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Abstract

This thesis addresses· the performance of two underwater localization estimator.
The localization system under consideration is passive and employs three submerged
omnidirectional sensors in a deep multipath ocean environment. The performance
measure used is the variance of the localization estimator.

First, localization variance expressions are developed for a three parameter esti
mator. In this scenario, only the three coordinates of source location are estimated.
These variance expressions are derivedunder conditions where, 1) only the ocean noise
is considered; 2) only the sensor perturbations are considered; and 3) the combined
e1fect due to 1) and 2) are considered. The theoretical expression are corroborated
with Monte-Carlo simulation.

Second, the localization variance expressions are developed for a five parameter
estimator. In this scenario, the two vertical positions of sensors are estimated in
addition to the coordinates of source location. The estimated sensor positions are

used in the localization. The expressions are also developed under the three same

situations mentioned above. These expressions are also. corroborated with Monte
Carlo simulation.

The results of the theoretical analysis show that if the variance of sensor pertur
bations is small,' the three parameter estimator is a better choice. If the variances of
the perturbations are large, the localization performance of the five parameter esti
mator is better than the performance in three parameter estimator for surface ranges
of more than a few kilometers. Furthermore, the performance of the five parameter
estimator improves increasingly relative to the performance of the three parameter
estimator as the variance of the sensor perturbations increases.
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1. Introduction

1.1 Overview
I

Underwater acoustic systems detect the presence of objects in water either by

directly sensing acoustic energy radiated by the object, or by transmitting an acoustic

signal and detecting the reflection, or echo, from the object. A system that relies

on the object-generated acoustic signal is called a passive system, while a system

relying on echo detection is.an active system. It is of course possible for a system to

simultaneously incorporate the capabilities of passive and active systems.

Passive systems, unlike radar or active sonar systems, cannot control the amount

of energy received from the source; however, the covertness of passive systems can be

advantageous, especially in military applications. The object of th� systems is to •
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detect a source of sound in the presence of interference. Explanations of radar and

active sonar systems are given in [1]. In this thesis, a passive syste� is considered.

After the presence of an object is detected it is often desirable to determine its

position. This is called localizing the source. Because of ocean noise and other uncer

tainties in the sensor system, the source position can not be determined exactly and

must be estimated. This estimator is usually designed to minimize the average mean

square localization error which is equivalent to minimizing the variance of the esti

mator. There is an ongoing interest in improving the localization estimators because

it is expected that the future sources will be quieter � To improve estimation accuracy

usually requires collecting more information and then processing this information in

an optimum way. In this thesis, a conventional underwater sonobouy sensor system

is modified, actually expanded, and the performances of two estimators, both based

on this system, are compared on the basis of their variance.

The structure of an estimator is based on the physics of sound propagation in

the ocean. A sound generated by a source arrives at several sensors, through water,

by different paths. There is a direct path, a surface reflection path and possibly a

bottom reflection path. However, in deep water the bottom reflection path is very

weak and therefore neglected. H the distance between the sensors and the source is

short, say, less than .15 km, it is resaonable to assume that the transmission medium .

(ocean) is homogeneous so that· the sound travels at a constant velocity independent

2



SURFACE

Figure 1.1: Multipath environment ( Taken from [13, page 18] with permission)

of the depth and direction of the sound wave. The sound paths are then straight lines

as. shown in Figure 1.1. In fact, the propagation of sound in water is a mechanical

, phenomenon and depends on the mechanical properties of the medium. The ocean is

aCtually ono-homogeneous and sound transmission does not travel in straight lines.

The curvature of the sound rays depends on factors such as temperature gra.dient,

pressure gra.dient and chemical composition. In this thesis it is assumed that the

source is.within 15 km of the sensors and the ocean is a homogeneous medium.

The only information in the random signal generated by the source that can be

used for localization is the time difference of arrivals of the signal at the sensors. The



.'

first step in the localization process is to estimate the time difference of arrivals at the

sensors. The second step is to use these estimates to get estimates of the differences

in path lengths and then using the geometry of the system, as for example in Figure

1.2, to get an estimate of the source position.

The localization problem, after the time delays are obtained, is one of solving

a system of nonlinear equations. In a constant-velocity medium, the time difference

of arrival between signals received by a sensor pair places the source on a hyperboloid

as shown in Figure 1.2. Each time difference determines a hyperboloid, and the point

at which these hyperboloids intersect is the estimated source location. Therefore,

the conventional approach to estimating a source location is based on finding the

intersection of three such hyperboloids[2]. This is quite cumbersome, involving finding

the minimum of a nonconvex function. Since there is no direct method available for

finding the minimum of a set of nonlinear equations, an iterative approach must

be used. The iterative algorithms mayor may not have convergence problems. In

general it is often difficult to provemathematically that an algorithmwill convergence

everywhere. In this thesis, no attempt is made at such a prove. Instead a few

simulation examples are used to indicate that the algorithm converges.

There are two sources of noise that lead to localization errors. There is acoustic

noise in the ocean and there is an error (or noise) in positioning the sensors. The
.

.

acoustic noise is caused mainly.by wind and waves.: The position error is caused by
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Figure 1.2: Intersection of three hyperboloids in the y=O plane for a source located
at [800, 0, 500]. The symbol$ of the form hj" represent the curves with

j and k defining the two pathsused to generated the time delay difference.
(Taken from [13, page 50] wi�h permission)

ocean currents and waves. The sensors a.,te tethered by a cord to a float and moved

about by current and waves. The positit>n of the float is known and so only shifts

in the positi� of the sensors relative to �he floats are considered to be errors. The

position error is viewed as noise because m.ovement of the sensors changes the lengths

of the acoustic paths and causes uncertainty in the time difference of arrival estimates.

In a statistical sense, the variance of the loca.1iza.tion estimator gives an indication, .

!

of the potential error in locating the so�ce. It is accepted as the measure of the

,

i .
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accuracy of a location estimator. The variance expressions that are developed in this

thesis include both of the above mentioned sources of noise.

1.2 Previous Work

Most of the previous work on localization has concentrated on far field analysis

of large arrays in a single path environment. As in the multipath environment, the

source is located using the information in .he time difference of arrivals of the signal at

the sensors. For the single path environment, several approaches [3-6] were proposed

to circumvent the difficulties associated With finding the minimum of a nonconvex

function. One approach, uses two 3-sensor arrays. Each array is used to determine a

line on which the source lies. The inters�ion of these lines gives the location of the

source. This method was extended toanoptimal closed-form localization technique

termed the Spherical Interpolation method [4].

A different formulation proposed in [5] is based on the straight line of position

approach. It leads to a set of N non-linear equations. An iterative gradient search

procedure is used to solve these equatio� and determine the source location. Fur

thermore, it was noted in [6] that an app�ximate solution to these equations can be

obtained by a two-step least square procedure that yields a closed-form expression

for the source location. This two-step technique is quite accurate and is attractive in

its modest computational requirement.

,�



There is a lot of literature n the performance of estimators used in locating an

ays placed in known fixed positions [7-10]. There

is only a small amount of litera ure which includes the effect of sensor perturbations.

In practice the sensor locations e not precisely known. They are perturbed by force

differentials. These differential rees are caused by ocean currents and surface waves.

The perturbations change the I ngths of the acoustic paths and cause errors in the

time difference of arrival estim tes which in turn cause errors in localization. The

effects of sensor perturbations examined in [7] for a line hydrophone sensor array.

Schultheiss et al.[8,9,10] have nsidered errors in both bearing and range estimation

caused by randomly perturbed ays. They have found a lower bound on the mean

square error in bearing and ran e estimation caused by the random displacement of

the sensors.

There is also a considerabl amount of literature regarding the variances of lo

calization for one and two sub erged omnidirectional sensors. This is a near field

problem and the multipaths ha e to be taken into account. Expressions for the vari

ance of localization due to noise are developed for the single.sensor scenario

[11,12], a two sensor vertical st cture scenario [11,13] and a two sensor horizontal

structure scenario [11] . The e ressions for the localization variance due to ocean

noise and sensor perturbation {! r the two omnidirectional sensor are derivedin [14].

The results show. that the se r perturbations in the vertical direction, which are

7



1.3 Proposed W; rk

caused by wave action, dominat the localization variance.

It is believed that by adding a third submerged sensor, the effectsof the vertical

sensor perturbations can be dr tically reduced. In this thesis, a localization system.

with three submerged omnidire ional sensors is proposed and the performance of two

least square error estimators is vestigated. The two estimators are quite different.

One estimator estimates 3 par eters which are the x, y and z location of the source.

The other estimator estimates parameters which are the x, y and z location of the

source and the vertical positio of two of the sensors. Expression for variance of

localization error are developed or both estimators.

This thesis is organized as llows: Chapter 2 gives a brief introduction of the

underwater environment. Cha ter 3 covers the estimation of the time differences

of arrivals.' Chapter 4 develops variance expressions for localization. The theoreti

cal results are corroborated. by onto Carlo simulation and reported in Chapter 5.

Chapter 6 summarizes the thesi and gives the conclusions.

