T TDqgy, |dt]|dT, |-
2

Note that the trace of the product T2 can be written as

t11w11 + th t11w + tQp_l
Tr(TQ) = Tr

o.)ntT + Tpfle tTw + Tpflﬂpfl

=t11wi + tw? + TY(tTw + Tp—lgp—l)

=t11wi + tw? + wt? + TI‘(Tpflgp,l). (45)

Then, by rewriting the exponent involving Tr(7TQ?) and applying Fubini’s Theorem, we have

Gt @) = [y [ det(1 T, BT DTN
R Rp—1

2

[/(1 Fityy 4 t(1+iT,_p)T) " Fertnendsy | |dt]|dT,_y].
R

Now, we would like to integrate with respect to #11.
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Lemma 4.1. The following integral
I= /(1+it11 (1 4i1T,_q) tT) " Fertnendy,,
R

1s defined and evaluates to

— 2 (ﬂ)%il e—%w11(1+t(1+iTp—1)71tT)_
L(5) N2

Proof. In order to evaluate this integral we will use the following integral representation of the gamma

function, with details given in Appendix E,

: 2
itw k i) "vdt = v—1_—wk 4.6
/Re (k +it) —F(U)w e Wr (4.6)

where Rek > 0; w > 0; Rev > 0;. Consider the integral we want to evaluate
I= /(1 Fityy + 6(1+iT,_1) 7)) T ezituendyy,
R
With use of the property in (4.6), we have that
E=1+t(1+iT, 1) ", w="-, v=

Next, we will show the conditions are satisfied. Observe that w1 = ||x3 ||2 where x # 0, thus wy; > 0 and so

w > 0. Since M € Z*, Rev > 0. For Rek > 0, consider

t(1+iT,_1)" " t(14+iT,_ 1) (1 = iTp_1) " (1 —iTp_1)t"

(
t((1 41T, 1)(1—iTp,l))—l(1—iTp,l)tT
t(1+T5 ) (1 —iTpq)t"

(

t(1+ T ) "t —it(1+ T2 ) Tpat”.
Now, we will diagonalize T},_1, i.e.
Tp-1=UDU™' = T , =UDU'UDU " =UD*U""
where U is an orthogonal matrix and D is a diagonal matrix of the eigenvalues of 7T},_1. Then,
(1+T2 ) '=Wut+UuDU ) '=U0Q+D)U ) ' =U1+D*UL
Since the above matrix has strictly positive eigenvalues, the matrix is positive definite. Thus
Re (t(1 +iT,—1) " *t") > 0.

Hence all of our conditions are satisfied, so our integral evaluates to

2 win\ Tl g, (A+t(1+HTp—1) " tT)
I= (7) e 2w Tp—1 . O
L)\ 2
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Observe with the application of the above Lemma, our integral Gp ar(€2) is

M

2m w -1 . - LiTy
(1 () o / gy det(L 1T y) M 2B T )
2
[

GP,M(Q) =

2

I
[/ — w1 (((A+HTy 1) 7 7))+ Li(tw +wt™) \dt|| [dT,_)-
Rp—1

From here, we would like to integrate with respect to the vector t. We will show that this will be a Gaussian

integral.
Lemma 4.2. The integral

= / eféwn(t(1+iTp,1)_1tT)+%i(th+th)|dt|,
Rp—1

is Gaussian and is equal to

p—1

p—1 2 oz — sl w(1+i w
f=m= <wu> det(1 +iT,_1)"/%e o (T )W’

Proof. For simplicity, we will denote B = (1 +iT},—1)~!, notice that Re B is a symmetric positive definite

matrix. Then, we have

= / eféiwu(tBtT)Jr%i(thertT)|dt|'
Rp—1

Observe that the exponent can be written as a shift, i.e.
7= O/ eféw11(t+a)B(tT+aT)|dt|’ (47)
Rp—1

where C' is a normalization constant independent of t and the vector a is p — 1 dimensional. So we need,

Ce™ $wii (tBt"+tBa” +aBt” +aBa”) _ o~ Lwi (4BtT)+Ji(tw +wt™) .

Thus

_1 T 1 T
C .e 2w11aBa — 1 C — ezwuaBa ,

and

1 1
—iwu(tBaT +aBt?) = ii(tWT +wt?),

which gives

. i _
—wnaB=iw = a=——wB 1,
w11

and

1 -1, T
C=e muwh @

Next, make a change of variable such that x = 4/ %(t +a). Then, after a shift to the real axis, our integral
from (4.7) becomes

p—1

__1 wB1LT _ T 2 2
I=¢ 2m®” @ e xBx (= |dx|.
Rp—1 w11
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Observe the resulting integral is Gaussian, as shown in Appendix C, which gives

p—1

=
I =¢ 2%1"’)8 fw? <2) W%(det3)71/2
w11
2 prl p—1 w(1+iT, )w
= () w2 det(l +iTp_1)1/2 T Tp— O
w11

Making use of the Lemma 4.2, we obtain the following expression for G, (),

M-p—1 . O M-1 1. iwTy el
Gp,M(Q) _ Cp,M /p(pil) wyy ° det(l _|_lTp_1) 7 oz Tt (Tp—192p-1) o~ 3 (w1 +2 o1 4 w11 )|dTp_1|.
Rz

Observe that w7}, 1w =Tr(Tp—1w Tw), then

M—-—p—1 M-—1

Gp,M(Q) — Cp,M Wy, 2 e*%(wnJr w11 )/Rp(p N det(l +iT 71)— 5 e%lTr(Tp—l(Qp—lfﬁ))|(]j"1)71‘7

27T ﬂ_pT—l p—1\2/1+1
(%)

Theorem 4.3. The function G,y (Q) satisfies the following recurrence relation

where Cp p =

T

M—p—1 —w11—¢ w'w
Gpm(Q) =Cppwyy * e w1 Gp1,m-1(p-1 — w11 )
27‘(’ p—1 p—M+1
where Cp pp = ——3<m 2 20 2
r (%)
Proof. Observe that with the application of Lemma 4.1 and 4.2, we have
M—p—1 _
Gpar(Q) = Cpagey, + e 2o )/m»n det(1 +iT, 1)~ "7 e a2 ar, ),
2
271' p—1 _p— 1%
where Cp, pf = W Tz 2 . Notice that the integral appearing in the above expression is a function
2
of a p— 1 dimensional symmetric matrix Q,_; — <, having p — 1 variables sampled M — 1 times, with the

first entry of the resulting matrix being strictly greater than zero. Thus, from the relationship given in (4.2),
we have

M—1 wTw

/P(Pfl) det(1+iTP—1) N 921Tr(Tp O “n ))‘dTp 1| :Gp—l,M—l(Qp—l -
R 2

).

w11

Hence, we can express G, p(€2) as a recurrence relation,

o T
M—p—1 “lw wwT ww
_ 11+22—)
prM(Q) = prM W11 2 e 2 11 prl,Mfl(prl —

). (4.8)

w11

O

We will now explicitly outline the steps for the solution to the recurrence relation. First we will introduce

. . T .
notation for the reduced matrix £, — %, ie.

wTw

Q, 1 — ==, (4.9)

w11
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Then the distribution of any k x k matrix of the (p — k)""-step of the recursion, denoted by Q*) and

decomposed as such

g [

k
(W(k))T ‘ Q§c31

QF) —

is used to generate the next matrix in the recursion by the formula:
(ENT (k)
(k—1) _ k) (W) w
Q =Q,7 —
Wi
Now we will outline a procedure to develop the solution to the recurrence relation.

