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Abstract

Code-division multiple- access (CDMA) implemented with direct-sequence spread
spectrum (DS/SS) signaling is expected to play a key role in the wireless

telecommunications services such as personal communications, mobile telephony, and
wireless networks. To gain insight and understanding of DS/CDMA system performance
without actually building it first requires both analysis and simulations. In this thesis,
DS/CDMA system performance analysis and simulations are addressed.

Calculating the bit error probability for DS/CDMA systems is analytically difficult
and computationally intensive. A simple and accurate approximation technique is applied
to the calculation of DS/CDMA bit error probability under the assumption of infinite RF

bandwidth. The bit error probability, expressed as a real function of a random variable, is

simplified by using a technique that expands the function in Taylor series. As well, an

architecture for DS/CDMA system with filters is developed and its performance measures,

signal to noise ratio (SNR) and bit error rate (BER), are analyzed. This analysis investigates
the effect of filtering on the performance ofDS/CDMA systems using correlator receiver.

Computer simulations of the system are also performed in this thesis.

Simulation results of BER show a reasonable agreement with the BER obtained

from analysis. This agreement justifies the approximation used in the analysis. It is also

concluded from the simulations that filters with a bandwidth equivalent to twice the data

rate provide a good BER results for a DS/CDMA system. compared to the BER

performance of DS/CDMA system without filters (in which an infinite bandwidth is

assumed).
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1. Introduction

1.1 Background

Wireless communications are widely used around the world as a convenient means

for accessing telecommunications networks. Over the last decade, the annual increase of

cellular subscribers in the world has averaged about 40 percent [1]. ill some countries, more

than 25 percent of population use mobile communications [2]. According to the current

market trends and available forecasts, there will be more than 590 million subscribers

worldwide by the end of year 2001 [1]. The ultimate goal of wireless communication is to

allow a user access to the capabilities of the global network at any time without regard to

location or mobility.

According to the current popularity of cellular telecommunications services, it is

apparent that there will be a greater demand in the future for wireless communications. To

satisfy the increased need for wireless communications, more bandwidth will be required
for wireless communication services. However, bandwidth is a limited natural resource, and

hence, it has to be shared properly and used efficiently. The efficient use of the spectrum

is the obligation of communications system designers and represents a great challenge since

no single solution is appropriate for all applications.

Digital modulation approach (these are classified as second generation wireless

communications systems) is one of the solutions for offering lower power consumption,

smaller, and light-weight equipment compared to analog systems (first generation of

wireless communications systems). The other most outstanding design decision is the

choice of aMultiple Access (MA) schemes. Multiple access schemes allow many users to

share simultaneously a finite amount of radio spectrum. The sharing of spectrum is required



2

to achieve high capacity by simultaneously allocating the available bandwidth (or available

amount of channels) to multiple users. For high quality communications, this must be done

without severe degradation in the performance of the system [3].

1.2 Multiple Access Schemes

Wireless multiple access schemes may be broadly classified into three categories:

• Frequency Division Multiple Access (FDMA): In FDMA, an individual

channels are assigned to individual users. Each user is allocated a unique

frequency band or channel. These channels are assigned on demand to users

who request service. While a channel is being used, no other user can share

the same frequency band. Advanced Mobile Phone Service (AMPS), the

first generation of mobile radio services, is an example of a system that

employs FDMA.

• Time DivisionMultiple Access (TDMA): TDMA systems divide the radio

spectrum into time slots, and in each slot only one user is allowed to either

transmit or receive. Each user occupies a cyclically repeating time slot, so

a channel may be thought of as particular time slot that reoccurs every

frame, where N time slots form a frame [3]. TDMA systems transmit data

in a buffer-and-burst method and the transmission for any user is

noncontinuous. This implies that, unlike FDMA systems which

accommodate analog FM, digital data and digital modulation must be used

with TDMA [2]. The second generation of mobile radio services based on

Interim Standard 54 (IS-54) employs TDMA.

• Code DivisionMultiple Access (CDMA): This system is more commonly
known as spread spectrum multiple access. In this system all the users are

permitted to transmit simultaneously, operate at the same nominal

frequency, and use the entire bandwidth [4]. Unique codes are used by
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transmitters to spread the information signal over a large frequency range.

Receivers use a synchronized version of these codes to de-spread the

information signal.

Over the past several years, there has been much interest in application of Code

Division Multiple Access (CDMA) in cellular and wireless communications. One of the
1

reasons for interest is its possibility for achieving a greater capacity per unit]bandwidth

than other multiple access schemes (TDMA and FDMA) [5].That is because CDMA

capacity is only interference limited (unlike FDMA and TDMA capacities which are

primarily bandwidth limited), and thus any reduction in interference converts directly and

linearly into an increase in capacity. The choice ofCDMA is attractive because of potentialI
capacity increase, low power requirement, privacy, and the capability to avoi� multipath

I

fading [6]. Recently, the Telecommunication Industry Association (TIA) qeveloped a

standard, IS-95, for mobile cellular spread spectrum communication systems based on
I

CDMA technology [7].

1.3 Spread Spectrum (SS) Technique

I
Spread Spectrum is defined as a communication technique in which the intended

I
signal is spread over a bandwidth in excess of the minimum bandwidth required to transmit

the signal [4]. The spreading is achieved by means of a code which is independent of data.

At the receiver, a synchronized reception with this code is performed for de-spreading and

subsequent data recovery [8].

Spread Spectrum signals are designed to provide negligible interference to other

users. In this modulation technique, a spread spectrum receiver spreads the spectrum of the

interfering signal and hence reduces the interference so that it does not noticeaply degrade

system performance. However, ifmore than a given number of users access the channel
I

simultaneously, the noise level and the error rate increases. Signals from other

simultaneous users of the channel appear as an additive interference, known las MultipleAccess Interference (MAI). The level of this interference varies depending on the number
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There are primarily two spread spectrum techniques: Direct Sequence (DS) and

Frequency Hopping (FH). Direct Sequence is also called Code Division Multiple Access

(CDMA). In a DS, an information bearing signal is modulated by a very high frequency

spreading waveform or spreading code. The spreading code is a Pseudo Noise (PN)

sequence having the value ±1 during a duration of time interval Tc. Each pulse of duration Tc
is called a chip; therefore, IIT)s the chip rate. This spreading code is pseudo-random
because the receiver in a practical SS system needs a time synchronized replica of the

spreading code used at the transmitter, which is impossible with truly rando� spreading

codes. Therefore, the spreading code is really periodic and deterministically generated to
I

have randomness properties. However, for simplicity, analysis usually assume that the

spreading code is truly random [9]. The FH technique allows the information �ignal band
to "hop" over a very wide range of frequencies. This is accomplished by cJanging the

carrier frequency once each Th seconds. The carrier frequency used each TJ seconds is

chosen pseudo-randomly from a specified set of frequencies. This pseudo-randtm hopping

pattern service the same purpose as the spreading code in the DS case [9].

DS/CDMA performance is best assessed from field trials and measurements of
I

actual systems. However, to gain insights of system performance without actuaUy buildingI
it first requires both analysis and simulation. Therefore, analysis and simulation of the
performance measures of a DS/CDMA system are considered in this thesis ..�.

The calculation of the data bit error probability (Bit-Error-Rate, or BER) for
I

DS/CDMA has in the past been analytically difficult and computationally intensive.

Therefore, an approximation approach must be used to calculate the data bit error

probability. The Standard Gaussian Approximation (SGA) is one of the earliest and

simplest approximations for DS/CDMA bit error probability. In the SGA, theMAl due to

other users is handled as Additive White Gaussian Noise (AWGN) and then the probability
of error is easily computed as a function of the signal-to-noise ratio (SNR). The SGA is

inaccurate for small numbers of simultaneous users of the channel because of the
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inapplicability of the central limit theorem (on which the SGA is based) for this case [9].

Another method, results from further analysis of the SGA, was derived for the bit error

probability. This approximation is the Improved Gaussian Approximation (IGA). The

difference between standard Gaussian approximation and the improved Gaussian

approximation is in the distribution function of the MAl. In the standard Gaussian

approximation theMAl is assumed to have unconditional Gaussian distribution whereas

in the improved Gaussian approximationMAl is assumed to have a conditionally Gaussian

approximation [8].

An analysis of bit error probability of Binary Phase Shift Keying (BPSK)

DS/CDMA in a single path channel has been presented by Simpson [9]. In Simpson's

Dissertation, an accurate and simplified method to assess the bit error probability for

DS/CDMA has been given. The bit error probability, expressed as a real function of a

random variable, is simplified by using a technique that expands the function in Taylor

series. The first and second moments of the random variable, instead of the probability

density function, are the only parameters that required in this technique. A simulation

verification of this analysis is addressed in this thesis.

1.4 Filtering

Virtually every communication system includes filters for the purpose of saving a

spectrum or separating an information signal from unwanted signals such as interference,

noise, and distortion products. In practical wireless systems, the presence of a transmitter

filter is essential to shape the in-band portion of the spectrum in order to reduce the

interference and save spectrum as much as possible. The purpose of a receiver filter is to

reject the out-of-band spectrum for the benefit of increasing the signal-to-noise ratio

(SNR). One of the objectives of this thesis is to consider the effects of filters on the

performance of DS/CDMA systems.
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1.5 Thesis Objectives

A considerable literature can be found on the performance measures ofDS/CDMA

communication systems [9,22,24,27] and [30]. Pursley in [24] presented an analysis of

a phase-coded CDMA communication system in a single path channel. A simple and

accurate computational approximation for DS/CDMA data bit error probability, under the

assumption of infinite RF bandwidth, has been derived in [9]. The effects of filtering on

the performance ofDS/CDMA systems have also been considered in [30]. The objectives
of this thesis are the following:

1. Simulate a Binary Phase Shift Keying (BPSK) DS/CDMA communication

system in a wireless channel, using Monte-Carlo method, for verifying the

BER performance analyzed in [9].

2. Analyze the effect of filtering on the performance of BPSK modulation in

DS spread spectrum using a correlator receiver. The system performance

measures, in this analysis, are the signal-to-noise ratio (SNR) and the bit

error probability (or BER).

3. Develop simulation programs using Monte-Carlo method to evaluate BER

performance of DS/CDMA receiver, including filters, for investigating the

effect of filters on the BER performance.

1.6 Thesis Organization

This thesis consists of six chapters, including this introductory chapter. The second

chapter describes Code Division Multiple Access (CDMA) communication system.

System model is described in order to introduce the related parameters. In the third

chapter, the performance of BPSK DS/CDMA communications system is discussed. Then

some practical filter types are described in chapter four. This is followed by performance

measure analysis of BPSK DS/CDMA systems in the presence of filters. Chapter five

provides the BER performance simulation results of the BPSK DS/CDMA communication
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system (with and without filters). A results discussion is also presented in chapter five.

Finally, conclusions and directions for future work are given in chapter six.
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III
2. Code Division MrltiPle Access Systems

1,1
(C[IJ)MA)

2.1 Introduction

I
As mentioned in chapter one, Clfl

A is a promising multiplexing technique for

wireless communications. In this chapter, �gital modulation and spread spectrum concepts

are briefly discussed. This discussion is fOf[l,wed by an explanation of spreading codes usedfor DS/CDMA and their correlation proJ rues. Fmally, DS/CDMA system model and

correlator receiver are also considered.

2.2 Digital Modulation

TeChniqUIDigital modulation is the process I! Y which digital symbols are transformed into

signal waveforms that are compatible with �he characteristic of the channel. In the case of

baseband modulation, these waveforms arl ulses. In the case of bandpass modulation, the
Ii

information signal modulates a sinusoidal! ignal waveform called a carrier [8].

Digitalmodulation techniques ma� if broadiy classified as linear and non-linear [3].

In linear modulation techniques, the amPlil�de of transmitted signal varies linearly with the

modulating digital signal (the informati(j)� signal). Binary Phase Shift Keying (BPSK),

Differential Phase Shift Keying (DPSK), drld Quadrature Phase Shift Keying (QPSK) are
I

examples of linear modulation techniques lfu contrast, the amplitude of the carrier in non-

linear modulation techniques is constantl regardless of the variation in the modulating

signals. Minimum Shift Keying (MSK) Jt Gaussian Minimum Shift Keying (GMSK) are

examples of non-linearmodulation technillles. Linearmodulation techniques are bandwidth

ffi
.

d h
. " III . .

I
. .

he icient an ence are very auractive lorl
use m WIfe ess communications systems were

there is an increasing demand to accomm�date more users within a limited spectrum [3].
I
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Two types of digital modulation techniques that are relevant to the DS/CDMA

system study in this thesis are Spread Spectrum (SS) modulation and Binary Phase Shift

Keying (BPSK) modulation. Next subsection is about BPSK. SS modulation is considered

in section 2.3.

2.2.1 Binary Phase Shift Keying (BPSK)

Binary phase shift keying is the simplest modulation scheme for wireless

communication systems. A BPSK carrier signal can be expressed as [10]

STet) = Acos(2n!i+8D(t))
= Acos(8D(t))cos(2n!i) -Asin(8D(t))sin(2n!i)
= u/t)cos(2n!i) -uQ(t)sin(2n!i),

(2.1)

where A is the amplitude of the modulated signal, fa is the carrier frequency, 8D(t) is the

phase, and

U/t) = Acos(8D(t))
uQ(t) = Asin(8D(t)). (2.2)

The carrier phase 8D(t) is modulated according to the digital source bit as 8D(t) =0when the

digital source bit is 1, and 8D(t)=nwhen the digital source bit is O. Thus for a binary bit of

duration T, the BPSK modulated carrier signal, ST(t) , can be simplified as

(2.3)

for O�t�T (Notice uQ(t) is always 0 in the case of BPSK).