8



2. B ckground

2.1 Introduction

This chapter describes the characteristics of sound genera.ted by a. source, the

transmission of the sound, the metry of the sensor array, and the noise. Urick [2]

discusses these aspects in detail

2.2 Source

from an ocean going vessel originates from the .

machinery on board. There are actually several sources of sound within the vessel.

The four main sources are list

1. Propulsion system: In th case of submarine or ship, the propulsion system is

9



a major source acoustic energy. It includes the engine, reduction gears, drive shaft,

bearing, and so on.

2. Propeller: Although th propeller is a part of the propulsion system, the

propeller is considered to be a ate source of acoustic energy because the energy

has different spectral characteri tics. The rotating propeller moves the water causing

turbulence and acoustic noise. t high speeds, vacuums are momentarily created at

the tip of the propeller causing

3. Auziliary machinery: T
.

includes nonpropulsion-related mechanical and elec

trical systems, such as electri power generation, air conditioning and pumping.

hese include radiated flow noise and flow-induced

excitation of plates or other st dural features.

For the purpose of this study the vessel or source ismodeled as a point noise source

with a uniform omnidirectional adiation pattern. This assumption is reasonable for

radial distances much larger th the size of the source. This source is considered to

be a stationary random process The strength of the source is measured by the total

radiated acoustic power which i often specified as the source level.

2.3 Transmission Loss

The ocean, together with its boundaries, forms a remarkably complexmedium for ..

the propagation of sound. In tr eling through the ocean, an underwater sound signal .

10



gets delayed, distorted, and w ened. Transmission loss expresses one of the many

phenomena associated with so d propagation in the sea. Transmission loss may be

considered to be the sum of the loss due to spreading and the loss due to absorption.

Spreading loss is a geometrical effect representing the regular weakening of a sound

signal as it spreads outward fro the source. The underwater acoustic source, which

produces the above four types f sound, is typica.lly modeled as a point noise source

with a uniform omnidirection radiation pattem. For a uniform radiating point

source, this loss is referred to spherical spreading loss. Spherical spreading loss is

the loss in intensity relative to the surface of a sphere, one meter in radius, and is

given, in dB, by 1010gr2, wher r is the distance in meters from the source to point

of interest.

Absorption represents a tru loss of acoustic energy to the medium in which prop-
.

agation is taking place. Since t e absorption loss is relatively small compared to the

spreading loss for a source D the sensors, this loss is assumed to be constant and

the value ac = .2187 x 10-3 dB meter as suggested in [1] will be used.

.There is also the reflection s at the surface and bottom. Not all of the energy

reflects, some is lost to the air d sea bottom. The acoustic mismatch at boundaries, .

such as the air-water interface d water-bottom interface is usually large and little

energy is lost. In this thesis it i assumed that the source is in deep water; therefore,

the sound via the bottom bo e path is severely attenuated and only the path via

11



the reflection off the ocean surface is taken into account. There is also a scattering

effect at the surface due to waves. While there is actually no energy lost in this

scattering, the energy continuing in the expected direction of the original sound ray

has been attenuated. The scattering effect and the loss to the air are collectively

referred to as reflection loss. In quiet seas this loss would be nearly 0 dB and in rough

seas it could be as high as 3 dB. The sea. is considered quiet, if the surface deviates

from a plane by an amount that is small compared with the wavelength of the sound.

Conversely, the sea. is rough if the surface deviations are larger than the wavelength

of the sound.

2.4 Sensors and Noise

The function of the sensor is to transform the acoustic signal to an electrical

signal so that the signal can be processed electrically. The sensor also transforms the

ambient noise produced by random pressure fluctuations in the ocean. The ambient .

noise refers to the noise that remains after all easily identifiable sound sources are

eliminated. This noise frustrates the processing of the acoustic signal. In addition

to the ambient noise, another random phenomena which frustrates the processing of

the signal is the perturbation of the sensors caused by the ocean waves and currents.

.

The ocean current will move the sensors about their positionS, change the acoustic

path lengths and causes errors in the time delay estimates. The error in time delay

12



Virtual Sensor sl Vinual Sensor s2

. Sensord2

Ocean

Surface

Figure 2.1: Geometry of the source-.sensor configuration. The bold symbols are vect
ors that represent the location of the sensors. in Cartesian coordinates.
The length of the paths are indicated by symbols of the form 'i. The x and
z axes are as shown with the y axis direction being into the paper.(Taken
from [13, page 37] with permission)

estimates will deteriorate the localization performance {13].

2.5 Model of Signal Received

The geometry of the source-sensor configuration is shown in Figure 2.1. A block

diagram. of ocean channel' for the two paths linking the source and a sensor element

is shown in Figure '2.2. The source generates a si�al, s,,(t), which is a function of

13



Delay I,
D,

Source
s (r)

Receiver

Delay Id
Dd.

I
l,----.J

Ambient Noise SOurce

Figure 2.2: Model of the ocean channel (Taken from [13, page 38] with permission)

time. This signal is delayed for the surface-reflected path by

D. = length of surface path,
speed of sound (2.1)

and for the direct path by

D,z = length of direct pa.th.
speed of sound (2.2)

The delayed signals are multiplied by the total transmission attenuation which

includes the reflection loss in the case of the surface bounce path. The two direct

and surface loss coefficients are referred to as 9t1 and 9.· respectively. The resulting .

".

surface bounce and direct signals are added to the ambient noise n,(t) to give the

14



signal received at the sensor, rp(t). The ambient noise is modeled as a white point

source followed by a shaping filter, resulting in a continuous broadband spectrum for

the noise received. The signal rp(t) is expressed as

rp(t) = 9dBp(t - Dd) + 9,�p(t - D,) + np(t). (2.3)

15
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3. Estimation of Time Difference of
Arrival

3.1 Introduction

The problem of time difference of arrival estimation is that of estimating the

difference in the signal's times of arrival at the two spatially separated sensors. In

this chapter, although only the estimation of the time dift'erence of arrivals between

two sensors is discussed. These results are directly applicable to a situation with more

than two sensors. According to the multipath model discussed in Chapter 2, each

.

sensor receives a delayed direct path signal and a. surface-reflected signal,' as well as

uncorrela.ted noise.

16



Using the model developed in Chapter 2 the signals received at the three sensors

are given by

rl(t) - 9dl set - Ddl) + git set - D.1) + nl(t),

r2(t) - 9� s(t - D�) + 9� s(t - D�) + n2(t) (3.1)

and

r3(t) = 9da s(t - Dda) + 9aa set - D.a) + n3(t), (3.2)

where set) is the random signal produced by the source, nl(t), n2(t), and n3(t) are

the noise received at the three sensors and 9i is the attenuation coefficient of path i.

The parameters of primary interest are the relative delays between sensors.

3.2 Estimation of Time Difference of Arrivals

A straightforward way to estimate the time difference of arrival is to auto or cross

correlate the output signals. The resulting correlogram will have peaks corresponding

to the various delay differences. The cross-correlation of the two received signals, rl (t)

and r2(t) is given by

.r

R12(T) - E[ rl(t)r2(t - T) ]

- 9d19�R.. (T - Ddl�) + 9d19�R•• (T - Dtll�)

+9.19�R•• (T - D.l�) + 9.19�R•• (T - D.l�) (3.3)

17



the auto-correlation of the source signal s(t), and E[·] represents the expected value.

The noise nl(t) and n2(t) do not contribute to 3.3 because they are from zero mean,

uncorrelated Gaussian processes. The auto-correlation of rl (t) is given by

Ru('r) - E[ rl(t)rl(t - '1') ]

(3.4)

and the autocorrelation of r2(t) is given by

(3.5)

where Rn,('T) is the auto-correlation of ni(t).

The peaks are actually estimated from a time average estimate of the cross-

correlation function that is given by

(3.6)

where T is assumed sufficiently large to satisfy TB > 1, and B is the bandwidth of

the signal, s(t).· Equation 3.3 indicates that R12('T) should have four distinct peakS

18
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Figure 3.1: Time average cross-correlation of the two received signals.

time average cross-correlator shown in Figure 3.1 which illustrates two positive and

two negative peaks.

The time average auto-correlation has a similar form and is given by

(3.7)

An example output of the time average auto-correlator is shown in Figure 3.2.
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Figure 3.2: Time average auto-correlation of rl(t).

3.3 Time Difference of Arrival Variance

Hahn [14] derived an expression for the variance of time difference of arrival

obtained from a time average cross-correlation with only the direct paths present (i.e.

9al = 9.2 = 0, 9d.1 = 9i.2 = 1). The expression is given by

where, s(t) and ni(t) have flat band pass spectra with levels S" and Sflj watts/Hz.

Hi1c(W) is the optimum filter which. is chosen to be 1 in this thesis.

Ianniello [15] developed a' expression for the variance of time difference of arrival
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extracted from an auto-correlation function in a two path environment. In the nota-

tion used in this thesis, his expression is given by

(3.9)

where D is the estimation of time delay D. A useful approximation for var(D) can

be obtained by assuming that the spectra of s(t) and nj(t) are ideal flat low pass

spectra with bandwidth B and the two peaks in the auto-correlation function are well

separated. The expression for the variance of D is then simplified to

(3.10)

where g is the attenuation coefficient.