1. We will begin at formula (4.2), then

M—1

_ . _ 1 Q=D
GP*LM*l(Q(p 1)) - /R—P(p—l) det(l"_lTp*l) zoez Tr(Tp-a )|dTp*1|'

2. Now, we will decompose the matrices T),_; and Q®=1 a5 done in (4.3), that is

—1 _

P i Q1) — it ‘w(p !
= _

¢ |7, (D)7 [

where the row vectors t and w1 are (p — 2)-dimensional and the superscript, (p — 1), denotes the
1t step of the recursion. Since w%’{*l) is a ratio of leading principal minors of our original matrix €2, of

which we will show later in Theorem 4.7, we have that w{? ™ > 0.

3. From the property given in (4.4), we can rewrite the determinant appearing in Gp,lyM,l(Q(pfl)) and

the trace as observed in (4.5)

_M-1

Gp 11 (QP D) = /R”p’” (L4 itin + (1L +1Tp—0) ") det(1 +1T,-2)) 7 x
2

ediltnwl (@) T DET T, 2Q075)) gg 14t AT, o).

4. Next, we would like to integrate with respect to ¢11, thus we can apply Lemma 4.1

M—1
-1\ 2 !
2 w 1 (p—1)
Gp1m—1(QVY) = —F— < E ) C
E=yRN

M—1 1: (p—1)
: — 2= SiTr(Tp—2Q" )
/]Rﬁp—l)(p—fz) det(l +1TP*2) : e ’ pm2 X
2

_1,(=1) i —1¢Tyy 1; (p—1\T 4, (p—1)4 T
[/ e~ 2wt (B(1+iTp—2) 7 t7)+5i(t(w ) AT gt |dT, .
Rp—2

5. Observe the integration with respect to t is Gaussian, so we will use Lemma 4.2

~1) | w®@=D (=T
Mop1 —3 Wﬁ) )+ ((p—l) : )
2 e “11

Cporr—1(207D) =y a1 (W)

. _M-2 1 (p—2)
/Rw det(1+iT,—o) 2 e *Tp22"0 1T, |,
2

2 p—2 p—M+1 9 (p—1) (w(P—l))Tw(P—l)
where Cpfl,Mfl = m 2 2 and Q(P ) — Qp72 — oD
2 w11
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6. Notice that the integral appearing in the above function describes Gp_l,M_l(Q(pfl)) as a function of

a reduced (p — 2) x (p — 2) matrix Q=2 Hence,

(p—1) | w@P=D(u@-1)HT
g

M—p—1 _
Gp1.m—1(QP™) = Cpy p—1 (w?{ 1)) e 2( >Gp—2,M—2(Q(p2))-

Then, we can write a more explicit expression for G, a(€2),
M—p—1
2 k) | w®=k) (k)T
-3 i o(‘*"ﬁ +< ((p ) )
11

—o [l o

where Cg = Op,MCp—l,M—L

Gp,m >Gp2,M2(Q(p_2))7

M

7. Depending on the number of variables compared to the sample size, there will be two cases. The first,
when M > p, will be the Wishart distribution as derived in the previous chapter. While the second,
when M < p, will be the singular Wishart distribution.

Case 1 (Wishart): For M > p, we will consider p — 1 steps of the recursion. Thus, we will repeat

steps 1-6, p — 1 times, giving

M—p—1
S ( - k>+M>
k 2 2ok=0 | Y11 D)
G;D,M p 1 H wlp )‘| e P GLM_(p_l)(Q(l))’
p—2
where Cp,_; = H Cp—k, M-k Now, from 4.2, we can express GLM—(p—l)(Q(l)) as
k

Gr—(p- (D) = /det(1+1T1) e ety
R

observe each matrix is 1-dimensional, i.e. 77 = t1; and o) = wll), then

(p—1)

GLM,(,,,”(Q“)):/(1+it11)—M’2 e3itnel’ qp,
R

Now, if we consider Lemma 4.1, we can evaluate this integral, giving

1) (p 1) 1

2T w 1, (D)

G (p— Q(l) - - | Z2L 2%
L= p-n) () P(M—(Qp—l)) 2 ¢

Lemma 4.4. When M > p, the function Gp p(€2) can be expressed as

N172p71 15 p=2( (p—Fk) w(P—k) (,(P—k))T
-2 Zk: Wit + w(p—k) 1 (1)
11 e

k
”w(p )] e
p(p—M+1) p(p—1)

2 T 4

2 |
L) ()
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Case 2 (Singular Wishart): For M < p, we will repeat steps 1-6, M times, then

M1 ZM_2’J—1 7121‘4—1( (pik)+w(p7k)(u(pfk))T>
_ 2 2uk=0 | %11 — G-k B
Gpu(@) =Cu | [] it k)] ° o Gpr0(QP~M),
k=0
M-1
where Cy; = H Cp—k,m—k- Observe from (4.2), we have
k=0
. 1; o)
Gparo(QF~M)) = /Rw oz TH(Tp-ary AT, ), (4.10)
2

where T,,_js is all real (p — M) x (p — M) symmetric matrices and the determinant has disappeared,
thus the integral is not convergent in any ordinary sense. We will show that the above function is

proportional to the Dirac delta.

Recall from Appendix D, the multidimensional Dirac delta can be expressed as

(p—M)(p—M—-1)
2

2
G- p—M+D | (p=M)(p=M+1)
(27) 2 R 2

where T is all real (p — M)-dimensional symmetric matrices. Then,

J(Q(pr)) _ iTr(TQ(pr))|dT|7

(p=M)(p—=M+1)
2

(2)

9 (p—M)(g—M—l)

_ i (p—M)
5(Q(p M)) = /]R(p—M)(p—MJrl) eTr(TQ ' )‘dT|'
- E—

We will rescale T" such that T' = %T,

(27T) (p—M)(g—M-H)

2 (p*]\l)(g*]\l—l)

(p—M)y _ o— e=2(p=M+D) LiTe(TQ® =)y 17
(% ) =2 ? o (=MD e |dT|
2

_(p—M)(p—M+1)

=277 2 Gpopmo(QPM),

Thus,

(p—M)(p—M+1)
2

2m)

(p—lvl)(gflwfl)

(p—M)(p—M+1)
2

Gp—]V[,O(Q(p_M)) _ ( 5(Q(p—M)).

