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ABSTRACT

This study has shown that a large number of physical effects are in

volved in dynamic fluid flow in pipe line systems. These effects are

governed by coupled nonlinear equations and only a few solutions are

possible. The linearized equatdons apply to some special physical cases

that have been completely analysed in this study. A comparison of the

theoretical and the experimental results shows good correlation.

The flow of liquids in a pipe line when subjected to large disturbances

are governed by quasilinear partial differential equations. If the internal
. .

diameter of the pipe line is much smaller compared to its length, the

liquid flow can be approximated by one dimensional form of the quasilinear

partial differential equations. These equations give rise to nonlinear

simultaneous partial differential equations which govern the general wave

propagation characteristics in one dimension.

To develop methods of estimating the effects of the nonlinearities

caused by finite disturbances in the flow of liquids in pipe lines, a few

nonlinear cases of analysis have been chosen. By considering the quasilinear

partial differential equations for fluid flow in one dimension, which form

a hyperbolic system of equations, -the equations of the two characteristics

and the canonical equations are obtained. These canonical equations are

four in number and contain derivatives only in one direction, along one

of the two characteristic directions. By solving the four canonical

equations further, integral equations representing the solutions of the

original system of hyperbolic equations are obtained. For analysing the

nonlinear effects of the finite disturbances, a simplified nonlinear
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form of the general wave equation is considered and solutions, which

provide a basis for estimating the effects of high pressure level, the

effects of high rate of pressure application and the effects of high

pressure amplitude on the velocity of the wave propagation and wave front

form are presented. Also by using another simplified nonlinear form'of.

the general wave equation, the existence of the subcritical and the super

critical waves is shown.

Several cases of practical pipe line systems, including the loaded

pipe line systems, are theoretically analysed for small distutbances by

considering the linear fonns of the fluid flow equations and the wave

transmission equations. The existing nethod. of linear analysis using the

linearized resistance coefficient .approach is improved by developing' a

method for an exact estimation of the linearized resistance coefficient.

This nethod and the exact linear analysis, which takes the radial gradients

in the axial flow velocity into consideration, in one dimension are compared

and are shown to be the same. Simple equations are developed to estimate

the effects of the frequency dependent viscous damping and the frequency

dependent linearized resistance coefficient on the effective phase

velocity.

To estinete the pipe line effects, as caused by the radial and the.

longitudinal tube wall oscillations and their transmission along the pipe

line, methods are developed by using perturbations in the flow velocities

for estimating the additional resonant characteristics introduced into the

�requency response behaviour of the pressure and the axial flow velocity.

Also a method is developed for an.approximate estimation of the additional

attenuation effects caused by the radial oscillations of the tube wall.
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Several experimental test setups are used to test the frequency'and

the transient response behaviour of the different pipe line systems. The

experimental results compare with the theoretica,l results to some extent

and show the practical limitations of the theoretical analysis as applicable

to the experimental results. � using a theoretical linear model of the

load s.ystem, the unusual behaviour of a particular configuration of the

experimental test setup is analysed with reference to the variations of

t.he load coulomb friction characteriBt ics. In general, the correlation

of the theoretical and the experimental results for the f�quency and the

transient response cases is good within the limitations of the experimental

error and the practical limitations of the analysis.

Some of the dynamic response
-,

experimental results and the results

from the test setup for measuring the bulk modulus of the hydraulic oil

have indicated the unusual and the unpredictable behaviour of the

compressible nature of the commercial hydraulic oil used. This property

has introduced an element of uncertainty in the accurate prediction of

the performance of the s.ystems using this type of hydraulic oil.
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1. INTRODUCTION

1.1 Physical Considerations

High performance automatic control systems using hydraulic fluids

are used in many industrial, research and military fields. Electro-

hydraulic servomechanisms have found numerous applications in these fields

o-yer a period of many years and more recently fiuid staie systems have

been used in a growing number of appl�cations. The hydraulic servomechaniSms,

particularly those operating at high pressures, are specially suited for

high performance automatic control systems for the following reasons.

1.) Very high power amplifications are obtainable with·
1

such systell'5.

2) Very high spe�s of response are possible.

3) High power to· weight ratio characteristics of these systems

make them more useful in the aircraft and rocket applications.

For the low speed operation of hydraulic servomechanisll'5 the effects
j

of interconnecting lines may usually be neglected, but under high

perfornance and high speed conditions the connecting lines may change the

system performance s;gnificantly. Some of these servomechanisms are also

used in conjunction with long or moderately long pipe lines where the

interconnecting line effect�· tray be important at all frequencies.

If the fluids in these·' lines were to be inviscid and absolutely

incompressible and the lines rigid, the signal transmission through the

fluid medium wbuld have been instantaneous with the whole fluid column'

in the pipe line acting as a single piston. But, since no real fluid 'is

incompressible and inviscid, this is not possible in practice. The

compressibility of the liquid together with its inertia gi�es rise to a
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finite velocity for the transmission of small signals, called the phase

velocity, which causes a certain time delay in the signal transmission.

Any disturbance of the fluid conditions such as pressure and flow velocity

at any point gives rise to waves carrying these disturbances, and these

waves travel in all directions. In long pipe lines where the raddus' of

the pipe is much smaller co�pared.to the length, the effect of the

disturbances travelling in the radial direction is very small since the

radial waves are quickly damped out. These disturbance waves may be "

considered to be travelling in either direction along the length of the

pipe line giving rise to transients and 'resonant effects. These effects

give rise to an entirely different type of response at the output end

of the pipe line as compared to the signal at the input end of the pipe

line.

If only small disturbances are considered, the phase velocity can

be calculated from the linear wave equations for both undamped and damped

sound waves. Knowing the phase'velocity, the transient or the frequency

response of 'liquids in the pipe �ine can be estimated b.Y using the linear

wave equations applicable to liquids excited by small disturbances.

When large disturbances and high pressure applications are considered,

the' analysis becomes more cbmplicated. The phase velocity is no longer

given by the simple equation involving the bulk modulus and the density.

In addition to these quantities, �he phase velocity depends also on the

pressure level, the pressure disturbance amplitude, the rate of pressure

variation, the flow velocity and the viscous friction. The t,ransient and

frequency responses are governed by nonlinear simUltaneous partial

differential equations.

-
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When a finite length of the pipe line is used, the phase velocity

gives rise to resonant frequencies which are further influenced by the

pipe line end conditions.at the input and the output ends. Hence the

fluid medium in the pipe line� show resonant characteristics, transmission

time delays and phase lags depending upon the physical configuration of

the setup and the physical properties of the fluid. These characteristics

can influence the performance of digital, on-off and proportional systems.

The phase lags associated with the wave motion and the corresponding'

resonant amplitude ratios may cause instability in the closed loop control

systems since phase lags of"1800 or more are easily obtained. The signal

attenuation and dissipation, that-occur in transmission lines due to the

viscous friction tend to reduce the signal amplitude, the power output;"

the resonant frequencies and the amplitude ratios.

With finite disturbances in the liquid in tubes, waves may be

transmitted in several modes•. Each mode has a unique wave velocity and.

damping characteristics. The dominant mode for the wave transmission

in liquids is due to the interaction of the inert is of the liquid and '
'

the capacitance effects of a comp�essible liquid in an elastic tube.

Other wave modes that have been observed are the transverse, the

longitudinal and the flexural wave transmission in the elastic tubes.

The transverse waves are noticeable only in tubes having relatively

low elastic modulus as compared "with the fluid bulk modulus or in pipe

lines subjected to extreme fluid pressure variations. The longitudinal

waves are noticeable in tubes which are elastically sort and are induced

either by the shear stress �scillations at the wall or by a change in

area of the pipe line at the ends. There are two possibilities for

\-
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longitudinal oscillations excited'qy the area differenceso The first

possibility is when the input end'is clamped and the load system being

free to oscillate with a load-block consisting of mass, damping, spring,

etc. In this case the longitudinal oscillations in the pipe line are

excited by the force oscillation which is a direct result of the area

difference between the area of the pipe line and the area of the load

system on which the fluid is actingo �e second possibility is for a

similar case when the load end is 'clamped and the input end, with an,

area difference and a load system, is free to oscillateo The flexural

waves in pipe lines, which �how o�cillations in a direction perpendicular

to the axis of the pipe line, depend on the type of line supports and are

caused to some extent by the longitudinal oscillations at the ends of a

curved pipe lineo

The problem of the linear wave transmission can be analysed by

several methodso A few most useful methods of analysis are the method

of separation of variables, the Laplace Mellin transformation method and

the steady state analysis. The method of Laplace Mellin transformation

can be used both for the transient response analysis and the frequency

response analysis which in effect '�is the steady state analysiso The

nethod of separation of variables "can also be used for the transient'

response analysis, but it is bett�r suited for the steady state analysis.

The steady state frequency respo�e can be analysed from the wave equation

by considering harmonic oscillations of frequency W j) and then solvirig the

resulting ordinary differential equation called the Helmholtz equatdon,

As mentioned before all these methods provide means for analysing

the response of the fluid medium in pipe lines from the linearized wave
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equations. The methods of solution �f the nonlinear partial ,differenti�l

equations are few and, complicated. Hence it is very difficult to obtain

an exact analytic� solution and then to interpret the physical meaning

of the solution.

The end conditions of the pipe. line have 'an" .. important influence on

. the dynamic. behaviour of the fluid �edium i.tl pipe. line,S. It is .found

that the end conditions, are . conveniently. de.fined by. the. term load impedance

which La. defined as the ratio of the load .praasur�' to the load velocity.

If a pipe .line . .cl.osed .at the. .Load, end .is. .conai dared, .. the load impedance

is always infinite .atnce the flow velocity at, the, load end is always zero.

Considering a frictionless wave transmi,ssion,. a..pr-essure step. applied at

the input end is .transmitted.along the length,.of,:,thei. pipe line without a

change of shape .and. when it: reaches, the .. load, end:.·th� p:ressure wave is

:r;"eflected. .The reflected wave has ,4 mag�tude o.f.. twice the ,incident wave

and with the same.. s.ign.. .S;mil arly,. if." a.. fr.i.c.tionless .open ended pipe

lin�:is cons Idered, where the.load .Lmpedance. is always � aero because of

the zero gauge pr�ssure .a1l ,the .Load.; _� .veloc:ity s��p �� transmitted

along the .Length of the pipe line without, change ,i"o.r..� shape and when it

reaches the load end the velocity wave ,is \ reflected. '., _Again the reflected

velocity wave .has a magnitude equal. to .. th� incident ,"wave and the same

wave shape, but is oppoat te .Ln sign. Hence two ident�cal pipe lines

�ransmitting small disturb�ces,. with ..onC! p�pe, lin! cf9sed at the load

end and the other pipe line open .. to, the:_:a.tmospher,iq.:pr�ssure at the

Load end, behave identic:.�lly .wi th regard to, their ,�esonant characteristics,

if the former .pipe line is considered' for. the pre.ss.tlr�;response and

the,latter for,the velocity. response., ,A.long frictionless pipe



line with a load system having finite load impedance shows different

resonant effects depending upon'the load characteristics.

Two methods are used for analysing the signal attenuation and dis-

persion effects caused by the shear stresses at the tube walls due to the

viscosity of the fluid. The first method consists of retaining the radial

velocity gradients in the shear- stress terms contained in the momentum'

equation and then solving the continuity and momentum equabdons, The
I

solution for the linear damped wave equation is obtained in terns of:the

modified Bessel functions. : The second method consists of replacing the'

shear stress terms in the momentum equation by a term which is a product
\

of the linearized resistance coefficient and the cross sectional average

flow velocity. For a given tube and flUid, it is possible to find a,

relationship between the frequency and the linearized resistance

coefficient using the linear theor,y for the oscillatory laminar fluid

flow in pipe lines.

In addition to the attentuation and dispersion effects, damping is

known to have a noticeable effect on the phase velocity and hence on the'

resonant frequencies. Agaih 'line!r damped wave equations can be used to

analyse the effects of the viscosity variations and of the linearized

resistance coefficient variations 'on the effective phase velocity.

The dynamic flow ::i.n sort elastic tubes, :in addition to introducing

additional modes of wave transmission, affects the radial gradients'
- ,

in axial flow velocity which are caused by either radial velocities in

the fluid due to the transverse oscillations of the tube wall or by

longitudinal oscillations in the tube wallo These perturbations in the

radial gradient of axial flow velocity introduce additional damping



effects in the dynamic flow of fluids in tubes. The radial gradients in

axial flow velocity and hence the damping effects can also be further

influenced by the flexural mode of wave transmission in the pipe line.

It is already mentioned that the load system has a great influence

on the dynamic performance of the pipe lines. The load system usually

consists of components with· inertia, compressibilit,y, viscous damping,

static friction and Coulomb friction characteristics. Inertia, compress

ibility and viscous damping characteristics can be analysed with reasonable

accuracy and the static friction· does not play any significant part in the

dynamic response. The coulomb friction is found to be rather unpredictable

because it is found to be dependent upon the pressure at the load and the

velocity of the load piston. The pressure and the velocity depend upon

the dynamic performance of the pipe line, which again depends upon the·

load system and hence all these·'response properties are mutually

�terdependent.

For the linear analysis of the problem of the dynamic reeponse of the

liquids, the properties of the liquid such as the compressibility and the

viscosity are assumed to be constant. But these properties are known to

vary considerably with tempe·rature and pressure. In a system where the

flow velocities and the disturbances are reasonably small, the effect of

the temperature on the variations�of viscosity and compressibility is not

usually of much concern in the analysis of the dynamic response of liquids

in a pipe line because the fluid and the line have comparatively high

specific heats which give rise to very small temperature changes in the

system due to negligible energy changes. However, the effect of pressure

on the variations of the viscosity and the compressibility is quite

•
-
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important particularly for high-pressure operations because these

properties vary considerably with pressure. If' the liquid has dissolved

gases, the variations of fluid compressibility and viscosity are further

influenced since the behaviour of the liquids with dissolved gases under

high pressure changes is rather unpredictable•

...... ,
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1.2 Earlier Work

The study of the dynamic flow in fluid lines has its origin at the

time of Kirchoff(l)* who investigated the transmission ot sound waves in

long tubes. Later Rayleigh(2) investigated the transmission of sound

waves in small tubes with damping and for various boundary conditions

at the ends. Since then, the literature on the transmission of sound

wave in tubes has increased considerably.

The problem of wave transients caused by the compressible property

of the liquids was first initiate� by the classical work done by

Alleivi(3) and Joukowsky(4) at about th·e turn of the century. Their

work was later expanded, improved .and applied to the design and

operation of systems involving water hammer, particularly for the

penstocks of the hydroelectric systems.

Analytical methods have been -developed to give a better under-

standing of the dynamical behaviour of the pipe lines caused by the

wave ,transmission effects. Wood{5) has shown a method of solution for

the water hammer using a damped wave equation consisting of the

linearized resistance coefficient, which was derived on the basis of

steady 1'6iseuille flow. For the solution of the wave equation,

Heavyside's operational calculUS has been used. Rich(6) has given

solutions for undamped and damped wave equations for several cases

using the method of Laplace-�llin transfonnation. He has also

substituted the viscous she,ar s�ress terms by a damping ierm including

the linearized resistance coefficient. This method is suitable for

the estimation of both the transient and the frequency responses.

"* Superscript numbers refer to references.

-
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The solution for the transient response is given as a sum of an

infinite series of terms. In 1950 Iberall(7) presented the first

comprehensive theory for the problem of fluid now in instrument

lines. In this paper his main interest of analysis is the behaviour,

of the fluid in the transmission lines with a pressure sensdng instrumen�

at the load end. He begins the frequency response analysis with the

simple case of fluid flow in connecting tubes with the associated

Poiseuille damping effects of steady flow and capacitance effect at

the instrumen:t end. Iberall then modifies the analysis by adding

corrections to the simple theory to include separately the effects

of fluid compressibility, finite pressure excess, inertia of the fluid

medium, finite length of tubing and nonlinear effects in the theoretical

analysis. Rohman and Grogan(8) have used the electrical analogy to

analyse a system consisting of a pneumatic transmission line with a

capacitance effect at the lpad end. The transmission line was considered

as a lumped,s,ystem with analogous inductance and capacitance properties.

The damping effect has been-inclu�ed by using the linearized resistancE,

coefficient which was obtained on the basis of the steady Poiseuille

flow in pipe lines and by applying suitable correction factors which

were obtained from experimental·r�sults. This is rather a lengthy

method of analysis for a problem which can be analysed, with fewer

assumptions and with better accuracy for inertia and capacitance effects,

by other available methods of analysis. They have shown experimental+y

that the linearized resistance co�fficient increases with frequency up

to a certain limit and beyond thi� limit it remains almost constant.

Jones and Jordan(9) have considered the problem of the transient pressure
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response of semi-infinite instrument lines in terms of the diffusion

equation. They have considered the flow damping effects based on the

steady Poiseuille flow. This approach of using the diffusion equation

for analys:ingthe wave transmission effects leads to incorrect conclusions.

NicholsClO) has analysed the linear properties of semi-infinite pneumatic

transmission lines for frequency response. He has used an effect called

the skin effect, which is his nam� for a term used b,y several other

authors for the analysis of the frequency dependent viscous damping

effects, to estimate the attenuation and dispersion effects caused by

viscosity of the fluid. For estimating the frequency dependent viscous

damping effects, he has neglected the compressibility effects of the

transmission medium in the pneumatic lines. Hence this rrethod of analysis

is essentially the same as the analyses by many other authors except that

the ener� equations and the temperature effects are also considered for

noxradiabatic walls with incompressible fluid oscillations.