Daku [13] developed an expression for the time difference of arrival variance in

multipath environment using the cross-correlation which is

[D.] _
TERM1 +TERM2

var ,Ie -
.

TERM3 (3.11)

where,

1 1+00
.

TERM1 -

2rT -00
w2811(w)S22(W)dw

TERM2
. 1 1+00 2 '2

- -

2rT -00

w 812(-w)821(w)e-J "wdw

TERM3 11+00 2
.

2 (3.12)- (2rT -00

-w 812(w)e''''''dw) .

Where, 811 and 822 are the power spectrums of signals r1(t) and 1"-i(t) received at

sensors 1 and 2 respectively. With the assumption that the observation time T is large
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with respect to the differential multipath delays and the peaks in cross-correlation

function are highly separated, equation (3.11) is simplified as

where,

'2 2
W - 9tl19d (3.14)

D;1r is the estimated time difference of arrival between paths j and k.

S. is the lev�l of the flat, lowdpass spectrum of the source signal, s(t).

Sflt is the level of the white noise, ni(t), which, after filtering by H(f),

is band limited to the bandwidth of the source signal.

9i is the attenuation coefficient of path i.

Expression (3.13) will be used to calculate the time difference of arrival variance

var(»;�), var(Dtlt�), var(D��), var(IJ.t�) in following chapters. A summary of the

development of the expressions for var(Dtlt�) and var(D��) is included in Appendix .

A..
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4. Analysis of Localization Accuracy

4.1 Introduction

Wave action causes the vertical positions of the sensors to vary randomly with

time. These vertical perturbations deteriorate the performance of the localization

system. It is the purpose of this c:h.apter to determine if the performance in localization

can be improved by estimating the vertical positions of two sensors in addition to

estimating the source position.

When a system of three submerged sensors is used in amultipath environment, the

system can be viewed as a system of 6 sensors (three real and three virtual sensors)

in a single path environment. There are fifteen path pair combinations which suggest.

a system of 15 equations. However, due to the geometry, ooly five of these equations
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are independent.

In the absences of noise, from a mathematical. point of view, any three of the

set of 15 non-linear equations (or a careful choice of five in case of estimating five

parameters) can uniquely determine the source location. Unfortunately ocean noise

and sensor perturbations cause localization error. This error can be reduced if a

least square error solution involving the full set of 15 equations is used. This is the

approach taken in this chapter.

This chapter is organized as following: Section 4.2 describes the basic notation

system which is used in this and following chapters. Section 4.3 contains the analysis

for a three parameter scenario, where the z, 1/, z coordinates of the source are the

three parameters. In this scenario, the perturbations in the vertical. position of the

sensors are not treated as parameters to be estimated but as noise in themeasurement

system� In section 4.4, the five parameter scenario is analysed. In this scenario, the

five parameters that are estimated are the z, 1/, z position of the source and the

vertical. position of two of the three sensors. The perturbation in the vertical. position

of the third sensor is treated as noise. Section 5.5 compares the scenarios of section

4.3 and 4.4.
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4.2 Notation

The notations used in this and the following chapters are quite involved. Therefore,

a basic system of notation is described in this section.

Path Symbols

The symbols d1, d2, ds, S1, S2, Ss, are used to refer to the different paths that link the·

source and three source. The symbols d1, d2, and ds denote the direct paths from the

source to sensor 1, 2, and 3 respectively. The symbols S1, S2, and Ss denote the surface

reftected paths from the source to sensor 1, 2, and 3 respectively. These symbols are

often used as subscripts to associate the subscripted variables with a path.

Path Pairs Symbols

The difference in the times of arrival of the signal along two different path is used

extensively. The pair of paths are denoted by the two index variables j and k, where

j,k E {d1, d2,ds, Sh S2,SS}. For three sensor system, there are fifteen path pairs, i.e.

d1d2, d1s2, S1d2, d1s1, d2s2, S1S2, d1ds, d1sS, S1dS, dsss, S1SS, d2ds, �S3, S2dS, S2SS.

Time Delay

The transit time or time delays from the source to a sensor along path i is denoted

o;

Time Difference of Arrivals

The time difference of a.trlval is the difference in time for the source signal to travel

the entire length of two different paths. For paths j and k;' the time difference of
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arrival is denoted Djlc and is given by D;1c = Dj - D".

Estimated Quantities

Estima.ted quantities are indicated by an overscore of a hat. An estimate of the-time

clliference of arrivals for paths j and Ie is denoted Dj". The error in an estimate is

symbolized by placing a a in front of variable that is estimated. For example ADdld-J

is error in the estimate bdl� and is given by bd.l� - Ddl�.

Vector

Bold face print is used for variables that are vectors.

Source Position Vectors

The true source position is represented by the vector Pc = (xc, 1/c, zc)T where xc, 1/c,

and Zc are the x, y and z coordinates of the source.

Sensor Position Vectors

The position of the three sensors are denoted by the vectors Pl = (Xl' 1/1, Zl)T,

P2 = (X2' 1/2, Z2)T and Ps = (xs, 1/s, zs)T, where Xi, 1/i and z. are the coordinates of

sensor i.
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4.3 The Three Parameter Scenario

4.3.1 Least Mean Square Error Estimation

In the ocean, sound usually arrives at each omnidirectional receiver through more

than one path. It is assumed that only the direct and surface-rellected paths are

presented as shown in Figure 2.1. The deep wa.ter assumption means the bottom

bounce path is much larger which means the signal is severely attenua.ted and can

be neglected. The sensor configuration and source track used in illustrations are

shown in Figure 4.1. The three sensors, sensor 1, 2 and 3, are placed at positions

denoted PI = (Xl lI1 Zl)T = (-5000 200)T, P2 = (X2 lI2 Z2)T = (5000 200)T and

P3 = (X3 lIa za)T = (0 866 200)T respectively. The source track that is used to

illustrate the theoretical results is along the line X = II with z = 500 meters. It was

chosen more or less arbitrarily.

The signals receivedby the three sensors are given by

(4.1)

.

(4.2)

and

r3(t) = 9qS(t - Dcta) + 9..S(t - D'a) + na(t), (4.3)

where

27



I
.S
>-

sensor 3
o

o�----._----------�----------------�------------
-2000 -1500 -1000 -500 o 1000 1500 2000

xmmeters

Figure 4.1: The top view of sensor configuration and source track

rl(t), r2(t) and'r3(t) are the signals received at sensors 1,2 and 3 respectively,

s(t) is the random signal produced by the source,

nl(t) , n2(t) , and n3(t) are the noises received at the three sensors and

gi is the attenuation coefficient of pa.th i E {d1,d2,da,Sl,82,Sa} from the source to

each sensor.

The signals(t) and noises nl(t), n2(t) and n3(t) are assumed to be sta.tionary, uncor-

related, zero-mean, Gaussian random processes.

28



Equations (4.1) to (4.3) contain delays: Dd1, Dtl2, DdS, Dd, D.2, D.a. Unfortu-

nately, there is. no way to measure these delays directly. Only the difference between

the delays can be obtained. These differences are obtained from auto- and cross-

correlation plots of the received signals. The equation for each time difference of

(4.4)

where Pc = (zcYczc)T is source location and hjle(Pc, PI, P2, Psl is the hyperboloid

given by

hjle(Pc, PI, P2, Ps) = � [v'(zc - Zj)2 + (Yc - Yj)2 + (zc - Zj)2 -

v'(zc - ZIe)2 + (Yc - YIe)2 + (zc - ZIe)2] • (4.5)

For the notational convenience, the argument of the hyperboloids hj1c(PC, Pl, P2, pa)

will sometimes be omitted and the function will be written as hjle.

It should be pointed out that the vertical and horizontal positions of the virtual

sensors are the mirror images of the real sensors. This means that there are not as

many degrees of freedom as suggested by equation (4.5). In the analysis that follows,

it is understood (and must be remembered) that in taking the partial derivative with

respect to, say, the vertical sensor position of sensor one, all occurrences of Ztll and
.

Z'lmust be replaced with a common variable, $&y, specifically Ztll = Zl, and Zd = -:-Zl,

and then the partial in taken with respect to Zl. In general the following substitutions
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are required prior to taking a partial.derivative:

$1 for j =d1 111 for j =.d1 Zl for j = d1

Xl for j = Sl 111 forj=sl -Zt for j = Sl

X2 for j =� 112 forj=� Z2 forj=d2
Xi = lIi = zi =

x2 forj=s2 112 forj=s2 -Z2 forj=s2

X3 forj=d3 113 forj=d3 Z3 forj=ds

X3 for j = S3
.

lIs forj=ss -:-zs forj=s3

H the source changes position by aXe in the X direction, alle in the 11 direction

and aZe in the Z direction, the time difference of arrivals will change and this change,

denoted ADil" is given by

1

[
.