From this representation, we have that

M—p—1

M—1 2 _1yM-1 (wwfkuw(?*’“)(u(?*k))T)
—k 2 24k=0 11 (p—k) _
| I wﬁ’ )1 e “11 é (Q(p M)),

k=0

_ !
GP7M = CM

M4 ME=M=1) 4 p=M)(p=M+1) | pp=M+1)

op
[
e N CEORE )

Lemma 4.5. When M < p, the function Gp p(€2) can be expressed as

M—p—1
M—1 7; 1 M-1 w(p*k)_"_u(lJ—k)(u(P—k))T
’ p—k 2 k=0 1 (P=k) M
G (@) = Ciy | [T it )] e i o (=),
k=0
) M+ M(2pf4Mfl)+(pr)(§7M+1) 2p+p(p7éVI+1)
where C'y, =
M M M—1 1
()0 (%) T (3)
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Now, we would like to write each distribution in terms of the original matrix €. Interestingly enough,
we can express each element of a reduced matrix, Q(*), as ratios of minors from the original matrix €. The

proof of this can be done by induction, which we will show. For now, let us dive into more notation.

Definition 4.6. We will define Q[k], for 1 <k <M whenp> M and 1 < k < p when p < M, as the upper
left hand k& x k submatrix of Q. For each I,r > k consider the (k + 1) x (k + 1) matrix, denoted Qpugiry,

obtained by adjoining the k + 1 entries of the I'" row and 7" column of Q to the submatrix Qp, i.e.

Wiy

WEr

w1 cee WK Wiy

When k£ = 0, we will define det Q[O] =1 and det Q[O]U{l,r} = Wiy.

We will begin by introducing some assumptions about the matrix 2. Observe when M > p we have a Gram
matrix, thus  is positive definite. When p > M, our matrix is only semi-positive definite, but since the
rank(Q) = M, we will have an M-by-M block that is positive definite. We will assume that this block exists
in the upper left hand corner of our matrix, i.e. {2, is positive definite. Then, all leading principal minors

of Q) are positive definite.

Theorem 4.7. Any element of the matriz Q®=%)  from the k" step of the recurrence relation, can be written

as a ratio of minors from the original matriz ), i.e.

- det Qpjui+k,r+k}
ir det Q[kz] ’

where 0 < k < M whenp > M and 0 < k <p whenp < M. Also, l,r > k.

Proof. For k = 0 the statement in true, since we have

L@ _ et Qougny

ir det Q[o] i

where by definition det {2jp) = 1. Assume the relationship stands for £ — 1 and we will verify for k. Recall

the relationship from (4.9)
(RNT (k)
k—1) _ k) (W) w
Q1) _ o, — S
W11
Hence,

(p—k+INT ,(p—k+1)
—k —k+1 (w )
QR = -+

w%}{—k+l)
Then, each element of the matrix can be viewed as
(p—k+1INT ,(p—k+1)
k) _ [ oo—k+) _ (@ ) w
Wy = (Qp_k — Ty ) . (4.11)
Wil Ir
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Leading to an expression for each element

(p—k+1), (p—F-+1)

(p—k) _  (p—k+1) Y11 Wirpr
Wi - wl+1,r+1 - (p—k+1) ) (412)
11
where the shift in [ and r comes from the fact the element in the {*" row and r** column of the new matrix is
. PR (p—k) (p—k+1) wp—k+1) (p—k+1)
made up from the [ +1 row and r+1 column of the previous matrix, i.e. wyy = wsh _Woy  Twyp 7

=t D)
wiy
Also, we will introduce a comma in some situations in order to communicate the appropriate row and column

of 2 that we are interested in.

Recall, we assumed the relationship to be true for k — 1, so the right hand side of (4.12) is

(p—k+1) (p—k+1)

(p—kt+1) @11 Wirsr et Quoyuggkrry et Qupoyjugireey "
I+1,r+1 wﬁ;—lﬁrl) - det Q[kfll det Q[k—l]
det Qp—yugrriry et Qppy
det Qp_q; det Qup_1ugr.k}
_ det Qp_yjurrr+ry  det Qu_yjugitr,key det Qp—1jugr,r+ry
det Qpx_qj det Q1) det Q)

= C (det Qi det Q1014515 — det Que_1j0045,%) € Q110K r+5}) »

1
where C' = det ey dot O . Thus we want to prove the following identity

det Q1) det Quuisk,r+ky = det Qg det Qe qugirr,rry — et Qp_1jugirr,ky At Q10 gk,r 11} -

We will show that with some shifting of rows and columns we can apply the Lewis Carroll identity, as

presented in Appendix G. Observe

Wik W1, r+k
Qp—1
det Qpgugitk, ek} = det Wk—1,k Wk—1,r+k
W1 e Wi, k-1 Wik W r+k
Wi+E,1 cee Witkk—1 | Witk k Witk r+k

Now we would like to move the last row to the first row and the last column to the first column, thus we are

doing k row interchanges and k column interchanges

Witk r4+k | Witk,1 cee Witk,k—1 | Wi+k,k
W1 r+k Wik
det Qpuupir.r e} = (—1)% det : Qo1 : (4.13)
Wk—1,r+k Wk—1,k
Wk, r4k WE,1 . WE,k—1 Wik

=det D.
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In order to apply the Lewis Carroll identity, we will develop some more notation. We will denote the
submatrix from which the 41,49, ...,4, rows and ji,jo,...,jn columns of D € RFt1XE+1 are removed by

D;izr‘; ”l" Then the identity states

det D - det Di Zﬁ = det Dy - det D,’:jﬂ det DM . det Diyq.

Consider Q,_j, from (4.13) we see that this is the matrix D but with the first and last row removed as well
as the first and last column, so det Q,_1) = det Di Zﬁ Also, det Q) = det Qpp_1juqx,ky = det Dji. Observe,
if we move the last row and column of Q;_1jufi1,r+%} to the first row and column and take the determinant
of the resulting matrix, we will obtain (—1 )2(" D det D’ljﬂ Also, by moving the last row of Q_1ju(14k,k}
to the first row and taking the determinant, this is equivalent to (—1)*~! det D¥*!. Similarly, by moving the

last column of Qx_1ju{k,r+} to the first column, we have det Qu_1jufk,r+x} = (—1)*1det D,iﬂ. Thus,

det Q1) det Qgugrsnrxy = det DYy 1 - det D
= det D7 - det D,’:_ﬁ det D’f+1 -det Dy41
= det Q- det Qpu_1)ufi+k,r+8) —
(—1)~* =V det Qo yjuqignny - (1)~ F 7Y det Q1o iy

= det Qpy det Qpp_1jugir,r+5r — det Q_1ugir,ky det Q10 ik,r+1} -

Hence,

det
(k) _ [MU{l+k,r+k} -
iy det Q[ k]

From the above Theorem, we can express the terms in both of our distributions as ratios of determinants.