In the BPSK modulator, U/t) = 1 corresponds to 8D(t) =0 and U/t) = -1 corresponds
to 8D(t) =n , and 8D(t) is changed every T second (assuming that the digital source bit is



10

transmitted every T second). Figure 2.1 shows a typical BPSK waveform with its abrupt

phase changes at bit transitions. This figure illustrated the situation when the modulating

data stream is 1001 with bit duration T. At the receiver the signal arrives with an arbitrary

initial phase. A receiver known as coherent receiver when the phase of the RF carrier is

recovered and then used for the detection process, while the process is referred to as non

coherent detection if the receiver does not utilize such phase information.

2.3 Spread Spectrum (SS) Modulation Technique

Spread spectrum modulation has become an increasingly popular technique in

communication systems over the years. The initial application of the SS technique was in

military guidance communication systems. The concept of SS was first documented in the

late 1940s and early 1950s by Rogoff [11] in terms of a transmission of signals using noise

like waveforms experiments. The experiments successfully demonstrated the possibility of

conveying information hidden in noise-like signals. This idea was then applied into the

development of SS communication systems around 1955 [12]. Recently, some of the

potential of SS in commercial applications, such as mobile and indoor communications, has

been realized [13,14].

Amp.
1 o o 1

Time

.,. .'.,. .'
T T T T

Figure 2.1 Binary Phase Shift Keying (BPSK) modulation
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As stated in chapter one, spread spectrum techniques employ a transmission

bandwidth that is several orders of magnitude greater than the minimum required signal

bandwidth. This is illustrated in figure 2.2. The ratio Wss / B is called the processing gain

and typically 10-30 dB [15]. Although this system is very bandwidth inefficient for a

single user, the advantage of spread spectrum is that many users can simultaneously use the

same bandwidth without significantly interfering with one another. In other words, if

different users employ different codes to spread the information signal, spread signals from

all these users can co-exist in the same bandwidth (this technique is referred to as Code

Division Multiple Access (CDMA)). In a multiple user, multiple access interference (MAl)

environment, spread spectrum systems become very bandwidth efficient [3]. Apart from

occupying a very large bandwidth, spread spectrum signals are pseudorandom and have

noise-like properties when compared with the digital information data. In SS, the spreading

Signal after
spreading

Signal before
spreading

PSD

I·
B-1 Freq.

Wss �I
Figure 2.2 Spectra of signal before and after spreading.
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waveform is controlled by a pseudo-noise (PN) sequence or pseudo-noise code (this will

be explained in more detail in section 2.4), which is a binary sequence that appears random

but can be reproduced in a deterministic manner by intended receivers. At the receiver,

spread spectrum signals are demodulated through crosscorrelation with a locally-generated
version of the pseudorandom carrier. Crosscorelation with the correct PN sequence de

spreads the spread spectrum signal and restores the modulated message in the same narrow

band as the original data, whereas cross-correlating the signal from an undesired user results

in a very small amount of wide-band noise at the receiver output [3].

The most important advantage, that makes SS well-suited for use in wireless

communications environment, is its inherent interference rejection capability. This is based

on the fact that the receiver can separate each user based on their approximate orthogonal

codes, even though they occupy the same spectrum at all times. This implies that, up to a

certain number of users, interference between spread spectrum signals using the same

frequency is negligible.

2.3.1 Direct-Sequence Spread Spectrum (DS/SS)

A direct sequence spread spectrum (DS-SS) system spreads the bipolar information

signal bet) by directly multiplying the information signal bits with a bipolar pseudo-noise

(PN) spreading code, a(t). The code sequence waveform, a(t) , may be thought of as being

pseudorandomly generated so that the sequence can change (with probability of 0.5)

everyTc seconds, where Z', is the code chip duration. Figure 2.3 shows time waveforms

involved in generating direct sequence signal. In a typical DS-SS, the spreading operation
is followed by BPSK carrier modulation resulting in the transmitted signal given by [3]

Ss/t) ={iP b(t)a(t)cos{2n!i+8), (2.4)
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Figure 2.3 Direct sequence spread spectrum signal

where P is the power of the carrier signal, fa is the carrier frequency, and 8 is the carrier

phase angle at t=O. This process is illustrated in Figure 2.4. The bandwidth of the

transmitted signal Ss/t) is much larger than the minimum bandwidth required to transmit

the information signalb(t) (assuming that the bandwidth of the spreading signal aCt) is

much larger than the bandwidth of b(t)). The processing gain (PG) in a direct sequence

spread spectrum is expressed as the ratio of the bandwidth of the spread spectrum waveform

to that of the data; i.e [16]

PG (2.5)

where, Wss is the bandwidth in Hertz of the spread spectrum signal, B is the minimum
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bandwidth that would be required to send the information signal if one did not use spread

spectrum modulation technique, Tb is the data bit duration, Tc is the chip duration, and N

is the number of chips per one data bit.

Transmitted signal
Sss(t)

BPSK

modulator

Information signal
bet)

Spreading code signal
att) Carrier signal

Figure 2.4 Simplified block diagram of DS-SS transmitter

The received signal of a DS-SS contains the desired signal, the interference caused

by co-users in the system, and the white Gaussian noise. With a transmission delay of td'
the received signal can be written as [8]

ret) = A {iP b(t-td)ait-td)cos[2rcf/t-td) +ljJ] + interference + net), (2.6)

where A represents the attenuation in the channel, and net) represents the white Gaussian

noise. Assuming that code synchronization has been achieved at the receiver, the received

signal is multiplied by a carrier cos(2rcfi+<p), where <p is an estimate of td+ljJ. It is then

filtered and de-spread by correlating with a replica of the spreading code a(t-td), where td
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is an estimate of t
d . Figure 2.5 illustrates this process. De-spreading also results in

separation of the desired signal from other user signals. The de-spreading operation is then

followed by BPSK data demodulation. The output signal is equal to A'{ [2p]112} b(t-td)' the
transmitted information signal with a scaling factor (assume that td = td and <p=td+W).

Received signal
ret)

Down conv.

and filter

Correlator

outp�u_t_�
Filter BPSK

demodulator

Information

signal

De-spreading code

Figure 2.5 A simplified block diagram of DS-SS receiver

2.3.2 Code Division Multiple Access (CDMA)

Resource-sharing can be a very efficient way of achieving high capacity in any

communication network. As far as wireless communication systems are concerned, the

resource is the bandwidth. As mentioned in the introductory chapter, frequency division

multiple access (FDMA), time division multiple access (TDMA), and code division

multiple access (CDMA) are the three major access techniques used to share the available

bandwidth in a wireless communication systems.

CDMA is amultiple technique that exploits the properties of Spread Spectrum (SS)

modulation to allow more than one user to simultaneously share a common channel

bandwidth. In CDMA systems, the narrowband message signal is multiplied by a very large
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bandwidth signal called the spreading signal or spreading code. As seen from Figure 2.6 [3],

the same carrier frequency, in aCDMA system, can be used by all users and hence theymay
transmit simultaneously. The simultaneous transmission is possible because each user has

its own pseudorandom codeword which is approximately orthogonal to all other codewords.

All other codewords appear as noise due to de-correlation. The cumulative interference of

all the non-referenced users on the reference user is referred to as the multiple access

interference (MAl). In order to detect the message signal, the receiver needs to know the

codeword used by the transmitter. Each user operates independently with no knowledge of

the other users.

Channel 1

Code

Channel 2

Channel n
Frequency

Figure 2.6 CDMA in which each channel is assigned a unique PN code

A CDMA system configuration is shown in Figure 2.7 [9]. An attractive feature of

CDMA is that, unlike TDMA or FDMA, CDMA has a soft capacity limit. Increasing the

number of users in a CDMA system raises the noise floor in a linear manner. Thus, there

is no absolute limit on the number of users in CDMA. Rather, the system performance

gradually degrades for all users as the number of users is increased and improves as the

number of users is decreased. Accordingly, the system can tolerate significant amounts of
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overload if users are willing to tolerate poorer performance. Another feature of CDMA is

the capability of rejecting an external interference. A multipath nature of the channel, other

users, or jamming signals may cause this interference.

An important concern in CDMA is the number of users that can be accommodated

simultaneously. This is dependent on the cross-correlation properties (degree of

orthogonality) of the PN codes used by different users for spreading their information signal

bandwidth. In the next section, more information about PN codes is presented to bring out

the importance of this aspect of CDMA systems.

Data

signal �(t); channel
bl (t) impulse resp. net)

� (t) ;channel
b2(t) impulse resp.

Spreading code •

a2(t) •

•

•

•

hn (t) ;channel
bn(t) impulse resp.

an (t)

Figure 2.7 CDMA system with direct sequence spread spectrum

2.4 Codes for Spectrum Spreading

The key part of any spread spectrum system is the spreading sequences needed to

spread and de-spread the information signal. Purely random sequences are ideal in spread
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spectrum modulation to spread the signal spectrum. Unfortunately, in order to de-spread the

signal, the receiver needs a replica of the transmitted sequence. In practice, therefore, there

is a need for signals which are deterministic and have statistical properties of white noise

which are purely random. These deterministic signals are usually a binary sequence

generated with shift registers. In the case of CDMA communication system, a set of a group

of binary sequences or spreading codes is needed. For efficient operation, this binary

sequences are required to satisfy the following properties [16, 8]:

1. Easy to generate.

2. The sequence is periodic. The period depends on system requirements.

3. The sequences are difficult to reconstruct from a short segment.

4. Each sequence in the set is easy to distinguish from a time shifted version

of itself and from every other spreading code in the set.

Property (4) reflects two important properties of the code sequences: autocorrelation

function and cross-correlation function which both are of interest in communication system

design. To explain these two functions, let f(t) and get) be two different sequence signals

of period T = NTc' where N is the number of chips per period, and Tc is one chip duration.

Autocorrelation function, in general, is defined as the integral [17]

1
T

8j/1:) = Tf f(t)f(t-1:)dt,
o

(2.7)

where 1: is a time interval E(O,1). This function is a measure of the similarity between a

sequence and a phase-shifted replica of itself. Cross-correlation is the measure of similarity
between two different code sequences. The only difference between auto-correlation and

cross-correlation is that in autocorrelation a different term is substituted for the general

integral. Cross-correlation function is defined as [17]
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1
T

8f, (r)=-f f(t)g(t--r)dt.,g T
o

(2.8)

For periodic sequences, autocorrelation and cross-correlation functions are also periodic.

The most well known class of code sequences is called Maximal Length Shift

Register Sequences (MLSRS) or m-sequences. "Maximal length codes are, by definition,

the longest codes that can be generated by a given shift register or a delay element of a

given length." These basic sequences are discussed in the next subsection. Another type of

code sequences, known as Gold code and can be generated by a combination of maximal

sequences, is discussed in subsection 2.4.2.

2.4.1 M-Sequences

M -sequences are generated by using Binary Linear Feedback Shift Register

(BLFSR). A shift register sequence generator consists of a shift register working in

conjunction with appropriate logic, which feeds back a logical combination of the state of

two or more of its stages to its input. The output of a sequence generator, and the contents

of its n stages at any sample (clock) time, is a function of the outputs of the stages fed back

at the preceding sample time. For an n-stage linear feedback shift register sequence the m

sequence has a repetition period (maximum sequence length) of N = 2n -1 , where n is

equal to the length of the shift register and corresponds to primitive polynomials degree.

Primitive polynomials of degree n exist for every n.

Figure 2.8 is an example of a m-sequence generator which uses a 5-bit shift register.
The generator shown is called a (3,5) generator, which means feedback taps are taken after

the third and fifth stages. The rate of the m-sequence is determine by a stream of clock

pulses where each code symbol (chip) interval, Tc' is equivalent to the clock period. The

content in each stage of the register shifts one stage to the right every time the generator
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clocks. Furthermore, the contents of stages 3 and 5 are modulo-2 added, and the result is

fed back to the input of stage 1. The m-sequence, in this example, is taken from the output

of the last stage and is shown in Figure 2.9 [12]. Although, the sequence has a random

appearance, it repeats after a period of 31 chips and hence its amaximum length is (25 - 1) .

Modulo-2 Adder

M-sequence

Clock

Figure 2.8 M-sequence generator (n = 5).

When the length of a m-sequence is less than 25-1 the sequence is classified as a non

maximal length sequence.

_, r- Chip duration, r;

• •

I-..r-------- one period (31 chips) ------�I

Figure 2.9 Maximum length m-sequence
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If one has a maximum length sequence, then this sequence will have basic

randomness properties. Properties 1, 2, and 3 of the following are very useful in their

application to spread spectrum systems [17, 18].

1. Balance property: The number of ones "1" in a sequence equals the number

of zeros "0" in each period of the sequence (i.e the number of ones

= 112 (N+ 1), where N is the length of the sequence).

2. Run property: Define a run as a sequence of a single type of binary digits.
The appearance of alternate digit in a sequence starts a new run. Then, for

any m-sequence, it is desirable that about one-half of the runs of each type

(ones or zeros) are oflength one, about one-fourth are oflength 2, one-eighth
are of length 3, and so on.

3. Correlation property: If a full period of the sequence is compared chip by

chip with any cyclic shift of itself, the number of agreements and

disagreements differ by not more than one count.

4. Shift and addproperty: A modulo-2 addition of an m-sequence and a phase
shifted replica of itself results in another replica with a phase shift different

from either of the originals.

It should be pointed out here that the usefulness of the m-sequences in spread

spectrum communications depends in large part on their correlation properties. In CDMA,

cross-correlation properties of code sequences are as important as auto-correlation

properties because of cross-correlation properties influence on the degree of Multiple

Access Interference (MAl).