; {«Xe + aXe) - Xj)2 + «lIe + aYe) - Yi)2 + «ze + AZe) - Zj)2 -

{«xc + aXe) - XII)2 + «lIe + aYe) - YII)2 + «ze + aze) -- ZII)2 ](;4.6)

The equations for these hyperboloids are non-linear. For small changes in aXe, alle

and Aze, the change in delay can be found approximately using a first order Taylor

series expansions about Pc = (xc Yc zc)T. In the three parameter scenario, which is of
.

current interest, the linearized equations for the change in time di1ference of arrivals
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are given by

8h'I: 8h'I: 8h'I:
ADil: = -8'AZe + -8'AYe + -8'Aze,Ze Ye Ze

(4.7)

where partial derivatives of hil: are evaluated at Pc, Pl, P3, PI. The full set of 15

linear equations can be represented in matrix form •

(4.8)

where,

(4.9)

is a 3 x 1 vector that represents a change in source position, AD is a 15 x 1 vector

containing the changes in time difference of arrivals and AI is a 15 x 3 matrix whose

elements a.re the partial derivativ:es of the hyperboloids. The subscript 3 indicates

that the A matrix is associated with the three parameter scenario. The matrix AI

is a function of Pe, Pl, P2 and PI and is given by

(4.10)
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where H is a 15 x 1 vector given by,

The matrix equation for �D is valid provided �Pe is the independent variable.

Unfortunately, the equation is not, in general, valid when dD is the independent
-

variable.. This is because. the matrix equation represents an overspecified system. H

LlD is chosen arbitrarily, it is extremely unlikely that the system of equation will be
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consistent. It is, however, possible to find a �Pc that minimizes the magnitude of

the diiference vector �D - As�Pe. In other words, it is possible to find a �Pc that

gives a least square error fit to 6.D. Such a �Pc is obtained by left multiplying both

sides of the matrix equation for 6.D by the pseudo inverse of As. In order to avoid

ambiguity, 6.pc will be overscored with a hat, tilde or dot to show it resulted from a

least square error fit. After left multiplying by the pseudo inverse ofAs, the equation

become

(4.11)

where�D is a 15 X 1 vector containing the time diiference arrival measurements and

6.Pc is the error in the least mean square error estimate of the source location.

4.3.2 Localization Error Due to Ocean Noise

There are two components of localization errors. One component is. due to ocean

noise, the other component is due to sensor position error, which is referred to as sen

sor perturbations. In this section only the error due to the ocean noise is considered.

The sensors are assumed to.be perfectly positioned.

Ocean noise causes error in the time diiference of arrival measurements. These

errors propagate through the equations for the hyperboloids and cause error in lo

calization. Let the measured time difference of arrival vector, which contain error

caused by ocean noise, be denoted D. The overscore, in this case tilde, distinguishes
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the origin of the noise that causes the measurement error. A tilde is used to indicate

that the source of error is ocean noise. It is more easily remembered if one thinks of

the ocean noise as a voltage source. since a tilde resembles. the symbol for a voltage

source. The measurement error vector is denoted

aD=D-D. (4.12)

Let Pc be the source position that minimizes the magnitudeof the c:lliference

vectorD - Aapc. Then, as explained in the previous section, the error in the estimate

Pc, which is Pc - Pc, denoted apc, is given by

(4.13)

The covariance matrix of the localization error is given by

cov[apcl Pc] = E[apc ap;1 Pc], (4.14)

where E is the sta.tistical expectation opera.tor. Substituting the right side of (4.13)

for Apc yields

Since the matrix Aa is not random, the right side can be expressed as

cov[APclpc] - [AaTAat1AaTE[afiaDTI pc]Aa[AsTAst1
.

- [AaTAa]-lAaTcov[aDI pc]Aa[AsTAa]-l, (4.16)
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where the matrix cov[ADIPcl is the covariance matrix for AD given Pc and can be

calculated from equations found in [13]. The elements of the 3 by 3 localization error

covariance matrix are denoted by

q2 u2,. q2:rn; zs·

cov[APclpc] = a!s, q2 q2 (4.17)W �

.2 2 q2qll:lI q1/1I U

The trace of this covariance matrix gives the variance of Euclidean localiza.tion

error. A plot of the.Euclidean variance obtained from (4.16) is shown in Figure 4.2.

The plot is for sensor positions at (-500,0,200), (500,0,200) .and (0,866,200), and a

source track that is outward from the origin in the :£ = 11 plane along the line of

constant 500 meter depth (Le. z = 500). These are the positions and track that are

illustrated in Figure 4.1 on page 27. The ratio of the source level to the ocean noise

intensity level is 80 dB and the bandwidth of signal is 400 Hz. The graph illustrates

the Euclidean variance of the localization error as function of surface range, which is

the distance on the surface from the origin to the point directly over the source i.e,

The Euclidean variance of the localiza.tion error, shown in Figure 4.2, is less than

1000 meters squared except for two regions where peaks occur in curve. The peaks

in the. localization error are caused by very noisy time difference of arrival estimates

that result when the source is in certain .locations. For these locations, the cross-
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Figure 4.2: The localization variance due to ocean noise as a function of surface range
for a source track of Xc = 'lie with Ze = 500 meters

correlation of the received signals yields broad, somewhat fiat, peaks whose positions

are not sharply defined and very prone to noise. Comparison with the work of two

sensor system reported in [13] shows that the localization variance is reduced by at

least two orders of magnitude when a third sensor is added to the system.

Euclidean distance is a one-dimensional measurement of performance that does

not give a good indication of the spatial volume involved in the uncertainty of the

source position. To get an indication of the spatial volume in which the source is

likely to reside,' an eigenvector decomposition of the covariance matrix is necessary.
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A 3x3 covariance matrix has three eigenvalues and three corresponding eigenvec-
.

tors. The useful property of the decomposition is that the eigenvectors are orthogonal

and the errors in the directions of the three eigenvectOrs are independent. The di-

rection of a vector is described by bearing and elevatica angles. The elevation is the

smallest angle from the z=O plane to the vector and it is bounded by ±90 degrees..

The bearing is the horizontal angle (in the z = 0 plane) measured clockwise from the

positive x axis to the vertical plane containing the vector. Because the covariance

matrix is a positive definite matrix, its eigenvalues are all positive•. Each eigenvalue

represents the variance of the localization error in the direction of the corresponding

eigenvector. For example, suppose the covariancematrix has three eigenvalues AI, A2

and A3 with corresponding eigenvectors VI, V2 and Va, then Al gives the variance of

localization error in the direction of VI, A2 gives the variance of localization error in

the direction of V2 and Aa gives the variance of loca1iza.tion error in the direction of

V3. The bearing of vector VI == [VI. VI, Vb]T, denoted a, is given by

a = { arcta.n(-::) + 1800;

.

arctan( -1T1, ).til. '

and the elevation, denoted {j, is given by

a .( VI .. )'" == arcsin

. y'(vl. + vl, + vL)
.

Figures 4.3, 4.4 and 4.5 shows the eigenvalues, bearings and elevations of the three

(4.18)

eigenvectors for the covariance matrix whose trace is plotted in Figure 4.2.
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Figure 4.3: The three eigenvalues as a function of surface range for a source track of
Xc = 1/c with Zc = 500 meters

Comparison of the three eigenvalues shows that one eigenvalue is much larger

than other two and the direction of the eigenvector approaches the direction of source
I

.

vector as the source range increases. The fact that one eigenvalue is much larger than

the other two is very significant as it indicates the volume of uncertainty, which is

proportional t� the product of the three eigenvalues, is relatively small for a given

Euclidean variance, which is the sum of the three eigenvalues. This also indicates that

the volume of uncertainty is a cigar shape which is desirable formilitary operations.
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values in Figure 4.3

4.3.3 Localization Error Due to Sensor Perturbations .

In this section, only the sensor perturbations. are considered and the ocean noise

is assumed to be zero. Under ideal conditions, the sensors are positioned at PI =

[Xl '1/1 Zl]T, P2 = [X2 '1/2 Z2]T, and P3 = [xs 'l/s zs]T. Because of waves and ocean cur-

rents, the actual sensor locations derivate from these positions. The actual positions

. are distinguished from the ideal positions with an overscore 9f a. dot. A dot is used as

the overscore because it resembles a sensor and acts as a reminder that the source po-

sition error is due to sensor perturbation. The actual positions are Pl = [Xl ill Zl)T =
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Figure 4.5: The elevations of the three eigenvectors that correspond to the three

eigenvalues in Figure 4.3

[Xl + AXI 1/1 + Ail! Zl + Azl]T, P2 = [Z2 il2 Z2}T = [X2 + AX2 1/2 + Ail2 Z2 + Az2]T,

and P3 = [Z3 il3 Z3]T = [X3 + AX3 1/a + Aila Z3 + Aza]T. The random error in the

position of ith sensor is denoted Ap. = (Ax. Ail. Ai.) as the sensor perturbation.

This average error is assumed to be zero which means the mean sensor positions are

the ideal positions.

The problem is to determine the effect of the random sensor position error on 10-

calization. The source position is calculated from estimated time difference of arrivals

using the ideal sensor positions. If a sensor is displaced from its ideal position, then
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it will receive the source signal either sooner or later than assumed, depending on

whether the sensor displacement is toward or away from the source. This will aifect

the. time diiference of arrivals between the displaced sensor and the other sensors.