Consider,
ook _ A ok ary et Q)
= det Q[k] det Q[k]

Then, for the product from G a(2), given in Lemma 4.4,

p—1
det Q[k+1]
I};‘[ (“)11 H det Q[k]
_ det Q[l] det Q[Q] det Q[p—l] det Q[p] _ det Q[p]
"~ det Q[o] det Q[l] det Q[p_g] det Q[p—l] "~ det Q[o]

= det Q[p],

and, for the product from G, ps(£2), given in Lemma 4.5,

' det Q det ©2
(p=k) (k1] _ M _ 4ot O
H “1 H det Q[k] det Q[O] ¢ (p]-

Next, we will show that the expression in the exponent that appears in both distributions is the trace of the
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original matrix 2. Recall we have the relationship in (4.9), from which we will take the trace of both sides

(ENT (k)
Tr Q¥ = Ty (Qék_)l _ W) W )(k)w )

W1
(k) (o (ENT
K wP (W)
=Tl - S
W1

since Tr((w®)Tw®) = w®) (WEHT  Observe from the decomposition of Q) Tr QF) = w;’f) -+ Tr ng_)l

w®) (w(k))T

k
W§1)

Tr QD = Tr Q) — wﬁ) -

Thus

For the Wishart case, we have

1523 =0 (—FNT 1 = )
N % ((“ik) ) o) = 2% (Tr Q—k) _ TrQ(P*kfl)) _ L,
2 k=0 wiy 2 2 2

k=0
Observe the right hand side is an alternating sum, thus we will only be left with the first and last term, that

is
w(p_k) (w(p_k))T

L (o 1L w_ _Loag moo_ Ll m
_5;:0 wip ot wﬁ_k) T o¥n —_5( rie—Ar )_5‘”11

1
=—=TrQ,
2

since Q) = ).

Then, for the singular Wishart case,

M—-1 X M-—1

1 pr) , WP (W)Y 1 (k) (k1)

=5 <w11 D == (Im —TrQ )
k=0 11 k=0

which again is an alternating sum, thus

M1 WPk (uP=k)T

1 (p—Fk) _ 1 (p—M)
-5 Z (wll + o =5 (TrQ—TrQ )

k=0 11

From the Dirac delta, the second trace vanishes

M—1
1 Cpy wPTR) (PR T 1
-3 Z <w§§ ) 4 :—ﬁim.
k=0

—k
R
We will now obtain an expression for the mulitdimensional Dirac delta, ¢ (Q(p_M )), that appears in Lemma

(pfl\/[)(‘;)quLl)

4.5. Recall that QP~=M) is a (p— M) dimensional symmetric matrix with independent elements.

We will express each independent entry of this matrix as a ratio of determinants. Thus for any [, r

L) _ det Qo4 r+My
ir det Q[M]
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resulting in

P
sy = [ o (det%ﬂu{l}) |

lr=M+1 det Qpar)
I<r

In the following theorem we will present both the Wishart and singular Wishart distribution, taking into

account the previous findings.
Theorem 4.8. The density function of the random matriz € can take the following forms

1. When M > p, the random matriz 2 has a Wishart distribution given by the density function

710(17*1)

Foe,(Q) = T (det Q) F e 2T,

ﬁ (M k+1)

2. When M < p, the random matriz 2 has a singular Wishart distribution given by the density function

Fo @) 71_M(M+1) (et )% _iTro ﬁ 5 det Q[M]u{l,r}
M<p = 1]\_4[ (M b 1) SARLNY)| € i det Q[M] .
' TST

Proof. Recall from (4.1) we have that

1. As observed in Lemma 4.4, when p < M, G, p(2) can be expressed as

(@2m)p 2™ Mopo
Gpm(Q) = o (a fy— (det Q)" F— e 2TQ,
(3)T (ML) (M)
Thus,
717(17*1)
FM>p(Q) = il (det Q)%e_%ﬂ(ﬂ)'

ﬁ (M k+1)

2. As observed in Lemma 4.5, when p > M, we have that

G o ﬂ_MJrM(2p11w—1)+(:D*1W)(12371W+1) 2P+P<Pf§”+1) (detﬂ[ ])%67%"&9 ﬁ s <det Q[M]U{l,r})
p,MAZE) = M [ (M= M L IMIUREr )

P51 () AL (Tasay,

I<r
Thus,
MOM41) »
M-_p— det .
Fue, () = i (det Q) "t dme T 5 St ) g
(M —k+1 det Qpu
2 Lr=M+1
(2m) "2 HF (2> I<r

k=1
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4.3 Summary

R. A. Janik and M. A. Nowak’s approach to the derivation of the distributions required intricate calculations.
With the application of the integral representation of the Dirac delta and integration of the data matrix X,
we observed that the density function of the random matrix €2 satisfied a recurrence relation. The steps of
the recurrence relation were outlined explicitly, which produced a complicated expression of terms. In fact,
the elements of a reduced matrix at any step of the recurrence could be expressed by the ratio of minors from
the original matrix €2. This result allowed a simplification of the density function and we were able to prove
that the Wishart matrix had one of two density functions. For the case of p < M the random matrix had a

Wishart distribution and for p > M the random matrix had a singular Wishart distribution.
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CHAPTER 5

CoNCLUDING REMARKS AND FUTURE WORK

The derivations provided throughout this thesis were approached in entirely different manners. The work
of J. Wishart uses a geometric argument, while R. A. Janik and M. A. Nowak use an algebraic approach.
These publications were of interest to us because we wanted to find different ways of approaching the same
problem. It is interesting to discover that two completely different arguments can be used to derive identical
distributions.

One remaining topic of interest is the applications of the distributions in multivariate analysis. We
introduced two applications of the distributions in statistics, such as the need for the Wishart distribution in
the derivation of the generalized T? distribution and the application of the singular Wishart distribution in
Bayesian statistics. But, the open question is how can the singular Wishart distribution be applied to high-
dimensional data analysis? For statistical methods that require assumptions about the covariance matrix,
specifically discriminant analysis, is there a need for knowing such a distribution?

In the introduction of this thesis, we offered two examples of high-dimensional problems, such as analyzing
security returns in financial analysis [21] and classifying tumors using DNA microarray experiments [7]. The
use of microarrays is becoming more prevelant in the area of biomedical research. Commonly in microarray
experiments, there may be an abundance of variables, leading to an enormous covariance matrix [9]. When
considering DNA microarray data, there is availability of gene expressions on thousands of genes, but very
few individuals. Even though the genes are correlated, most of the analysis carried out on the data ignore
these correlations [29]. Learning more about analysis in this field and how the singular Wishart distribution

could be applied is a compelling topic for future research.
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APPENDIX A

BASICS OF PROBABILITY

The following definitions on basic concepts in probability were obtained from S. M. Ross [24] and J. H.
Hubbard et. al [12].