To analyze the correlation properties of such m-sequence, it is helpful to define

basic concepts. Since all of the spreading codes to be discussed are periodic sequences of

ones and zeros with period N, the output sequences may be expressed as ai = aN+i for any

i [18]. The spreading waveform aCt) derived from this sequence is periodic with period
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T == NTc and is specified by [18]

a(t) L ai p(t-iTc),
;=-00

(2.9)

where ai
== ±1 and pet) is the shaping signal over the duration from ° to Tc.

The discrete periodic auto-correlation function of a sequence of period N may be

written as [18]

N-1

_!_" a. a.
k 'N� 1 1+

i=O
(2.10)

for k==0,±1,±2,±3, ..... For an m-sequence the periodic autocorrelation function ea(k) is two
valued and is given by [18]

k=iN
k*iN, (2.11)

where i is any integer and N is the sequence period. The autocorrelation function of the

waveform, Ra('c), is given by [18]

8a(k) +
'tE 8 (k+1),
T a

c

(2.12)
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The discrete cross-correlation between two m-sequences a and b can be defined as

[18]

N-]

_!_" a. b. kN� / r+

i=O
(2.13)

for k=0,±1,±2,±3, .... Similarly, the continuous cross-correlation function of the waveform,

Ra,b(1:), is given by

R b(1:) = ( 1 -

1:
E 1 8 b(k) + � 8 b(k + 1).a, T a, T a,

c c

(2.14)

The periodic cross-correlation function between any pair of m-sequences of the

same period can have relatively large peaks [19] (Such high values of cross-correlation are

unacceptable in the CDMA systems). That might lead to a possibility of selecting a small

subset ofm-sequences for a given length of register that have smaller cross-correlation peak
values. However, this limited number in the m-sequence set is usually too small for CDMA

applications. Sequences used by different users in CDMA should be mutually orthogonal
in order to keep the level ofmultiple access interference (MAl) of system minimum, (i.e the

magnitude of the cross-correlation function is minimum).

In 1967, Robert Gold proposed a PN sequences with better periodic cross

correlation properties than the m-sequcnce [20]. These codes, which referred to as Gold

codes, are discussed in the next subsection.

2.4.2 Gold Codes

The Gold codes were invented at the Magnavox Corporation specifically for
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multiple- access applications of spread spectrum [18]. They are derived from certain pairs
of m-sequences of length N = 2n _ 1 . These certain pairs of m-sequences exhibit a three

valued cross-correlation function with values { _ _.!_, -_.!_t(n), _.!_[t(n) _ 2] } whereN N N

t(n)={ 1 +2(n +1)12

1 +2(n +2)12
for odd values of n
for even values of n.

(2.15)

Such m-sequences are referred to as the preferred sequences.

The Gold codes are generated by a modulo-2 addition of specific relative phases of

a preferred pair of m-sequence: a and b for instance. The preferred pair added chip-by-chip

by synchronous clocking. Thus the two code generators maintain the same phase

relationship, and the codes generated are the same length as the two base codes which are

added together but are non-maximal. A specific example is shown in Figure 2.10 to

illustrate Gold code generation. The corresponding preferred pair, in this example, are

described by the following polynomials

h1(x)=1 + x2+ x5

hix) =1 + x2+ x3+ X4+ x5
for the generator [5,2]

for the generator [5,4,3,2].
(2.16)

ill CDMA system, Gold code sequences are more attractive than m-sequence codes.

This is because of their low cross-correlation property which result in reducing MUI .

2.5 DS/CDMA System Model

The DS/CDMA system model for asynchronous use of the common channel

bandwidth by K users is shown in Figure 2.11. This model was given in [9], and has also

been used in [21, 22]. ill Figure 2.11, the data signal bk(t)is a binary sequence of unit

amplitude and rectangular pulses of duration Tb that represents the kth user's information

sequence. A code waveform, ait), is assigned to the k" user for spreading purposes. This
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[5,4,3,2] generator
sequence

Figure 2.10 Generation of Gold codes of length N=31

code is a periodic sequence (signature sequence) of unit amplitude and rectangular pulses
of duration Z', (chips), such that T, « Tb. For simplicity, Binary Phase Shift Keying (BPSK)
carrier modulation will be considered throughout this thesis.

Delay

net)

Figure 2.11 A BPSK DS/CDMA system model
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The kth transmitted signal for a DS/CDMA system with BPSK modulation and

arbitrary spreading waveform can be expressed as [9] (assuming a 1 Ohm system

resistance)

(2.17)

where

oo

= L at) PT (t-jT)
i=:=

C
(2.18)

is the spreading waveform, where a/k)E { - 1, + 1 } is the r chip of the kth user's signature

sequence, and the rectangular pulse PT (t) is given by
c

for O-st-sTc
otherwise. (2.19)

Similarly, the data signal bk(t)may be written as

(2.20)

where b?)E { - 1 ,
+ 1 } is the ith data bit in the binary information sequence for user k. As

stated in [9], the information sequence is modeled as an independent and identically (iid)

sequence of random variablesbi(k) with equal probabilities of being +1 or -1. Random

signature sequence is also assumed, so that {at), 0 -s j -s (N-l), where N=T/TJ form

a set of iid random variables with equal probabilities of being + 1, -1.

The rest of the elements of equation (2.17) are defined as

P = The received signal power.
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wc=2nfcis the common carrier radian frequency.

8k = The relative (to a reference user) phase of the carrier for the kth user.

'tk
= The kth user's relative time delay that is used to account for propagation delays

and asynchronous transmission.

For asynchronous systems the received signal ret) in Figure 2.11 is given by [9]

K

r(t)=L {fJ5 bit-'tk) ait-'tk) cos (Wj+<Pk) + net),
k=i

(2.21)

where <Pk = 8k -

wc't and n(t)is the receiver front-end noise modeled as an Additive

White Gaussian Noise (AWGN) process with two-sided power spectral density of

N/2 (WIHz).

In order to reconstruct the original information signal (demodulation process), ret) is

passed through a correlation receiver matched to a reference user signature sequence. The

principle of operation of CDMA correlator receiver is described in the next subsection.

2.5.1 Correlator Receiver

The majority of direct sequence spread spectrum systems employ correlator

receivers because they are relatively simple to implement. However, this type of receivers

is considered as suboptimal in a multiuser environment [23]. A structure of a DS/CDMA

correlator receiver is shown in Figure 2.12. As shown in this figure, the received signal

ret) is initially down converted and then de-spread by multiplying it with synchronized

transmitter spreading code. Furthermore, the de-spread signal is integrated over a symbol

duration to obtain the decision variable to detect the information data. The correlator is

aligned with the first or the strongest path signal received. Better performance is obtained

by aligning the correlator to the strongest path. This alignment requires a complex multipath

tracking circuit.
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rjj)(t) �llc.)dtH: �I : ��'� ��
cos( ill ct + ¢ 1 ) aj(t-rj)

rj2) (t) �llC.)dtH:�1 : ���� ��r(t)
-

.

COS(illJ+¢2) a2 (t - r 2)
•

•

•

� 11 C·) dtH : � I-�
r'" (t)

� :
+1

-1
d .. X

cos( (J)/ + ¢ k ) ak(t-'rk)

Figure 2.12 Structure of DS/CDMA correlator receiver



29

3. Performance of BPSK DS/CDMA

Communications Systems

3.1 Introduction

In the previous chapter, CDMA wireless communications systems were described.

CDMA was shown to hold promise in solving the bandwidth efficiency problem. However,

it is observed that co-users signals are a source of interference, which depends on the

orthogonality of users' spreading sequences.

The performance of a DS/CDMA communications system can be expressed in terms

of the bit error probability (it is also called bit error rate or BER), Pe' or the signal to noise

ratio (SNR) of the decision variable. In this chapter, an analysis of a bit error probability
for this system is presented. A simple and accurate approximation is used to calculate a bit

error probability for the DS/CDMA. The bit error probability, expressed as a real function

of a random variable, is simplified by using a technique that expands the function in Taylor

series. The technique only requires first and second moments of the random variable,

instead of the probability density function.

As mentioned in the introductory chapter, one of the objectives of this thesis is to

simulate a BPSK DS/CDMA communications system for verifying the BER performance

analysis given in [9]. The analysis reported in this chapter closely follows that in [9].

3.2 Bit Error Probability Analysis

Consider a simple BPSKDS/CDMA communications system shown in Figures 2.11

and 2.12 to compute the performance in the form of the bit error probability. As explained
in section 2.5, the kth transmitted signal for a DS/CDMA system with BPSK modulation and

arbitrary spreading waveform is of the form [9]



30

(3.1)

and the received signal r(t) is given by

K

r(t) =L .fiP bit-i) ait-'T;k) cos (W)+<Pk) + n(t).
k=1

(3.2)

For demodulation, r(t) is passed through a correlator receiver (see Figure 2.12) matched to

a reference user signature sequence (user 1 can be assumed as a reference user). Since only
the relative delays and phases are of concern, 'T;1 and <PI are assumed to be known (consider

them as a reference; 'T;1 =<Pl =0) , with O:S'T;k:sTb and 0:S<Pk:s21tfor k>-l.

The calculation of the bit error probability starts with the equation for the output of

a correlation receiver matched to a1 (t) (the reference user) as [9]

Tb

Dl =f r(t) a1(t) cos(w/) dt.

o

(3.3)

Using the fact that the condition is always satisfied in a practical SS

communication system and ignoring the double frequency component in r(t) cos(W/) yields
[21]

(3.4)

where
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(3.5)

and

(3.6)

The random variable 'Il is a Gaussian random variable with zero mean and variance NoT/4,
where N/2is the two-sided spectral density of the white Gaussian noise and Tbis the data

bit duration. The vector �=(b ��), bdk))represents a pair of consecutive data bits for the k"

signal. The functions Rk,m(-r) and Rk,m(-r) are the continuous-time partial cross correlation

functions of the kth and m" spreading waveform defined as [24]

,

Rk,m(r) =Jait--r) am(t) dt,
o

(3.7)

Tb

Rk,m(-r) =Jak(t--r) am(t) dt,
r

(3.8)

for O:s-r:sTb• For O:sZT :s-r:s(Z+ I)T :sTb, these two cross-correlation functions, s, m(-r) andc c ,

Rk,m(-r), can be written as [9] (assuming rectangular pulse shape for the chip waveform)
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(3.10)

where 1= l't/TcJ and the discrete aperiodic cross-correlation function Ck,m for the signature

sequences of user k and m is defined as [9]

N-l-I
� (k) (m)
z: aj aj+l
j=O
N-l+1
� (m) (k)
z: aj aj-l

for O::<,I::<,(N-I),

j=O
°

for (l-N)::<,l-<O,

for III 'eN,

(3.11)

when the reference user is considered (i.e., m=l).

Assuming a perfect power control, with all signals at received power P=2, and the

referenced data bit b;1) = 1, the decision statistics for the reference user, normalized with

respect to the chip duration Tc = 1, is obtained by substituting (3.6) and (3.5) into (3.4)

to get [9]

K

Dl = ( + N + LWk COS<j>k'
k=2

(3.12)

where N is the number of chips per one data bit, ( is a Gaussian random variable with
K

variance N(N/4), L WkCOS<j>k represents MAl, and Wk (see (A. 10) in appendix A) is
k=2

given by

(3.13)

with O::<,Sk< T; = 1 . The kth interfering user has time offset to the nearest chip given by

s, =T:k -ITc (assuming that T:k is uniformly distributed on [0, Tb] and I is uniformly
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distributed on {a, 1, ... , (N-l)}) and carrier phase qi, relative to the desired signal. The

random variables Lk and Qk
are uniform on { - 1, I} and X

k
and Yk have densities [25]

iE{ -A, -A+2, ... ,A-2,A} (3.14)

and

jE{ -B, -B+2, ... ,B-2,B}. (3.15)

The quantities A and B are related to C =C 1 1 (1), the discrete aperiodic

autocorrelation of the signature sequence of receiver 1, offset by one chip, by [25]

A_N-1+C
2 (3.16)

and

B=_N_-1_-_C
2 (3.17)

The random variable C may be expressed as [25]

N-2
� (1) (I)

C=L..Ja) a)+I'
)=0

(3.18)

whereat) is denoted as the jth chip in the signature sequence of signal k. Equation (3.18)

represents the sum of N-1 symmetric Bernoulli random variables, where the density of C
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is given by [25]

N

jE{ 1-N,3-N, ... ,N-3,N-1}. (3.19)j+N-1
2

Notice that since the random variables Lk, Qk' Xk, and F, of (3.12) are composed of

disjoint set of symmetric Bernoulli trials for a particular desired signature sequence, they
are conditionally independent given C.

The relationship between the quantity B and C, which is the discrete aperiodic auto

correlation of the signature sequence of receiver 1, is well explained in [25] as: "A signature

sequence of length N has N-1 chip boundaries, at which the sequence mayor may not

change to a different value. The quantity B represents the number of chip boundaries at

which a transition to a different value occurs. As a consequence, B can be treated as a

measure of the amount of "Spreading" given to the desired signal. For example, B is

minimized when C takes on its maximum value of N-1, which is equivalent to a signature

sequence of all ones (minimum spreading). Conversely, when B is maximized, C is at its

minimum value of -(N-1), meaning that the signature sequence is composed entirely of

chips alternating between + 1 and -1 (maximum spreading) ."

To calculate the bit error probability, starting from (3.12), one needs first to

calculate the variance of the MAl. This calculation is done in the next subsection.