The problem becomes one of relating sensor perturbations to time difference of ar-

rival errors and then using the equation developed in the previous section to find the

covariance of localization error as a function of the covariance of sensor perturbations.

The time difference of arrivals are related to sensor positions through the equation

of the hyperboloids given by (4.5). Hthe sensors are perturbed by APt, AfJ2 and A'h,

then the time diiferences of arrivals for a source position of Pc are given by

hj1(PC,Pl + AP1,P2 + Ap2,PS + Aps)

� [v'(xc -(Xj - AZj»2 + (Yc - (Yi - AYi»2. + (zc - (zi - AZi»2-

v'(Xc - (Z1 - AX1:»2 + (Yc - (Y1 - AY1»2 + (zc _. (Z1 _ AZ1»i] ,
(4.19)

where an overscore of a dot is used on Dj1: to indicate the time difference of arrivals

are corrupted with errors caused by sensor perturbations. Although there are 9

components to the sensor perturbations, AXi, AYi, AZl, for i=I,2, and 3, usually only

three of them dominate the error in localization. In [13] it was found that· the three

vertical components, i.e. AzI, Az2, Azs, induce more localization error than do the

horizontal components. Hence, only the vertical components need to be taken into
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account and (4.19) can be rewritten as

bjle = � [y'(3:c - 3:j)2 + (lIc -lIj)2 + (Zc - (Zj - aZj»2-

y'(3:C - 3:1:)2 + (lIc -111:)2 + (Zc - (ZII - AZII»2] • (4.20) .

Assuming the perturbations are much smaller than the sensor depth, i.e. aZj <: Zj,

then the change in delay due to the change in sensor positions can be obtained from

a linear approximation to the above equation. Linearizing with a Taylor series about

the sensor positions Pl, P2 and Ps and source'position Pc produces

(4.21)

where Djll is the time di1ference of arrival in the absence of sensor perturbations for

a source located at· Pc and abjk is the error in time di1ference of arrival between

paths j and k caused by the sensor perturbations. Since AZ1, AZ2, and azs are the

independent variables, these equations can be put in matrix form as

(4.22)

where AD is a 15 x 1 vector, Ai is a 3 x 1 vector and As is a 15 x 3 matrix. They

are defined as

AD=D-D

.As = [8B 8D 8B]8z1 8z2 8zs Pc:,Pl,P2'PS

(4.23) ..

(4.24)
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with H defined in section 4.3.1 and

(4.25)

The time clliference of arrival variance due to the vertical sensor perturbations for

a given source position is expressed as

(4.26)

Since the perturbation are independent of the source position, the given condition

does not influence the covariance of �z and this equation can written as

(4.27)

It is pointed out that cov[ab.IPcl still depends on Pe through As. Assuming the

sensors are sufficiently separated, all �Zi are independent of each other, and cov[az]

will be a diagonal matrix of the form

2 0 0fr.1

cov(Az] = 0 fr2 0 (4.28)
.,

0 0 2
fr.3

The expression for location error covariance matrix developed in section 4.3.2,

equation (4.16), can be applied in this scenario resulting in a expression for the

covariance of the least square error source position given by
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where �Pc is the error in source position due to sensor perturbation.

A plot of the Euclidean variance given by equation (4.29) is shown in Figure

4.6. The sensor position and the track of source are the same as those used in the

generation of Figure 4.2 except that here only the sensor perturbations are taken into

account. The covariance matrix of the vertical sensor perturbations are taken to be

the identitymatrix, i.e. a diagonal matrix with all diagonal elements being 1m2• The

variance of Euclidean error shown in Figure 4.6 is a relatively smooth function of

surface range and does not have sharp peaks like Figure 4.2. The eigenvalues of the

covariance matrix and the bearings and elevations of the corresponding eigenvectors

are shown in Figure 4.7, Figure 4.8, and Figure 4.9. Observation of Figures 4.3,

4.4, 4.5, 4.7, 4.8 and 4.9 shows the errors due to sensor perturbations have the same

tendencies as those caused by ocean noise. The magnitude of largest eigenvalue of

covariance matrix (4.29) dominates the localization variance and the corresponding

eigenvector contains the information of the bearing and elevation angle of the source.

The region of uncertainty is again cigar shaped and relatively small in volume.

4.3.4 Localization Error Due to Ocean Noise Plus Sensor

Perturbations

The total localization error includes both errors caused by the ocean noise and
.

those caused by sensor perturbatioris. It is assumed in the analysis of both cases
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Figure 4.6: The localization variances due to vertical sensor perturbations as a func
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that the errors are small enough to use linear approximations for the equations of the

hyperboloids. It seems reasonable to assume that the total error, which is the sum of

the two, is also small enough to use linear analysis. In which case the superposition

principle applies and the total error is simply the sum of the errors due to ocean noise

and sensor perturbations. Therefore the equation for totalloca.lization error is given

by

(4.30)
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where �Pe is the combined error in the localization ( �Pc is overscored with a ha.t to

indicate total estimation error), APe is given by equation (4.9) and aPe is given by

equation (4.29). The validity of using the superposition principal is corroborated by

simulation in the next chapter.

Since �Pc and APe are independent of each other, the total variance of location.

error is given by

COv(�Pe] = cov[APclPe] + cov(�PeIPe], (4.31)
.

where the cov[apelpe] is given by equation (4.16) and the cov[apelpe] is given by
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equation (4.29).
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eigenvectors that correspond to the three eigen-

A plot of the Euclidean
.

ance given by equation (4.31) is shown in Figure

4.10. The sensor positions and the rack of the source are same as those used in section.

4.3. In this figure both ocean noi and sensor perturbation are taken into account .

. This figure shows that the sensor perturbation has a bigger impact on loca.1iza.tion

variance than does the ocean noise. It is expected that, as shown in Figure 4.11,

Figure 4.12, and Figure 4.13, the largest eigenvalue of the covariance matrix and

the corresponding eigenvector play the important roles in evaluating .the localization
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error and determining the bearing and elevation of source. It is pointed out, from

Figure 4.12, that. there is a rapid change in bearing of the second largest eigenvector.

Although there is a rapid variation in the bearing the direction of the eigenvector does

not change significantly beca.use this eigenvector points nearly vertically, i.e. has an

elevation of nearly 900, and does not have a significant horizontal component.
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4.4 The Five Parameters Scenario

In section 4.3, the eensoe perturbations were treated as noise aad only the source

location Pc = (xc Yc zc)T was estimated during localization. In that scenario, the ideal

sensor positions were used in the localization equations. In this section, the vertical

positions of two of the sensors are viewed as parameters and the localization process

estimates them as well as the source location Pc. This changes the estimation from a .

three parameter scenario to a five parameter scenario. The vertical perturbation on
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the third sensor is treated as noise and the ideal position of this sensor is used in the

localization equations.

In three sensor systems, there are only five independent hyperboloids so that

only 5 parameters can be estimated, 3 of which must be the 3:0, 1/c, Zc coordinates

of the source location. Since the error in source position is more sensitive to sensor

displacement in the vertical direction than in the horizontal direction [14], it makes

sense to choose the vertical position of two sensors as the last two parameters to be

estimated. Thus the five parameters to be estimated are the 3:0, 1/c, Zc location of the
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source and the depths of two of three sensors. The depth of the third sensor can not

.

be estimated because there is not enough information in the system, therefore, the

vertical perturbation of this sensor is treated as noise during localiza.tion. That is, in

5 parameter scenario, the hyperboloids are viewed as functions of 5 parameters and,

without loss of generality, these parameters are zc, 'IIc, zc, Zl, Z2 and do not include

Z3. It is hoped that adding the two vertical positions to the estimation parameters

will reduce the uncertainty in these positions. Because the locaJ.ization performance

is sensitive to perturbations in the vertical positions, it is reasoned that a reduced
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uncertainty will improve the localization performance.

4.4.1 Localization Error Due to Ocean Noise

In this section, only ocean noise is considered. The sensors are unperturbed and

located at position Pl, P2, Pa. The analysis is similar to that of the three parameter

scenario in section 4.3.2 and starts with the expressions for the time difference of

arrivals in the absence of noise which are given by
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H the source is displaced from Pc and located at Pe + �Pe, then the time difference

of arrivals biN. are given by

(4.33)

Again this equation can be linearized using first order Taylor series expansion about

have 5 parameters and are of the form

�i>=�i, (4.34)

where

(4.35)

is the 15 X 1 vector containing the difference of time difference of arrivals caused by

the displacement of the source·APe.

(4.36)

is the 15 x 5 matrix whose elements are the partial.derivatives of hyperboloids and
.

(4.37)

is the 5 x 1 vector containing the errors of the five estimation parameters.