Definition A.1. The sample space S of an experiment contains all possible outcomes of the experiment. A
subset H of S (H C S) is called an event.

Definition A.2. Let S be the sample space of outcomes of an experiment. A random variable is a function
X:S—=R

Definition A.3. A random variable X is said to be a continuous random variable if there exists a nonnegative
function f(z), defined for all real x € R, having the property that for any set of B of real numbers

Prob(X € B) = /Bf(m)d:n.

Definition A.4. The function f(z) appearing in Definition A.3 is called the probability density function of
the random variable X.

Definition A.5. For a continuous random variable X having a probability density function f(x), the expected
value of X is defined by

EX) = /Rxf(m)dx.
Definition A.6. The variance of a random variable X, denoted Var(X), is given by the formula
Var(X) = E((X - E(X))?) = E(X?) - (B(X)).
Definition A.7. The standard deviation of a random variable X, denoted SD(X), is given by

SD(X) = /Var(X).

Definition A.8. If X and Y are random variables, their covariance, denoted Cov(X,Y), is
Cov(X,Y) = E((X _BX))(Y - E(Y))) .

Definition A.9. Let X and Y be random variables. Their correlation coefficient, denoted corr(X,Y), is
given by
Cov(X,Y)
XY)= —1+——
corrX.Y) = o5 8D

It follows that |corr(X,Y)| < 1.

Definition A.10. A random vector X = (Xl, Xo, ... ,Xp)T is a vector of jointly distributed random vari-
ables. The expectation of a random vector, denoted E(X), is given by

E(X1)
E(X>)
EX) = .

E(;fp)
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Definition A.11. The covariance matriz, denoted X, of a random vector X is

> = E((X ~- B(X))(X - E(X))T>

Var(Xy) Cov(X1,X2) -+ Cov(X1,X,)
Cov(Xs, X1) Var(Xs) - Cov(Xa, X))
Cov(X,,X1) Cov(Xp, Xa) ... Var(Xp)

Definition A.12. Let B be a p X p square matrix. The matrix B is called symmetric if the (i,j) entry is
equal to the (j,7) entry
bij =b;; 1<4,5<p.

Definition A.13. Let B be a symmetric p X p real matrix. Then the matrix B is said to be positive
semi-definite if zT' Bz > 0 for every non-zero column vector z € RP.

Lemma A.14. If X is the covariance matriz of a random vector X, then X is positive semi-definite.
Proof. Observe ¥ is symmetric since
Cov(X;,X;) =Cov(X;,X;) 1<i,j5<p.

Consider a non-zero column vector z € RP

z'Yz = ZTE((X - E(X)) (X - E(X)))ZT
- BE("(X-EX))(X - E(X))Tz>
= BYYT) >0,
where Y = 27 (X — E(X)). O

Definition A.15. Let X be a p x N matrix of p random variables each sampled N times
X=[zpn] 1<k<p, 1<n<N.

The sample mean of the k'"-variate, denoted Zj, is given by

1 N
T = N Z Thn -
n=1

Definition A.16. Let X be a p x N matrix of p random variables each sampled N times. The sample
covariance matriz is a p X p matrix A with entries

N
1 _ _
Ak = ;(xkn —Tp)(xm —T) 1<k1<p.
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APPENDIX B

SURFACE AREA OF SPHERES

Observe,

/ e dae = /7.
R

2 2 2 2
(/ e ” da:) :/e_l dx/e_y dy,
R R R

using Fubini’s Theorem, with details given in Appendix H, we have

/ e Hd(a, y),
Rz

Then,

let 2 = 22 4+ 42
:/ e A1 (1) rdr
0
= Al(l)/ ey dr,
0

where A;(1) is the surface area of a unit 1-dimensional sphere or, similarly, the circumference of the unit
circle. Thus,

(fR e~ dx) ’

Ai(1) =

To compute the denominator, we will institute a change of variable. That is,

u=—-r du = —2dr.

Then,
o0 2 -1 [ —1 1
e "rdr=— edu=—(e® —e) = .
/O 2 Jo 2 2

So,
™
A(l)=—=2
W=z =2

As expected, this is exactly the circumference of a unit circle. Consider

3
(/ e_xzdx) :/ e_(z2+y2+z2)d(x,y,z)
R R3

let 72 = 22 + y? + 22



where Az (1) is the surface area of a 2-dimensional unit sphere. Observe

(fR e’zzdx> ’

S
I e~ r2dr

Ax(1) =

For the computation of the denominator, apply integration by parts. That is,

Thus,

—Lde

Nl

let r =Vt = dr =it

=

:1/ tzlet dt,
4 0

which is the integral representation of the Gamma function

The surface area of the 2-dimensional unit sphere is therefore,

)3

Then, for any natural number N, we have

N
(fR e‘“’zdx)
J et rN=ldr
ym™
r(%)/2
2(ym)N
I(

)

An_1(1) =

~—

|2

3k

NE
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APPENDIX C

(FAUSSIAN INTEGRALS

Recall from Appendix B that we have

/ e dx = /7.
R

Then for any variable a > 0, independent of z, consider

_ 2
/e 9@ dx,
R

we will make a change of variable such that & = y/ax, then

/ 7a1:2d / —z2 1 d#
€ T = € —dax
R R va

s
a

Now we will consider the 2-dimensional case, that is

//e*(“’uyz’)dxdy.
R JR

With the application of Fubini’s theorem, where details are given in Appendix H, we have
/ / e*(12+y2)dxdy = / eV [/ ewzdx} dy
R JR R R
= \/E/ e Vdy
R
= (V)2

Thus, for general k we have
/ e~ @Hei 42 Qo day - - day, = (vn)k.
Rk

Now, consider

[://e*(a11$2+a121y+a22@/2)dxdy.
RJR

In order to integrate with respect to x, we will fix y and complete the square in z

5 a2, -
I = / o~ (a229%) |:/ ea11(1+239)2+ﬁyzdx:| dy,
R R

now, make a change of variable such that & = \/a11(z + §2y), then

2 ’1%2 2 ~2 1
I= / e 2 ganr ¥ [ e ” di} dy
R Vaii

R
™ —(a ,i) 2
— i e 227577 Y .
a1l JRr
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Then make the final change of variable, § = {/as2 — %y

-2 1
I:,/l/e*y ——dy
air Jr af,

Q22 — o7

_ Wm)? [ an

B \/ﬁ A22011 — a%g
/ -

N 22011 — Cl%g'

Observe that if we write x = (z,y) and A = [a;,] € R?*? such that A is a symmetric positive definite matrix,
we have

ar? + 2a192y + a22y2 = xAx".