3.2.1 Variance of the Multiple-Access Interference (MAl)

The MAl term in (3.12) is a function of the random variables C (or B),

Sk,k=2,3, ... ,K, and Ci>k,k=2,3, ... ,K. For convenience, let S=(S2, ... ,SK) and ,m=(Ci>2,· .. ,Ci>K)be
the delays and phases of all the interfering signals (N and K are assumed fixed). TheMAl

term has zero mean since the component random variables, Lk, Qk' Xk, and F, in (3.13)

are zero mean. Also, {Wkcos (Ci>k)} are conditionally independent given B. By using the fact
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that the variance of the sum of zero-mean, independent random variables is the sum of their

second moments and by conditioning on B, Sk ' and <j>k' the conditional variance

'P = Var[MAII S, <j>,B] of the MAl is given by [9]

(3.20)

The conditional variance of Wk given Sk and B (or C) is given by

(3.21)

Since Lk and Qk are uniform on { -1, I}, their variances are equal 1. The variance ofXk
given B can be calculated by (see appendix A) [25]

N-B-l

Var[XkIB] = L Var[b.] =N-B-1.
.

1
J

J=

(3.22)

Similarly,

(3.23)

Combining (3.22), (3.23) and the fact that Var[Pk] = Var[Qk] = 1 in (3.21) yields

(3.24)
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Substituting (3.24) in (3.20) yields [9]

k

tp = L [1 + cos (2<Pk)] [(S; - Sk) (1 + 2B) + N12]
k=2
K

= LZk'
k=2

(3.25)

whereZ, are conditionally independent (given B) and identically distributed random

variables specified by Zk = UkVk, with

(3.26)

and

(3.27)

In the following subsections a calculation of bit error probability using SGA and

IGA is given.

3.2.2 Bit error probability using SGA

To find the probability of data bit error using the SGA forMAl, D; from (3.12) can

be treated as a Gaussian random variable. Then the average probability of data bit error, can

be found as Qf (SNR), where SNR is the average signal -to- noise ratio and given by

(3.28)

and
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(3.29)

x

Then, it can be shown from (3.12) that, E[D1] is simply N. Assuming that the interferers and

the reference user are not chip and phase synchronous, the expected value of S-; - S
k
= - 1/6 ;

since Sk is uniformly distributed on [0, 1) and E[cos(2<Pk)]is ° as <Pk is uniformly

distributed on [0,2rc). Using Zk = o,Vk and equations (3.26) and (3.27), E[ZkIB] becomes

[25]

E[ZkIB] =
3N -2B -1.

6
(3.30)

If the desired sequence is random, thenE[C] = ° and as a result of this E[B] = (N - 1)/2,

which yield

(3.31)

Finally, E['P] can be expressed as [9]

E['P] = E[t, Zk]
K

= L E[Zk]
k�2

= (K-1)N.
3

(3.32)

Therefore, SNR becomes
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SNR
N

�(K - 1)N/3
(3.33)

The average data bit error probability, Pb ? is then approximated by

(3.34)

where K is the total number of users and N is the number of chips per data bit.

The previous result, (3.34), considers only the noise due to the interference from co

users. If one assume that AWGN with two-sided spectral density of N/2is added to the

sum of the k spread spectrum signals. Then, (3.34) is modified to [26]

(3.35)

where Eb is the energy per bit.

3.2.3 Bit error probability using IGA

As shown in [25], the hnproved Gaussian Approximation resulted from noting that

the conditional MAl variance 'P is a function of the delays and phases (Sk
and <f>k) of all

interfering signals and of the desired sequence structure expressed through the quantity B.

In addition, the conditional data bit error probability, Pb ? can be written as

(3.36)
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Therefore, the average data bit error probability can be calculated by

00

= f a, (NIJW) f'l'(ljT)dljT,
o

(3.37)

where f'l'(ljT) =E[fz1iz) * *fz1iz)] is the density function of the totalMAl variance, 'P,
withK-2 convolutions being performed. The function fz1iz) is the conditional density of Zk=Z
(SinceZ, identically distributed) given Band * denotes convolution [9].

A technique that does not require convolutions or the conditional density function fzIB(z)
to calculate the average data bit probability will be described in the next subsection.

3.2.4 An Approximation Technique for Calculating the Expected Value of a

Real Function of a Random Variable

Assuming a real function h of a random variable �with mean !l� and variance a� and

the existence of the function derivatives, h(�)may be expanded in a Talyor series [27]

(3.38)

By taking the expected value of the above expansion, it can be shown that

(3.39)

and

(3.40)
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As shown in [27], an expansion in differences instead of derivatives for the function

h(�)can be used. Consider h(�)expanded using central differences, i.e.,

(3.41)

The following result can be obtained by taking the expectation of (3.41) [27]

(3.42)

The difference 8 = f3 a� is shown in [27] to be exact for fifth degree polynomials h(.),
and � normally distributed. Therefore, for this case, E [h(�)] becomes

Now, for a reference user, it is the average bit error probability that one is able to

calculate using (3.42). Notice that since (3.37) is the expectation of a real function of the

random variable lp, (3.42) can be directly applied. This was done in [26]. Let Il and a2be

the mean and variance of lp, respectively. Based on (3.25) and the information in appendix

C, Il and a2 can be expressed as (assuming Z = Zk) [9]

Il = (K -1)E[Z], (3.44)

and
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From (3.31)

E[Z] =N/3 (3.46)

and as shown in appendix C

(3.47)

and

N-1
Cov(Z"Zk)=-- for j=k,] 36 (3.48)

As a result of the above, a simple approximation for the average data bit error probability
in (3.37) becomes [26]

where

02 =(K -1)[J:i._N2 +N( _1 +
K -2) __1 _

K-2].360 20 36 20 36 (3.50)
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The result in (3.49) is only for the noise due to the interference from other users.

Assuming that AWGN is added to the sum of the k spread-spectrum signals, (3.49) may be
rewritten as [27]

A� 2 ([k-l NO](-O.S»)1 ([(K-l)NI3+f3a Nor-O,S)]P = -Q --+_ +-Q +-- +
b 3 f 3N E 6 f N2 2Eb b

_!_ Q ([ (K - 1 )N13 - f3 a
+ �J-O'S)] ,

6 f N2 2Eb

(3.51)

where Eb is the energy per bit.

3.3 Computed Results

Using the analysis developed in the above sections, the bit error rate performance
results were computed as a function of the bit energy to noise spectral density ratio. The

spreading gain, N, and the number of users, K, were used as the variable parameters for

computing these results. Further, both the standard Gaussian approximation (SGA) and

improved Gaussian approximation (IGA) were used to bring out comparison between these

two approximation methods. The computed bit error results are presented in Figures 3.1-3.3.

From these Figures, it may be seen that the standard Gaussian approximation provides

optimistic bit error rate for the number of users K < 5 when N=7, for K < 10 when N=31,

and for K < 13 when N=63. The agreement with analytical results is much better for

improved Gaussian approximation in these cases. This optimistic nature of the results is not

unexpected because the standard Gaussian approximation was base on the applicability of

the central limit theorem. This theorem which predicts the Gaussian behavior of a random

variable obtained by summing a number of random variables. It is well known that the

accuracy of this theorem depends on the number of variables being added. For lower values

of K the application of this theorem in the standard Gaussian approximation makes results

in error. The error due to this assumption depends on the processing gain N as the overall

impact of mutiuser interference is reduced by the higher processing gain.
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Another noteworthy result in Figures 3.1-3.3 is the improvement in the bit error rate

as N increases: this is once again expected as the multiuser interference is spread out over

a wider bandwidth when the processing gain increases. This improvement, however, is

obtained at the price of higher spreading bandwidth for the system. For an example of 10

users (K=10), the bit error rate Pe improves from 6 x 1O�2 to 1O�5when N increases from

& to 63. The effect of the additive white Gaussian noise is shown in Figures 3.4 - 3.7. These

Figures are based on (3.35) and (3.51). It is clear from the Figures 3.4-3.7 that a betterPe
results asEblNo increases. For a fixed EblNo ' thePe performance degrades as the number

of users increase. In practice, some improvement inP e
can be obtained by increasing

,EblNo if the number of users increases; for example, (consider IGA), to keepP, at a level

of 1O�3, EblNo should be increased by approximately 3dB where K increases from 3 to 6.

It may be noticed that the standard Gaussian approximation provides very optimistic P
e

performance at high values of EblNowith K=3 and N=31 as in Figure 3.4. As the number

of users increases the difference between the two Pes values using the SGA and the IGA

reduces considerably, as shown in Figures 3.5-3.7.
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4. Effects of Filtering on the Performance

of BPSK DS/CDMA Systems

4.1 Introduction

In the previous chapter, a computationally simple technique to approximate

DS/CDMA bit error probability using standard Gaussian approximation and improved
Gaussian approximation was applied. The results of chapter 3 are useful for assessing the

performance of realistic DS/CDMA systems. However, the utility of the results of chapter
3 are limited because of some of the idealizations used there. For example, it is assumed that

the information signal and the spreading signal have a unit amplitude and rectangular pulses

which require a wide bandwidth for undistorted transmission. The need for a wide

bandwidth is based on the fact that the frequency content of a rectangular pulse has a sin x/x

shape in which tails decay very slowly, and hence a rectangular pulse requires a wide

bandwidth for undistorted transmission. This assumption led to a disregard of the effect of

band-limited channels, i.e., transmitter and receiver filters in chapter 3's analysis . In

practical wireless systems, however, the presence of filters is essential to shape the in-band

portion of the spectrum, to save bandwidth as much as possible, and to reject the out-of

band portion of the spectrum, to minimize the noise power.

In this chapter, the effect of a band-limited channels (i.e., filters) on the performance
of BPSK DS/CDMA is analyzed. The system performance measures in this analysis are the

signal to noise ratio (SNR) and bit error probability. Before the system analysis, different

practical filter types and their characteristics will be considered. These filter types are

described in section 4.3.



52

4.2 Filtering

In a variety of important applications it is of interest to change the relative

amplitudes of the frequency components in a signal or perhaps eliminate some frequency

components entirely, a process referred to as filtering. The word "filter", which is an

associate word to filtering process, is used by electrical engineers to denote a circuit or

system that exhibits some sort of frequency selective behavior.

Filters are devices which allow a certain range of desired frequencies to pass

through with minimum attenuation while attenuating the undesired frequencies. Filters may
be classified in several ways. One is as finite impulse response filters (FIR) and infinite

impulse response filters (IIR). Another is as Butterworth, Chebyshev, elliptic-function or

raised cosine response. Generally, they can also be classified as lowpass, bandpass,

bandstop, and highpass. In Figure 4.1, the frequency responses of the last classification of

ideal filters are shown.

Amplitude
h

1

Amplitude
1

(a)
B Freq. -B B Freq.-B

(b)

Amp.
l

1
- -

-

-

'l

1

-

-

Amp.

Freq.
B2

Freq.

Figure 4.1 Magnitude functions of ideal filters: (a) lowpass; (b )highpass;

(c) bandpass; (d) bandstop
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The fundamental parameter to represent a filter is the transfer function R(s) , which

is a filter input-output relationship. Consider a filter transfer function written as a function

of the Laplace transform variable s in the form [18]

R(s) =
N(s)

,

D(s)
(4.1)

where

m

N(s) =L als 1= (s - Zl)(s - Z2) .... ·(s - zm)
1=0

(4.2)

and

n

D(s) =L his 1= (s - PI)(S - P2) ..... (s - p)
1=0

(4.3)

are numerator and denominator polynomials in s of degrees m and n, respectively. The roots

of N(s), zl' Z2' .... , zm are the zeros ofHis) and the roots of D(s), PI' P2' .... -P; are the poles

ofR(s).The filter frequency response characteristics in (4.1), (4.2), and (4.3) are assumed

to have 3-dB frequencies normalized to 1 rad/s. If a 3-dB cutoff frequency other than 1 rad/s

is desired, s is replaced in (4.1) by

(4.4)

where w)s the new 3-dB cutoff frequency. FIR filters have only finite zeros, while IIR

filters have either both zeros and poles or only poles.

4.3 Practical Filter Types

In real-time filtering applications, it is not possible to utilize ideal filters since they
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are noncausal. In such applications it is necessary to use causal filters which are nonideal;

that is, the transition from the passband to the stopband (and vice versa) is gradual. In

particular, the magnitude functions of causal versions of lowpass, highpass, bandpass, and

bandstop filters have gradual transitions from the passband to the stopband. Figure 4.2

shows the basic types of non-ideal filters.

In the SNR analysis in section 4.4, lowpass filters are considered for the DS/CDMA

system structure. Therefore, some of practical lowpass filter types and their frequency

response characteristics will be focused on. These include, Butterworth , Chebyshev ,

Elliptic-function filters (IIR filters) and raised cosine filters (FIR filters).

Amplitude
1

Amplitude

1

Frequency Frequency
(a) (b)

Amplitude Amplitude

Frequency Frequency

(c) (d)

Figure 4.2 Magnitude functions of nonideal filters: (a) lowpass;

(b) highpass;(c) bandpass; (d) bandstop



55

4.3.1 Butterworth Filters

One of the simplest lowpass magnitude characteristics was first suggested by
Butterworth in 1930 [28]. The Butterworth approximation to an ideal low-pass filter is

based on the assumption that a flat response at zero frequency is more important than the

response at other frequencies. That is why this type of filter is called maximally flat filter

since the variation in the magnitude is as small as possible across the passband of the filter.

The Butterworth filter is an all-pole configuration with N(s) = 1. For filters of order

1-5, D(s) coefficients are given in Table 4.1 [18]. A magnitude function of Butterworth

filter is shown in Figure 4.3.