After several stUdies by other authors about inviscid wave disturb

ances in liquid filled tubes, ThowBonCll) has considered the two

dimensional undamped wave equation to show the possibility of several

modes of wave transmission in liqUids in a semi- infinite elastic tube ..

He gives no experimental confirmation of the existence of these waves

and he shows that below the cutoff frequency of the first and the second

mOde these waves do not exist ·whereas slightly above the cutoff

frequencies the phase velocities for these waves become infinite. MOrgan

and KielyCi2) have given a very interesting method to analyse the· effects

of the viscosity of liquids and the internal damping in a thin walled

semi-infinite elastic tube on the phase velocity. They have first
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analysed the effects of the viscosity of the liquid coupled with the

elastic behaviour of a flexible thin walled tube on the wave propagation

velocity in liquids. Then they have included the visco-elastic

properties in the dynamics of the 'tube material and they have modified

the physical constants of the material, from which the effect of the

v,iscosity of the liquid coupled with the visco-elastic behaviour of
'

tube on the wave propagation velocity can be estinetedo They have not

considered the transverse shear waves and longitudinal waves in the

tube material and their effects on the frequency response of the fluid

medium in flexible visco-elastic tubes. Womersley(13), after several
attempts b,y other authors, applied the analysis by MOrgan and Kiely

to the problem of dynamic blood flow in arteries and. he showed the

variation of the phase velocity with frequency and damping. He also

considered transverse shear waves in the seJni...infinite thin walled tube

using a perturbation methodo Taylor(14) experimented with oscillating

liquids in a long rubber tube terminated at a constant pressure,reservoiro

No resonance effects were observed in his system since� at high

frequencies (up to 28 cps), waves were attenuated� and at low freq�encies
the tube termination was modified to eliminate wave reflections. He h!s

shown that the transverse shear waves in the tube walls significantly

contribute towards the flow 'damping at low frequencies and negligibly

at high frequencieso Chang and Dukler(15) have considered a steady

linear flow in an elastic tube with forced radial oscillations in its

walls 0 Their theoretical analysis includes an empirical constant which

has to be obtained from experimental results. They have analysed the

radial perturbations in the axial flow velocity caused by the oscillating

-
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tube wall and have given a DEthod for estimating the additional damping

effects.

Dragos(16), in a mathematical paper, showed the existence of a unique

solution to the problem of laminar viscous flow oscillations of an

incompressible liquid in a semi- infinite elastic tube. He has shown the

existence of transverse shear waves and longitudinal waves in the tube,

but does' not discuss the existence of waves in the liquid due to the

tube capacitance and liquid. inertia.

Several authors(17,18), have, since then, also contributed towards

the literature regarding the dynamic behaviour of the material of the

elastic tubing.

The relatively recent development of automatic control systems, and

particularly that of ver.y fast response hydraulic servomechanisms, has

renewed interest ·in the dynamics of fluid flow in tubes. Such systems

demand the. use of closed loop control systems with stable operation
.

requirements over wide range of frequencies. The response of the

hydraulic valve(19,20) and the hydraulic load are usually nonlinear and

the connecting tubes, with their own resonant characteristics and phase

lags, may introduce sufficient phase lags and loop gains to make the'

hydraulic feedback conirol systems' unstable.

Chang(21), using electrical analogies to fluid properti�s and the

damping effect based on the steady Poiseuille flow, seems to have been-

the first to try an analytical estimation of the frequency response of

such systems. His theory for long connecting lines does not include

the variations in the viscous damping effects with frequency. Ezekiel(22),
concerning himself with the analysis of the extreme resonant effects of
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the conduit lines on the valve behaviour, has studied the effect of

conduit lines on the stability of the valve by neglecting the viscous

damping effects in the pipe line. Stone(23), in an attempt to obtain a

theoretical transfer function for a hydraulic servomechanism with long

connecting lines, has simplified the viscous damping effects and has

lumped the other properties. By suitab� adjusting the leakage coefficient

in the servo valve he has simplified the equation of the position

response, an equation relating the output position to the input position,

to a form which indicates a p�re time delay in response. Also the

resulting equation does not show the effect of transients in the pipe

line on the system response, His claim, that by a proper manipulation

of the leakage coefficient for the valve, the pipe line flow response

effect on the system response can be reduced to a pure time delay, is

not true for general operation of a pipe line system since this is

possible only when the manipulations lead to a critical damping effect.

For frequency response cases and for transient response cases other

than the case of critical damping, the pipe line behaves like a system

with multiresonant frequencies, which is not obvious from the form of

the response equation in Stone's analysis.

Brown(24), recognising the ,need to treat the problem of dynamic

flow in the hydraulic lines of control systems more rigorously, has given

a', method of analysis for the dynamic performance of semi-infinite pipe

lines. He has obtained the solution for the dynamic response of pipe

lines in terms ,of the Laplace operator S and the modified Bessel's

functions. The solutions are given in the form of the ratio of the

line characteristic impedance which depends upon the inertia _ and the

-



capacitance of the liquid to the line impedance per unit length, and the

propagation operator. Since the solutions are obtained in terms of the

Laplace operator, it is claimed that this method of analysis can be used

for both frequency and transient response analyses. Approximate equations

have been used for the modified Bessel's function both for the small and

large values of the arguments. The computed results -are presented for

the log amplitude ratio, the phase velocity, the magnitude and the phase

of the line characteristic impedance, using liquid and air. Because of

the approximate relationships used for the modified Bessel's function,

the results presented for the phase velocity against the nondimensional

frequency are not accurate for nondimensional frequencies smaller than 9.

By computing the modified Bessel's functions to a high degree of accuracy

by using the exact series representing these functions, it is possible

to obtain these results quite accurately even for the low range of the

nondimensional frequency.

D'Souza and Oldenburger(25), also using the transform method of

solution, have given a method of estimating the frequency response of

long pipe lines in hydraulic control systems including the end effectso

For the experimental study they have used a pipe line system with a

hydraulic servo valve at the input end and an orifice at the load end.

It can be seen from their experimental test setup that the pipe line

system can have only unidirectional flowo For the computation of the

frequency response analysis'they have used a real constant for the

load impedance, implying that there is no phase difference between the

pressure and the flow velocity across the orifice as seen from their

equation (29). This is not consistent with the accoustical theor,y
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since, according to this theory, the pressure drop across the orifice

would accelerate the fluid flow in addition to overcoming the damping

effects in the orifice. Hence, in the absence of the damping effects in

the orifice, the flow across an orifice is analogous to flow of the

electric current across an inductance which has a 900 phase lag between

the voltage and the current, analogous electrical properties to the

pressure and the flow velocity in fluid flow. Also the reasoning behind

their conclusion, obtained from their nondimensionalized experimental

r�sults for the estimation of the load impedance, that the load impedance

can be represented by a real constant is rather misleading. They have

first obtained the experimental frequency response of the ratio of the

load flow velocity to the load pressure at several frequencies, and then

they have normalized these frequency response results b.Y dividing by the

frequency response result obtained at 5 cop.s. as seen from the results

presented in their Figure 4. If the phase difference between the flow

velocity and the pressure is always constant, which will be 900

according to the accoustical theory, the phase lag results shown in
-

their Figure 4 would show zero' phase lag at all frequencies as proved

b.Y their experimental results�' This argument indicates that the load

impedance could be an imaginary quantity and still show the same phase

lag results as shown b.Y these experiments. However, contrary to Figure 4

of their results, the normalized magnitude ratios in this diagram should

show a gradual attenuation because of the analogous behaviour of the

fluid flow across an orifice and the flow of electric current across

the inductance. Hence the assumption that the load impedance is a real

constant on the basis of the above argument is not at all justified.

-
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Because ot these assumptions, as seen in their Figure 6a, their analysis

tor the nonviscous case shows finite amplitude ratios at resonant

frequencies since the assumed value of the load impedance for their

theoretical calculations represents flow across the damping element at

the load end, A calculation of the response with inductive load

impedance would show infinite amplitude ratio at resonant frequencies

for the nanviscous case. Also the phase lags for the nonviscous

ease would be different from the results of these authors as given in'

their Figure 6b, because the variation of the phase lag for this case

should. be in steps, jumping b.Y 1800 at every resonant frequency.

Waller(26) has given theoretical and experimental methods for the

prediction of pressure surges in hydraulic pipe lines using the method

of the linearized resistance coefficient and using the method of the

separation of the variables for the analysis. He has also used the

perturbation technique for separating the oscillator.y disturbances from

the main steady flow and has used this technique to estimate the

perturbations in the linearized resistance coefficient. Using the value

of the linearized resistance coefficient to a first approximation and

by using the method. of separation of the variables, he has obtained

frequency response solutions for the pressure and the flow velocity

perturbations. For his bound.a� value solutions£or a finite tube he

has used the impedance method of analysis. The method of analysiS is

suitable for frequency response analysis.

The effect of one of the modes of the pipe line vibrations on the

dynamic response of liquids in a pipe line has been analysed by D'Souza

and Oldenburger(25). They have considered the longitudinal mode of

-
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pipe line oscillations as caused b.Y the pipe line elasticity and the

physical characteristics of the load block such as its inertia and damping.

These longitudinal oscillations were assumed to be excited by the force

oscillations at the load block caused by the area difference between the

area of the pipe line and the area of the load block on which fluid

pressure is acting. The system, which includes the pipe line and the

load block, has its own resonant frequencies and the effects of these

resonant frequencies show on the dynamic response of the liquids in

the pipe lines. Hence this problem is set up in a manner that holds

good only if there is an area difference between the area of the pipe

line and the effective area of a freely supported load system, and �
the pipe line is straight. A curved or bent pipe line would give rise

to.flexural waves in a similar setup.

The transient nature of the behaviour of the fluid medium in pipe

lines has been analysed b.Y many authors. For this analysis two methods

have been used to include the viscous damping effects on the transients

and their decay. In the first method the shear stress terms in the

momentum equation are replaced qy a linearized resistance coefficient and

this coefficient is used in the wave equation for the transient response

analysis. This method 6f analysis was used by Wood('), Rich(6) and

Waller(26), who have presented both theoret'ical and experimental results,

but none of these authors have given a method of estimating the linearized

resistance coefficient for the transient response case. The values they .

have used are derived from the steady Poiseuille flow, and in some cases

some arbitrary correction factors were used for the linearized resistance

coeffic ients.
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For the second methea of analysis the shear stress tennsl4.rt �he , 1.\'/'I \\.'"- SA S� ..\ j (,'��
momentum equation are retained and the transient response solut�

obtained in the operator form· in terms of the modified Bessel's function.

Brown and Nelson(27) have used this method for the analysis of the

t.ransient response in semi-infinit.e pipe lines where the reflections are

not considered. They have attempted to explain a method of transient

response analysis including end reflections qy superimposing the response

obtained for the reflected wave on the response of the wave travelling

in the downstream direction. This is rather a lengthy procedure for

analysing the transient response of a pipe line system of finite length.

Again the approximate relationships are used to estimate the modified

Bessel's functions and hence the results presented are not accurate

enough for low values of nondimensionalized frequency which are less

than 9. Computed results are presented for the log amplitude ratio,

the phase velocity, the magnitude and the phase of characteristic

impedance against nondimensionalized frequency. Also the computed results

for the transmission time delay and the dissipation effects for several

pipe lengths, for pressure and velocity step inputs and for pressure

and velocity impulses, are given.

A few authors have contributed methods for the solution of the

nonlinear partial differential· eqUations. Miller(28) has outlined

several methods of solutions for nonlinear partial differential equations

some of which could be tried on the nonlinear wave equations. Several

authors(29,30) have shown the method of obtaining the characteristics'

of a hyperbolic system of equations comprised of the continuity and the

momentum equation for the compressible fluid flow in one dimension.

EO
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They have also outlined a method to obtain the canonical equations and

the integral equations, which would give the solution for the original

hyperbolic system of equaiions� Fleishman(31) has done some analytical

work in the solution of the wave propagation in nonsimple media. He has

shown methods of solution for a few general cases, which establish the

existence of the subcritical and the supercritical waves. The critical

Waves are defined as the waves travelling with isentropic phase velocity.

In some cases this method of analysis establishes the existence of the

oscillat?r,y, step or dispersive wave fronts.

Several earlier works(37,38,39,4o) were concerned with a precise

measurement of the oil bulk modulus variations over a wide pressure and

temperature range. All of these results show that the bulk modulus of

the oil increases with pressure. Some of them show a linear variation

of-the bulk modulus with pressure and a logarlthmic decay with temperature.

In" all these cases the oil considered was degassed and hence in no ease has

the effect of the behaviour of the oil containing dissolved gases �

been studied •

....
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1.3 PUrpose of the Research Project

A revie'W of the earlier 'Work shows that much 'Work has been done on

the theoretical analysis and the experimental study of the dynamic

response of the fluid medium-in pipe lines for a fe'W·restricted cases,

but the bulk of the viscous flo'W problem including the nonlinear case

still remains to be thoroughly analysed. The predominant end effects

of short tubes remains a perplexing problem. Loaded hydraulic systems

have not been analysed previously, and the attempts to account for

variable damping and load effects in the hydraulic control systems have

been misleading in some cases and incorrect results have been presented

in some other cases. Also no attempts have been made to analyse the

turbulent flo'W effects on the perfonnance of the fluid control systems.

The exact motion of the fluid is governed by quasilinear partial

differential equations. A method of obtaining the nonlinear form of

the partial differential equation representing the general wave motion

of compressible liquids in one dimension, where the viscous damping

"effect is replaced by the etfect of the linearized resistance coefficient,

is shown in this project. A qualitative discussion of the general

nonlinear wave equation is presented to give some physical interpretation

of the effects of various parameters which may serve as an aid to sorne

future numerical solutions.

For the exact analysis· of the wave transmission, the governing
.

equations are too complicated for-analytical solutions and hence most of

the analytical studies for the dynamic response of fluids in pipe line

are concerned 'With the analYSis of the linear cases. In this study

attempts are made to obtain partial solutions for the nonlinear wave

-
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equat ions 0 �thods are shown to obtain the characteristics of the

general hyperbolic system of equations which govern the compressible
�

fluid flow in one dimension; thecanonical form of the equations and

the resulting integral equations9 which are an easier form of the

equations to solve as compared to the hyperbolic system of equations,

are derivedo For further nonlinear analysiS, the general wave equation

was slightly simplified by ignoring the terms involving the flow velocity.

Using this equation a solution for the nonlinear case is obtained to

establish the existence of subcritical and supercritical waves 0

, A

solution for another case of the nonlinear wave equation is obtained

after neglecting viscous damping effects. This solution shows the

variation of the effective phase velocity as affected by the pressure

level, and provides a method to determine the effect of the pressure

amplitude and the rate of ,pressure application on actual phase velocity.

It has already been mentioned that two methods were used to include

the effect of the laminar viscous damping in the analYSis of the dynamic

response of fluids in the pipe line 0, As indicated by the review of the

literature, there has been a great deal of work done in the area of the'

dYnamic response of the fluid flow in tubes using a constant damping

factor based only on steady Poiseuille flow or experimental results.

This thesis develops the relationship between the linearized resistance

coefficient and frequency, which is derived from the linearized laminar

viscous flow equationso The method using the linearized resistance

coefficient is compared with the exact method for linearized laminar

viscous flow and the two methods are shown to be the same when the

frequency variations in the linearized resistance coefficient as 'obtained

....
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from the developed relationship between the two, are considered.

EXperimental results presented for several cases indicate the variation

of the resistance coefficient with frequency. The literature survey has

also indicated that no exact method of solution has been attempted for

the problem of the viscous damping effects when the nonlinear terms are

included. Convective correction, as a second order of approxirnati-on,

has been added to the linearized'resistance coefficient by lberall(7).
Although much work has been done in general, no specific work has

been done on the analysis of the behaviour of the fluid medium in

transmission lines when these Ldnes are driv,ing a load system. The

practical case of a hydraulic servomechanism with load may have much

different response characteristics than the simple cases of no load

system as shown in this thesis. Hydraulic servo valves and hydraulic

load actuators are known to be quite nonlinear in their behaviour. The

frequency response and the behaviour of the hydraulic load actuator

is not clearly understood in terms of the load characteristics and their

effects on the pipe line response�: In this study the average behaviour

over a cycle of the hydraulic actuator in relation' to . the pipe line"

frequency response is experimentally tested with the aid of a

theoretical model. For experimental studies concerned with the

frequency response of the loaded 5,ystems, two types of practical load

were considered. One was a high'pressure hydraulic actuator connected

to a steel pipe line system, and the other was the liquid mercury mass'

in a vertical U-tube connected to a pipe line of low elastic modulus.

The literature survey showed that, for the transmission of signals

through the several modes of tranSmission, work has been done only on
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one type of wave transmission other than the dominant mode of wave

transmission in hydraulic control systems. This was the'longitudinal

oscillations of the pipe line caused by the force excitations at the load

·system. In this study, the other modes of wave transmission as caused

by the longitudinal oscillations in the pipe line excited by the shear

stress oscillations on the pipe wall and the transverse oscillations in'

the pipe line excited by the pressure fluctuations in the fluid are'

considered.

Itwas already mentioned that the transverse oscillations in the' pipe

line affects the velocity gradients in the fluid flow and hence affects.

the linearized resistance coefficient. In this thesis an approximate

method is developed for the estimation of the additional resistance

coefficient caused b.Y the transverse vibrations.