Then
2

T 2 2 ™
67XAX dz| = ef(ana: +aj2xytazny )dIEd _ )
L= [ | v=\ A

Lemma C.1. For any vector x € RY* and symmetric positive definite matriz A = [a;,] € RF*¥ the

following holds
k
—xAxT 7I'
dx| = .
/Rk ¢ ] = 1 Ger a

Proof. Since A is a symmetric matrix, we will diagonalize A such that

A=UDUT,

where U is an orthogonal matrix and D a diagonal matrix. Then,

/ e_XAXT|dX|:/ e—xUDUTxT|dx|
Rk R¥
:/ e—(xU)D(xU)T‘dXL
Rk

We will make a change of variables such that x = xU, thus

/e—xAxT|dx|=/ e *0%" | det U||dx|
Rk Rk

2 2 2
= / e~ (@rditagdot42hda) qu day - - - day,
Rk
ok
didy - - dy,

det A = det(ODOT) = det(0) det(D) det(OT) = det(D) = didy - - - dy,.

Observe that

Hence,

k
—xAxT m
dx| = . O
Ak ¢ | X| det A
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Theorem C.2. For a matriz X € RF*M and symmetric postive definite matriz A € R**¥ | the integral
= / e~ Tr(XTAX) dX|
REM

1s Gaussian and evaluates to . .y
I'=(m)>= (det A)"=.

Proof. We will denote the columns of X as

X=(yl y& ... y&),

and the columns of A
A= (al af ... al ).

Consider the product appearing in the exponent

ylai ylag e ylag
Yoa; Yyaas5 oo Yooy
xTax =| 77 T G I T '
ymal ymal ... yual
y1AyT
B y2 Ay¥
ymAy?L,

Since the exponent in our integral involves the trace of the above product, the diagonal elements are only of
interest. Thus,

Tr(XTAXT) = y Ayt + yo AyT + ..+ yu Ay,

Hence we can write

/RkM e—Tr(XTAX)|dX‘ — /Rk [/}Rk [/Rk e—(y1Ay1T+yszzT+<..+yMAy§4)|dyl|} dy2|} - |dy ]

&
™ T T
= —(y2 Ay +Fym Ay | ..|d
detA/Rk [/Rke |Y2|] |dy ar|
N1

:<th) | o
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APPENDIX D

INTEGRAL REPRESENTATION OF THE DIRAC DELTA

Definition D.1. [10] A function fy(x) is a delta convergent sequence if

a) For all M > 0 and for |a| < M and |b] < M, the quantities

/ab fa(t)dt

must be bounded by a constant independent of a, b, or N

b) For any fixed, nonzero a and b, we must have

b
. 0 a<b<0, O0<a<b
Nlﬂnoo/a fN(t)dt_{1 a<0<b '
Consider the following sequence

N
In(z) = i/ el dt
-N

2m
1 eitz N
2w\ i |y
Sin (cos(Nz) 4+ isin(Nz) — cos(Nz) + isin(Nzx))

_ 1sin(Nz)
rox

/ab v (@)dz = ;/b sin(Nz)

T

Consider the following

Next, make a change of variable such that y = Nz, then

l/bsin(Nx)dle/NbsinyNdy
T Ja x T INa Y N

1 [Nbg
7/ sin ydy.
T JNa Yy

In order to show the second condition of Definition D.1, we will have three cases

.Fora<b<0
lim 7/ sin x)dx: lim f/ S ydy— / MY
N—oo T [, X — 0

N—oco T T Y
Similarily, when 0 < a < b

Na Yy ™
1t sin(NV 1 sin y
lim / = —/ dy
N—oo 1 [, T Joo

1 b s N 1 Nb -
lim —/ de: lim —/ Sznydy
N—ocom [/,

x N—oo T Na y

1 [ si
/ sin ydy.
T Y

dy = 0.

Lastly, for a < 0 < b, we have
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Observe that this is the integral of the sinc function and, for  # 0, is equal to 7 [10]. Thus,

b .
lim l/ de =1.
o T

For the first condition, observe

)

1 (Vs
7/ sm(N:r:)dgj B

™ T

1 /”N sin(y)

T JanN Yy

is bounded uniformly in a and b for all N. Therefore, fy(x) satisfies the necessary conditions to be a delta
convergent sequence.

Lemma D.2. [10] For a delta convergent sequence fn(x), we have
lim fy(x) = d(x).
N—o00

Proof. Let fy(x) be a delta convergent sequence. Consider the following sequence of functions

Fx@) = [ fuirar

Observe from the properties of a delta convergent sequences, as N increases we have

0 <0

N—o0 N—o00 1 x>0.

lim Fy(z) = lim /_ wl fn(r)dr = {

Futhermore, these functions Fiy () are bounded uniformly. In the sense of generalized functions, the sequence
of functions converges to the step function, i.e.

. 0 <0
ngnooFN(x)_a(x)_{ 1 z>0.

Observe, from the Fundamental Theorem of Calculus, fn(z) = Fj(x). Thus,

lim fy(z) =6 (x).

N—o00

Since ¢’ () = d(x), we have that fy(x) converges to §(z). O

Definition D.3. [10] The space of test functions denoted by K is the set of all real test functions ¢(x) which
are smooth and have compact support. Then, for every test function ¢ € K, we have

Observe with the application Lemma D.2, the Dirac delta is given by

. N
S() = tim SBVE) <1 / eimdt>.
N—oo T N—oo \ 2T J_xN

The above limit is not defined point-wise, but rather in the weak sense. That is, for a test function ¢ € K,
we have



Since we observed that the one dimensional Dirac delta can be expressed using an integral, consider the
vector case, specifically a p-dimensional vector. That is,

/ eit-xldt| _ / ei(tlzl+t2x2+...+t,,wp)dt1dt2 . dtp
RpP RP

:/eitlwldtl/eitzwzdtg"'/eitpwpdtp
R R R

=210 (x1)2m0(z2) - - - 21 (xp)
= (2m)PH(x).

Thus, for a p-dimensional vector we have

1 it-x
i(x) = G /Rpe |dt].