The general form of the amplitude response (AdsCQ) = 20l0glQ( I H(w) I), where

I H(w) I =
1

,of a Butterworth low-pass filter can be expressed by
[1 + (w)w)2n]I!2

(4.5)

Table 4.1. Coefficients for the Denominator Polynomials of Butterworth

filters of orders 1-5 (Unity 3-dB Cutoff Frequency)

Order bo bI b2 b3 b4 bs
1 1 1

2 1 Ii 1

3 1 2 2 1

4 1 2.613126 3.414214 2.613126 1

5 1 3.236068 5.236068 5.236069 3.236068 1
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Figure 4.3 Magnitude function of Butterworth filters of different orders

where Q =«!». is the ratio of the given frequency Wx to the 3-dB cutoff frequency we

and n is the order of the filter. The poles of the unity cutoff filter can be computed from [18]

. (21-1)rc . (21-1)rc
q[

= -SIn
2n

+

]COS--2-n-- for 1=1,2, ..... ,n. (4.6)

The Butterworth approximation results in a class of filters which have moderate

attenuation steepness and acceptable transient characteristics. The rounding of the frequency

response in the vicinity of cutoff may make these filters undesirable where a sharp cutoff

is required [29].

As mentioned in the introduction of this chapter, a rectangular pulse requires a wide
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band width for undistorted transmission. This can be illustrated by using MATLAB

commands. The outputs of the Butterworth filter, for 10 rectangular pulses input, are shown

in Figures 4.4 and 4.5. For sake of comparison, two cases of a filter bandwidth are

considered: BW = 21m, 101m, where t; = liT and T is the duration of the input rectangular

pulse. As can be seen from the figures, the higher bandwidth filter has better output shape.
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I I I I I I I I I

I I I I I I I
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o 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

time in seconds
Output signal

�
E 0
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g>
E

-1

1

-2�--�----�--�--�----�--�----�--�----�--�
o 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

time in seconds

Figure 4.4 Input and output signals of Butterworth filter (BW=2Im)
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Figure 4.5 Input and output of Butterworth filter (BW= IOim)

4.3.2 Chebyshev Filters

Another commonly used standard lowpass characteristics is the Chebyshev lowpass

characteristics. The Chebyshev approximation to an ideal filter gives faster rolloff in the

transition region than a Butterworth filter of the same order [18]. In other words, the

Chebyshev approximation has a much more rectangular frequency response in the region
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near cutoff than the Butterworth family of filters. This is achieved by allowing ripples in the

passband region. The poles of a normalized Chebyshev filter are obtained by moving the

poles of a normalized Butterworth response to the right by a factor [18]

(4.7)

where

Al h-1 1
=-cos -,

n E
(4.8)

in which

E =VlORIlO -1, (4.9)

and R is the passband ripple in decible. A magnitude function of Chebyshev filter is shwon

in Figure 4.6.

The amplitude response function of Chebyshev filters can be expressed as

(4.10)

where Cn(Q)is a Chebyshev polynomial of order n. Chebyshev polynomials of order 5 and

less are tabulated in Table 4.2. A recursion relation for obtainingCn(Q) is [18]
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Figure 4.6 Magnitude function of Chebyshev filters of different orders

for n =2,3, ........ , C4.11)

where CoCO) = 1 .

Chebyshev filters have a narrower transition region between the passband and

stopband than Butterworth filters but have more group delay variation in their passband. The

rate of roll-off of this type of filters increases as the passband ripples is made larger, but the

transient properties rapidly deteriorate. A Chebyshev filter degenerates to a Butterworth

approximation type of filters if no ripples are permitted [29].
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Table 4.2. Chebyshev Polynomials

Order Chebyshev Polynomial

1 0

2 202-1

3 403-30

4 804-802+1

5 1605 -2003 +50

The Chebyshev function is useful where frequency response is the major consideration. It

provides the maximum theoretical rate of roll-off of any all-pole transfer function for a

given order, but it does not have the mathematical simplicity of the Butterworth family.

MATLAB commands are also used here to illustrate the outputs of the Chebyshev

filter. Figures 4.7 and 4.8 show the outputs of two different bandwidths (BW = 21m, 101m),
As may be seen from the figures, the more bandwidth the filter has the better is the output

shape.

4.3.3 Cauer Filters (Elliptic-Function Filters)

The previous two filter types, Butterworth and Chebyshev, are all-pole transfer

function. Filters that have zeros as well as poles in the transfer function and equal-ripple
variations in both the passband and stopband were first advanced by Professor Wilhelm

Cauer in 1931 [28]. This type of filter characteristics is called Cauer (or elliptic-function)
filters. The elliptic-function filter has a much more rapid rate of descent in the transition

region than the previous two filter types. This improved performance is obtained at the

expense of return lobes in the stopband region.

The following definitions apply to normalized elliptic-function lowpass filters and

are illustrated in Figure 4.9:
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Figure 4.7 Input and output of a Chebyshev filter (BW= 2im)

RdB passband ripple

Amin minimum stopband attenuation in decibles

Os lowest stopband frequency at whichAmin occurs

The attenuation of elliptic filters can be expressed as [29]
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Figure 4.8 Input and output of a Chebyshev filter (BW= 101m)

(4.12)

where e is determined by the ripple (equation (4.9» and Zn(Q) is an elliptic function of the
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Figure 4.9 Normalized elliptic-function lowpass filter response

nth order. Elliptic functions have both poles and zeros and can be specified as [29]

(4.13)

where n is odd and m = (n -1)/2, or

(4.14)

where n is even and m =n/2.
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The zeros of Zn area2,a4, .•.• ,am, whereas the poles are l/a2, l/a4, .... , l/am. The

reciprocal relationship between the poles and zeros of'Z; results in equiripple behavior in

both the stopband and the passband.

Elliptic-function filters are commonly classified using the following convention

[29]:

Cnpa,

where C represents Cauer, n is the filter order, p is the coefficient, and a is the modular

angle. The angle a determines the steepness of the filter and is defined as

a
. -1 1

==sm -

Q'
s

(4.16)

or alternatively it can be stated

1
Q ==-.

S sinf (4.17)

Table 4.3 gives some representative values of a and Qs .

Table 4.3: Qs vs. a

a, degrees 0 20 40 60 80

Q 00 2.924 1.556 1.155 1.015
s

The parameter p, the reflection coefficient, can be derived from [29]

(4.18)



66

where E is the ripple factor (see equation (4.9) ). The passband ripple and reflection

coefficient are related to each other by

(4.19)

It is important here to notice that, as the parameter 8 approaches 900, the edge of

the stopband Qsapproaches unity. For 8 's near90° extremely sharp roll-offs are obtained.

However, for a fixed n , the stopband attenuation Aminis reduced as the steepness increases.

For a given 8 and order n, the stopband attenuation parameter Amin increases as the ripple

is made larger [29].

Elliptic-function filters have an extremely steep rate of descent into the stopband
because of transmission zeros. However, the delay variation in the passband is unacceptable
when the transient behavior is of significance.

The outputs of the elliptic-function filter for the input of 10 rectangular pulses, are

obtained using MATLAB commands to demonstrate the effect of this filter on rectangular

pulses. Figures 4.10 and 4.11 show different outputs for different bandwidths

(BW = 21m' 101m),
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Figure 4.10 Input and output of an elliptic-function filter (BW= 2fm)
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Figure 4.11 Input and output of an elliptic-function filter (BW= IOfm)

4.3.4 Raised Cosine Filters

As stated in the introduction of this chapter, the presence of a transmitter filter in

practical radio systems is essential to save spectrum. However, such band-limitation could

degrade the transmission performance due to intersymbol interference (IS!). Therefore, one

has to reduce the signal bandwidth as much as possible without producing any lSI [10].

Nyquist was the first to solve the problem of overcoming lSI while keeping the transmission

bandwidth low. The most popular pulse shaping filter used in mobile communications
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which satisfy Nyquist criterion (see appendix D for more information about Nyquist

criterion) is the raised cosine filter. A raised cosine filter belongs to the class of FIR filters.

The transfer function of a raised cosine filter is given by [3]

H(/) = T O!>ll1s(I-a.)I2T
T [ ( 1t lt1 - 1/(21) + a.) ]=

"'2
1 + cos

2a.
(1 - a.)/2T< lt1 !> (1 + a.)I2T

= 0 lt1 > (1 + a.)/(2T) ,

(4.20)

where a. is the rolIoff factor which ranges between 0 and 1. This transfer function is plotted
in Figure 4.12 for various values of c. When a. = 0, the raised cosine rolloff filter

corresponds to a rectangular filter of minimum bandwidth [3]. As seen from Figure 4.12,
as the ro11off factor a. increases, the bandwidth of the filter also increases.
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Figure 4.12 Magnitude transfer function of a raised cosine filter
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The corresponding impulse response of the filter can be obtained by taking the

inverse Fourier transform of the transfer function, and is given by [3]

h(t) =[ COS21t<U]( Sin(1ttI1)).1 - (4Ctt)2 1ttiT (4.21)

This impulse response at baseband is shown in Figure 4.13 for various values of Ct. Notice

that the impulse response decays much faster at the zero-crossing (approximately as 1It3for

t »T) when compared to the ideal filter ( Ct =0). The rapid time rolloff of the impulse

response allows it to be truncated in time with little deviation in performance from theory

[3]. This feature makes raised cosine filters (with Ct >- 0) satisfy Nyquist criterion and hence

attractive in wireless communications applications.

-4T t

0.=0 a. = 0.5 a. = 1

Figure 4.13 The impulse response of the raised cosine filter

Using MATLAB commands, the raised cosine filter outputs for an input of 10
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rectangular pulses are obtained. For comparison, two cases of filter bandwidth are

considered; BW = 1.5fm, 1.9fm, wherefm = liT and T is the duration of the input rectangular

pulse. These are shown in Figures 4.14 and 4.15.
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Figure 4.14 Input and output for a raised cosine filter (ex = 0.5; i.e., BW= 1.5fm)
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Figure 4.15 Input and output for a raised cosine filter (a = 0.9; i.e., BW= 1.9fm)

4.4 Signal-to- Noise Ratio (SNR) Analysis

The system under consideration in this analysis is a wireless code division multiple

access (CDMA) that supports K simultaneous and asynchronous users. The analysis

reported in this section closely follows that in [30] with a difference of considering the

BPSK modulation instead of quadrature phase-shift keying (QPSK) and minimum-shift

keying (MSK). A block diagram of BPSK DS/CDMA system model is shown in Figure
4.16. The function that spreads the kth user's signal, in the transmitter side, is denoted by

a(t). The chip widths of the binary (rectangular pulses) spreading function are generically
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denoted Tc' where T;« Tb (the data bit duration). As it is shown in Figure 4.16, the

transmitter includes a low pass filter for the primary purpose of limiting the out-of-band

signals. This filter can also be used to shape the in-band spectrum to minimize the effect of

co-user interference [30].

LPF
R.F

ht2(t)

a2(t) Carrier •

•

•

LPF
R.F

htk (t)

Carrier

Figure 4.16 General structure for a BPSK DS/CDMA system

The lowpass equivalent impulse response of the channel for the kth user is assumed

to be
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(4.22)

where I is an integer variable used to index the paths that link user k to the receiver (a

single path is assumed in this thesis; i.e 1 = 1) and P1k, 't1k, and<i>lk are the gain, delay, and

phase of path I for the kth user. Throughout this analysis, it is assumed that the phase <i>lk is
a uniform [0, 211:) random variable independent of all gains and delays and all other phases.

Delays 't1k for 1= 1, 2, .. Lk and k = 1, 2, ...K and the gain P1k are also assumed to be

independent random variables.

The structure of a generalized BPSK DS/CDMA receiver is shown in Figure 4.17.

Since the received signal is in a complex form it should be multiplied by the complex

conjugate of the channel phase to make it real. The filters in the receiver, denoted by h/t),
must have the same characteristics as the low pass filter in the transmitter for the receiver

to be matched. To make sure the analysis holds for a practical situation where a simple
receiver has a filter that does not perfectly match the filter in the transmitter, the effect of

1H1
a1 (t) Carrier

1H1
a2 (t) Carrier

•

+1

-1

T,

J(.)dt
o

+1

-1

•

•

tEt1
a , (t) Carrier

Tk

J (.)dt
o

+1

-1

Figure 4.17 General structure for a BPSK DS/CDMA receiver
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filters in the receiver and transmitter are considered separately in this analysis.

Without loss of generality, user I can be the reference user. The performance of user

l's receiver is now analyzed.' The received signal may be given by

rtot(t) = ret) + n(t) , (4.23)

where ret) is component due to the transmission of the Kusers, while net) is the component

due to background and thermal noise. The component of the lowpass equivalent received

signal may be expressed as [30]

(4.24)

where bk(t) is the data signal waveform of the kth user and htk(t) is the impulse response of

the kth transmitter filter.

Perfect power control is assumed for this system. In other words, the power of each

co-user is controlled so that the total received energy per bit is the same for every user. The

power is controlled through the transmitter parameter Gk
so that

(4.25)

where 11 is a constant and Rk is the rate of the user k. To reduce the number of symbols in

the analysis, the constant 11 is set to I second per bit which, in combination with the units

of Rk (bits per second), leaves a unitless gain. In practical wireless systems, different users

may have different data rates, Rk•
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For sake of simplicity, the analysis focuses on the ability of the receiver to recover

a particular bit. The bit is chosen at random which received via path j between times 0 and

TI . The expression for the received decision variable can be given by [30]

r,

zjl
=J [ffi{r(t)} (al(t)*hrit))]dt,

o

(4.26)

where ffi {.} is operator that take the real part of a complex function and "*" denotes

convolution. Assuming the data bit is a 1, the signal component of zjl can be given by [30]

TJ

ZjIs
= G1PjlJ[al(t)*htl(t)][al(t)*hr/t)] dt

o
(4.27)

= G1PjlJ J{Jal(t-'t)a1(t-A)dt}htl('r:)hJA)d'r:dA.
�oo-oo 0

The result of (4.27) is a random variable whose statistics depend on the product G 1 PjI and
also on the variation in the in-band power caused by the lowpass filtering of the spreading

function. Since a perfect power is assumed in this analysis, the changes in the instantaneous

power caused by lowpass filtering process would be the main factor that can affect the

receiver decision variable given in (4.27).