The variance of the estimation error can be found with the same logic that lead

to equation (4.37). The five parameter error covariance matrix is given by

var[ilPe] = [AsTAsr!AsTE[�i>�i>T Ipc]As [AsTAst! , (4.38)
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where E[�D�DTIPe] is the time difference of arrival covariance matrix which is

calculated according to the work in [14]. A plot of Euclidean localization variance

given by equation (4.38) is shown in Figure 4.14. The sensor positions and the track

of the source are the same as those used in section 4.3(see Figure 4.1). It is noted

that va.r[iIPe] is a 5 x 5 covariance matrix. In Figure 4.14, only the sum of the three

diagonal elements related to the localization error are plotted.

It is noted, in this section, thatonly ocean noise is taken into account. The sensor

.

positions are known exactly, however; the vertical positions of two of the sensors are .
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still estimated. Clearly, estimating the vertical positions of two sensors is introducing

uncertainty where there was none. Estimating 5 parameters only makes sense if

the sensor are perturbed. The results in Figure 4.14 show that the three parameter

estimator performs better than the five parameter estimator in the statistical sense. .

That is, if the sensor depths are estimated when there is no sensor perturbations,

there will be more uncertainty in the loca.lization.

Figures 4.15 shows the largest eigenvalues of the 3 x 3 covariance matrix of the

Xc, '!Ie, and Ze estimates for both the 3 and 5 parameter sceaarios, In the case of the
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eigenvalues in Figure 4.15

5 parameter scenario, it is the upper left submatrix of the 5 x 5 covariance matrix

given by (4.38). Figures 4.16 and 4.17 show the bearings and elevations of their

eigenvectors. As. in the three parameter scenario, one eigenvalue dominates the other

two which is why Figure 4.15 is almost identical to Figure 4.14. This is because the

trace of the covariance matrix is approximately equal to the largest eigenvalue. Figure

4.16 shows that the bearings of the eigenvectors are quite close in the two scenarios.

The elevations of eigenvectors are nearly identical as well.
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4.4.2 Localization Error Due to the Sensor Perturbations

In this section, only sensor perturbations are taken into account and the ocean

noise is assumed to be zero. Because the time delay errors caused by sensor per-

turbations are the same as those in section 4.3.3, the problem here is to develop

an expression for the variance of localization error using the two estimated sensor
.

positions.

The time difference of arrivals with sensor perturbation are obtained by substi-

tuting Pe +�Pc, PI +�PI' P2 + �P2, Ps + �P3 for Pc,PI, P2, Pa in (4.32) and
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given by

As mentioned in 4.3.3, only vertical sensor perturbations are taken into account here.

The linearized form of equation (4.39), about Pc, Pl, P2, Pa, can be written as

aHA' aHA' aHA'
-a�Xe+ A.. �Ye+-a�Ze+
Xc Vile Ze

aHA' aHA'
-a�ZI + -a�Z2·
ZI Z2

(4.40)

In matrix form, the equations can be rewritten as

(4.41)

where

AI = [� oR oR aH OR].

aXe Oye aZe aZ1 aZ2 Pc. Pl' P2. Pa

is the 15 x 5 matrix whose elements are the partial derivatives of hyperboloids and

(4.42)

(4.43)

is the 5 x 1 error vector of five parameters which includes the vertical perturbations

of sensors 1 and 2 as well as errors in the source location.

From equation (4.41), the localization error covariance matrix due to sensor per-

turbations is given by
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A plot of Euclidean variance given by equation (4.44) is shown in Figure 4.18. The .

sensor positions and the track of the source are the same as in Figure 4.14. In Figure

4.18, only the sum of three of five diagonal elements of covariancematrix cov[elpc] are

plotted. As shown in Figure 4.18, if there is no ocean noise, the localization variance

in the five parameter scenario is wo� than the three parameter· scenerlo for source

range less than 3800 meters but improves steadily and is better for ranges larger than

3800 meters. Again, the largest eigenvalues of the covariance matrix and the bearing .

and elevation of their. corresponding eigenvectors are plotted in Figures 4.19, 4.20
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and 4.21. The bearings of eigenvectors are mearly the same, but the elevations of

the eigenvectors have some differences. For surface ranges less than 1500 meters, the

elevations are similar. For the surface ranges larger than 1500 meters, the elevation of

the eigenvector associated with the three parameter scenario is close to the elevation

of source vector, however, the elevation of the eigenvector associated with the five

parameter scenario is tilted about 200 upward from the source vector.
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eigenvalues in Figure 4.19

4.4.3 Localization Error Due to Ocean Noise Plus Sensor 0

Perturbations

Using the same reasoning in section 4.3.4, the total localization error is the sum

of the errors due to the sensor perturbation and ocean noise. Hence the equationfor

total localization error is given by

o

(4.45) 0
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where e is the combined error in the localization, e is given by equation (4.37) and e
.

is given by equation (4.43).

Using the assumption that i and e are independent, the total localization variance

is given by

cov[elpc] = cov[ilpc] + cov[ilpc], (4.46)

where the cov[ilpc] is given by equation (4.38) and the cov[elpc) is given by equation

(4.44). The validity of using the superposition principal is corroborated by simulation

in the next chapter.
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A plot of the combined Euclidean variance given by equation (4.46) is shown in

Figure 4.22. Figure 4.22 shows that the total Euclidean variance for the five parameter

scenario is larger than that of the three parameter scenario for source surface ranges

less than about 3800 meters, and lower for source surface ranges larger than. 3800

meters.

Plots of largest eigenvalue and the bearing, elevation of their corresponding eigen

vectors are shown in Figures 4.23, 4.24 and 4.25. The plots of Figure 4.22 and Figures

4.23 are very similar. Figure 4.24 shows that the bearings in two scenarios are vir

tually identical. The elevations in Figure 4.25 are same as shown in Figure 4.21

except that, when the surface range is large, the elevation in five parameter scenarios

approaches to the elevation of source vector.

4.5
.

Discussions

In the five parameter scenario, the vertical positions of two of the three sensors are

estimated during localization. In fact, there. are three combinations of sensor pairs

that could be used. The localization results due to ditferent combinations of sensor

pairs are shown in Figure 4.26. It is shown that the combination of estimating P2

and P3 and treating the perturbation Pl as noise gives the best performance for the

chosen track.

The work also shows that the five parameter scenario gives better localization
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Figure 4.22: The localization variances due to ocean noise and sensor perturbations
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performance only when the sensor perturbation are of moderate size. Otherwise

the three parameter scenario provides a better localization result. The eifects of

the magnitude of the sensor perturbations on the relative performance of the two

estimations are show in Figures 4.27, 4.28, 4.29, and 4.30. Results show that the

relative performance of five parameter scenario improves with increasing variance of

perturbations.
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5. Simulation Results

5.1 Introduction

In this chapter, the performance of the proposed localization method developed

in Chapter 4 are evaluated by Monte-Carlo simulation. A few examples are presented

to illustrate the validity of the analytical expressiollS represented in Chapter 4.· All

simulation results are based on 5O-trail Monte-Carlo runs and ideal sensor positions

of (-500, 0, 200), (500, 0, 200) and (0, 866, 200) which are the same as those used

in the examples in Chapter 4. The localization variance for a given source position

is obtained by averaging the 50-trial Monte-Carlo runs. The source track is also

that of the.Chapter 4 examples. The· source position is moved .along the line z = 11

with z == 500 meters in steps 141.4 meters in surface range. The first step is at
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(3:0,11o,%0) = (50,50,500) and the last step is at (3:0,110,%0) = (6950,6950,500), i.e.,

the progression is (3:c,lIo,%c) = (50,50,500),(150,150,500), ..• ,(6850,6850;500), and

(6950, 6950, 500). The simulations are implemented in the signal processing language,

Matlab, and were run on a Sun 4/110 work station.

This chapter is organized as follows: Section 5.2 presents the procedure used in

generating the random noise vectors. Section 5.3 shows the localization variance for

the three parameter scenario and section 5.4 presents the l�tion variance for the

five parameter scenario. These corroborate the theory proposed in section 4.3 and

4.4.

5.2 The Generationof Random Noise

The noisy time difference of arrivals are constructed by adding noise to the exact

time difference of arrivals. The noise added is Gaussian with zero mean. The time

difference of arrival variances for a specific source location are obtained by the method

discussed in chapter 3. The sensor perturbations are assumed to be independent

random variables and their variance was chosen equal to 1 meter squared. All random

noises used are generated on a Sun work station in Matlab language.
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5.3 Simulation Results of Three Parameter See-

•

narro

For purposes of computing the source location from a set of noisy time difference of .

arrivals, the sensors are assumed to be perfectly positioned at a depth of 200 meters,

even though they may be perturbed from these ideal positions. The localization

variances are estimated under conditions:

1. ocean noise only;

2. sensor perturb�tions only;

3. ocean noise and sensor perturbations.

These are discussed in subsections 5.3.1, 5.3.2, 5.3.3 respectively.

5.3.1 Localization Variance Due to Ocean Noise

In this subsection, only ocean noise is considered. The vertical positions of three

sensors are positioned exactly 200 meters below the surface. A 15 element random

vector is added to the true time difference of arrival vector to simulate the time

difference of arrival vector that would be obtained in the presence of ocean noise.

The variances used for the time diif�rence·errors are calculated from equation in [14].