We are interested in the representation of the Dirac delta for symmetric matrices of size p X p. First, consider
the following integral

/ p(p+1) eiTr ™ |dT|’
R 2

p(p+1)
2

where T' is a symmetric matrix. Thus we will have integrations. Observe the exponent can be

simplified as

P
TrTX = Z tijxij

i,j=1
P p

= g tijxi; + E tijxij-
i<j i>j

By switching indices on the second sum, we can write it as ¢ < j

p P
TTTX = Z tijxi; + Z 153 s

1<j 1<J

Since both matrices are symmetric, ¢;jx;; = t;:%;;

P p
TrTX = Z LijTi + Z tijTij

1<j i<
p p
=2 E tijri; + E tiiii-
i<j i=1

Hence, our integral can be expressed as

iTrTX i25°P  tiixs iSSPt
/Rp(p+1) e |dT| = /Rp(pil) e i< tigis dtiodtqs - - - dtp_lp /R e 20 i idti1dtag - - dtpp.
2 3 p

Now let 2¢;; = t;j for 7 < 7, then dt;; = 2dt;j

. 1 (NP f A ~ A PP
iTr T X _ iYP_tijx L PPt .
/p(erl) e |dT| = o= po—1) © <i " dt9dt 3 dtpflp e 10T des digg dtpp
R~ 2 272 Rz RP
p(p—1)
p)

B <2ﬂ> (x12)0(213) - - 6(2p—1) (2m)76(211)0 (222) - - 6 (pp)

2

P+
— m(g()().

p—1
21)(192 )
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Therefore, we have a integral representation for the mutlidimensional Dirac delta

p(p—1)
27> iTr TX
6(X) = p(p+1) /P(P+1) € |dT‘>
(2m) "2 R 2
and for a test function ¢(X) € K, we have

p(p—1) N N N

. 273 1 J p(p;l) Ty

N o e / / / / e THAT] | ¢(X)[dX] = 6(0).
e - R S A
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APPENDIX E

THE LAPLACE TRANSFORM

Definition E.1. [27] The Laplace transform of a function f(t) is denoted by f(s) and is defined by the
integral

fo)= [ et rar
0
where s € C, t > 0 and f is locally integrable and such that the integral exists for a given s.
Consider the Laplace transform for the function f(t) = t®. In order for f(t) € L'(loc), we need Re
a > —1. Then,
f(s) = / e *'t*dt, Res>0.
0

We will make the substitution such that u = st, then du = sdt and
A 0 a d
F(s) = / e (1)
0 s s

o0
:s_a_l/ e “u“du.
0

In order to evaluate this integral we will use the integral representation of the Gamma function.

Lemma E.2. [3] For Re z >0
I'(z) = / e ft*dt.
0
Thus, for Re a > —1 and Re s > 0
f(s)=s'D(a+1).

Lemma E.3. [25] The integral formula for the inverse of the Laplace transformation, at the points where f
s continuous, is given by the line integral
1 o+iR

e st [
fO) =g fm | e fs)ds,

where the contour for the inversion integral is shown in Figure E.1.

iw

Figure E.1: Contour for inversion intgeral
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Recall for f(t) = t*, we found f(s) = s~ 'T'(a + 1), then

F a 1 oc+iR
(7” lim etsT s,
271 R—oo J, iR

t* =

We will let s = k 4 iz, where Re k > 0. Then, ds =idz and

INa+1)

=
2w

/(k + ix)—a—le(k—kiw)tdx
R

_ F(O(—F l)ekt/(k‘—kil‘)_a_leiztdﬂf.
2 R

Thus,

. 27
k oy —a—1 1ztd _ e —kt
/R( Fiz) e Fa+1) &

where Re @« > —1, Re £ > 0 and ¢t > 0.
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APPENDIX F

LU FACTORIZATION

Definition F.1. [11] Let A € R™*". The presentation A = LU, in which L € R™*™ is lower triangular and
U € R™*" is upper triangular, is called an LU factorization of A.

Theorem F.2. [11] Suppose that A € R"*™ and rank A = k. If Ay, for all 1 < j < k, is nonsingular, then
A has an LU factorization. Furthermore, if k = n then A has an LU factorization if and only if A and all
of its leading principal submatrices are nonsingular.

Example F.3. Consider the following matrix
-(21)
First we will check if an LU factorization exists, thus we will compute the leading principal minors
det(a11) =2#0 det A=—-10#0.
Since they are nonzero, an LU decomposition exists. So,
<2 3>:<111 0 )(Un U12>
6 4 lor oo 0 uxp )’

Now, we will multiply the right hand side to obtain the following system of equations

liiug =2
li1u12 =3
lo1ui; = 6

la1u12 + lagugs = 4.

Observe there are more unknowns than the number of equations, so we will arbitrarily assign the diagonal
elements of L to be 1, that is 11 = 1 and lo5 = 1. Then,

U = 2
Uz = 3
loy =3
Ugy = —J,

which gives the following LU factorization

23\ _ (10 2 3
6 4 ) \ 3 1 0 -5 )
If we were to take the original matrix A and conduct Gaussian elimination until the matrix is in upper

triangular form, without switching any rows or columns, we would obtain U. We will see that the elementary
matrices obtained from conducting the row operations can be used to find L. Then,

2 3 2 3
<6 4)R2—>R2—3R1<0 _5)=U

Observe that from the single row operation we have the following elementary matrix,

1 0
Bas (4 0)
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Then we have that Fo; A = U, which implies A = E2_11U. Therefore, we see that E2_11 =1L, ie.

_ 10
E211:<3 1>:L.

Hence, we get the same LU factorization as before,
2 3 1 0 2 3
a=(53)=(1)(5 5)=mw
Example F.4. Now, we will consider

A= 3 8 14 |,

where A has the following principal minors

det(au) =1 7é 0
det(a11a22 — a12a21) =2 35 0

det(A)zl-det<2 }g)—ldet(g 1§)+4-det<g 2)
=6#0.

Thus, an LU factorization exists, that is

1 2 4 lir 0 0 Uil U2 U1
3 8 14 = lo1 o3 0 0 U22 U23
2 6 13 131 132 133 0 0 Uuss

We will perform Gaussian elimination on the matrix A in order to make it upper triangular

1 2 4 1 2 4 1 2 4
3 8 14 ?:%:gﬁl 02 2 |ResRs—Ro| 0 2 2 |=U.
2 6 13 3 3 \o 25 00 3
From each row operation we have the following elementary matrices,
1 0 0 1 0 0 1 0 O
Ex=| -3 10 Ea=| 0 10 Exn=[0 1 0
0 0 1 -2 0 1 0 -1 1

Thus we have that
B3B3 EnA=U = A= E;'E;'FE3,'U.

In order to find the inverse of each elementary matrix, we will switch the sign of any off diagonal element.

So,

1 00 1 00 1 00
Ey'Ex'Eyn =3 1 0 010 010
0 0 1 2 01 011
1 00
=13 10 |=L.
2 1 1
Thus we have an LU factorization for A,
1 2 4 100 1 2 4
A=13 8 14 |=|13 10 0 2 2 |=LU
2 6 13 2 11 0 0 3
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Lemma F.5. [11] Let A € R™*™ and supposed that A = LU is an LU factorization. For any block 2-by-2

partition
Al A Ly O Uin Upe
A = 9 L - 9 U = )
( A21 A22 ) ( L21 LQQ ) ( 0 U22 )

with A11, L1, U € R¥** and k < n, we have A1y = L11U11. Consequently, each leading principal submatriz
of A has an LU factorization in which the factors are the corresponding leading principal submatrices of L
and U.