The variation in the energy per bit due to filtering depends on the spreading gain and

the filter bandwidth [30]. Consider the Fourier series representation of a PN-modulated data

bit. The energy in this bit after filtering is the sum of the Fourier components inside the

bandwidth. This can be explained by the following [31]:
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If the input to a network (filter in this case) is a periodic signal with a spectrum given

by

n=oo

X(j) = L c/)if-n!o)' (4.28)
n=-oo

where {cn} are the complex Fourier coefficients of the input signal, the spectrum of the

periodic output signal is

n=oo

Y(j) = L cnH(n!o)oif-n!), (4.29)
n=-oo

where H(n!) and j', are the transfer function and the cutoff frequency of the filter,

respectively. Then the energy can be obtained by Parseval's theorem

(4.30)

where B is the filter's bandwidth.

Now, assuming a long PN sequence, the Fourier coefficients will vary from bit to

bit depending on the segment of the PN sequence used to modulate the bit. Thus, the energy

per bit is a random variable. Furthermore, the variation in the energy per bit will decrease

as the number of the Fourier components inside the bandwidth increase due to the averaging

effect. Based on the fact that the number of Fourier components is equal to the spreading

gain, there should be relatively little variation for large spreading gains [30]. As explained
in [30], the bandwidth of the system also affects the variation in energy per bit since

decreasing the bandwidth increase the variation in Fourier components inside the

bandwidth. The results in [30] shows a low values of the coefficient of variation were

obtained for a high spreading gain and hence, for practical systems that have a high
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spreading gain, this filter-induced variation will not have a significant effect on the SNR

analysis. Therefore, the variation in received energy per bit due to filtering can be ignored.

The signal component of the decision variable of the path j receiver can be now

expressed in terms of power spectra. The received energy per bit is simply given by TI
times the power in the filtered process. Therefore, (4.27) can be rewritten as [30]

00

TIGIPj] 2� J[P(1\w)]Ht](W)Hri -w)dw, (4.31)

where R(k>(-c) is the auto-correlation function for user k's spreading function given by

R(k)(-c) =E[ait)ak(t--c)], p(k)(W) is the two-sided power spectral density of user k's

spreading function, and Htk(w) andHrico) are the Fourier transforms of hir) and hrk(r),

respectively.

The decision variable of the receiver, which is the weighted output of the single path

receiver, is given by

00

- G2n.2 1

J[p(1) d- TI II-'I
- (w)]Htj(w)H j( -w) co .

2n
r

(4.32)

Then, using (4.25), this becomes

(4.33)

Similarly, the component of the pathj receiver output due to co-users 2 through K
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is expressed as [30]

K T,

Zjlcu
= � GkPk ![yk(t)COScf>k]dt,

o

(4.34)

where

(4.35)

As stated in [30], the random variable zJlcu would be the integral of a stationary stochastic

process. Then, the variance of Zjlcu may be given by [30]

(4.36)

where C/t) is the auto-covariance of the integral in (4.34) and given by

(4.37)

As can be seen from (4.35), the statistical properties of the product of user k's data

waveform and user k's spreading function would be the only factor that influence the

expectation in (4.37). The effect of the data waveform on the statistics of the product
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depends on the synchronization between user k's data and the spreading function used to

spread the data. Assuming that the user k's spreading function is a random sequence of

chips, where the chip rate is an integer multiple of the data rate, and the spreading function

is phase synchronized to the data waveform so that the transitions in the data waveform

coincide with chip boundaries. In this case, their will be no effect. That is because the

product of user k's data and the spreading function used to spread the data is again a random

sequence of chips for any data sequence [30]. Furthermore, there is a possibility that the data

waveform and the spreading function are not synchronized. Having this, the phase

difference between them is a random variable and hence they can be considered as

independent stochastic process. It is also known that the auto-correlation function of user

k's waveform is wider than that of user k's spreading function (assuming that the chip

duration, Tc'« data bit duration, Tb). Thus, the auto-correlation function of the product is

nearly the same as that of the spreading function [30].

For the above reasons, it can be assumed that the product of user k's spreading
function and the data waveform bk(t) does not change the statistics. Then, using (4.35), the

expectation in (4.37) is given by

(4.38)

By taking advantage of some of the properties of practical spreading functions, it is

possible to simplify (4.36). First, the auto-correlation of the spreading function used by all

users is zero for 11:1 >- Tc' where Tc is the chip duration, i.e. , R (k)(1:) = 0 for 1: >- Tc' Second,
since the filtered spreading function has an auto-correlation function with its area

concentrated near the origin in an interval that ismuch less than T
k
for all k, the area under Ci1:)

is concentrated near the origin in an interval where 11:1 « T, (or 11:IIT1« 1). Therefore,

the ( 1 1: 1 IT1) Ck(1:) term does not contribute significantly to the variance of Zjlcu in (4.34) and

can be ignored (noting that (11: 1 I T1) « 1 in the interval where Ck(1:) is concentrated) [30].

Using these simplification and substituting (4.38) into (4.37) and then into (4.36)
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yields

K

(J�U = TJ t; G;pi£ C/t)dt
T K 00

= -t t; G;Pi[[R(l)(1:)*hr/t)*hrk(-1:)]
[R (k)(1:)*hi1:)*htk( -1:)]d1:.

(4.39)

Based on the fact that the area under an autocorrelation is the de value of the power spectral

density, (4.39) can be expressed as [30]

T K
1

= _1 L G;pi - [p(1)(w)Hriw)Hr1( -w)]2 k=2 21t

*[P (k)(W)Htl(w)Htl( -w)] I w=O
T K 00

= _1L G;pi _1J [p(1\w)Hriw)Hr1( -w)]2 k=2 21t
-00

[P(k\w)Htl(w)Htl( -w)]dw,

(4.40)

where P (k)(co) is the two-sided power spectral density of user k's spreading function.

Assuming the spreading functions for all k users have the same power spectral densities

denotedP(w), and assuming Hrk(w) =Hr(w) and Htk(w) =H/w) for all k, then using (4.25)

the expression in (4.40) reduces to

(4.41)

which is the variance due to the co-users at the output of user l's path j receiver prior to
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weighting by GI�I'

The variance of the weighted output of the receiver is given by

(4.42)

which, using (4.25), becomes

(4.43)

and substituting for ofcu from (4.41), gives

(4.44)

From (4.33) and (4.44), the signal-to-noise ratio of the decision variable, considering only

the co-user noise, is then expressed as [30]

2
Zis

SNR = - =------------

2
«.

00 2

! [ JP(w)Ht(w)H/ -w)dw ]
k

� RkJp2(W)IHr(w)12IHt(w)12dw
-00

(4.45)

It should be pointed out here that the SNR expression in (4.45) was developed under the

assumption that the power received from each user is controlled in proportion to bit rate and

does not depend on the absolute levels of the received signals.

The thermal noise, denoted by net) in (4.23), normally has a lower spectral density
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than the co-user noise [30]. In situations where it is significant, the thermal noise will be

independent and can be added straight forward. Then, the system SNR can be given by

[ 1 1 ]-1SNR = --+---
sys SNR SNR .

notse

(4.46)

Using the approach that led to (4.44), considering a thermal noise instead of co-user noise,

an equation for SNR . can be given by [30]notse

SNRnoise =------------ (4.47)

where Pnois/w) and R1P(w)are the lowpass equivalent power spectra of the thermal noise

and user 1 's signal at the input to the receiver, respectively.

The SNR expression given by (4.45) depends on the filter responses HrCw)and
Ht(w). By using Schwarz's inequality (see appendix E), it can be shown that, if the noise

is either insignificant or has a white spectrum, then the frequency responses that maximize

the system SNR are given by

(4.48)

and

Iwl-sB
(4.49)

otherwise.
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In other words, the filters should flatten or "whiten" the in-band portion of the spectrum of

the spreading function. Substituting (4.49) into (4.45) produces an expression for the

optimum SNR for receiver decision variable for K simultaneous users (see appendix E)

SNR =�
opt K

'

LRk
k=2

(4.50)

where B is the baseband bandwidth of the filtered spreading function, which translates to

an RF bandwidth of 2B. In the presence of white thermal noise with two-sided spectral

density N/2, SNRopt is [30]

SNR =

opt

K -1

LRk
k=2 No
--+-

4B 2Eb
(4.51)

where Eb is the received energy per bit.

Based on (4.51), it is possible to calculate the bit error probability by taking

advantage of one of the spread spectrum properties. In spread spectrum, it can be assumed

that B-1 is smaller than llRk by a factor of the spreading gain (i.e., B >- Rk). Therefore, for

a large spreading gain (or large B) and one co-user, (4.51) may be simplified to

( 2Eb)SNR = -

opt N
o

(4.52)

which has associated error probability Pe =Qf(2E/N) [24]. In general, for more than one

co-user, the error probability will not be exactly Qf (SNRopt)' but this is a good

approximation for values of Band Rk of interest in practical systems. Thus, the error

probability for the general case of (4.51) may also be expressed as
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t, R,
+
No -'].4B 2Eb

(4.53)

4.5 Computed results

The performance results for both the bit error rate and signal to noise ratio were

computed using the analysis reported in section 4.4. These results are plotted in Figures 4.18

and 4.19 as a function of the channel bandwidth. The number of users, K, is once again
treated as a parameter. The results were computed for different users data rates as this

scenario is closer to the practical reality. For example in the CDMA cellular system standard

IS-95, the user data rates of 1200, 2400, 4800, and 9600 bps are supported. Use of different

data rate which depends on the speech activity of the digitized voice results in reducing the

impact of the multiuser interference in a CDMA system. This reduction may be used to

improve the system capacity. It may be seen from the Figure 4.18 that the SNR increases as

the bandwidth increases. This is because of the fact that increasing the processing gain (i.e.,

increasing N), in a spread spectrum system, reduces the effect of multiuser interference

which result in increasing signal to noise ratio (SNR). It can also be seen from Figure 4.18

that as the number of users increase the SNR performance degrades. It may be also noticed

from Figure 4.19 that, the error probability improves as the bandwidth increases (i.e., as

spreading gain increases). For the values of bandwidth less than 300 kHz, the error

probability increases quite rapidly. For the values of bandwidth more than 300 kHz, this

improvement is more gradual.



86

..
--- .. -

.. - .. - .. - .. -

.. "_ -::--.. : :--: : :--:- ......-:-- ...... -::--..
.
- ..........

................

-

II
z
C/)
--

0

10°�
>.;.

Q)
(/)
'0
c

0
-

«'i
c
0>

(j)

No. of users=3
No. of userseto
No. of userse t?

·1
10

0 2 4 6 8 10 12 14

RF Bandwidth (Hz)
x 105

Figure 4.18 Signal to noise ratio (SNR) as a function of RF bandwidth



87

10° �----�------�---- ----�------�----�------�

"-

e
Q; -2
+" 10
:0

:0
ell
.o

e
o,

-1
10

-3
10

-

-
-

-

... .
.

-

-.
- ..

_ ..

- .. _ .. _ .. _ .. _ .. - .. - .. _ ..

\ ..

\

\

No. of usersea
No. of users=1 0
NO.ofusers=17

-4
10 �----�------�----��----�------�----�------�

o 2 4 6 8 10 12

RF Bandwidth (Hz)

Figure 4.19 Probability bit error (Pe)as a function of RF bandwidth

14

5
X 10



88

5. BER Performance Simulation Results

5.1 Introduction

In chapters one to three, different issues of concern for wireless DS/CDMA

communication systems were described. Spread spectrum, CDMA structure, and CDMA

performance were among those issues of concern. In chapter four, the effects of filtering on

the performance of DS/CDMA system were discussed. Some of practical filter types such

as Butterworth, Chebyshev, elliptic-function, and raised cosine filters were explained in

section 4.3, and the system model and the SNR analysis were described in section 4.4.

It is a common practice to estimate the performance of digital communication

systems by computer-aided techniques (computer simulation). Simulation techniques allow

one to accurately model complex systems and channels. In this chapter, time-domain

simulation programs that model and simulate the lowpass equivalent signals of BPSK

DS/CDMA communication system as well as the results obtained from these programs are

presented. MATLAB software is used to develop the simulation programs. These programs

are used to predict the bit error probability (Bit-Error-Rate, or BER) performance of CDMA

receiver structures reported in previous chapters.

5.2 Simulation Methods for Estimating BER of a CDMA System

For a digital communication system, the relevant measure of performance is always
one related to the system's error-producing behavior. The BER, namely, the fractional

number of errors in a transmitted sequence, is one of these performance measures that

indicates the basic reliability of a system. To estimate the BER of wireless BPSK

CDMAIDS receivers using simulation, there are several methods that can be used [32]. In
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this thesis Monte Carlo (MC) method is used to obtain BER estimation. Before introducing

(MC), some basic information on the BER estimation is given below.

Consider a binary baseband communication system whose receiver is shown in

Figure 5.la [32]. The decision process can be described in terms of probability density
function (pdf), foev; r) and fl (v; r), of the input Vet) at the sampling instant r , given that

a "zero" or a "one" was sent, respectively. These densities are shown in Figure 5.lb. For a

threshold-sensing decision, an error occurs when a "zero" is sent and there is an excursion

of the input sufficient to exceed V
T'

the threshold; or an error will occur when a "one" is

sent and disturbances induce the input to drop below Vr [32].