The comparison of the theoretical. expression (4.16) withthe simulation results are
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Figure 5.1: The comparison of the theoretical and simulation localization variance
due to ocean noise as a function of the surface range for a source trajectory
of Zc = '!Ic with Zc = 500 meters in three parameter scenario. The solid
line is the theoretical result, dashed line the simulation result.

shown in Figure 5.1. The solid line is the theoretical result and the dashed line is

the simulation result. It is shown that the theoretical results match the simulation

results quite well.

The estimated variance, denoted 0-:, is itself a random variable whose standard

deviation is given by [17]
.

2

Standard deviation of 0-,2=� = 0.2U,2, (5.1)

where, U,2 is the theoretical localization variance, 0-: is an estimate of the localization
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Figure 5.2: Demonstration of the accuracy of the theoretical equation for (1,2. The
solid lines are ±1 standard deviation of the Monte-Carlo simulation for
(1,2 above and below the curve for (lt2( 68 percent lines). The dashed
line shows 0-:, the estimates of tr,2 •

.
.

variance obtained by simulation with N Monte-Carlo runs, with N = 50. Curves one

standard deviation of 0-: above (lt2 and one standard deviation of 0-: below t7t2 are

plotted along with 0-: in Figure 5.2. H the equation for (1,2 is accurate then the

estimates 0-: should be between the two solid curves about 68 percent of the time.

Observation of Figure 5.2 indicates that 0-: is indeed between the cuvres about 68

percent of time. It can therefore be concluded that the equation developed for (1,2 is

correct ..
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5.3.2 Localization Variance Due to Sensor Perturbation

In this subsection, only the vertical sensor perturbations are taken into account.

A 3-element random vector is added to the three vertical positions of the sensors to

simulate the sensor perturbations. During localization, the ideal sensor positions and

the time difference of arrivals calculated from the perturbed sensors are used. Figure

5.3 shows the theoretical variance, the simulation estimates of the variances, and

curves that .are ±1 standard deviation of the simulation estimator above and below

the curve for theoretical variance. Again the simulation results seem to be within the

standard devistlon markers about 68 percent of the time. It is again concluded that

the theoretical curve is correct.

5.3.3 Localization Variance Due to Ocean Noise and Sensor

Perturbation

In section 4.3.3, it is assumed that the superposition principle can be applied

and the total error is simply the sum of the errors due to ocean noise and sensor

perturbations. This assumption is verified here by the simulation. In this case, the

random errors are added to both the true time difference of arrivals and vertical

positions of sensors to simulate the ocean noise and sensor perturbation respectively.

The theoretical and simulation results are shown.in Figure 5.4. The results support

the assumption that the errors are independent and additive.
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Figure 5.3: The comparison of the theoretical and simulation localization variance
due to sensor perturbation as a function of the surface range-for a source

.

trajectory of Xc = 1/c with Zc = 500 meters in three parameter scenario.
The smooth solid line is the theoretical result, the jagged dashed line

.

is the simulation result and the two smooth dash-dot lines are the 68

percent lines.

5.4 Simulation Results of Five Parameter See-

•

nario

In this section, the expressions of localization variance developed in section 4.4

for the five parameter scenario are tested by simulation. In addition to the source

. location, two extra parameters, two.of three vertical sensor positions, are estimated
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Figure 5.4: A plot of combined localization variance due to both ocean noise and
sensor perturbation as a function of the surface range for a source trajec
tory of Xc = '!Ie with Ze = 500 meters in three parameter scenario. The
solid line is the theoretical result, jogged dashed line is the simulation
result and the two smooth dash-dot lines are the 68 percent lines.

during the localization, whether sensor perturbations exist or not.

5.4.1 Localization Variance Due to Ocean Noise

A IS-element random vector is add to the exact time difference of arrivals to

simulate the ocean noise. Again the variances of the time difference errors are set

as they should be using equations in [14]. Although only ocean noise is considered

and there is no sensor perturbation here, the two estimated vertical sensor positions
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Figure 5.5: The comparison of the theoretical and simulation localization variance
due to ocean noise as a function of the surface range for a source trajectory
of Xc = '!Ie with Ze = 500 meters in five parameter scenario. The solid
line is the theoretical result, dashed line the simulation result .

.

are still used for localisation. The ideal vertical position is used for the third sensor.

Figure 5.5 shows the theoretical and simulation localization variance. Curves one

standard deviation of 0-: above (Tt2 and one standard deviation of 0-: below (Tt2 are

plotted along with the estimated 01 in Figure 5.6.
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Figure 5.6:
.
Demonstration of the accuracy of the theoretical equation for f7t.2• The
solid lines are :1:1 standard devia.tion of the Monte.Carlo simulation for
f7t.2 above and below the curve for O't2( 68 percent lines). The dashed
line shows 17:, the estimates of 0'1.2 •

5.4.2 Localization Variance Due to Sensor Perturbation

As in. section 5.2.2, a random vector is added to vertical position of the three

sensors to simulate the sensor perturbations. In this case the localization is carried

out byestimating the two vertical sensor positions. The perturbation at third sensor

is considered as noise. Figure 5.7 shows the theoretical variance, simulation estimates
..

of the variance, and curves that are :1:1 standard deviation of the simulation estimator

above and below the curve for theoretical variance due to sensor perturbation.
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Figure 5.7: The comparison of the theoretical and simulation localization variance
due to sensor perturbation as a function of the surface range for a source
trajectory of Xc = Yc with Zc = 500 meters in the five parameter scenario.
The smooth solid line is the theoretical result, the jagged dashed line
is the simulation result and the smooth two deshdot lines are the standard
deviation markers.

5.4.3 Localization Variance Due to Ocean Noise and Sensor

Perturbation

Random error vectors are added to both the ideal time difference of arrivals and

ideal vertical positions of the sensors to simulate the ocean noise and sensor pertur-

bations. The assumption made in chapter 4.4.3, that the superposition principal can

be used to calculate the total ·locaIization error caused by ocean noise and sensor
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Figure 5.8: A plot of combined localization variance due to ocean noise and sen

sor perturbation as a function of the surface range for a source tra.

jectory of Ze = 'lie with Zc = 500 meters in the five parameter sce

nario. The smooth solid line is the theoretical result, the jogged dashed
line is the simulation result and the two smooth dash-dot lines are the
standard deviation markers.

perturbations in the five parameter scenario,· is corroborated. Figure 5.8 shows the

theoretical and simulation results. The results support the assumption that the errors

are independent and additive.
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5.5 Comments

The simulation work strongly suggests that the localization variance expressions

developed in chapter four are valid. In simulation presented here, the computation

of the localization variance (based on 50 samples) at 70·different source localizations
.

took about 3 hours on a. Sun 4/110 work station. The computation of theoretical

analysis took only about 2 minutes. There is two orders of magnitude di:fference in

computer time required.
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6. Summary and Conclusions

The purpose of t.his thesis is to develop expressions for localization variance based

on estimators that used the information collected from three submerged omnidirec

tional sensors in a multipath environment. All the expressions are obtained by a

least square error algorithm. In the localization, the information in fifteen path pair
.

combinations is used to improve the loca.lization performance. The work consists of

two parts.

In the first part, expressions for localization variances are derived in a three pa�

rameter scenario. In this scenario, only the x, y, and z coordinates of the source are

estimated and the &enson are assumed to be perfectly positioned, even though they

may be perturbed from their ideal positions. The sensor perturbations are treated as

noises during localization. The expressions for localization variance are investigated
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for three different situations. In the first situation, only ocean noise is considered.

Random errors are added to the true time diiference of arrivals to simulate the time

difference of arrivals that would be obtained in the presence of ocean noise. In second

situation, only sensor perturbation are considered. Random errors are added to the

three vertical positions of the sensors to simulated the sensor perturbation. In third

situation, the effects due to ocean noise and sensor perturbation are combined. It is

assumed that the superposition principle holds and the total error is simply the sum

of the errors due to ocean and sensor perturbations.

In the second part, expressions of localization variance are derived in terms of a

five parameter scenario. In this scenario, two extra parameters, the vertical positions

of two of the three sensors, are estimated as well as the source location, whether the

sensor perturbations exist or not. The expressions are developed for the same three

situations as for the three parameter scenario.

The results of the theoretical analysis are corroborated by Monto-Carlo simula

tion..The simulation results suggest that the theoretical curves are accurate, thereby

suggesting that all assumptions made are valid.

From the work done in this thesis, the following conclusions are made:

1. IT the sensor perturbations are small, the three parameter estimator is a

better choice for the localization.

2. IT the sensor perturbation are moderate, the five parameter estimator gives
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the best performance for certain source ranges.

3. The localization performance of the five parameter estimator only weakly

depends upon which of the two sensor positions are estimated.

4. The superposition principle can be applied to combine the e1£ects of ocean
.

noise and sensor perturbations.

5. The computational time in theoretical analysis is less than the time used

to get coarse simulation results (50 samples per source position) by two orders of

magnitude.
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A. Derivation of the Variance of the
Time Delay Estimator

The development of the variances of time difference of arrival estimators based on

the work in (13] is summarized below.