A review of the earlier work has shown that there is no general

method available for the estimation of the transient response of fluid

flow in pipe lines since the methods available either use.a constant

linearized resistance coefficient or use semi-infinite pipe line. In

this thesis methods are developed to estimate the transient response of

fluid flow in finite pipe lines'using the linearized resistance

coefficient and to estimate the'frequency dependent viscous damping

effects. For the actual estimation of the transient res�onse the

frequency dependent viscous damping effect is incorporated into the

transient response solution� to obtain fairly accurate transient response

results. Also a method of estimation of the transient response of a

pipe line �stem, with inviscid fluid flow driving a load system without

da�ing effect, is explained. The transient response calculations for

-



pipe lines of different internal diameters with load ends terminated

are compared with the experimental results.

Generally, the oils used in the hydraulic servomechanisms are known

to be without constant properties. Several research workers

have shown that the bulk modulus and viscosity of oils change with

pressure and temperature. In all these cases, the oil used for the

study had been degased. In the practical cases of the oil that has

not been degaaed, it is difficult to predict the behaviour of the oil

under rapid variations of large magnitudes of pressure change. Some

attempts have been made in this study to determine some of the

variations in the compressibility property of the oil.

In general experimental results have not been presented for all

the theoretical studies, implications and conclusions.

'...J
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2. THE THEORY

2.1 Basic Equations for Fluid Flow

Assuming cylindrical coordinates and that the origin lies on the axis

of the tube, the following partial differential equations govern the motion

of the fluid in the axial and radial directions. The pressure and the

velocity components and gradients in the circumferential direction are

neglected by assuming axial symmetry of the now conditions.

The continuity equation becomes

The momentum equation in the axial direction is given by

av
+ v

�v
+ u

()v
+ !. £E. _ V D:!. .g.v +

?}-v
+

a.t �x 3r fax [3 C}x 1-- or "t.----

.! � + !. �( � 11
+ �r)] = 0

r �r 3 dX i cr (2.2)

The momentum equation in the radial direction is given by

aU
d-t

+ [
. "Z....

au � 11 1 (:l 4 � u 1v-+u-+_2.E._ V-3'-+-ox �r r �r \ �r1.- r

.£. (!. ov + � 1] = 0
ax 3 s:r �x

dU
--

�r

The isentropic. equation of the state for the ,liquid is assumed to be of

the form

B
- -

r (2.4)



If the length of the pipe line is very long compared to the inside

diameter and if the pipe line is quite rigid, the radial velocities and

gradients in radial velocity and pressure are damped out quite rapidly,

and hence the radial velocity and the momentum equation in the radial

direction can be neglected. A detailed discussion of the order of

magnitude of the terms is given in Appendix A. From equations (2.1)

and (2.2), the continuity and the momentum equation in simplified

form are written as

(2.,)

(2.6)

Now a combination of the equations (2.4) and (2.,) yields the equation

.!. (:}p ... �v ... !. � .. 0
B �t ax B ax (2.7)

.

For the method of analysis using the linearized resistance coef�icient
approach, the shear stress terms in equation (2.6) are replaced by a

term containing the linearized resistance coefficient as given below.

a.v... ClV ... .! � R
v ... 0

dt
v

�x f �x'" f (2.8)

-
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202 General'Equations of Wave MOtion

For constant linearized resistance coefficient and for variable

bulk modulus and density� the general equations of wave motion for

pressure and velocity disturbances can be obtained from the equations

. (2.7) and (2.8) as given below •

. £f � !. (�P\l,. + !!. � _I!! + v1.of l-£ + I!'" yl::) (U\J.--+�t
,., B m i �t f J dX-z.. r B oxJ

'J.t-
2Bv J v + v � 0

dB + B'2--�v � (-Bl).a.x'l,; ax dX �. ()t

+ BRv � (2.9)

"J,... �1..
l.!.+! � + v.s.!.... +

'(,v d v Rv �
dt"'&-- f ;}t d xo� t

2 � •
dX

-

f B
• at'"

(2.10)

A detailed derivation of these two equations (2.9) and (2.10) is given in

Appendix B. These two equations are simultaneous nonlinear partial

differential equations of the hyperbolic type. An exact theoretical

analysis involves simultaneous solution of the above two equations

and hence only a numerical analysis may be possible. These equations,

however, can be used for a qualitative study of the 'effects of vario�s

parameters on the phase velocity.

The isentropic wave propagation velocity in a compressible fluid

-
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for small perturbations is given by the equation

.""'\�
Vd}

From the equation of state of the liquid (2.4)

B
.. -

r
.. c""_"o (2.11)

provided the process of wave motion is reversible and adiabatic. From

the equation (209), the wave equation can be Nritten in its simplest

form as

This equation may be obtained from the equation (2.9) by neglecting
-

the damping terms and by neglectiiig all the nonlinear terms, Similar

equations can be obtained for the velocity and other fluid propertieso

Since only pressure and velocity can be readily measured, the other

fluid properties are only of academic i�terest.

The characteristic equations for the hyperbolic equation (2.12) can

be obtained by using the method given in section 204.1, and are given

by

x � Co t .. constant·

(2.l3a)

(2.13b)

x + c;, t = constant

.If the equation (2.12) is transformed by the substitution
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the resulting equation, which is called the canonical equation, is

This equation has a nontrivial solution of the fom

where F and f are two wave forms such that equations (2.13) and (2.14)

are satisfied, which means that the two waves travel in opposite directions.

If these waves are considered individually, the property of the wave is

obtained as

(2.,l6a)

or
�p
dt (2.16b) ,

aDd from equations (2.15) and '(2.16), equation (2.12) can be obtainedb

The equations (2.16) indicate that the physical significance of the

equation (2.12) is that the rate of pressure variations with respect to

time is greater than the pressure variations with respect to the spatial

coordinates by a ratio equivalent to the phase velocity.

For the purpose of giving a physical interpretation of the g ene ra'l,

wave equation, the equation (2.12) is rewritten by using two factors

I, and Xa_ as below

"L

x.ll •

, C}t'1..-

or
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where the variables K, and I�re both equal to unity for the case of

the simplest wav� equation. Using equation (2.17) as the basis of

comparison, equation (2 .• 9) can be used for a qualitative study of the

general wave equation. The basic reasoning for the qualitative study

is as follows. Any parameters that tend to reduce the left hand side

of the equation (2.9), that is, tend to reduce the variable X, of the

equation (2.17), would cause an increase in the effective phase velocity

a, and vice versa. Similarly any parameters that tend to increase the

right hand side of the equation (2.9), that is, tend to increase the

variable K�or the equation (2.17), would cause an increase in the

effective phase velocity a, and vice versa. Hence if the effects of some

parameters, as qualitatively estimated from the equation (2.9), can be

related to increasing or decreasing effects in the variables K, and Kl-0f
the equation (2.17), the effects of these parameters on the phase

velocity can be qualitatively studied. The parameters considered for

the qualitative study are the bulk modulus, high pressure levels, high

amplitudes of pressure variations, flow velocity and the viscous damping.

Any increase in the effective bulk modulus would cause a correspond-

ing increase in the variable K1-0 Also the increase in the bulk modulus

has some second order increasing effects on !l-caused by the terms of

second order of magnitude, as can be seen from the equation (2.9).

Hence the effect of an increase in the bulk modulus is to increase the

effective phase velocit,y.

The effect of high pressure levels on the effective phase velocity



is not directly indicated by the equation (209)0 High pressure levels

have some indirect effects on the effective phase velocity because of

its influence on the bulk modulus and the viscos1tyo The effect of high

pressure levels on the bulk modulus is discussed in section 50�

The influence of high pressures on the viscosity of degassed liquid may

be given by the empirical equation(32)

log .M.
.. zp� (20 is)

"Zf;

where ...« - dynamic viscosity at a pressure of 0 psig0

M .... dynamic viscosity at a pressure of p psig

z and y - empirical constants

The first partial derivatives with respect to time am space

coordinates represent rates of pressure application and pressure varia-

tions along the spatlal coordinateo These have a definite effect in

reducing X, and increasing K-z.. of equation (2017), as can be seen from

the equation (209), causing an increase in the apparent phase velocity�

But an increasing rate of application causes an increasing damping effect,

as can be seen from the damping termS in equation (209), and hence cAuses

a slight reduction in the phase velocity, the reduction being presumably

smaller than the increasing effectSo

The effect of the flow velocity on the propagation velocity cannot

be qualitatively studied from the-equation (209) because of the combined

effects causing both an increase and a decrease of K'Z.in the equation

Equation (209) indicates a reduction in the phase velocity with

increasing viscous effectso Singe the viscosity increases with pressure,

j .....
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as indicated by the equation (2.18), higher damping effects can ·be

expected ai high pressure levels. Also high rates of pressure applica-

tions and high pressure amplitudes involve rapid flow variations and

higher flow velocities, and hence increased damping effects can be

expected under these conditions.

Because of the property of low compressibility of the liquids,

the elastic properties of the pipe line hSV8 some influence on the effect

ive bulk modulus of the liquid and hence on the response of the fluid

medi� The effective bulk modulus of the liquid is reduced on account

of the elasticity of the material of the pipe line causing a reduction

in the phase velocity. A.method of estimating the .effective bulk modulus

of liquids in small diameter pipe line for small pressure variations in

t�e liquid and for small dilations in the pipe line as compared to its

radius is given in Appendix C, and the effective bulk modulus is approxi-

mated by the equation

(2.l9)

Finally the �dissolved air or gases in liquid has a considerable

effect on the effective bulk modulus of the liquids. To a first

approximation the effect of undissolved air can be estimated from the

polytropic equation of state for air given in the logatithndc form as

log 1''2:-+ Po..
PI + pI)...

• n log !!.
v.,....

(2.20)

where P, and 1')..-- initial and final pressures - psdg;

J_
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PQ, - atmo.spheric pressure

Vi and V2, - initial and final volumes - in
3

n - polytropic index

This equation. hovever, does not include effects such as chemical

reaction, absorption, surface tension, etc., that �ay be present in

small undissolved bubbles.

The equation (2.20) indicates that-.the .effect of undissolved air in

the·liquid causes'a, considera.ble reduction'in the effective bulk modulus

of the fluid at low pressures and only a slight decrease at high

pressures. The effect of undissolved. gas.es on the bulk modulus of the

. oil can be sean . 'from. Figure .. 2.1 where oil is. assumed to contain 5% by
.

.

volume of undissolved air at. atmospheric pressure.



•26
'0

X24

32

�-
-

-
--

�-_-
---�

...�
_-�---

_ ..
_ .... -- ....

--

�
...-- --

------�-----------.-
-----

»> -

/
.,

/ I

/
/
/
/
/

BULK MODULUS OF OIL WITH AIR

/
BULK MODULUS OF OIL WITHOUT AIR

/
--.-----

/
/

30

28

(/)22
o,

20

:J
ct:18
�
a::
w16
I
t-
014
(/)

12
(/)
::>
_J10

B
o
8�

�6_.
::>
CD
4

2

0

o 1000 2000 3000 4000 5000

PRESSURE ( PSI )
FIG. 2.1 BULK MODULUS VARIATIONS IN THE PRESENCE OF UNDISSOLVED GASES

-

w

Vl
•



2.3 Assumptions
The following assumptions are made for the qynamic flow of viscous

liquids in a pipe line.

1) Fluid flow is axially symmetrical and the end effects are

relatively small for a long pipe line.

2). The fluid compressibility and the defor:rrations in the pipe

line are relatively small compared with flow oscillations.

3) The flow is laminar with constant fluid viscosity and bqlk

modulus.

4) The body forces are negligible.

Now, with the help of the above assumptions, the general wave

equations and the equations of motion are considered for nonlinear and

linear analysis as follows.
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2.4 Analysis for a Few Nonlinear Cases

2.4.1 Estimation of Characteristic Slopes and the Effect of the Flow,

Velocity on the Phase Velocity

The equations (2.7) and (2.8) represent the general motion of a slightly

compressible fluid when the shear stress tel"lllS are written in a simplified

form. They are

(2.7 )

dV
+ V � + ! � + ! v .. 0

dt �x fax f (2.8)

These equations represent a hyperbolic system of equations because they

have real characteristics as shown in the Appendix D.

The characteristics were obtained by rewriting the system of,

equations (2.7,) and (2.8) in matrix form and transformi� this matrix

equation into canonical equations by the use of a suitable transformation
, ,

matrix and a diagonal matrix. The elements of this' diagonal nstrix .

represent the slopes of the two characteristics of the hyperbolic system

of equations and are written as

UJ
c

dx
==

dt
i .. 1,2 (2.21)

Similar slopes, as obtained from equations (2.l3a) and (2.13b), give the

, ,
'

phase velocity for the transmission of the disturbance signals in the

simplest case' of the wave equation where these characteristics have

constant slopes of!Co throughout the space-time (x - t) plane. Hence

the slopes of the characteristics fOT the hyperbolic system of �quations

(2.7) and (2.8) given by the derivatives in the equation (2.21) represent

I�
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the phase velocity, the speed at which disturbances are transmitted,

governed by the general nonlinear wave equations (2.9) and (2.10).

These phase velocities depend upon the dynamic fluid properties at each
,

.

point in x-t plane and, as obtained from the analysis in Appendix D,Il are

given by the two equations

[.J
== v + Co 1:11 v+� (2.22)e

l�
- v- Co = v --{Bit. (2.23 )c

These equations show the effects of f10w velocity, variations of bulk

modulus and density of flu�d upon the phase velocity. The effects of

variable bulk modulus and density can be studied from these equations

because, for this analysis, the coefficients of the time and the space

derivatives in equations (2.7) and (2.8) rare pennitted. to be functions

of pressure and velocity which are the dependent variables in the hyper-

bolic system o� equations.

Now b,y using the transformation matrix and the diagonal matrix, 'the

hyperbolic system of equations can be transformed into canonical equations

which are four in number. Each of these canonical equations contain

derivatives only in one direction,'. in the direction of one. of the

characteristics, and may have all four dependent variables, which are

pressure, flow velocity, space coordinate and time coordinate. These

oanonical equations are solved to obtain integ.ral equations representing

the solution of the original system of hyperbolic equations, the

numerical solution of which may be much more simplified than that of the

original system of equations. In the Appendix D the matrix equation

from which the integral equation can be obtained is given,· and the



integral equation for flow velocit,y, which is the most complicated, is

given below:

where D is the domain of integration,

ot. and f3 the two characteristics represented by the equation

oL = constant fl = constant

The solution of these integral equations is thought to be beyond the scope

of the present project and hence it is not attempted.

2�402 Nonlinear Analysis for the 'Effects of High Pressures

For this analysis a simplified form of the wave equation (2.9) is

considered. This equation is simplified by neglecting the flow velocity,

the viscous damping and the variations of the bulk modulus and the

density. This simplification makes it possible to obtain a partial

solution of the nonlinear wave equation which can explain the effect

of high pressure levels, high rates of pressure application and high,

pressure amplitudes on the phase velocity. The simplified equation

assumes the form

:fp_
- c� � - � (�p)'� - 1. (.;}p)�. 0

dt� "dX 0
_

;;)t f dX (2.24)

This equation is solved by rirst finding an intermediate integral(28)_
This integral is found to have an equation which is an arbitrar,y function

of the two solutions given below. A detailed derivation and the method

of solution are given in Appendix E. The two solutions are.
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II K3 e
p/B

-

(2.25a)a.t

� =- K -p/B
e (2.25b)�x ....

where K3 and Ki are the constants of integration. The relationship between

the above two derivatives can be obtained for the simplest case from the

equations (2.l6a) and (2.l6b) and hence the ratio of the two constants

\ '. ,K3 and Ki can be written as

and the ratio of the partial derivatives

2p/B
• Co e =- c (2.26)

This equation shows the effect of the pressure levels on the effective

speed of wave propagation.

It is shown in the Appendix E that the intermediate integral is

obtained as

(2.27 )

where c is the effective phase velocity which is equal to cd. if the wave

is travelling in the downstream direction and is equal to Cv.. if the wave

is travelling in the upstream direction. The equation (2.27) is solved

by using Lagrange's method of solving partial differential equations.

The two solutions of this intermediate integral, as derived in detail in

Appendix E, for the waves travelling in the downstream and the upstream
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directions are

(2.28)

(2.29)

where the functions F and f represent the wave forms of the two waves, the

rormer travelling along the downstream direction and the latter travelling

along the upstream direction. The sum of the two wave forms given by

(2.28) and (2029) gives a solution for the nonlinear wave equation (2.24),
a solution corresponding to that of the linear analysis given by the

equation (2015).

The effect of rates of pressure application and of pressure amplitudes

on the phase velocity is giyen by',the following equations which are obtained

from the equations (2.28) and (2.29).

= 0 (2.30)

t = ta, p = Pa
:0 (�031)

t = t" P - P,

The equation (2.30) refers to the wave transmission along the flow and the

equation (2.31) refers to the wave transmission against the flow. �

assuming initial and final values for the pressure and the time to give

various rates of pressure application, pressure amplitude and pressure

levels, the effective phase velocity could be calculated by using trial

and error methods.
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2�4.3 Nonlinear Analysis for the Wave Forms and for the Existence of

Subcritical and Supercritical Waves

For this analysis the equation (2.24), as obtained from the general
wave equation (2.9), with the addition of the linear damping term is

considered. The resulting equation is written as

iJ�P _ c:l :i:£. = .! (�'}c1 .. ! (�P)� _ ! ap
dt.;! (J �xCl B �t f' ax t=' at , (2.32)

Assuming that the wave is transmitted with' a constant phase velocity cd

in the downstream direction, the downstream wave solution for the

equation (2.32) can be assumed to be given by the form

(2.33)

The equation (2.32)'is solved for ¢d and the solution, as obtained in

Appendix F, is given by the equation

where [1- Ks(ci + f) � �;:::-] > 0

K5 and 1<6 are constanbs of integration

(2.34)

In Figure 2.2, if x=-O is considered as the point of disturbance, the

downstream wave travels at a velocity of cJ. and hence in a time t it

travels a distance equal to cc{t. Therefo,re if x is equal to c�t the

point refers to the wave front, if x is greater than c4t the point

I .......
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referred to is ahead of the wave front and if x is smaller than cd...t the

point referred to ia behind the wave front. When these pOints are

referred to in terms of Sf they are equal to zero, greater than zero

and less than zero. respectively.