,-------------------------------------1
I Decision device I

I

Input
signal

Threshold

logic

(a)

(b)

Figure 5.1 lllustration of some basic terms regarding BER estimation

(a) Typical decision mechanism in digital transmission

(b) Probability density functions
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The probabilities of these occurrences are (omitting the l' -dependence for simplicity)

[32]

VT

P[error/one] �Pl = J fl(v) dv = Fl(VT) (5.1)

P[errorlzero] �Po = J fo(v) dv = 1 - F/VT)
VT

(5.2)

and the average probability of error is then

(5.3)

where Pel and Peo are the a priori probabilities of symbols (or bits) "one" and "zero",

respectively (in most applications, the source statistics are considered to be equally likely,

i.e., Pel =r; = Y2) [31]). The functions Fl(.)and Fo(') are the cumulative distribution

function (CDF) corresponding to fl(.) and f/.), respectively.

As it mentioned above, Monte Carlo method is used to estimate BER of CDMA

receivers in the simulation programs. "Monte Carlo" is simply a procedure of counting the

number of successes (errors, in this context) and dividing by the number of trials [32]. In

the applications where the source statistics are considered to be equally likely (the

transmitted symbols are equally likely) and the channel is additive white Gaussian noise, the

symbol error probability can be given by
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(5.4)

where 11 (v)is the probability density function of sampled input at sampling period T given

"1" was transmitted, and VT is the threshold level for symbol decision. By defining the

function

g(v) == { � (5.5)

(5.4) may be rewritten as

P == J g(v)/(v)dv. (5.6)

Equation (5.6) is equivalent to

P ==E[g(v)], (5.7)

where E is expectation. Since an unbiased estimator PM of the expectation in (5.7) is the

sample mean, then PM can be given by

(5.8)

where Vi == v(t), ti is the sequence of symbol-spaced instants at which decisions are made
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, and NM
is the number of symbols in the sequence. From (5.8), one can see that g(v) acts

as an error detector and the summation is an error counter. Based on this equation, a simple
estimator of the BER is the sample mean (if N symbols are processed through the system,

out of which n are observed to be in error); i.e.

(5.9)

As NM
--+ 00, the estimator PM tends to a normal distribution withmean p (i.e., PM converges

to p) and variance (1 - p)p/NM [32] . This is referred to as the Monte Carlo (MC) method.

For finite N
M'

the reliability of the estimator is quantified in terms of confidence

intervals. Two numbers, y _

and y+' which are functions of PM are chosen such that with

high probability, y +
:-:; P :-:; Y _, and the confidence interval, y _

-

y + ,is as small as possible.

Then, the confidence level, 1 - ex, is defined by [33]

Prob[y +
:-:; P syJ = 1 - ex. (5.10)

For instance, at 95% (0.95) confidence level, a symbol size NM= 10/p(a popular
rule-of-thumb is that NM should be on the order of lO/p [32]) provides a confidence interval

of [1.8 PM' 0.55 PM] which has uncertainty factor of about 2 in the BERIf NM is increased

by a factor of 10, i.e., NM
= 100/p, then at a confidence level of 0.95, the confidence interval

is narrowed to [1.25 PM' 0.8 PM]' This implies that to obtain a BER of 10-4, 106 symbols
should be processed. Thus, there is a trade-off between run time and the statistical

variability.

5.3 System Model for Simulation

In order to simulate a wireless DS/CDMA system, the system elements have to be
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simulated. These elements are multiple DS SS transmitters, channel, and receiver. The low

pass equivalent representation of the system is used in the simulation. The block diagram
of the system used to simulate a DS/CDMA communication system is shown in Figure 5.2.

Two cases are considered in the simulations: a BPSKDS/CDMA system without filters and

a BPSK DS/CDMA system including filters. The system model consists of models for

transmitter, channel, and receiver. Simulation is based on picking samples randomly as

different input signals that model the random processes in a DS/CDMA radio system. To

obtain BER estimates, the process is performed a number of times. In all of the simulations,

six samples per spreading code chip are used.

The following assumptions are made in the system models for simulation:

• The data bits of the different users are independent.

• The different user transmissions are asynchronous in [0, Tb], where Tb is

the data bit duration.

• The channel parameters, delay and phase remain the same for a data bit

duration.

Transmitter Model

As shown in Figure 5.2, the transmitter functions are represented by binary data

source, spreading code, and asynchronous transmission. The data waveform and spreading

code waveform are denoted as

(5.11)

and

(5.12)
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respectively, where b i(k) EO { -1, + I} is the ith data bit in the binary information sequence for

user k, a}k) EO { -1, + 1 } is the jth chip of the k_Ih user's signature sequence, and the rectangular

pulse PI (t) is given by
c

for O�t� Tc
otherwise. (5.13)

The data bit duration Tb and the spreading code chip duration T; are related to each other

as N == Tbl Tc' where N is the period of the spreading code. To reduce the simulation time,

N = 31 was used for all simulation programs. The users are assigned different spreading
code sequences from a family ofGold code sequences with length of 31. It is assumed that

the delay of the kth user's transmitter, rk' is an independent random variable and uniformly

distributed over [0, Tb]. Since MATLAB software has built in functions to generate

uniformly and Gaussian distributed random variables, 'tk and other needed random variables

are generated using these functions. In the case of a CDMA system without filters, the

spread signal is directly transmitted to the channel model, while for a CDMA system with

filters , this signal is passed through a lowpass filter and then transmitted to the channel

model. MATLAB functions are also used here for generating different filters to do the

filtering process. These filters include Butterworth, Chebyshev, elliptic-function, and raised

cosine filters.

Channel model

The complex low-pass equivalent impulse response of the channel is given by

(5.14)

where I is an integer variable used to index the paths that link user k to the receiver (a

single path is assumed in this thesis; i.e l==l),Plk' T:1k, and <Plk is the gain, delay, and

random phase of path I for the kth user. Phase di., is a uniform [0, 2n:)random variable
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independent of all gains and delays and all other phases. Delays 't1k for 1 = 1, 2, ...Lk and

k = 1,2, ...K are also assumed to be independent random variables. The gain P1k is also

random variable and independent of all phases, all delays, and all other gains. However,

with perfect power control assumption, the variation in the path gains are compensated

through control of the R.F amplifier gain (see Figure 4.15).

Receiver model

The low-pass equivalent representation of a correlator receiver includes a correlator

and a data decision stage for a CDMA system without filters, while the case of a CDMA

system with filters includes a low-pass filter, correlator, and a data decision stage. To

implement the function of the correlator in the simulation, the low-pass equivalent of the

received signal is multiplied with a spreading code aligned with the signal. This is followed

by a summation (summation is equivalent to integration) for the case of a CDMA system

without filters and a summation after a filtering process in the case where filters are

included. The same filter specification used in the transmitter, which is generated by

MATLAB, is used in the receiver part. The hard decision stage takes a decision on the

binary symbol by considering the polarity of the real part of the correlator output signal, a

process equivalent to BPSK demodulation.

5.4 Program Structure

Program construction is shown in the flow chart in Figure 5.3. The first step, the

initialization procedure, includes generating user spreading codes and random delays for

all users as well as frame length definition in number of bits and the number of frames to

be processed for obtaining BER estimates. The spreading codes are Gold code sequences

of length 31 generated using two maximal length shift register (MLSR) sequences. In the

second step, a loop is repeated for a sufficient number of times. This loop consists of a

transmitter section, a channel section, and a receiver section. Following the receiver section,

an error detector and counter stage detects and counts the number of bits in error. Based on
.

MC simulations (section 5.2), the estimate of the BER is calculated by dividing the number



of errors by the number of bits processed.
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In the transmitter section, random data frames are generated for each loop iteration,

one frame each for all K users. A polar form (i.e. sequence of "1"s and "-1") of the data

frame of each user is multiplied by a polar form of the corresponding spreading code

sequence. This is followed by a sampling procedure where six samples per spreading code

chip are used. In the case of a CDMA system with filters simulation, a filtering process is

performed by passing the transmitted signals through a low-pass filter. Four different filter

types are considered: Butterworth filter, Chebyshev filter, elliptic-function filter, and raised

cosine filter.

In the channel section, the asynchronous nature of the user transmissions is taken

into account by shifting the frames by an amount equal to their corresponding transmitter

delay. A uniformly distributed phases for all K users are generated as well. White noise is

also generated and added to the sum of the K user signals to obtain the total received signal
at the receiver.

The received signal, in the receiver section, is passed through a correlator to

reconstruct the transmitted information. The de-spreading procedure is done with the desired

spreading code aligned with the received signal. This is followed by filtering process, in a

CDMA system with filters case, summation and data hard decision. The hard decision stage

decides in favor of a bit" 1" if the real part of the correlator is positive and in favor of a bit

"0" if the real part of the correlator is negative.

5.5 Simulation Results

The complete wireless CDMA system is simulated and the BER performance is

evaluated using Monte Carlo (MC) technique. The MC simulation is used to obtain BER

up to 1 0
� 3. A symbol size of 10/p , where p is the BER to be estimated, is selected for this.

As stated in section 5.2, this symbol size provides a BER estimate in the confidence interval

[1.8p, 0.55p] at a 0.95 confidence level.

As mentioned in section 5.3, two cases of system simulations are considered in this

chapter. The simulation results of these two cases are discussed below.
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Case 1: CDMA system without filters

The simulated BER versus Eb performance results are shown in Figures 5.4-5.7 for
No

N=31 and various values of K, where Eb is the SNR, N is the Gold code sequence length
No

, and K is the number of users. The simulated BER results and BER results obtained using

standard Gaussian approximation (SGA) and improved Gaussian approximation (IGA)

analysis are compared. As evident in these figures, for Eb values up to 9 dB, the SGA and
No

IGA analytical BER results show good agreement with the simulated BER. The BER

obtained using SGA and IGA lie within the confidence interval of the simulated BER

estimate (Figures 5.4-5.7). This agreement between the simulated and analytical results

justifies the approximations used in the analysis. One can also note that the SGA and IGA

provide an almost identical BER for Eb values up to 9 dB. At low values of BER
No

(BER -< 10-3 ) and small number of users (figure 5.4 and 5.5), SGA provides optimistic
BER compared to the simulated BER and the agreement gets poor. This may be attributed

to the fact that the symbol size used in the simulations (10,000), based on MC symbol size

of 101p, needs to be increased to improve the agreement at BER values -< 10-3, which

requires a long computational time. Furthermore, when the delays and phases of user

transmissions are random, the number of users has to be large for the Gaussian

approximation to be accurate. The SGA is inaccurate for small number of simultaneous

users because of the inapplicability of the central limit theorem (on which the SGA is based)

for this case [9, 25]. The results of simulated BER estimate presented in this chapter are

consistent with the results presented in [8] even though the results presented here are lower

than the one in [8]. The difference is because of the effect of the user self interference (the

effect of signals' multipath) considered in [8] that degrade the BER performance.

Case 2: CDMA system with filters

The BER performance results of a BPSK CDMA receiver using MC simulation are

shown in Figures 5.8-5.13. For comparison, the simulation results of a BPSK CDMA

system without filters are also shown in these figures. In this BER simulation, three cases

of filter bandwidth are considered: bandwidth = 0.5 1m, 1m, 21m, where t; = lIT and Tis
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the duration of the input rectangular pulse. As evident in these figures, a filter bandwidth

of 21m provides the closest BER performance compared to the BER in the case where no

filters were included (case 1). This is valid for Eb values up to 12 dB for K = 3 (especially
No

raised cosine and Chebyshev filters) and up to 12 dB for K = 1 0 (Figures 5.10 and 5.13). The

agreement gets poor between the simulated BER of the two cases as the filter bandwidth

decreases. This is expected because of the fact that a filter with larger bandwidth passes

more signal energy and hence provides better BER performance. It can also be noted that,

the simulated BER performance degrades when filters are included in the system (Figures

5.8-5.13). This shows the difference between BER performance of the case where infinite

bandwidth is assumed (case 1) and band-limited case (case 2). As it can be seen from

Figures 5.8-5.13, adding filters to a DS/CDMA system degrade the BER performance. In

practice, however, the presence of filters is essential to shape the input signal for the benefit

of using the spectrum efficiently and rejecting undesired signals at receiver side to improve
the signal to noise ratio.
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6. Summary, Conclusions, and Future Work

The following objectives of this thesis as stated previously in chapter one are:

1. Simulate a BPSK DS/CDMA communication system, in a wireless channel

environment, using Monte-Carlo method for verifying the BER performance

analyzed in [9].

2. Analyze the effect of filtering on the performance of BPSK modulation in

DS spread spectrum using a correlator receiver. The system performance

measures, in this analysis, are the signal-to-noise ratio (SNR) and the bit

error probability (or BER).

3. Develop simulation programs using Monte-Carlo method to evaluate BER

performance of DS/CDMA receiver, including filters, for investigating the

effect of filters on the BER performance.

To reach the above objectives, an architecture for DS/CDMA system was developed

and its performance analyzed. This has been done for two cases of DS/CDMA system:

DS/CDMA system with and without filters. As well, simulation results based on the

developed architecture were obtained using Monte-Carlo method. The contribution of this

thesis are:

1. An expressions for the signal to noise ratio and its associated error

probability that includes the effect of filtering of a BPSK modulation in

DS/CDMA system were derived based on [24,30].

2. Simulation programs were developed to verify the analytical BER

performance results obtained for a DS/CDMA system without filters

(Chapter 5).
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3. Simulation programs to investigate the effect of filtering on the BER

performance of DS/CDMA receivers have been developed.