It is shown in [131 that the expression of the variance of time difference of

[D.) _
TERMl +TERM2

va.r III - TERM3 (A.1)
.

where,

(A.2)

(A.3)

(A.4)

It is shown, for va.r[DdlC2J and var[Ddlca], that

.

[D] _
TERMl +TERM2,va.r dld -

TERM3 t=�.1 (A.5)

where, in equation (A.4), S12(w) is to be same as Sn(w) and S12(W) equals to Sn(w),

the three terms become:

(A.6) .
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TERM2 (A.7)

(A.8)TERM3

From [1, pI70],

- E+F cos WDdbl (A.I0)

where,

(A.H)

(A.12)

are the constants. Hence

(A.13)
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TERM2

1 {2.(2(21f'B)2 4'.' 81rB
-

-

21f'T
E

-2t
- (_2t)3)sm(41f'tB) + (_2t)2cos(41f'tB)

(21f'B)2 2
+2EF[(D 2t

-

(D 2t)3)sin(21f'(Ddld - 2t)B) .

dld - dld-

41f'B

(A.14)

TERM3
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Figure A.I: The time difference of arrival variance va.r[Ddl.l] as a function of source
.

range for a source trajectory of Xc = lIc with Zc = 500 meters. The sensors

are located at Xdl = [-500,0,200) and z� = [500,0,200]

(A.15)

Two examples for. variance va.r[Ddl.l] and va.r[Ddl.l] are show in following two

figures.
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Figure A.2: The time difference of arrival variance va.r[DII,�l as a function of source

range for a source trajectory of Ze = '!Ie with Ze = 500 meters. The sensors

are located at Zd1 = [-500, 0, 200] and ZII, = [500,0,200]
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B. The Algorithm for Localization

The algorithm used to locate the source is represented in .this Appendix.

For a system with the source is located at Pc = (xc: Yc: Zc)T and three sensors are

from (13], the time difference of arrival between any path pair j and k is given by

(B.16)

where,

.

(B.17)

Where e is the sound propagation speed in the water. The expression represents 15

equation, one equation for each of the possible path pair.

,The problem is to find the source location Pc = (xc ic: zc:)T that minimizes the

cumulative mean square error of the delays. Using equation (B.16), the cumulative

mean squared error(CMSE) of the delays can be expressed as

CMSE = E(D;k - Djk)(i)jlc - bjle)
i.k

(B.18)

The Pc is referred to the least mean squared error estimate of the source location..
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This problem is finding the least square error solution to a set of nonlinear equa.-

tions. Let the P:·= [Z�lI�z�.be the initial estimate of the source location. Taking the

first order Taylor series, aDj:) :.... Dill - hJ:) is linearized around pO,PI, P2 and Pa

given:

ADO D DA0 IJhjll A 0
+
IJhill A 0 + fJhi1c A 01� "k = ill

-

"k = --�Z -�1I --�z.,. ,, 'fJzc fJyc IJzc C (B.19)

The equations can be rewritten in a matrix form as

4.D(O) = A(0)ap(O) , (B.20)

where,

(B.21)

i .
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is a 3 x 1 vector that represents a change in source position, .

AD��
AD(O)cib2

D.D(O).

.lci2

D.D(O)dbl

D.D(O)�2

AD(O).t.2

D.D�k
D.D(O) = AD�� ,

AD(O).1d3

AD�
AD(O)d.3

D.D(O)ci2d3

AD(O)d2.3

AD(O).2d3

AD(O).2.3

is a 15 x 1 vector containing the errors in time difference of arrival estimate of !JJ�)
and are calculated by assuming that the source is located at ,cO), and

(B.22)
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is a 15 x 3 matrix whose elements are the partial derivatives of the hyperboloids and

B is a 15 x 1 vector given by,

htlld.2

htll.2

hdd.2

htlld

hd.2.2

h.b2

htlld3

B(pc,Pl, P2, pa) = B = htll.3

hdd3

hd3.a

�(O) and A(O) are known, therefore equation (B.20) can be used to calculated

the difference between the assumed source location Pc and estimation source location
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p(O). This difference approximate to:

(B.23)

The magnitude of�p(O)T�p(O) shows how pi°) is close to. Pc. If peG) is large, then as

shown in equation (B.21), the new approximation of source position pI = [x 11 z]T is

given by

(B.24)

and

(B.25)

The process can then be repeated using this equation until the source location is

found.

In general, equation (B.23) can be written as

(B.26)

and further can be simplified as

(B.27)

This is known as Newton's method. In the equations above, n is the iteration number.

Ortega et al. [16] have shown that, under certain conditions on hifu an estimate of

the form

II�D("+1)1I < II�D(")II
100

(B.28)



and, provided the pen) are sufficiently close to a solution Pc,

(B.29)

hold. These show that the iteration is convergence with each step and the (n +

l)th error is proportional to the square of the nth error, so that the convergence is

very rapid once the errors are small. Suppose that, at (n+ l)th iteration, both the

magnitude of lI.6p(n+1) - .6p(n) II and II.6D(n+1) - aD(n)1I are less than thresholds set

before, then the iteration is stopped and p(n+l) is considered as the best estimate of

the source location Pc. Where, lI.6p(n+1) - Ap(n)1I represents the difference between

localization errors of the nth and (n+l)th iteration and IIAD(n+1) -AD(n)1I represents

the change in time difference of arrival errors between the nth and (n+l)th iteration.

In summary, the following iterative procedure is used to find the estimate of source

location in a least square error sense.

1. Using the geometry of source location and sensor positions, the time delay vector

Dill can be calculated according to equation (B.17).

2. Let p(O) = (z(O) yeO) z(O» be the initial estimate of source location, the cor

responding time difference of arrival vector D(O) and gradient matrix A(0) are

calculated by equation (B.17) and (B.20) respectively. Using equation (B.23),

(B.30)
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and

p(l) ::= p(O) + Ap(O)

Without lose generality, equation (B.30) and (B.31) can be written as

Ap(ft) = (A(ft>TA(ft»-1A(ft)TAn(ft).

(B.31)

(B.32)

and

(B.33)

3. If

(B.34)

and

(B.35)

then the iteration stop. The p(nH) is considered as the best approximation of

the source location Pc in the sense of error threshold P and D. Otherwise using

equation (B.32) and (B.33), the iteration is repeated until the equation (B.34)

and (B.35) are met. .

This algorithm is an iterative scheme for solution of a system of simultaneous

nonlinear equations. The procedure initialed by assuming an approximate initial

solution which is improved at each step by determining the local linear least square

error correction. For example, suppose the source is located at (7000,7000,500) and
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k Zk 'Ilk Zk T1(k) T2\/fJ
0 100.00 100.00 50.00 20242892 7727565.3
1 415.58 863.96 -47.65 312032.7 ·699582.96
2 930.00 1196.91 42.27 493737.64 89936.59
3 1639.57 1834.37 111.40 831195.57 16932.76
·4 2742.95 2881.68 197.58· 899172.68 3118.43
5 4280.02 4362.84 309.18 128284.30 460.73
6 5876.34 5908.80 421.75 1373575.9 38.65
7 6799.14 6804.31 485.71 1512977.9 .88
8 6981.62 6981.58. 498.12 362177.54 .077
9 6986.99 6986.80 498.48 10974.71 .077
10 6986.99 6986.81 498.48 9.06 .07

Table B.1: Example 1. The iterative results for a true source location at

(7000,7000,500) and a initial source location at (100,100,50)

three sensors are located at (-500,0,200), (500,0,200) and (0,866,200) respectively;

The initial estimate of the source location is (100,100,50).

The iterative results are shown in Table 4.1

Table 1 shows, after 10th iteration, the source location is found. Another example

for different source location is shown in Table 4.2. The convergence almost happens

in the region of interest and the solution is independent of the initial guess.

On the other hand, although only the three parameters of source location are

estimated here, this method can be generalized to the localization systems withmore

than three parameters. As it will be shown in chapter 4 that extension of the ideas

to the five parameter scenario is straightforward.

In chapter 4 and 5, the algorithm proposed here is used for the analysis of local-

ization accuracy and the initial guess of the source location is assumed tobe the true
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k Xlc 1l Zlc T1\n} T2(k)
0 100.00 100.00 50.00 853452.81 4925456.1
1 551.22 467.94 30.10 144333.17 639536.90
2 1020.11 574.94 84.78 282151.80 124168.84
3 1683.89 693.20. 141.74 497346.69 .26596.99
4 2684.84 849.77 219.70 592667.53 5315.57
5 4086.13 1061.69 318.70 234134.93 885.71
6 5645.77 1296.19 421.04 745941.03 97.00
7 6703.30 1455.13 485.02 1163433.3 4.20
8 6977.06 1496.24 498.62 390751.84 .116
9 6987.38 1497.78 498.36 15087.08 .07871
10 6987.25 1497.77 498.31 207.02 .07867
11 6987.25 1497.77 498.31 .354 .07867

Table B.2: Example 2. The iterative results for a true source location at

(7000,1500,500) and a initial source location at (100,100,50)

source location.'
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