Tt can be seen from the equation (2.34) that this equation has a

solution only if

a) Ccl - c: ) > 0

s
I

<, 0

b) (et - c;) <. 0

S, > 0

This indicates that the supercritical waves exist only behind the wave

front and the subcritical waves exist only ahead of the wave front for

the case of the transmission of pressure waves in the downstream direction.

Similarly if the upstream wave is assumed to be of the form

(2.35)

where c is a constant phase velocity for the wave travelling in the
� -

upstream direction, the solution for the wave for.m function ¢�J as

obtained in the Appendix F, is given by the equation

where

(2.36)
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K7 and Kg are constants of integration

Rt = HIt>
It can be seen from equation (2.36) that this equation has a solution

only if

a) (c; - c�) '/ 0

52- <:. 0

b) (c� - c;' t.. 0

s,2. > 0

c) (c� - c;) ) 0

where c is 'a positive small quantity obtained from the restriction on

the equation (2.36). These conditions indicate that the supercritical

waves exist ahead of the wave front, that is to the left of the wave B

in Figure 2.2, and subcritical waves exist behind the wave front, that

is to the right of the wave' front B in Figure 2.2, for the case of the

transmission of pressure waves in the upstream direction. Also super-

critical waves can exist for a very small distance behind the wave front

for this case.

The wave forms representing the solution of the equation {2.32)·can

be studied qualitatively by using the phase-plane trajectory method of

analysis. For this analysis an additionai variable '{.I, given by the

following equation, is introduced.

Using this new variable, the first order differential equations for the

two wave forms representing the downstream and the upstream solutions



I

of equation (2.32) are obtained, as shown in the Appendix F, as

d I./J rl.
- .

d�

[(� + !). 'fu - R e 1B r ' tA..I

46.

(2.37 )

(2 • .38)

From these two equations, the characteristics of the wave forms, such as

the stability, dispersion and ·the periodic behaviour, can be analysed.
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2.5 Analysis for the Linear Cases

For the linear analysis the axial gradient in pressure in the

equation (2.7) and the convective acceleration term in the equation

(2.8) are neglected. A discussion about the order of magnitude of terms

is given in Appendix A. The variations in the bulk modulus and the

density are, according to the assumptions in section 2.3, neglected.

These assumptions lead to the simplified continuity and momentum equations

which reduce to the form

(2.40)

2.!.+!�- v[cl'''v+!l!] .. 0
C)t r dX dr� r or (2.41)

The equations (2.40) and (2.·41) govern the dynamic motion of slightly

compressible fluids for the linear case. By combining the equation of

state (2.4) and the equation (2.40), the equation

.! � ...
dV

.. 0
B dt �x (2.42)

is obtained. If the momentum equation is further simplified by replacing

the term containing the shear stre·ss term by a term consisting of the

linearized resistance coefficient, equation (2.41) becomes

(2.43)

The equations (2.42) and (2.43) govem the dynamic motion of slightly

compressible fluids for the linear case when the viscous damping effect
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is represented by a linearized resistance coefficient. � following a

similar procedure as in Appendix B, the linear damped wave equation is

obtained as

(2.44)

2.,.1 General Solution for Linearized Damped Wave Equation Using

Linearized Resistance Coefficient

The solution for the wave equation (2.44) is assumed to be of the

form

p • (2.4,)

,

where A
I ' brand bz_are constants. The equation (2.4,) when substituted

in equation (2.44) yields the following equation

If this equation were to be valid for an arbitrary wave as given by the

equation (2.4,), the following equation must be satisfied.

(2.46)

This quadratic equation contains two unknown constants and hence can

only be solved by assuming various values for one of the constants

b, or b 2- • If the constants are to have any phYSical significance

regarding the behaviour of the wave motion, the assumed values for one

of the constants should be purely imaginary. Otherwise the solution

would show either exponential growth or exponential decay of the dependent
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variables, whether damping is included or not, which is not true for wave

transmission. The choice for one of the constants b
r
or b2,.! even with the

above restriction, permits an infinite number of possibilities. For one

sOlution,bl-is assumed to be equal to i and from the equation (2.46)

b .. �!!...:ti""\Jc2.-_R2- =-!L.tic
, :l.f V /) +f

l-

:l.f
(2047 )

Hence one of the solutions for the equation (2.44) is

or

_Rt
P .. A,' e �[(cos' x ... i sin x)(cos(c t)+ i sin(c t»]

_Rt

[ ]p .. e ¥ F(x-ct) ... f(x ... ct) (2.47a)

This solution shows the effect of the linearized :resistance coefficient- .

on the phase velocity and, on the decay of the pressure response with time.

Similarly for a semi-infinite tube b
I
could be set equal to i and a space

dependent damped solution can be obtained. Also similar equations can

be obtained for the velocity dynamic response by using linear damped

wave equation for the velocity disturbances.

2.5.2 Frequency Response Analysis of Dynamic Behaviour of Fluid Medium
-,

in Pipe Lines for Linear Cases

For this analysis the neth6d of Laplace-Mellin transformation and

the method of separation of'variables can be used to obtain linear

solutions. The fonner rrethod gives the transient components of the _'
,

solution in addition to the'steady state component. ,The latter method,

where a particular case is to separate the time derivatives by making

the substitution j W for d/dt, gives only steady state components and

hence is more suitable for the frequency response analysis. This



substitution transforms the partial differential equation representing

t'he wave equation into an ordinary differential equation called the

Helmholtz equation.

As it is already mentioned in section 1.1, the end conditions for

the pipe line play a very important role on the dynamic response of the

fluid medium in pipe lines. In almost all the cases the input end is

without restrictions and it is connected to a supply source. But the

output end or the load end of the pipe line has several possibilities

for the end condition such as a closed end, an open end, the end with a'

flow restriction and an end connected to a load system with character-
,

istics such as inertia, damping, capacitance due to the compressibility

of the liquid and coulomb friction. The simplest method of defining

the end conditions is by introducing the term load impedance, which is

the ratio of the instantaneous pressure to the instantaneous velocity

of the fluid at the output end of the pipe line. The load impedance is

determined by the end conditions at the output end of the pipe line, from

the components of the load system at this end and the frequency of the

oscillations. The term load admittance is the inverse of the load

impedance, that is the ratio of the instantaneous velocity to the

instantaneous pressure of the fluid at the load end of the pipe line.

Thus the load impedance and the lOad admittance of a pipe line closed

at the load end are infinite and zero respectively because the flow
'

velocity at this point is always zero. Similarly the load impedance�and

the load admittance at the open end of the pipe line are zero and

infinite respectively because the gauge pressure at this point is always

sero, For a given load system with load characteristics like inertia,



capacitance, damping and coulomb friction, a method of estimating the

load impedance is given in Appendix G. Appendix G also includes a

method of estimating the load. impedance of a load system with mercury

column oscillating in a vertical U-tube.

Two methods of analysis are used for the estimation of the frequency

response of the liquid medium in pipe lines. For the first method of

analysis, the viscous damping effects are included in the analysis by

using the viscous shear stress terms as in the equation (202). For the

second nethod of analysis, the shear stress terms are replaced by a term

consisting of the linearized resistance coefficient and the average

axial flow velocity. In the following sections frequen� response analyses

using the above two methods are shown and a method for estimating the

linearized resistance coefficient -as a function of frequency using

viscosity and radial gradients in axial flow velocity is shown. Also

the similarity between the �wo methods of analyses, the method using

the viscous shear stress and the method using the linearized resistance

coefficient, is illustrated.

2.502.1 Estimation of the frequency response considering fluid viscosity

and radi�l gradients in axial flow velocity

The simple harmonic component of the wave equation solution is

separated from the wave equation by assuming the solutions to be of

the form

p(x,t) jwt
.. P.:( e (2.4&)

(2.48b)

(2.48c)

v(� lj t) :I:



The substitution of the equations (2.48) in equation (2.41) and a

rearrangement yields the following equationo

2-

d Vx_
... ! �V.l( - � V - ! �p:(_

• 0
V � h-

�rL rdr AA.. Clx (2.49 )

The substitution

T - (2.,0)

in the equation (2.49) gives

- 0

This is a modified Bessel's equation of zero order and, for finite

solutions at the centre of the pipe, the solution can be written as

where

T • h(x,jW) lo(Kr)

K = VW
The equation (2.,0) then becomes

V� • h(x,j�) 10 (Kr) __l_dP:t_
jflJ.) dx

Now using one of the boundary conditions that at r - R�

V;(_ (r • Rl, x, j (I.}) =- 0, in equation (2.,3), the following equation is

obtained.

(2.54)
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Hence the axial velocity distribution 1s obtained from the equations

(2.53) and (2.·54) as

(2.55)

This equation shows that the amplitude of axial flow velocity varies

from a :rrsximum at the centre to zero at the walls of the tube. Since

an oscillatory flow velocity as a function of radius can be neither

readily measured nor readily incorporated in the analysis of the wave

equation, a cross sectional average of axial flow velocity is used for

the analysis. This average. is ob�ained by multiplying the equation

(2.55) by 2 TTrdr, integrating this product between the limits 0 to R.i
l-

and dividing by lTRl. Hence

(2.56)

Substituticn of equations (2.48) in the equation (2.42) gives

j lWPx- co
__

B (2.57 )

The average axial flow velocity is used in this equation because of the

assumption of axial symmetry and negligible radial velocity. Differentia

tion of the equation (2.57) yields

(2.58)

Substitution of the equations (2.54) and (2.56) in the equation (2.58)

results in the equation
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'Z... LL
d hex, j oJ) _ � hex j w) .. 0

Z- 'Z-,dx Cc)
(2.59)

'Where f3
L

.. [Ip(KRl) J.2.. I (KR.)-I (KR')
KR. r t 0 C-

o(..

Solving the equation (2.59) for h(x,jVl) yields the solution

h(x,jW) = G,cosh (i3;xJ+ H, Sinh(PcWX)o 0

(2.60)

Using the equation (2.60) in the equations (2.,4) and (2.,6), and using

the following boundar,y conditions

P� (x=O, jw) .. Po

V.::I- (x=O, jW) .. Vo

f:x. (x=L, j�) = PL

V.x. (x=L, jW) .. 'V
L. (2.61)

the constants G, and H
I
are obtained as

Then from equations (20,6), (2.57) and (2.60), the following equations"

for the pressure and the velocity response are obtained-

( 13ulL)coo

Vo sinh c;-
Po D

(2.62)

(2.63)



where

Also the pressure and the veloc ity at the load end can be written in the

matrix form as,
-

(IS�L)( P) (COSh-v�
•

-D 81;113c:1] ( ::)
By inverting the matrix of the coefficients, the above matrix equation'

can be transformed to the form

Sinh(�J )C08h(J>�1)
This matrix equation can be written as

(2. 63a)

By substituting the above equation in the equations (2.62) and (2.63) and

pressure and the velocity are obtained as

by further simplification, the frequency response equations for the

PL 1
-=

Po COSh( j3c�L) - ser», � Sinh(J3WL)Pt. CD

V,_ 1
-=

cosh ( f3WLJ + _j_.!!: Sinh(�WLJVi)
Co �fCD VI.. CD

(2.64)

(2.6,)
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where PLfVL is the load impedance which depends upon the end conditions

at the load end of the pipe line.

2.5.2.2 Estimation of the frequency response considering the linearized

resistance coefficient and the average axial flow velocity

As it is already mentioned, the equations (2.42) and, (2.43) and

hence the equations (2.42) arid (2.44) govern the wave motion in the

fluid for this case. Substituting equations (2.48) into equations

(2.42) and (2.44), the equations governing the wave'motion in the fluid

are transforned into ordinary differential equations which are as

follows.

dVx j(A.)Px
0- ... •

dx B

z-
2..d P"

-+ ot P = 0
dx

2..- x,

2_
LA)

2..

(1 _ J.!!)where eX. :I

e
"2- flA

(2.66)

By solving the equations (2.66) and (2.67), the solutions for the

pressure and velocity waves are obtained as

p
x. (x, j w) "" Gz.:os(o(x) + Hz._sin (�)

V (x, jw) = - JJ& [G.., Sin(�) - H cos �x)]� B� � L

(2.68)

(2.69)

If the boundary conditions as given by the equations (2.6l) are used in

the above two equations, the constants Gz_and Hz-are obtained as



Substituting these constants into equations (2.68) and (2.69), the

following equations for the pressure and the velocity response are

obtained

cos (0(1,) _ j�ol V� sin�L)
Po

.

(2.70)

(2.71)

Now following a similar procedure as in the section 2.5.2.1 by using the

above two equations in the matrix form and then b,y the inversion of the

matrix of the coefficients, the following equation is obtained.

Po Pl cos (o(.L) + j�o( VL sin (o<L)
-- . -------------=-----------

Vo P.l � sin(o(.1) + Vl cos (o!1)
Bo(.

Hence, from the equations (2.70), (2.71) and (2.72), the frequency

response equations representing the pressure and velocity responses are

obtained as

PL 1
-- . ----------,..._-----

Po cos(oU.) + jBot VL sin(clL)
IN PL

VL 1
--
. ---------------------

Vo cos(oa.) .. ��. Pl sin(o(L). VL.

(2.74)

where PL/VL is the load impedance.

�_;..---..
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2. ,.2.3 Analytical method for estineting the linearized resistance

coeffic ient

The average axial flow"velocity, as obtained in the section 2.,.2.1

from the considerations of pipe inside dianeter and radial gradients in

axial flow velocity is given by the equation (2.56). A substitution of

the equations (2.53) and (2.54) in the equation (2.,1) gives

A cross sectional average of this equation is given by the following

equation

From the equations (2.41) and '(2.43), b.Y the SUbstitution of the

equations (2.48) and considering the axial flow velocity in the equation

(2.43) to be representing the average axial flow velocity, the relatio�

ship between the linearized resistance coefficient and the viscous shear

stress terms can be written as

R - ('dLVX 1 dVX)- V:x. - - V - + -

'rf dr1-:- r c:J avg
. (2.76)

and hence from the equations (2.56) and (2.7,), the linearized resistance

ceofficient R is given by the equation
J

(2.77)
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This equation can be used for the estimation of the linearized

resistance coefficient at any desired frequency, for any viscosity and

any inside radius of the tube. It is to be noted that, for the

estimation of the linearized resistance coefficient only velocity

gradients and viscosity are important and that the wave transmission

and the wave reflection effects have no influence on the value of the

linearized resistance coefficient.

2.5.2.4 Similarities between the two methods of analysis given in the

sections 2.5.2.1 and 2.5.2.2.

A comparison of the equations (2.64) and (2.65), and the equations

(2.73) and (2.74) indicates' that the two methods are identical, if

or

cz...a

From the equations (2.67) and (2.77)

and

= -

[...!_ I (KR.) -I (KR.)]KR. ' , • L

(.
.

Hence
1-

"L[
.s, I (KR.)

]o(_ - � 1 - KRi I .(,

c� ...L I (KR.) -I (n ,)
KR'

' A.. 0 (..
"

tJ:)1.. [ 10 (KRL) J•

-� � I (KR.) -I (KR.)
" AR, I (, 0 t
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and from the equation (2.,9)

Hence both the methods give identical results for linear analysis.

A discussion about the relative merits and practicality of the two

methods is given later.

2.,.2., Frequency response analysis for the pipe line terminated at

the load end.

This is a particular case of ' the general analysis where the load

impedance PL/VL is infinite. This case is particularly applicable when

low volumetric capacity rigid instruments such as pressure transducers

are used at the load end. For this case only pressure response is

applicable and from the equations (2.64) and (2.73), the pressure

responses are written as

PL 1
--

Po COSh( 13UlL JCo

PL 1
-=

Po cos (r(L)

2.5.2.6 Frequency response analysis for a pipe line system with zero'

load impedance

This case is applicable when the pipe line is connected to a large

capacity tank at constant pressure. The case of zero load impedance is

close� simulated in the case of a load system with very sll'Sll inertia

and viscous loads operating at high pressure levels. For this case
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only velocity response is applicable and from the equations (2.65) and

(2.74), the velocity responses are written as

VL 1
--

Vo cosh (,sWL JCo

VL 1
--

Vo cos(o!L)

(2.78)

(2.79)

2.5.3 Effect of the Viscosity and the Linearized Resistance Coefficient

on the Phase Velocity

The effect of the linearized resistance coefficient can be seen from

the equation (2.47). Here the frequency dependent effects of the viscosity

and the linearized resistance coefficient are analysed using the frequency

response equations for the pressure and the velocity as obtained in the

previous sections.

In the equations (2.64) and (2 ..65) and in the equations (2.73) and

(2.74), the following terms, which include the Viscosity, length of the

pipe line, frequency and the phase velocity, playa major role on the

form of the response, particularly in the case of a system where the

load effects do not change the response of either pressure or velocity.