If we consider the matrix ) as presented in Chapter 4, we will see that during the process of our recurrence
relation we use an LU factorization. Observe that from the decomposition in (4.3) we have

w11 w
Q =
wT Qp,1
We will write this as an LU factorization
110 WH‘ w
QO=LU = = .
w
Ean 0 |U,
w11
wlw L. .
So, we need L1U; = Q,_ 1 — ——, which is exactly what we defined as the next matrix in our recurrence
w11

relation, as we observed in (4.9), i.e. L1U; = Q®=1_ Thus, we can factorize this resulting matrix

(w(pfl))Tw(pfl)

where LyUy = Q;p__zl) - . Again, this is defined as Q=2 Hence, we have

5
1 0
wn‘ w
a=| : i . wit V] Wl
“ IN\T 1 0 0 W™ w2
wip | T T 0
1) (w®=2)T 0 Us
i (p—2) Ls
W11

We will continue this process for each step of our recurrence relation. When p < M we will see that Q will
have a complete LU factorization where L is unipotent, having ones on the diagonal. When p > M, our
recurrence stops after M steps, thus the factorization will produce a lower triangular matrix L that is only
partially unipotent.
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For the first case, p < M, we will conduct the factorization process for p — 1 steps, giving

1 0
w11 w
1 0 w%_l) w®=1)
S iy 0 ’
w11 (wt)—l)))T ) 0 0 |, [u®]w®
p—1 . '
i @ 01U
@ | Lot
Wi
where
So,

1 0
w11 w
1 0 wgzl)il) w(p_l)
s 0
W11 (w(pil))T 1 O 0 .. W§21) w(Z)
w1 | ) 0 (1)
1 (w(2))T Wiy
@ |1
w11

Thus,  accepts an LU factorization having a unipotent lower triangular matrix.

We will conduct the same proces when p > M, except we will stop after M steps. Hence, we will have

1 0
w11 w
1 0 wgzlv—l) w®=1)
T er 0
wii (w(i:l)))T . 0 0 | Wk OO e-a-0)
o (WO 0 Um
o) | Im
=TT

Observe that again L and U will have the same form as before, that is

(WP=MHINT y(p=M+1)

(p—M+1)
W11

LayriiUpir = Q](DIL—AJ/}I—H) _ = Q—M)
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but from our Dirac delta appearing in our recurrence relation, that is § (Q(p*M )), we see this resulting matrix
vanishes. Thus,
Ly =1[0], Un =10].

Hence, our LU factorization is of the form

1 0
Wil w
! ! wk™Y w@=1
N 0
wii % 1 0 0 . wg—(M—lﬂ wP—(M-1))
Wiy (w(p—(M—l)))T 0 0 0
wﬁ’*(M*l))
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APPENDIX G

LEWIS CARROLL IDENTITY

Theorem G.1. [16] Let A € R™*™. Denote the submatriz of A in which the rows ly,la, ...l and columns
r1,72,...,T, have been removed by Alrll’f,?é;::jff;k. Then the following holds

det A - det A7) = det A} - det Al — det AT - det A}..

Proof. Consider the following matrix A € R**X

a11 @12 ... Q1n—1 A1n
a21 a2n
A= B
Gn—1,1 az n—1
an1 ap2 ... Gpn-1 Ann
ail 1 A1n

— rT B jT

Gnl k Qpn

We will compute the righthand side of the identity in order to find an explicit expression for each determinant.
For the above matrix, observe by removing the last row and last column we obtain the submatrix A??. Then
the determinant of this submatrix will be

a 1
det A = det lTl =det B - (ay; — 1B~ 1rT).
r B

Similarly, by removing the first row and column from A, we obtain A} and the following determinant

=det B - (ap, — kB~ 'j7),

and
det AT = det
Now, we would like to make n — 2 interchanges by moving the first row to the last row, giving

det AT = (=1)" "% det = (=1)""2det B(ay, — 1B~ 7).

By the same logic, we will consider

1 r’| B
det A4, =
Qan1 k
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and move the first column to last column

B | T
det AL = (—1)"~2 = (=1)""2det B(an; — kB~ 'rT).
k an1

Next, we want to find an expression for det A. Denote C' as the upper left (n — 1) x (n — 1) submatrix of A,
ie.

S
—
s

—

r’| B

Then,

and
det A = det C - (an, —kTC'§7). (G.1)

In order to determine C~!, we must find a matrix such that

&11‘ 1 e ‘ f —7
rT‘ B gT‘ Y 7
thus we have
_ 1
€= a1 — 1B-1rT
f=—elB™!
gT _ *eBier

Y=B"'+eB "1
Now, consider the product appearing in G.1

e f
g | Y
=eaniai, — ea kB rT —ean 1B + kBT + ekB e T1B YT
=ean(an — kB 'r?) —e(an; — kB rDIB T + kBT
= e(an — kB 'r")(ay, —1B7 7)) + kBT,

K'CT = (am [k ) - (o [3)"

So, we can express G.1 as

det A =det B - (a1; — 1Br")(an, — kBT — e(an1 — kB 'r") (a1, — 1B~ 1T))
_detB (detA% 3 edetAiL : detA{”)
e det B (det B)?
~det A} det A} - det AT
e det B
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det B
det A7”

From our definition of e, we see that e =

Thus,

det Ap - det A} det A}, - det A7
det B det B

det A =

Observe that det B = det AY™. hence

1,n
det A - det Ayl = det A7 - det A} — det AL, - det AT
We will demonstrate the above theorem with an example

Example G.2. Consider the following matrix

1 4 20 3
2 7 9 10
A= 13 15 5 8
4 11 6 7

For the lefthand side of the identity we have that

1 4 20 3
det A - det Aij = det 123 175 g 180 - det ( 175 g )
4 11 6 7
= 7801 - —100
= —780, 100.

Then, we see the computation of the right hand of the identity side gives the same result, i.e.

79 10 1 4
det A} -det A} —det A} -det A =det | 15 5 8 |-det| 2 7

1 6 7 1

3
4 20 3 2

det 7 9 10 | -det| 13
15 5 8 4

=106 - —892 — 1668 - 411
= —780, 100.
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APPENDIX H

FuBINI’S THEOREM

Theorem H.1. [12] Let f be an integrable function on R™ x R™ and suppose that for each x € R™, the
function'y — f(x,y) is integrable. Then the function

x> [ f(xy)ldyl,
Rm

1s integrable and

[ soxiaxtiasi = [ [ soxyayl] o

Example H.2. Consider the function f(y) = e=¥’. Let us integrate this function over the triangle

T:{<;>€R2 O<x<y<1}.

Fubini’s theorem allows us to write this integral as an iterated one-dimensional integral

1 1 R 1 y 5
/ [/ e Y dy} dx and / [/ e Y dx} dy.
0o L/ o LJo

The first integral cannot be computed in an elementary sense, as the function does not have an elementary
antiderivative. Consider the computation of the second integral

1 Yy N 1 R
/ [/ e Y dx} dy :/ ye ¥ dy
o LJo 0
2

Thus,
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