The work presented in this thesis shows that the above mentioned objectives have

been realized. The overall conclusions are summarized as:

1. An expression for the bit error probability of a DS/CDMA correlator

receiver without filters was derived. The BER was numerically computed
for various combinations of factors in chapter 3. It is concluded that SGA

analysis, for small number of simultaneous users, provides an optimistic

results of BER values compared to IGA where in terms of complexity IGA

is more complex than SGA. The optimistic results of SGA may be attributed

to the inapplicability of central limit theorem (on which the SGA based) for

small number of simultaneous users.

2. In the case of DS/CDMA system without filters, the SGA and IGA

analytical BER results are in reasonable agreement with the simulated BER

estimate for SNR values up to 12 dB and with a large number of users. For

small number of users (K=3, 6), the agreement is reasonable for SNR values

up to 9 dB and gets poor for SNR values greater than 9 dB. However, for

BER in the range of 10-4 to 10-5 and K=3, Gaussian approximation results

in a SNR difference of about 0.8-1.7 dB lower for a given value ofBER.

3. An expression for the signal to noise ratio of a DS/CDMA correlator

receiver was derived taking into account the effect of filtering. As well, a

BER expression that based on this SNR expression was given. It is

concluded from the analysis in chapter 4 that SNR is inversely proportional
K

to the system capacity data rate, which isL Rk• Thus, the SNR can be
k=2

maintained at a certain level by controlling the system data rate. Numerical

results in chapter 4 also indicate that SNR and BER significantly improve

by increasing the channel bandwidth (or increasing the spreading gain).
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4. Based on simulation results of BER estimate, filter bandwidth of 21m
provides a reasonable agreement with the results ofBER estimate obtained

for the DS/CDMA system with infinite bandwidth assumption.

5. Simulations results showed that, adding filters to a DS/CDMA system effect

the BER performance negatively compared to a DS/CDMA system without

filters. However, practically, the presence of filters is essential to shape the

input signals for the benefit of using the spectrum efficiently and rejecting
undesired signals at receiver side.

In this thesis, some assumptions were made to analyze the system. Some issues that

could be considered in future research are:

• Deriving the bit error probability taking into account the effect of filtering.

• Investigate the effect of imperfect power control.

• Investigate the effect of the coding and interleaving on the bit error

probability.

• Consider the effect of user self interference (multipath channel environment)

in the analysis.

• Consider different modulation schemes, QPSK for instant, in the analysis.
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Appendix A
Derivation of Equation (3.13)

In this appendix, the weighting factor, Wk, of the MAl term in equation (3.12) is
calculated using the continuous-time partial cross-correlation functions (3.7 and 3.8).

It is assumed that the reference user and non-reference users use random signature
sequences with a new sequence being selected for each consecutive data bit. In other words,
the signature sequence may be assumed as an infinite sequence of rectangular pulses of
duration Tc with amplitudes randomly selected from { -1, + I} . The time offset Sk of the

k" user's sequence to the reference user is given by Sk
= -r:

k -lTc' where -r:
k
is uniformly

distributed on [0, Tb) and 1= l-r:/T) is uniformly distributed on {O,l, ,(N-I)}.
Taking I =N -1 implies thatS, is uniformly distributed on [0, Tc)' Then (3.9) and (3.10)
yields [9]

(AI)

and

(A2)

where ai:) is the first chip in data bit b6K), which is independent of a6K), the first chip in
data bit b��. Using (AI) and (A2) in (3.6) yields [9]

Bk1(S,) " (T, - S,)[� aj:'? a}1l + a;:' a�1l ,] +S,� ata}l'
N-2
"" (k) [ S (1) S (1)] (k) (1)

(T S) (k) (1)
� aj+1 (Tc - k)aj + kaj+I +SkaO ao +

c

-

k aN aN-I'
J=O

(A3)

Since the signature sequence of the kth interfering sequence is random (i.e., the at)'s are

random), (A3) does not depend onb�� and b6K). To simplify notation, introduce b as a

symmetric Bernoulli trial, which has outcomes uniformly distributed on { -1, + I} (so that
b is zero mean and unit variance and each at) and the product of any two or more

independent at) can be written as an appropriately subscripted b ). Then conditioning on
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the reference sequence a?) = aj for j E {O, 1, , (N - 1) } and using the fact that (a)2 = 1
,

Bk,l(Sk)becomes [9]
N-2

Bk,/Sk) = L bj+1[(Tc -Sk) +Skajaj+1] +SkbO -rr, -Sk)bN"
j=O

(A4)

It is possible to make a further simplification by noting that ajaj+1 E { -1, + I} .

Therefore, let

(A5)

and

(A6)

for j E {O, 1, ,(N-2)}. Following this simplification.B, l(Sk) can be expressed as

Bk,l(Sk) =LkSk + Qk(Tc -Sk) +XkTc + Yk(Tc -2Sk), (A7)

where Lk =boand Qk =bN are uniformly distributed random variables on { -1, + I}, with

(A8)

and

(A9)

Assume A and B are the cardinalities of ex and �, respectively, then Xk and F, are
the sum of symmetric Bernoulli trials with densities as given in (3.14) and (3.15).

Now, from (7), Wk can be given by (assuming that the chip duration T; = 1)

(AI0)
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Appendix B
Derivation ofMean and Variance of a Real

Function of a Random Variable

In this appendix, the mean and variance of a real function h of a random variable �
are derived using a Taylor series. Let h(�) a real function of a random variable �. The

expectation of this function is given by [34]

E[h(�)] = Jh(�)f(�)d�, (B.1)

where f(�) is the probability density function of the random variable �. As it is known, f(�)
takes significant values in an interval near 11 of the order of its standard deviation a [29]
(see Figure B.1).

J1

y

Figure B.1 A real function and probability density function of a random variable �

If in this interval h(�) is "smooth" then

E[h(�)] � h(l1) Jf(�)d� � h(l1) (B.2)

since Jf(�)d� 1. This estimate is the beginning of a Taylor series expansion with
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+ +h(n) (�-Il)n +
..

n!

(B.3)

Inserting (B.3) in (B.1) yields

00

2
+ !h"(Il) (��Il) f(�)d� +

.

'" h( ) h"( )
02

h(n)( )
Iln

- Il + Il -+ + Jl -+ .

2 n!

(B.4)

For h(�) sufficiently smooth and retaining the first two terms, the following can be obtained

2

E[h(�)] = h(ll) +h"(Il)�
2

(B.5)

which is the mean of the function h(�).
The variance of h(�) is given by

o�(�) = E[h 2(�)] - E2[h(�)]. (B.6)

Equation (B.5) can be used to evaluate E[h 2(�)]. Assume the following

g(�) = h 2(�), (B.7)

g'(�) = 2h(�) h'(�), (B.8)

and

(B.9)
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Then, using (B.5) and (B.9), E[h 2(�)] can be expressed as

E[h 2(�)] = h 2(Jl) + [(h'(Jl)f +h(Jl)h"(Jl)]a2. (B.lO)

Inserting (B.5) and (B.lO) in (B.6) yields

a�@ = h 2(Jl) + [(h'(Jl)f + h(Jl)h"(Jl)]a2 -( h(�) +h"(�) �2f
= (hl(Jl)fa2+( h"(Jl) �2f·

(B.ll)

If one retain a2power only, the variance of the function h is given by

(B.12)
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Appendix C

Variance of 'P

To find the variance of 'P, which expressed in (3.45), one needs to find E[Z2] and

COV(Zj,Zk). First, a derivation for equation (3.45) will be given.
As shown in (3.25), the 'P is expressed as

(C.1)

Then a20f (C.1) can be given by

(C.2)

The first part of the RHS of (C.2) can be simplified as

4 (t, Zk)'j = E[� t, ZjZ,]
= E[(K-l)[Z;] + (K -2)(K-l)[ZZk]] (C.3)
= (K-1)[E[Z;] + (K-2)E[ZjZk]J
= (K-1)[E[Z;] + (K-2) Cov(Zj' Zk)] for ff'k

and the second part of the RHS of (C.2) can be simplified as

E2[ (t, Zk)] = t, E2[Zk]
= (K-1)E2[Zk].

(C.4)

Substituting (C.3) and (C.4) in (C.2) yields (assuming Z =Zk )

a2 = (K-1)[E[Z2] - E2 [Z] +(K-2)Cov(Zj' Zk)] for j=k , (C.5)

which is the same as (3.45).
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The derivations for E[Z2] and COV(Z},Zk)are now given. The expected value of Z2
can be expressed as [9]

E[Z2] = E [E[Z2IB]]
(e.6)

Squaring each term, expanding the product, and noting that E[S2 -S] = -1/6,

E[(S2 -S)2] = 1/30 for S uniformly distributed on [0, 1], E[cos(2<p)] =0, and <p,B ,and S

are independent, (C.6) is given by

E[Z2IB] =
3N2

_

N(2B + 1)
+
(2B + 1)2

.

S 4 20
(C.7)

Taking the expectation of (e.7) yields (noting that E[B] =(N -1)/2and
E[B2] =N(N -1)/4[9])

15N2 + (S - 20N)(N -1)/2 + SE[B 2] + 2 -ION
40

(e.S)

The COV(Z},Zk) can be expressed as [9] (see next page)



COV(Zj,Zk) = E[Uj �Uk Vk] _(E[Z])2
= E[(l +cos(2q»)(1 +COS(2q>k))((2B + l)(S/ -S) +

NI2)((2B + l)(S; -Sk) +NI2)]-
(E[1 +cos(2q»] E[2B + 1]E[S2 - S] +N12)

= E2[1 +COS(2q»]{E[(2B + 1f]E2[S2 -S] +N2/4 +

NE[2B + 1]E[S2 -S]}-
{E2[1 +cos(2q»]E2[2B + 1]E2[S2 -S] +N2/4 +

NE[l + cos(2q»]E[2B + I]E[S2 -S]}
= E2[S2 - S](E[(2B + 1)2] - E2[2B + Ii)

Var[2B + 1]
=----

36
Var[B]

9

=(�)(N�I).
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(C.9)
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AppendixD
Nyquist Criterion for Intersymbol
interference (lSI) Cancellation

Nyquist was the first to solve the problem of overcoming intersymbol interference

(lSI) while keeping the transmission bandwidth low [3]. He observed that the effect of (lSI)

could be completely nullified if the overall response of the communication system

(including transmitter, channel, and receiver) is designed so that at every sampling instant

at the receiver, the response due to all symbols except the current symbol is equal to zero.

In other words, the effects of lSI can be completely negated if it is possible to obtain a

received pulse shape, h/t) , with the property [18]

n=O

n:;!;O, (D.I)

where T is the symbol period and n is an integer. This condition guarantees zero lSI.

Nyquist derived transfer function Hr(j) which satisfy the condition of equation (D.I).

There are two important consideration in selecting H,(j) which satisfy equation

(D.I). First, hr(t) should have a fast rate of decay with a small magnitude near the sample
values for n*-O. Second, it should be possible to realize or closely approximate shaping
filters at both the transmitter and receiver to produce the desired Hr(j). A family of spectra,

Hr(j), that satisfy the Nyquist pulse-shaping criterion is the raised cosine family, which is

defined by [18]

T O:s IfI :s(1 - a)/2T

Hr(j) = � [1 +cos ( rclfl- ��2T) +a)] (1-a)/2T-< If I «: +a)/2T (D.2)

° IfI >-(1 + a)/(2T) .

The spectra given by (D.2) are illustrated in Figure D.1 for several values of the rolloff
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factor c. Note that the bandwidth of Hr(/) lies between 1/2T and liT hertz depending on

the value of c ,
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Figure D.I Magnitude transfer function of a raised cosine filter

The inverse Fourier transform of Hr(/) can be shown to be

Hr(t) =
cos21tcxt Sinc(.!..),I - (4cxt)2 T (D.3)

which is graphed in Figure D.2 for several values of c. Note that larger bandwidth forH/J)
result in pulse shapes that decay faster.



-4T

a=O a = 0.5 a = 1

Figure D.2 Pulses with raised cosine spectra

128

t



129

AppendixE
Schwarz's Inequality

In this appendix, Schwarz's inequality will be discussed (based on [18]) and then

applied in (4.45) to get (4.50). It is a generalization of the inequality involving the dot

product of two vectors A and B , which is

(E.l)

where e is the angle between them and IA 1 denotes the magnitude of A. That (E. 1 )
holds is obvious, since 1 cos 81 :s 1 . Furthermore, since 1 cos e 1 = 1 if, and only if, e = nTI,

where n is an integer, it follows that equality holds in (E. 1 ) if, and only if, A = kB, where
k is a constant (i.e., if A and B are collinear).

The generalization of (E. 1), which is one form of Schwarz's inequality, occurs if A
is replaced by X(j), B is replaced by Y(j), and the dot product is replaced by

fX(j) Y*(j)df, (E.2)

where" *" denotes a complex conjugate (both X(j) and Y(j) may be complex functions).
Then the inequality analogous to (E.1) is

(E.3)

with equality if, and only if, X(j) =kY*(j), where k is a constant. (E.3) is known as

Schwarz's inequality.
Tomaximize (4.45), let X(j) = 1 and Y*(j) =P(w)H/w)H/ -w), then (E.3) becomes
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Substituting (E.4) into the numerator of (4.45) yields

SNR � ---------------
K

� Rk!IP(w)12 1 Ht(w) 12 IH/ _w)12 di»
(E.5)

where Kc = lin. Assuming H/f> andH/f> are zero for frequencies outside the interval [-B,
B], it can be shown that

(E.6)
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