They are

( J3 WL)--e:- and (clLJ

If c' is assumed to be the effective phase velocity which includes the

frequency dependent viscous effects, the following relationships are

obbafned,



L
(.,J

. -

(C' )1-
(from the equation (2.67))

From the above two relationships, the 'following equations are obtained

for the effective phase velocity c' which includes the frequency dependent

viscous effects and the frequency dependent linearized resistance

coefficient effects :

c'
-=

c., (2.80a)

c' I

cb
•

-Yl_jRf(J.) (2.80b)

2�'.4 Linear Analysis of the Wave Effects in the Pipe Line on the

Frequency Response of the Fluid Medium in the Fipe Lines

The elastic properties of the material of the pipe line have, in

addition to the effect of reduction in the effective bulk modulus of'··

the liquid and hence the phase velocity of the wave transmissio�an
additional influence on the frequency response of the fluid medium

because of the phenomenon of the wave transmission along the material

of the pipe line. The wave transmission along the pipe line usually·

takes place in several modes. In the following sections only the

axially symmetrical modes are considered for the analysis. They are

the longitudinal and the transverse modes of the pipe line vibrations.

The longitudinal oscillations are caused by two types of

excitations. The first type of excitations are caused by the force
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oscillations due to the area difference at the load and the load pressure

oscillations. This effect has already been analysed b.Y D'Souza and

Oldenburger(2S) in detail for an orifice and a block with mass and damping

attached to the load end of the pipe line, and hence this case is not

considered for this study. The second type of excitations are caused by

the force oscillations on the pipe line walls. These force oscillations

are the result of shear stress oscillations due to the oscillations in

the radial gradient of the axial flow velocity. It should be noted that

this type of effect can exist only if the pipe line is elastically soft

and the fluid highly viscous.

The transverse oscillations are mainly caused � transverse

dilational waves being transmitted along the pipe line. These transverse

dilational waves are caused by the fluctuations in the internal pressure

and hence are prominent only if the pipe lines .a re relatively soft.

2.S.4.1 The effect of the longitudinal waves in the tube on the

frequency response of the fluid medium

Considering the tube momentum in the axial direction, the basic

principles yield the following equation.

ls( o"'_z + ! ;:,z] + damping
drL- r C)r

where z is the longitudinal oscillation amplitude

y is the transverse oscillation amplitude

The wave equation governing the transmission of the longitudinal waves



in the tube material is obtained b,y including the compressible effects

of the tube material in the above equation. The resulting wave equation

is linearized by neglecting the terms of smaller order of magnitude and

the damping effect is included by adding visco-elastic damping. Hence

the resulting linearized damped wave equation for the longitudinal waves

in the tube material is given b,y the equation

(2.81)

For the frequency response analysis, the substitution

z(x t) .. z e jwt, � (2.8la)

is made in the equation (2.81) and the resulting equation can be

rewritten as

where

(2.82)

Now considering only the excitations caused by the shear stress oscillations,

the distribution of the shear forces on the tube wall can be estimated

as given below.

The axial flow velocity distribution fo�viacous flow, obtained from

the equation (2.41) as shown in the section 2.,.2.1, is given by the

equation (2.55) as
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(2.55)

and hex, j W) is obtained from the solution of the equation (2.59) as

The shear stress on the tube wall, that is at r • Rt·, is given by the

equation

(2.83)

Hence the shea r force on the tube wall per unit length of the tube is

given by the following equation as obtained by multiplying the right

hand side of the equation (208)) by 21TRt.

From this equation, the magnitude of the stress excitations in the tube

wall caused by the shear stress oscillations is obtained as

5 ( )
�.Ll1TRL hex, j w) KI, (KRi)

x,j W •
"t... '-'IT (Ro - -Hi J

Now by adding this forcing term to the equation (2.82), the resulting

(2.84)

equation for the frequency response analysis of the longitudinal

oscillations in the pipe line can be written as

""L

�.. I/,L •
S(x,j IJJ)

dx"l.... y z:l_ E (2.85)

By obtaining particular integrals and complimentary functions, equation

(2.85) can be solved to obtain the solution as

�A=--"i
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(2.86)

G ..

i

G3 and H3 are integration constants

2JA1TRiKI, (KR.(') G,
Err(R 1...

- R�)
() l

where

H ...

l'

2,(,\ llRiKI, (KR,,) H
t

E 1T (R "l-... R�)o (.

These constants can be obtained 'by using proper end conditions for the

pipe line in the equation (2.86). If the velocity of the longitudinal
,

oscillations of the pipe line is defined as Vx_ (x, jW), the pipe line

will have longitudinal oscillations baving a velocity given 'by the

equation

,

V:t (x, j w) .. j w[Gs cos (�x) + H3 sin ()bx)

Since these velocity perturbations add to the flow velocity, there will

be a corresponding pressure change in the
_

fluid which can be obtained

from the equation (2.51).

, B dV' [P::t. (x, j w) • -

j w dx
;( .. - B -�Jb sin(�x)+H3}b cos(y_,x)

(2.88)

The equations (2.87) and (2.88) can be used for the estimation of the

.............._ i
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velocity and the pressure perturbations at any axial position x, and b.Y

substituting L for x, these perturbations at the load end can be estimated.

These are

,

V
:::L (x=L, j w)

P� (x=L, j w)

I
= VL
= p'

I,...

Considering the equations (2.87) and (2.88) and dividing them by Vo and Po,

which are the velocity and the pressure amplitudes respectively, the

frequency response of the velocity and the pressure perturbations can be

estimated separately for each value of the input velocity and the input

pressure. Since the constants G4 and H include Po and Vo , the ratio
'1-

of which takes the load system at the output end of the pipe line into

consideration as can be seen from the equation (2.63a), the frequency

response equations obtained also include the load effects.

Hence from the equations .(2.64) and (2.65) or the equations (2.73)

and (2.74) and from the equations obtained for the frequency response of

t�e pressure and velocity perturbatiOns, the effective frequency response

of the pipe' line system including the line vibrations can be given by

the following equations,

(!�Lr ·

2.5.4.2 The effect of the transverse waves in,the material of the tube

on the frequency response of the fluid medium

Considering the tube momentum in the radial direction, the basic
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principles yield the following equation,

B.Y including the compressible eff�cts of the tube material in the above

equation, the wave equation for the transmission of the transverse waves

in the tube material is obtained. This wave equation is further simplified

b.Y including the visco-elastic damping and by neglecting the terms of

smaller order of magnitude as compared to the main terms. The resulting

wave equation is

(2.89)

For the frequency response analysis, the radial disturbances are assumed

to be of the form

(2.89a)

Then the equation (2.89) is transformed to the ordinary differential

equation

where

(2.90)

L1
:3
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Depending upon the pipe line system, there are several possibilities

for the boundar,y conditions applicable to the differential equation

(2.90). For one particular case, the boundary conditions are assumed

to be

:3

Po Ri [ e:

L]y (x-O) == -
?_ L (1- eJ)+(l'"�)Ro /R i:( E (R -R. )o .(.

(2.91)

y (x=L) == 0
.:(

The boundar,y condition given by (2.91) was obtained by the radial

expansion of the tube caused by an internal pressure Po considering

the tube as a thick cylinder. Using these boundary conditions the

solution of the differential equation (2.90) is obtained as

These radial oscillations of the tube wall cause additional small

oscillations which are superimposed on the main axial flow. These

perturbations in the fluid flow can be estimated from the fluid

momentum equations in the radial and the axial directions.

To predict the radial component of the velocity perturbations in the

liquid, the momentum equation in the radial direction, the equation (2.3),

is considered. This equation is simplified by neglecting the convective

acceleration terms, axial gradients in radial velocity and the radial

pressure gradient, because these terms are of the second or smaller

order of magnitude as shown in Appendix A. The resulting simplified

radial momentum equation is given by the equation
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I

[
"l... , , I

J�u - V �+ !�- a, ,. 0
ot dr'l- -r dr r� (2.93)

Now, if the radial velocity perturbations in the fiuid are assumed to

be of t he form

u' (x, r, t) ,. u: (x, r) ejwt

the equation (2.93) can be transformed to the fom

(2.94)

This is a modified Bessel's function of order one and for finite solutions

at the centre of the tube, the solution of the equation (2.94) can be

written as

u� .. g(x,jw) II (Kr) r (2.9,)

where

If the boundar,y conditions for this solution are assumed as

u� (x, raO) ,. 0

u� (x, r=R.i)" �y:::(.
dt

that is,the tube remains in �ontact with the liquid (from equation (2.92»

then equation (2.95) becomes

u' ,.
jW I).Po (cos(¢X)..cot(J1L).sin(�) J It (Kr)'r I (ra.)
, .£

(2.96)

Since this analysis is only applicable if the pipe line has relatively
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low elastic properties, as otherwise the radial expansions are extremely

small to show any effect on the system response, the compressibility of

the liquid can be neglected and the equation (2.1) can be rewritten as,

(Ref. Appendix A )

u� ';)vX:
+-+
r ax

= 0 (2.97 )

From the equations (2.96) aRd (2.97), the axial flow velocity perturbation
I

•

V'X,. l.S obtained as

,

v:( = -
jWK-lo K

[Sin(¢X)+cot(I)L).cos ¢X J. Io(Kr)1;1 (KR.) .

I t
+ constant (2.98)

Since these velocity perturbations have an oscillator,y wave form along

the length of the pipe line and are of zero magnitude at nodal points,

in order that this equation can be valid at all points the integration

constant can be assumed to be equal to zero.

The perturbations in the axial flow velocity can also be obtained

from the fluid momentum equation in the axial direction. A simplified

fom of this equation, which is another fom of the equation (2.49)

applicable to the axial flow perturbations, is written as

"L , \..' 1 'p'� vx. + ! dV:x. _ � I
d. 0

dr'L r dr 1) V:x. -

]A �x (2.99)

This is a Bessel's equation of order zero and by assuming the boundar,y

conditions for the perturbations in axial flow velocity as

(

V
x: (x, r=R.) = 0

t
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v� (x, r=0) given by the equation (2.98)

the axial velocity perturbations can be obtained by solving the equation

(2.99) as

,

v:;(. . -

jWVoK[sin(¢X)+cot(¢L).COS(,tk)] [ 1.,(Kr).. 10 (KRi)]
¢ I. (KRt' ). [1 - 10 (KR..; ) ]

(2.100)

A cross sectional average of the axial, flow velocity perturbations is

given by the equation

_ I j �I\-l'() K[sin(¢X)+cot{¢L)ocos(¢X)] [�i If (KRi)..Io (KRi)]
v� - - (2.101)

¢ II (KRi) (1 - Io(KR,i)]
The pressure perturbations �aused by these velocity perturbations can be

obtained from equation (2. 57) modified for the flow perturbations, which

is rewritten as below.

- I
�v�
dX

= - (2.102)

From the equation (2.101), the pressure 'perturbations at any point is

obtained as

p' = BKloK[� I ,(KR,i )-10 (KRl)] [ cos(¢X)-cot(¢L). Sin(¢X)]
I, (KR_t) [1 ... Io(KRi)]

(2.103 )

The equation (2.103) shows that the pressure perturbations at the load

end of this pipe line system is always zero.

Substituting the equation (2.63a), which gives the ratio of V" to

Po including the effect of load system, into the equation (2.101) the

axial velocity perturbation response equation given as the ratio of

v� to V
0 is obtained.
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The frequency response of the velocity together with the effect of

the pipe line transverse vibrations can be obtained by the sum of the

equation (2065) or (2.74) and v� /Vo as given by the equation

VL. v"
- + _!:_

»: Vo (2.104)

20'0' Estimation of the Additional Linearized Resistance Coefficient

Caused by the Ferturbations in Axial Flow Velocity Due to the

Transverse Oscillation of the Tube Wall

As in the case of estimating the linearized resistance coefficient

for the main flow" only frequency am velocity gradients are considered.

Since the radial dilations depend on the pressure inside the tube and

since the pressure is governed by the wave transmission in the liquid

medium in the tube, the pressure is assumed to be a cosine function of

the space coordinate x, The radial expansion of the tube is then given

by the equation

y - K P cos (W XJ e
j us t

y 0 Co
(2.105)

where Ky is given in the equation (2.91).

The magnitude of the radial velocity of the tube wall and hence the radial

velocity of the liquid at the tube wall is given by the equation

u' - u' (r=R.) = dY;t • jWK F cos (�Jw y t �t - y 0 Co
(2.106)

Since these disturbances are of much smaller magnitude than the main now

velocity, the continuity and the momentum equations are considered to be

separately applicable to the perturbations in the radial and the axial
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flow veloc ity 0

As shown in the section 20'04.2, the radial dist�ibution of radial

velocity perturbations is obtained from the Bessel's equation of order

one, the equation (2094), the solution of which is given b.Y the equation

(2.106a)

with the boundar,y conditions

u' (x, r=0) = 0
'(

I (x, r=R.) joJK l' "cos (WX Ju'( =

c
.

'(" 0 C
0

(from the equation (2.106))

Hence the radial velocity distribution can be obtained from the above

solution as

jWK'('"PO cos I¥.J 1,(Kr)
I, (KR�)

(2.107 )

Now, from the simplified continuity equation (2.97), the radial distribu-

tion of the axial flow velocity perturbations is given by the equation

j KyPo K Co cos (¥.J 10 (Kr)

I, (KR,i)
,

v� = -

(2.l08)

Again, as shown in the section 2.�04.2, the axial velocity perturbations

can also be obtained from the Bessel's equation of zero order, the

equation (2.99), the solution of which is given by the equation

,
v =

:x.
(2.10& 1
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with the boundary conditions

I

V:L (x, r=R.l)
t

v:::t. (x, r=0)

.. 0

... _
j \POK CO cos (¥OJ

I,(KRe'
(from the equation (2.108»)

Hence the radial distribution of the axial flow velocity perturbations

is obtained from these equations as

,

v.:t. ... -
j K'(Po I c'i) cost�) [Ii) (Ir) - Io (KFz )]

11 (KRl) [1 - Io(KRi)]
(2.109) -

From this equation, the cross sectional average of the axial flow velocity

perturbations is obtained as

j I"PoK CD cos (�J[rit I, (KR,) - Io(KRl)]
. I,(Iffi.l' [� ... Io(KRt)]

-,

v�
... -

(2.110)

The radial distribution of the shear stress perturbations can be

obtained from the equation (2. 9�r and by taking a cross sectional ave raga,

the average shear stress perturbations over a cross section of the pipe

line is given OW the equation

L -

(

..a [dV� +! dV� ]�r� r ar
avg

•

w f '.ll> Co cos (�J � I, (XRi )

I, (Irni) [1 � Io(KRi)] (2.111)

Now using a similar relationship as in the equation (2.76), and by

equa�ing the shear stress terms as given by.the equation (2.111) to a

term including average axial velocity for the main flow given by the

equation (2.56), the following relationship can be obtained.

[
,t ( I

]Ro..V cJv:L 1 �
f x

" - 7)
� rL

..
r

-

� r avg
(2.112 )
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where R� is the additional resistance coefficient.

The function h(x,j�) is, from the equation (2.54), given b.Y the

equation

(2.113)

From the equations (2.111), (20112), (2.56) and (2.113), the equation for

the additional resistance coefficient is obtained as

R .-
�

jW'"'r1.. K P c K cos (�) 2_ To (KR,' )'( 0 0 ci) KR..l ....

(2.114)

The effective linearized resistance coefficient for fluid in an

elastic pipe line can be obtained from the equations (2.71) and (2.l14) as

2.,.6 Linear Analysis for the Transient Response of Fluid Medium in

Pipe Lines

Transient response of fluid mediums in a pipe line can be analysed

by two methods of analysis. They are the rrethod using the Laplace-�llin

transformation and the method using the Fourier transform which uses

techniques of the complex integratiOn.

The Laplace-Mellin transformation consists of reducing the partial

differential equation to an ordinary differential equation by Laplace

transforming the partial derivatives with respect to time as shown

belowo
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00

sJ
o

+

. [e-St �tn]
tIO
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00
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Hence

[cost.1100 2._
+ S e PJ

+ S P

teO

(2.116)

t ..O

It is to be noted that, throughout the section 2.5.& the bars on the

dependent variables indicate that the variable has been Laplace transformed.

Using the proper initial conditions, the ordinar,y differential

equation can be solved to give the response results in the operator form.

These solutions are then retransformed by using the inversion integral

and contour integrations.

The Fourier transform method also consists of obtaining the solution

of the wave equation in the operator form. Then by substituting j tv for

$. the solutions are made to represent the frequency response solution.

The forcing function can be Fourier transformed and using this transformed

forcing function in the frequency response solution, the transient

response solution can be obtained by an integration of the resulting

solution over a range of W between - co to 00 0
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2.586.1 General solution of the transient response of liquid mediums

in a pipe line system using Laplace- M311in transformation

For this analysis, the equations (2.42) and (2.4b), .which govern

the one-dimensional linear dynamic response of fluids in a pipe line,

are considered. In order to slightly simplify the analysis and since a

physical system can have zero initial conditions, the following initial

conditions are assumed

== 0

• 0 '

taO

The equations (2.42) and (2.44) are Laplace transformed by using the

method shown in (2.116) to give the equations

tlv + § P .. 0 (2.117)
dx B

'l...--
d P 1-_

(2.118)- - 01.. p .. 0
dx2- I

where 0( l-.. SL [1 + �]I z., ISCD

The solutions for the equations (2.117) and (2.118) can be written as

P = G
r:: cosh(d x) + H sinh(ol x)
-.I t 5 '

v - - � [G sinh(ol.x) + H COSh{d,x)]Bol s- · s-
f

(2.120)

If the boundary conditions are assumed to be

p(x"O) .. Po p(x=O) .. p
o
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vex-D) .. va

p(x-L) • PL

v(x=L) .. VL

VexeO) .. Vo

P(x=L) = �
V(x=L} • VL

the constants G5 and Hs- are obtained as

Now £ollowing a procedure similar to the ana�sis in the section 2.S.2.2,

-the transient response solutions for the pressure and the velocity in

the operator form can be obtained as

(2.121)

P ..
}'1)

L
coshEi-1 L) ... !'- B;I sinh(ci.L)FL,

(2.122)

VoV ..
_

L
cosh(oc',L) ... �L � sinh(o{.L)

v'- B«.

(2.123)

where PL!vL is the load impedance in operator form which can be obtained

from the equation ( G.7 ) by replacing j w by a.

To obtain the actual transient response, the equations (2.122) and

(2.123) have to be inverse transformed by using the inversion theorem.

A procedure for obtaining the inversion integral is outlined below.

As can be seen from the equations (2.73) and (2.74), the equations

(2.122) and (2.123) show resonant behaviours for the values of the

Laplace operator s having values equal to jw, where � is a real
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variable, and for the ease of a pipe line system without any damping

efrects these resonant frequencies become poles.

The pressure response can be obtained by using the inversion integral

p - ...!_J1{ +j"est P ds (2.124)
L 2Trj L

D -�oo

where '{ is a real constant such that t (s) and dPJdS are finite in the

region �f the complex plane z ... x+jy, defined by

St -
.

This means that all the poles of e Pl lie in the complex region

defined by

The. equation (2.124) can be solved by using the method of contour

integration. The contour integration can be performed by using the

following equation

'( -a=

i > Pl dS ..

y-joa
21Tj [sum of all the residues of the

st - ]poles of e It (2.125)

where the contour of integration includes all the poles of the integrand,
.

the contour being a line with the equation x ... '( and an infinite semi

circle enclosing the complex region defined by x � ¥ , joining the line

X" Y at '(+ jOO and '(- j-oa •

The transient pressure response can be obtained by using the

equations (2.122), (2.124) and (2.125). Similarly the transient yelocity
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response can be obtained b.Y using the equation (2.123) and the appropriate

tntegrands in the equations (20124) and (2.125). Also, by using the

equations (2.121), (2.122) and (2.123), the transient responses for

PL/Vo and VL/P0 can be obtained by using the appropriate forms in the

equations (2.124) and (2.125).

It should be again mentioned here that, for a general case of the

p�pe line system, this method is valid only when the system contains

n.o damping effectso

2.5.6.2 General solution of the transient response of liquid mediumS

m.a pipe line system using the method of the Fourier transform

By following a similar· procedure analYSis as in the previous section

2.5.6.1, the transient responses tor pressure and velocity in the operator

form are obtained as given in the equations (2.121), (2.122) and (2.123).

Now using the method of Fourier transform, if the forcing function

is assumed to be of the form f{t), f(t) can be written as,

f(t) • J F(W) e-jW t dw
_00

(2.126)

where f is said to be the Fourier transform of F.

The form of F can be obtained from the following equation, which can also

be called the reciprocal integral.
dlI

F(W) - .s, J f(t)ejwtdt
21\

(2.127)

Since in most of the physical systems, f(t) is zero for t <. 0, this

reciprocal integral may be written in the form
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1
F(W) -

211"

c:IJ

J "wt
fet) eJ dt (2.128)

o

By UB.ing the equation (2.128) the input pressure and velocity disturbances,

which can be treated as forcing functions, can be transfonned to the form

F(W). Substituting j (J.l for S in the equations (2.121), (2.122) and

(2.123), the pressure and the velocity response equations can be 'obta�ed

in the forms PL(W)!PO(�)' VL(W)!VO(W), VL(W)!PO(W) and PL(�)!VO(W).
The appropriate form of the pressure and the velocity response can be

obtained b.Y multiplying these four response equations by the .desired form

of F(W) for pressure or velocity inplt. The transient response for

the pressure or the velocity can be obtained by Fourier transforming the

appropriate form of these quantities. A method of estimating the transient

response of load pressure for a pressure disturbance' at the input end is

outlined below.

The input pressure disturbance Po can be transformed by reciprocal

integral as

By multiplying the equation (2.122) by Fp(LU), the pressure response is

given by

�e transient pressure response for a disturbance of pressure at the input

end is obtained by Fourier transforming the equation (2.129) by using an
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equation similar to (2.126), as

'00

p\,,(t) - J PL(W) e-jwt dw
-co

(2.130)

If the form of the equation (20129) is too complicated, the equation

(2.130) can at least be solved by numerical integration.

This method is applicable to a general case without any restriction

on the damping effects of the s.ystem.

2.'0603 Transient response analysis for the case of a one dimensional

liquid flow in a pipe lirie terminated at the load end and with

step pressure disturbance at the input end

For this case, since the velocity at the load end is always zero,

the load impedance is infinite and hence, from the equation (2.122), the

transient response equation for the pressure is written as

- Po (2.131)PL a

cosh(d. L)
1

where C(, - � [1 + is]"
One of the boundary conditions for this analysis is

p(x=O) - Po

It can be seen that, from this boundary condition and the equation

(20131), the poles for this equation are given by

S .. 0

cosh (cl,L) .. 0
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The second condition is satisfied when

ot. L _ j(2lFl)TT, 2
n .. 1, 2, 3 • 0 0 0 00

or, from the equation (20131), if

s'Z... R z.,..
- (1 + -) L = ...

cr}- f5

?.- z;
(2n-l) ".

4

Solving this quadratic equation, the poles of the equation (2.131) are

given by the equation

It

N 'Z- "L L 'L-
R

j
(2n=-1) 1T Co

_ R_S .. __
.t

.

2f 4L
v

4f
.,___

W V (20-1)1- TIL Col..- R"L-·
tv\"

-

4L
1..--

co

4f
1.-

(2.131a)

s • ...!!._ * j W'f'V\.2f
( 2. 131b)

-

Now from the equation (20131), the residue 1To at the pole s .. 0 is

given by

.1Ti)" .. Po (2.132)

The residues 1\±�for the equation (2.131) at the poles

R :t
5=-- jWf2f l'\.

is given by ·the equation

[ Po

s- :s [COSh{oI. L)] ] R .

$= - _.t j W_I
2f 7Y\

(20133)
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The transient response for the pressure PL (t) at the load is trom the

equation (2012$), obtained as

n • 1,2,3 000.

S�bstituting for lTD and �in this equation, the solution for the

pressure. transient response at the load end of a pipe line system

terminated at the load end and with a step pressure disturbance Po at

(2.134)

2.'0604 Estimation of the linearized resistance coefficient for the

transient response analysis

Laplace transformation of the equation (2.41) and its rearrangement

results in the equation

*I 0 (2.135)

The substitution

T ..

- 1 �p
V+--

. fS �x
(2.136)

in the equation (2.135) gives
1- -

� T
+ ! dT _ s

-

• 0
�rl,... r i)r II T (2.137 )

This is a modified Bessel's equation of order zero and, for finite
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solutions at the centre of the tUbeg the solution can be written as

(2.138)

where (2.138a)

Now by using the boundary condition that

i (r=R·) • 0
t

the equations (2.136) and (2.138) give the following solution

B,y following a similar procedure as in the section 2.,.2.3, the linearized

resistance coefficient for the transient response case is obtained in the

operator form as

(2.140)

The transient response for pressure for the viscous case including

the frequency dependent viscous damping effects can be estimated by

substituting the equation (2.140) in the equation (2.134).
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3. EXPERIMENTAL TEST SETUP

The experinental test setups described in the following sections are

designed to give a better understanding of the phenomenon of the wave

transmission in fluid mediums in relationship with some of the theoretical

analyses given in section 2. The experimental setups described are for

the frequency response analyses, the transient response analysis and for

the study of the nonlinear behaviour of the bulk modulus of the liquids

used in the hydraulic systems •

.3.1 Test Setups for the Determination of the Frequency Response of

Liquids in Long Pipe Lines

The frequency response measurements are concerned with the measure-

ment of the steady state harmonic :component of the dynamic response of

the system considered. A desired oscillatory signal is applied to the

input end of the pipe line by using some kind of device like an oscillatory

piston or an electro-mechanical hydraulic valve •. The.responses of pipe

lines can be measured by using suitable sensing devices like pressure

transducers, velocity transducers, full flow electromagnetic flow meter,

etc. In most of the cases the Signal outputs from these sensing devices

have to be amplified and are then-displayed on the recording devices.

At low frequencies and slow responses, the signals from the sensing devices

with or without amplification are recorded by using strip chart recorders.

At high frequencies and fast responses, the recording devices are either a

storage scope or an oscilloscope with a photographing device. In some

cases a transfer function analyser is also used for the frequency response

measurements.
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The frequency response measurements were performed for a few cases

using steel pipe lines or sort elastic tubes,P with or without load systems.

The experimental test setups for these cases are given in the following

sections 0

30101 Frequency Response of a Pipe Line System Open at the Load End" Using

Oil in Steel Pipe Lines as the Transmission Fluid

The experimental test setups "for this case are shown in Figures 301a

and 301bo

Since the load impedance is zero for this e ase, according to the

the0r.Y,P only velocity response which gives a relationship between the

output flow velocity and the input flow velocity is possibleo The

experiments for this case were conducted in two parts; (a) to estimate ".

the no load valve transfer function and (b) to determine the no load

transfer function of the pipe line and the valveo The condition of the

no load at the load end of the pipe line and at the load end of the valve

is approximately simulated by using a hydraulic actuator with a very

light piston and negligible dampingo Since oscillator,y disturbances of

a simple harmonic type are used in the experimental setup, both positive

and negative pressures can theoretically exist in the fluid mediumo

Since the liquids in pipe lines cannot withstand negative gauge pressures,P

that is liquids cannot withstand tension without causing cavitation,P two

pipe lines were used for the experimental analysis to overcome this

difficulty. With this configuration,P during the first half cycle of the

simple harmonic oscillation one pipe line transmits the oscillatory

disturbance whereas the other pipe line acts as a return lineo During

the second half cycle of the simple harmonic oscillation in the flow
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disturbance, the functions of these pipe lines are reversed. Hence the

requf.remenb of the positive gauge' pressure in the oil in the pipe line

is always satisfied and the oscillator,y disturbances are transmitted from

the valve to the load actuator through one of the two transmission lines.

To excite an OSCillatory type of flow disturbance in the pipe line,

a flow type of electromechanical hydraulic valve was used. The flow type

of hydraulic valve was used to provide oscillatory flows when oscillator.y

signal currents of a magnitude of few milliamperes was applied to the

valve coil. The experimental test setup was used as a closed loop control

system with negative positional feedback so as to continuously centre

the piston. The feedback loop consisted of a low gain low cut-off

frequency filter with a cut-off frequency of 3.33 rad/sec in order to

provide a d.c. balance for the valve spool. This was provided so that

the system can behave as a closed loop control system at low frequencies

and as an open loop control system beyond the cut-off frequency.

To eliminate the loading effects on the valve and on the pipe line

so as to simulate the no load condition, the ideal load should consist
.

of a piston without mass and friction. But this condition is impossible

in practice and only a close approximation is possible in which case the

load effects are a minim� Since some mass and friction are always

present in the actuator, the mass being the sum of the mass of the piston

and the mass of the oil oscillating in the load actuator, it is necessar,y

to keep the oil volume in the actuator as small as possible. For the

case of the experimental test setup for the valve transfer function

only, the length and the volume between the actuator and the valve

should be as small as it is practically feasible without significant
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pressure drops in the connecting passages. These requirements are

necessar,y to ensure a high load natural frequency.

For measuring the flow velocity at the load end of the pipe line

a velocity transducer, which generates a doc. voltage proportional to

the velocity, was used. This velocity transducer consists of a fixed

induction coil with a moveable magnetic core. The II'Bgnetic core of the

transducer was attached to the piston of the load actuator and the

voltage generated is proportional to the now veloc ity at the load end

of the pipe line because of the negligible compressibility effects in

the small hydraulic actuator due to very low pressures at the load end

of the pipe line.

A Solatron Resolved Component Indicator, which is also a transfer

function analyser, was used as a recording device to measure the

reference and the quadrature components of the voltage input to the

servo valve and the voltage output from the velocity transducer by

comparing the fundamental frequency components of these signals with

a reference voltage of 10 volts.

In table 3.1, physical characteristics of the components used in

these experiments are listed.

M:>og Servo Valve

Table 3.1

Coil resistance

Maximum current

�ximum pressure

Normal operating pressure

GainServo Amplifier

2300 ohms

10 rna

4.500 psig

3000 psig

Variable



Table 3.1 - continued

Actuator Miximum stroke

Oil

Area of cylinder, A L

Ma ss of moving pa rt s

Effective bulk modulus, B

Kinematic viscosity, 1)

Density" p
Isentropic phase velocity,co

Pipe Lines Length, L

Inside diameter, 2Ri
Outside dialTl9ter, 2Ro

Young's modulus, E

Velocity Transducer Sensitivity

93.

1., in.

0.408 in.z.
0.". lb.

260000.0 lb/in-z.,
l-

0.10,3 in Isec.

,4.473 lb/ft:;
471,.0 ft/sec.

20.7 ft.

0.37 in.

0.,0 in.

29xl061b/in2.-
4.29 in/sec.volt

Since the flow velocity at the input end of the pipe line could not

be measured directly with the means available, the velocity response for

the pipe line was measured by conducting the experiments in two stages

as explained below.

For the estimation of the no load valve transfer function, the valve

was directly mounted on the small hydraulic load actuator as shown in

Figure 3olao Experimental measurements were recorded for several

frequencies ranging from 10-10 c.p.s. and for several values of the

supply pressure and the voltage input to the valve coil.

For the estimation of the no "load transfer function of the valve

with the pipe line syste� two long pipe lines were used between the

valve and the hydraulic actuator in the experimental test setup as shown

in Figure 3 ... lb. Experimental measurements were recorded for the same
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frequencies, the same supply pressure and the same amplitudes of voltage

input to the valve coil as in every respective measurement in the case

of the neasurement of the valve transfer function.

The frequency response results for this pipe line system without

load was estimated from tne above two experimental results.

For the above two experiments, the temperature of the oil return

from the valve to the dump was maintained .at: 1201' 2.00 F. to

minimize the effect of temperature varia tions on the valve response and

also to minimize the variations in the viscosity of the oil. The voltage

inputs to the valve coil and the supply pressures were maintained within

close limits '0£ the chosen value for each set of experiments to prevent

the measurable nonlinear effects of the valve appearing in the pipe

line response results.

3.1.2 Frequency Response of Pipe 'Line Systems Open at the Load End Using

Water in a Rubber Tube as the TranSmission Fluid

The experimental test setup for this case is shown in Figure 3.2.

Since again the load impedance is zero, according to the theory, only

the velocity response which relates the output velOCity to the input

velocity is possible. The condition of the open pipe at the load end;

that is the no load condition, is closely simulated by cormect1.ng the

rubber tube to a large tank filled with saline water at constant pressure.

The no load assumption was justified by the pressure measurements at the

load end, which showed negligible oscillations.

The experimental test setup consisted of a device to excite

oscillatory disturbances in the tube, a long pipe line of natural rubber
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tubing and a large tank open to the atmosphere at the load end. To

excite simple harmonic flaw disturbances, a leak proof aluminumlpiston

oscillating in a smoothly finished cylindrical brass tube was used. Tbis

aluminum1piston was driven by a hydraulic servomechanism, where an electro

mechanical hydraulic valve was used to drive a linear hydraulic actuator

connected to the alumirrum·, piston as load in a closed loop negative position

feedback control system. The physical characteristics of the components

used in the experimental test setup are given in the Table 3.2.

Table 3.2

Brass cylinder and
Piston Area

"2
0.2463 in

24.2 ft. 0

0.1875 in.

0.3125 in.

Rubber Tube Length, L

Inside diameter, 2Rl

Outside diameter, 2Ro

Effective bulk modulus, B,
with water 46.5 Ib/in""

Strain Gauge Transducer Pressure range 0-100 psig.

0-15 psig.

4.29 in/sec.volt

Pressure range

Velocity Transducer Sensitivity

Elect romagnet ic
Flow Meter Sensitiv�ty 52.1 in/sec.volt

62.4 Ib/ft3Water Density, f
Isentropic fluid phase 58.75 ft/sec.
velocity in rubber tube, Co

Kinematic oviscositY,1) 0.00155 in2/sec.
Noel content in water by
weight 01.45%
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For the measurement of the velocity and the pressure response,

velocity and pressure transducers were used at both the input and the

output ends. The strain gauge pressure transducers used were of the low

range type and a.c. carrier preamplifiers were used to excite the strain

gauge bridge of the transducers and to amplify the s'ignals from ·the

bridge. The input velocity was measured by obtaining the velocity of

the aluminilm..L piston using a velocity transducer similar to the one

described in the previous section. The output flow velocity was measured

by using a full flow electromagnetic flow meter, which senses the flow

of an, electrically conductive liquid through a magnetic probe. In order

to make the water slightly conductive, a small arbitrary quantity of

common salt (No.Ct) was added to the water used in the experiments.

Since a Single tube was used in the experimental, setup and flow

disturbances ,of simple harmonic type were induced in the fluid flow,

both positive and negative ,gauge pressures can exist in the water thus

causing cavitation. To overcame this difficulty, a head of about 3.5 ft.

of water was naintained in the tank in order to maintain the minimum

pressure in the tube above the atmospheric pressure.

On account of the soft' elastic nature of the rubber tubing used in

the experimental syste� the frequencies encountered are quite low and

hence, all the experimental measurements are recorded o� the Sanborn

strip chart recorder. For each set of experiments, the input velocity

was maintained at the chosen value within close limits. The experiments

were conducted for a frequency range of 0.5 to 10.0 c.p.s. at 0.1 c.p.s.
t

intervals and for two values of input velocity amplitudes.

�.A_....'
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3.1. 3 Frequency Response of a Loaded Fipe Line System Using·Oil in Steel

Pipe Lines as the Transmission Fluid

The experimental test setup, which is shown in Figure 3.3, consisted

of a hydraulic servo valve to excite simple harmonic disturbances in the

fluid medium in pipe lines, two long pipe lines to maintain positive gauge

pressures in the experimental system as explained in the section 3.1.1 and

the load system. The load system consisted of inertia, damping, compress-

ibility and coulomb friction characteristics. The physical characteristics

of the components used in the experimental test setup are given in the

Table 3.3.

.

Table 3.3

MOog Servo Valve Coil resistance 2300 ohms

Miximum current 10 rna

Maximum Pressure 4500 psig

3000 psigNormal operating pressure

Servo Amplifier

.

Load Cylinder

Gain variable

Maximum stroke 6.0 in.

Maximum pressure

"L-

0.623 in

1.125 in.

3000 psig

4.44 lb.

Area of cylinder, AL

Bore

Mass of moving parts, m

Compressibility, p
Viscous damping, fu
Coulomb friction, Fe

'L.-
40000lb/ in.

variable-lb. see/in.

variable-lb.

Strain Gauge Pressure
Transducers (2) Range o-sOOO psig
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Table 3 • .3 � cont inued

Velocity Transducer Sensitivity

Length, L

Inside diameter, 2Ri
Outside diameter, 2Ro

4.29 in/sec. volt

21.67 ft.

0.37 in.

Pipe Lines

Young's modulus, E

0..50 in.

29xlOt) lb/in:-
216000 1b/in.

"t-
Oil Effective bulk modulus, B

Isentropic phase velocity, Co 4300 ft/sec.
"

.

Density,,?

0.1053 in2-/sec.
54.473 lb/ft;

Kinematic viscosity,l)

The velocity frequency" response relating the output velocity to the

input velocity was obtained by using a similar procedure as in the

section 3.1.1, that is by estimating the experimental frequency response

of the hydraulic servo valve and the load system separately with and

without the long pipe lines� For obtaining the pressure frequency

response of the loaded pipe line system, high pressure range strain gauge

transducers were mounted near the input end and the output end of one or

the two pipe lines. The amplified signals from the transducers, and the

voltage signals to the valve and from the velocity transducer were

recorded by a high speed 4 channel Schwarzer strip chart recorder having

a maximum chart. speed of 200 mm/sec. The experiments were conducted

in the frequenc,r range of 10-70 c.p.s. at 2.0 c.p.s. intervals and for

supply pressures of 1000 psig and 3000 psig using one constant amplitude

of input voltage to the valve coil. This voltage amplitude was maintained

within close limits of the chosen value to eliminate the nonlinear valve
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effects. The temperature of the oil return from the valve to the sump

was also maintained' at· 120 t 2.00 F. to eliminate the nonlinear

effects of the viscosity and the servo valve shoadng on the frequency

response results of the pipe line.

3.1.4 Frequency Response of a Loaded Pipe Line System Using Water in the

Tygon Tube as the Transmis sion Medium

The experimental test setup, which is shown in Figure 3.4, consisted

of a device to excite simple harmonic oscillatory disturbances in flow

which is the same as described in'the section 3.1.2, a long Tygon tube

and the load system. The load system in this case was a mercury column

oscillating in a vertical U-tube and hence showed inertia and spring

characteristics with negligible damping effects. The spring effect was

caused by the restoring force due to the gravitational field and is

proportional to the displacement of the mercury column. The physical

characteristics of the components used in the experimental test setup

are given in the Table 3.4.

Table 3.4

Brass Cylinder and
Piston

Trgon Tube length, L

0.2463 in!-

10.8 fto

0.1875 in.

0.3125 in.

Area

Inside diameter, 2Ri
Outside diameter, 2Ro

Effective bulk modulus,
B, with water 110.11b/�

Strain Gauge Pressure
Trans due e 1'5

Velocity Transducer

Pressure range

Sensitivity

�15 psig
4.29 in/sec. volt
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\
Table 3.4 - continued

Elect romagnet ic
now �ter Sensitivity ,2.0 in/sec. volt

62.4 Ib/ft�Water Density, r
Isentropic phase velocity, c� 90.4 ft/sec.

Kinematic viscosity,iO

Nsct content in water

by weight

0.001" in7sec.

\

Area of U-tube, AL
Mass of �rcury column" m l

Spring constant due to

Gravity,per unit area} Ks

2.-
0.03267 ino

0.3166 lb.

Load

'3
0.98 lb/in.

Again since a single line was used to transmit the oscillatory

signals, the mercury column was maintained at a few inches of level

difference in the two arms of the U-tube to keep the minimum pressure

in the pipe line system above the atmospheric pressu�. For measuring

the velocity and the pressure oscillations at the input and the output

ends of the tube, two low pressure range strain gauge transducers, a

velocity transducer and a full flow electromagnetic flow meter were

used.

Because of the low frequencies involved on account of the use of

the soft elastic tubing, the pressure and the velocity oscillations were

recorded by using a Sanborn strip chart recorder with a maximum chart

speed of 100 mmVsec. The experiments were conducted for a frequency

range of 1-10 C.P.s. at 0.1 c.p.s. intervals and for two amplitudes of

input velocity oscillations. The magnitude of velocity oscillations at
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the input end of the tubing were maintained within close limits of the

chosen value throughout the frequency range of the experiment.

�---- �-�-'
�

-
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3.2 .Detennination of the Transient Response of Fluid M:!dium in a Pipe

Line System Closed at the Load End

For this study a test setup, which is shown in Figure 3.6, cons:isting

of a liquid shock tube, a cross sectional view of which is shown in Figure

3.5, and a pipe line system filled with oil and closed at the load encJ,was
used.

The liquid shock tube* was used to apply a step pressure excitation

to the liquid at the input end of the pipe line. The shock tube consisted

of a long thick walled cylinder, which is called the shock cylinder, in

which a leak proof piston connected to a quick opening steel ball valve

by a long thin steel rod was placed. A nonreturn check valve was provided

in the piston so that the passage of the oil is permitted in only one

direction, to fill the shock chamber which can be described as the portion

of the shock tube between the piston and the quick opening valve. In the

closed position of the quick opening valve, the ball valve was designed

to be seated against a spherical valve seat, which was lap fitted with

the ball valve. A smaller thick walled steel cylinder was connected to

the input or piston end of the shock cylinder and was used to serve the

purpose of an accumulator. The input end of this accumulator cylinder

was connected to a high pressure supply line through a needle valve and

was connected to a drainage line through another needle valve. In order

to maintain the pressure in the shock chamber while applying a shock wave

to the device connecte� to the output end of the shock cylinder, an air

* This shock tube was originally des Igned by R,.J. Frey(33). Further

improvements and modifications were incorporated later into the

original design to suit its application in the transient response
experimental test setup.

-
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accumulator charged to a pressure of 1000 psi was connected to the shock

cylinder.as shown in the Figure 3.6.

The procedure for exciting a shock at the output end of the shock

cylinder, that is a step of pressure to the input end of any device

connected to the output end of the shoe k tube, is as follows. By closing

the drainage valve and opening the high pressure supply valve, the shock

chamber is charged to the desired pressure and any residual pressure at

the output side of the shock tube is released. The supply needle valve

is then closed and the drainage needle valve is s lowly opened. This

reduces the pressure at the input side of the shock chamber gradually and,

since the nonreturn valve does not permit any return of oil from the shock

chamber to the input side, a net resultant force is exerted on the piston

which in turn is resisted by the thin connecting steel rod. Because of

the· effective area of the ball valve, which is the difference in area

between the ball valve and the output end of the shock tube, and the

pressure difference, a force unbalance on the ball valve exists which is

resisted by the valve seat ..
-

This force unba lance causes a net restraining

force on the ball valve opposing the force on the piston and prevents the

opening of the quick opening ball valve. Hence the. force on the piston

causes a gradual extension of the thin steel rod as long as the force on

the piston due to the difference of force acting on its two sides does

not exceed the restraining force on the ball valve. But, once the force

on the piston exceeds the restraining force, the ball valve opens quickly

because of the ver,y high speed of the longitudinal wave· transmission in

the steel rod, which is of the order of 11000 it/sec, and results in

nearly a step pressure wave being applied to any closed volume device
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connected to the output end of the shock tube.

To neasure the pressure transients at the input and the closed ends

of the pipe line, pieza-electric crystal transducers were used. The

transducers were mounted on the pipe line at the input and the output ends

and were used in conjunction with charge amplifiers to calibrate and

measure the signals from the transducers. The output signals from the

charge amplifiers were displayed on the dual beam oscilloscope and the

traces were photographed using an oscilloscope c ane ra ,

The experiments were conducted for supply pressures, ranging from

1.50(}..3000 psig at .500 psi intervals, to the shock tube. Experiments were

also conducted b.Y using two different pipe lines of different internal

diameters and of almost the same length. In all the cases experimental

results were photographed for two sweep speeds of the trace in order to

study the transmission delay and the decay of the transient response.

To study the effect of the time lapse on the system response,

experimental results were recorded for the mse of the pipe line with larger

internal diameter with a two day interval between the experiments.

The physical characteristics of the components used in the experimental

test setup is given in Table 3 • .5.

Table 3 • .5

Shock cylinder Length 42.0 in.

Inside diareter 2.2.5 in.

Outside diameter 3.0 in.

Length of t he thin
connect ing rod 32.0 in.

Diameter of the thin

connecting rod 0.12.5 in.
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Table 3.5 - continued

Diameter of the ball valve 0.625 in.

Diameter of the output passage 0.375 in.

Pipe Line (large) Length, L 10.2 ft.

Inside diameter, 2R' 0.33 in.A..

Outside d1aneter, 2Ro 0.,0 in.

Pipe Line (small) Length, L 10.9 ft.

Ins ide diameter, 2R • 0.15 in.:.t.

Outside d_iameter, 2Ro 0.25 in.

Piezo-electric Pressure
Transducer Mediwn range (}.3000 psi

High range 0-5000 psi

Oil Effective bulk modulus, B 254000 psi

Isentropic phase velocity, Co 4660 ft/sec.

Kinematic viscosity,l) 0.1053 in"7sec�
3-

DensitY:J P 54.473 lb/ft.
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3.3 EXperimental Setup for the Determination of the Bulk MOdulus of the Oil

The bulk modulus of the oil was measured by using a simple device

fabricated for this purpose, a cross section of which is shown in Figure
•

3.7.. It consisted of an inner chamber which can hold a precisely knosn

quantity of oil, ,.,276 cu. in. The inner chamber was fixed in a large

high pressure container and the oil in the inner chamber was separated

from the oil in the large container by means of a uniform steel piston.

The exact diameter of this steel piston was 0.2231 in. This steel piston

was finely ground and operated in a brass bushing, which was fitted in

the steel cap of the inner chamber. The steel piston was lap fitted in

the brass bushing. Fine circular marks were engraved on the piston at

definite intervals of length and with the aid of these marks the movement

of the piston was observed through a transparent window provided in the

large high pressure container.

The principle of operation of this device can be described as follows.

Pressure was applied to the oil in the large container b.Y using a hand

pump, which also serves the purpose of the dead weight pressure transducer

calibrator. When the pressure gradually builds up in the large container,

the force equilibrium on the piston is slightly disturbed because ofothe

small difference in pressure between the oil in the large container and

the oil in the inner chamber. The resultant force due to this pressure

difference causes the piston to move, thus compreSSing the oil in the

inner chamber, gradually building up the pressure in the inner chamber

until the force equilibrium is completely restored. The total movement

of the piston is accurately measured by using a cathetorneter and from

this the volume change in the oil for a known pressure variation can be
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accurately estimated. The bulk modulus is then calculated b,y using the

formula

B -
.o.p
-_. V,iAV ..

,

(3.1)

where Vi is the volumetric capicity of the inner chamber.

Since the oils used in most of the hydraulic control systems are not

usually degassed, the oil used for this experimental study was not degassed.

Experinv:mts were carried out with pressure increments of 100 psi and at

each pressure the variation in the position of the piston was measured.

The experimental measurements were recorded for a range of 0-,000 psig at

100 psi intervals.
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4. THEORETICAL AND EXPERIMENTAL RESULTS

For the presentation of the theoretical computed results, several

aspects were considered. The primary object of the calculations was the

correlation of the theor,y and the experiment, wherever it was possible.

Hence for most of the theoretical calculations, the physical characteristics

referring to the corresponding experimental cases were used. As the

experimental results can only be correlated to the theoretical results by

suitably adjusting some parameters of concern like the linearized

resistance coefficient, coulomb friction, viscous damping, etc. the

theoretical results are calculated for several values of these parameters.

Some of the theoretical results are presented only to give a better under

standing of the problem, showing the predicted behaviour of the experimental

system beyond the range of the experimental results. In some cases

theoretical results for the phase lags are given although experimental

results could not be obtained because of the lack �f accuracy of the

phase lag measurements from the results recorded on the strip chart

recorder. Finally, some of the calculated results that are presented

are for purely hypothetical cases. These results are meant to·demonstrate

some of the conclusions for·· the theoretical analysis that could not be

investigated by experiments. For these calculations, physical character

istics needed for computations· are chosen a:roitrarily.

The theoretical computed results and the corresponding experimental

results relating to the experimental test setups described in Section 3

are considered in the following sections. In all the cases computer

programs for solving the pertinent equations, including the programs for

the modified Bessel's function and its asymptotic form, were written
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for the IBM 7040 digital computer.

Some ot the results presented in this section are presented in non

dimensional form so as to generalize the results. A method ot non

dimensionalizing the results on the basis of the governing equations is

given in the Appendix H.
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4.1 Theoretical and Experimental Results for the Frequency Response

Analysis of Liquid Medium in Pipe Lines

4.1.1 Results for the Frequency Response ot Open Ended Pipe Line �stem

Using Oil in the Steel Pipe Lines

Since only the velocity response, giving the relationship between

the output velocity and the input velocity, is possible, the equations

(2.6,), (2.74) and (2.77) are used for these calculations and are

repeated below.

Vt.
_ID

Vo

1

cosh
.(2.65)

1

cos(cCL) ... �PL sin(o(L)
B« Vt..

(2.74)

The computed theoretical results for the frequency response are

given in Figures 4.1 and 4.2·in dimensional and nondimensional form.

Figure 4.1 represents the theoretical amplitude ratios for the velocity

response and Figure 4.2 represents the theoretical phase lag of the

velocity response. Figure 4 • .3 shows the real and imaginary parts of the

resistance coefficient R calculated trom equation (2.77). In Figure

4.1, the nonviscous case of the frequency response, represented by the

curve (1), was calculated from equations (2.65) and (2.74) when the

viscosity and the resistance coefficient are equal to zero. The frequena"
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response for the viscous caee without any correction resistance

coefficient' R' *, represented'by the curve (2),. was calculated from

equation (2.6,) and equations (2.74) and (2.77) for the assumed value

of the kinematic viscosity. The curves (.3) and (4) represent the

amplitude ratios of the velocity frequency response calculated from

equation (2.6,) and from equation (2.74) with. correct ten resistance

coeffiCients R' equal to 200 and 400 lbosec/ft: added respectively

to the real part of the calculated linearized resistance coefficient R.

In Figure 4.2, the phase lags given by the curves (1) and (2) correspond

to the cases of the curves (1) and (2) in Figure 4.1. The curve (.3)

represents the phase lag of t�e velocity frequency response calculated

from equation (2.6,) and equation (2.74) with a correction resistance
, 4-

'

coefficient R equal to 400 lb.sec/ft. added to the real part of the

calculated linearized resistance coefficient R. Figure 4.4 'shows the
l

experimental points for one set of experimental frequency response'results

for the valve and the corresponding theoretical response curve. Figure�

4." 4.6 and 4.7 show the experimental pressure dependent effects of the

no load valve frequency response results for a pressu�e range of 1000 -

.3000 psig. Figure 4.8 compares the theoretical and experimental results

for the velocity amplitude ratio of the no load pipe line frequen�

response. The range of frequency response calculations in-Figure 4.,8
extends up to about the first antiresonant ,frequency for the theoretical

, .' .

results. The results presented in this Figure are also nondimensionalized

in order to generalize the theoretical and experimental results. The

I
*' R , which is introduced to correlate theory and experiments, is defined

and discussed in Section ,.2.
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theoretical results are calculated from the equation (2.74) and the

equation (2."lT) with a correction resistance coefficient R' ranging from

200 to 320 lb.sec/ft; added to the real part of the calculated linearized

resistance coefficient B. The experimental results presented in Figure 4.8

are for two values of the supply pressure. Figures 4.9, 4.10 and 4.11

show the experimental pressure dependent nonlinear effects of the no load
,

pipe line frequency response results for a pressure range of 1000 to

3000 psig.

4�1.2 Theoretical and Experimental Results of a Pipe Line System Open at

the Load End USing Water iri a Rubber Tube

Again since only velocity responses are possible in this case,

equation (2.74) was used for these calculations and the computed and

experimental results are presented in Figures 4.12 and 4.13 as the velocity

amplitude ratio versus frequency and the phase lag versus frequency

respectively. The velocity" response amplitude ratios are calculated for

several real values of the linearized resistance coefficients ranging

from 4 to 28 lb.sec/ft: and the experimental results are presented for

two different values of the input velocity amplitudes. In Figure 4.13,

the theoretical velocity response phase lag results are presented for

a few real values of the resistance coefficients R ranging from 0 to 20

lb.sec/ft.�" lhe experimental points for the phase lag results are

found to be scattered in the region of the theoretical results.

4"01.3 Theoretical and Experimental Results for the Frequency Response of

a loaded Pipe. Line System Using Oil in Steel Pipe Lines

The computed frequency response results for this case are obtained by

�
-�=--..,
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using the equations (2.73) and (2.74) which are repeated below.

Po cos (ol. L) + jBol !.!:. sin(o(L)
W PL

t2.1.3)

V,_ 1
- .

Vo cos(olL) + j� � sin(ol L)
B V L.

The load impedance PL!VL, a method of estimation of which is given in the

Appendix G.l, is given by the equation (G.7).

2PAt-- m.rvc + j w.t;..Ve

2/U"(f,,. + jmt..J)
(G.7)

A schematic diagram showing the variation of siiction and coulomb friction

forces with the load piston velocity is shown in Figure 4.14.

Because of a large number of parameters involved in this analysis,

the computed results for ��is case have to be presented in several

diagrams. Figures 4.15 and 4.16 show the calculated frequency response

results for pressure and velocity over a wide frequency range for one

particular set of system parameters. Also since the exper1nents ccver

a frequency range of 10-70 c.p.s., the calculated results presented

in Figures 4.17, 4.18 and 4.19 cover a fzequency range of 2-80 c.p.s.

For all these calculations the mass, the phase veloc ity and the

compressibility effects of the oil in the load cylinder a re maintained

constant, since these parameters can be assumed not to change for a

particular load system and for the oil used. Different values of the

load viscous damping and the ratio of coulomb friction to load pressure
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are used for the calculation of theoretical results in each of the

Figures 4.17, 4.18 and 4.19. All these diagrams show the theoretical

amplitude ratios calculated for the real values of the linearized

resistance coefficient R ranging from 60 to 180 Ib.sec/ft�. and the

values of the load viscous damping and the retio of coulomb friction'

force to load pressure used'far the theoretical model are 3.0 and 0.201,
1,..

1.0 and 0.406 and 1.0 lb. sec/in •. and 0.,20 in. respectively. These

diagrams are presented mainly with the purpose of showing the effect

coulomb friction on the response of the fluid medium in loaded pipe

line systems. Figures 4.20 and 4.21 show the experimental frequency

response results for two different supply pressures of 1000 and 3000

psi. Figure 4.22 shows theoretical pressure frequency response amplitude

ratio results with suitable combination of the ratio of load coulomb

friction force to load pressure, the load viscous damping and the

linearized resistance coefficient cOrnpilred with one set of experimental -

frequency response results for pressure with a supp� pressure of 3000

psi. Figure 4.23 shows a similar ,comparison for the velOCity response

amplitude ratio where the system parameters used for theoretical

calculations are the same as in Figure 4.22.

4.1.4 Theo�tical and Experimental Results for the Frequency Response

of a loaded Pipe Line System Using Water in a �gon. Tube

For the theoretical computations, the equations (2.73) and (2.74),
which are repeated in the section 4.1.3, are again used. A method of

estimating the load impedance when the load consists of only an inertia

with the restoring force obtained fram the gravitational field is shown
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in Appendix G.2 and the resulting load impedance is given b.Y the

equation (G.IO).

(G.lO)

By using real values for the linearized resistance coefficient, the

theoretical frequenC,1 response results for the pressure and the velocity

response results are given in Figures 4.24, 4.25 and 4.26. The experimental

frequency response amplitude ratio results are given for one set of results

of pressure response in Figure 4.24 and for two sets of results for velocity.

response in Figure 4.25 which are for constant input velocity amplitudes

of 26.26 �/sec. and 40.85 in./sec. respectively. Figure 4.24 shows the

theoretical pressure response amplitude ratio results for real values

of the linearized resistance coefficient R ranging from B "'!'28 Ib.sec/rt7
and Figure 4.25 shows the theoretical velocity response amplitude ratio

results �or real values of the linearized resistance coefficient R ranging

from 20��36 lb. sec/ft�. In' Figure 4.26 calculated phase lag results for

pressure and velocity responses are given for a single value of the

linearized resistance coefficient equal to 20 Ib.sec/rt:. The theoretical

results are nondimensionalized only for the linearized resistance

coefficient and frequency, though for a complete generalization of results

even the load components, that is inertia and spring effects, have to

be nondimensionalized.

The magnitudes of the linearized resistance coefficients are

calculated b.Y using the equations (2.77), (2.114) and (2.115), which

are repeated below.

__"
_.._-
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The calculated results of the magnitudes of linearized resistance

coefficient for the main flow and for the flow with transverse

perturbations are presented in Figure 4.27.



.j

26
'\

I I I . I I I I I I I I

\ \ RESISTANCE COEFFICIENT (THEORETICAL) VS. FREQUENCY _
\ \
\ 1

\ \
- - - EFFECTIVE RESISTANCE COEFFICIENT

• . FOR MAl N 'FLOW
,

\, ------ FOR PERTURBATIONS
•

\ \

\ \
. ,

l..--"\ ' L.,....---\ �

\ \ . L.,....---
�

-----\ ,

\\ �
.....

,_�
- . -- --

\1
��\ �

,

V
/

./ /
V � ,

/ \-'

1/ "
<,

"'-
r-.........._

ro- _ -- .. ---- -

24

i22
0;20

�.18
w

U16
LL.
LL.14
W
o
U12

W.10
U

�8
-

....
�
6(/)
IJJ
0:::4

2

o 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 B.O 9.0 10.0 11.0 12.0

FREQUENCY (CiS) �

FIG. 4.27 RESULTS FOR THE MAGNITUDE OF THE ESTIMATED
LINEARIZED RESISTANCE COEFFICIENT.

I

�
'-0
•



150.

4.2 Theoretical and ExperiJnenta1 Results for the Transient Response

of Liquids in a Pipe Line System Terminated at the Load End

The theoretical computations for this case are performed by using

the equations (2.134), (2.131a) and (2.140), which are repeated below.

W :II

.. / (2n-1)L.� e!-"
_

Ra::
L V v (2.131a)
TV\. 4L'I..- 4r:

(2.134)

By using the equation (2.138a) and by substituting j w� for s, where the

value of lJJ� was calculated from equation (2.131b) by neglecting the

influence of the linearized resistance coefficient, the linearized

resistance coefficient R is estimated to a first approximation from the

equation (2.140). This value of 'R can be further improved by employing

iteration techniques. Substituting this value of the resistance coefficient

into a corresponding term ,containing WiY\.. in the equation (2.134) and by

summing, the transient pressure response for this case of a pipe line system

terminated at the load end can be estimated. Figure 4.28 shows the

theoretical transient pressure response of this pipe line system with a

pipe internal diameter of 0.310 in. and a length of 10.2 ft. and Figure

4.29 shows the theoretical transient pressure response of this pipe line

system �ith a pipe internal diameter of 0.152 in. and a length of 10.9 ft.,
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where the pressure responses are given as ratio of the load pressure to

the input step pressure. The experimental results are shown in Figures

4.30 to 4.34, which show the photographs representing the transient

pressure responses for two supply pressures, for two scope sweep speeds,

for two pipe lines of different sizes and for experiments performed at

different times. These response photographs also show the effect of the

connecting rod oscillations in the shock tube on the transient response

behaviour of liquids in a pipe line systeD4

,Figures 4.30a and 4.30b show the transient response results at two

different scope speeds for a supply pressure of 1500 psig to the shock

tube and Figures 4.31a and 4.31b show similar responses for a supply

pressure 3000 psig. These two sets of results represent a pipe line

system with a large internal diameter. Figures 4.32a and 4.32b show

the transient response results for same case, which were obtained two

days later, for supply pressures of 1500 and 3000 psig to the shock tube

and for one fast scope sweep speed. Figures 4.33a and 4.33b show the two
-

transient response results for a shock tube supply. pressure of 1500 psig

and Figures 4.34a and 4.34b show similar results for a shock tube supply

pressure of 3000 psig. The two sets of results in Figures 4.33 and 4.34

refer to a pipe line system with a small internal diameter.

In Figure 4�35, the phase velocities as obtained from the transient

response experimental results for different rates of pressure application

are given. The curve (l) refers to the phase velocity of wave transmission

for the case of the larger internal diameter pipe line system and the

curve (2) refers to the phase velocity of wave transmission in the same

pipe line system, but after a time lapse of two days. The curve (3)

�
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refers to the wave transmission velocity for the case of the smaller

internal diameter pipe line system, which was obtained three days after

the first test with the larger pipe line syste�
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4�3 Theoretical Computed Results for the Variation of the Phase Velocity

with Viscosity and with the Linearized Resistance Coefficient

The effect of viscosity and linearized resistance coefficients are

calculated by using equations (2.80a) and (2.8Ob) which are repeated

below.

(2.80a)

cr
C

•
1

(2.8Ob)

The computed results are given in Figures 4.36 and 4.31, where the

variation of the phase velocity with respect to the viscosity and with

respect to the linearized resistance coefficients are given in terms of

the nondimensionalized quantities for phase velocity, viscosity, linearized

resistance coefficient and frequency.
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4.4 Bulk MOdulus Results

The experimental bulk modulus results representing one set ot

experiments is shown in Figure 4 • .38. The curve indicates the general

trend ot results, whereas the points show the actual experimental

results. The scatter in the results is discussed in section 5.2.
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5. DISCUSSION OF THEORETICAL AND EXPERIMENTAL RESJLTS

5.1 General Discussions

Several studies have been carried out analysing the dynamic behaviour

of'liquid flow in small tubes. Analytical methods have been developed

for the linear analysis of the dynamic behaviour of liquids in pipeline

systems and for the nonlinear analysis regarding the effects of finite

disturbances on the velocity of the wave propagation. ,Experimental results
,

,

have been obtained to support the results obtained for a few of the

theoretical cases. An existing method of linear analysis for the response

of liquids in a long pipeline has been further refined and compared with

a more precise analysis available for studying a similar response'. Two

cases conSidering the effects of the longitudinal and the radial pipeline

oscillations on the frequency response of the flow of liquids in a pipeline

are theoretically investigated and, from the experimental results, the

existence of the radial line resonant vibrations is shown. Nethods have

been developed to estimate the frequency dependent damping effects of the

main fluid flow and to approx1Jrately estimate the additional frequency

dependent damping effects due to the radial and the axial flow velocity

Perturbations caused by the soft elastic tubes. Analytical methods have

been developed to estimate the transient response of liquids in,finite

lengths of the pipeline including the reflected waves and the frequency

depen�ent viscous damping effects. Theoretical and experimental results

for the transient response of a simple pipeline system are presented and

discussed. The accuracy of the theoretical results are shown to be

limited b.Y the computational restrictions. Also simple equations have
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been developed to show the frequency dependent viscous damping effects

and the frequency dependent linearized resistance coefficient effects

on the effective phase velocity.

For the theoretical analysis of the dynamic response of liquid flow

in pipelines, linear forms of the basic equations of motion have been

cons ide red. If the liquid flow in smooth and uniform.c ircula r tubes is

considered, it is reasonable to assume that the fluid flow exhibits axial

symmetry. This assumptdon simplifies the analysis to some extent since

the flow and the momentum'considerations in only axial and radial directions

are needed. As discussed in the Appendix A, the fluid flow equations are

said to be linear when the disturbances are small in which case the

·convective acceleration' terns and the terms consisting of the bulk

viscosity reduce to extremely small order of magnitudes. It has also been

shown in this Appendix that for small diameter tubes the radial flow .

velocity and the radial pressure gradients are of ver,y small order of

magnitudes.· This is true because of very small radial distances and very

high wave velocity, the combination of which gives rise to radial flow

oscillations of high frequency in the radial direction which damps out the

radial disturbance.s very rapidly. Hence, for the theoretical analysis in

most of the cases, the radial velocities and the radial pressure gradients

have been neglected. The only case where the radial veloei.ty is included.

in the theoretical analysis, is the case of the response of liquids in a

pipeline syste� with a ver,y low elastic modulus. In this case, even for

low pressure operations, the tube dilations are of considerable magnitude

and hence for theoretical analYSis only the tube compliance effects obtained

on the basis of thick cylinder analysis are considered. The fluid
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compressibility effects are extremely small and, therefore, are neglected.

The rest of the theoretical cases of ana�sis, in which the fluid flow in

rigid pipelines are considered, are analysed by considering one diMensional

equations of the fluid and the wave motion. In the case of pipelines of

smaller internal diameters, where the radial gradients in axial flow

velocity have a considerable influence on the fluid damping effects, the

problem is first considered as a two dimensional case in the radial and

the axial direction and then methods 'have been developed to reduce the

equations to that of a one-dimensional case. This enables the estimation

of the cross sectional average pressure and velocity frequency response

results. For this analysis the fluid is considered as slightly compressible

and. the effect of the tube compliance, obtained on the basis of thick

cylinder' analysis, is included. In all this analysis the Stoke's assumption,

which requires that the bulk viscosity effects be repla ced by shear

viscosity effects, is not valid for liquids. However, the terms involving

this assumption are considered to be of small order of magnitude as shown

in Appendix A. The energy equation has not been taken into consideration

in the entire analysis because of the negligible changes in the temperature

and, hence, in the internal energy of liquids due to their high specific

heats, low compressibility and negligible heat transfer ,to the pipeline

system when under the action of viscous dissipation.

It can be observed from the Appendix A that, at low frequencies, the

convective acceleration terms are of considerable magnitude compared to

the rate of change of flow velocity with time whereas the radial velocity

and the radial pressure gra�ients a:re almost zero. This introduces serious

questions as to the validity of the 'linear analysis of the dynamic fluid
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flow at very low frequencies. But in the absence of exact methods of

analysis for the nonlinear cases and because ot the complications involved

in the methods of nonlinear soluti.ons yet developed, the only universally

applicable method of analysis is the method ot the linear analysis. At

high frequencies the convective acceleration terms are very small, but

the radial velocity and the radial pressure gradients may have to be

considered. This usually is only of academic interest because the

frequency at which these effects are of practical interest is at a

considerable fraction of the resonant frequency for the radial oscillations.

The value of the radial resonant frequenc.y os�illation in a normal pipeline

system ot a hydraulic servomechanism is about 5000 to 10,000 c.p.s. Also

the effects of the radial velocity and the radial pressure gradient are

further reduced at high frequencies because of the sl�. type ot the

axial flow velocity distribution which r.educes the now to that of a

one dimensional case over a great portion ot the tube cross sectional

area. The radial distribution ot the axial flow velocity tor 'any tluid

viscosity, tor any pipeline and at any frequency can be estimated trOm

the equation (2.55) in section 2.5.2.1.

For small disturbances in flow conditions, it is reasonable to assume

that the equation of state represented b.Y the equation (2.4) is isentropic

since the dissipation eftects in the liquid are very small, the specific

heats of the liquid and the tube material are very high and the energy

changes are quite small. The equation (2.4) is a linear form of the

equation for the state and the isentropic phase velocity is given by the

linear equation (2.ll). But for larger disturbances the process is no

longer isentropic and the phase velocity is not governed by the linear
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equation (2.11). The equation ot state for isentropic changes can be

represented by any suitable equation ot the tollowing torm which gives the

nonlinear behaviour ot the equation of state.

p • (,.1)

where a , a , a , •••• , d , d , d2, ••••I 1. 3 I 1. �

are suitable constants.

If the equation of state given � (,.1) is used for the analysis ot

dynamic response, it will give rise to nonlinear equations which are

quite difficult to solve. Hence the equation (2.4) is used for all the

linear analysis so as to obtain at least approximate solutions.

For a 'one-dimensional trequency response analYSis of tile wave trans-

mission equation, the equation� have been reduced to a one-dimensional

form as suggested by the equations (2.41), (2.43) and (2.76). In this

case the linearized resistance coetficient is obtained in a form which

gives the resisting force when multiplied b.Y the average flow velocity.

This representation is assumed to be reasonable because the viscous shear

stress effect giving rise to the resisting force is a f'wlction of the radial

gradient of axial flow velocity and these gradients are directly inf'luenced,

b.Y the axial flow velocity. It can be suggested that the resisting force Fd

can be represented by other forms given by the follow,ing equations.

W

Fct • R (,.2)

FJ.. •

(1) - (3)
".3)R V,;t + R

n (l,)
_ bi

Fe{ • �l R V;t (,.4)

,
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where
l!J 0...)

R ,R
l3)

, R ...

(-n)
R are suitable formaof resistance

coefficients.

by\' - suitable index.

But these forms do not really represent the shear stress tems in the

(1) (3)
equation (2.41) because Rand R in the equations (5.2) and (,.3)

introduce constant resisting forces irrespective of the fluid flow and

the equation (,.4) represents a nonlinear form of the resisting coefficient

which is not obvious from the shear stress term in the equation (2.41).

Hence the linearized resistance coefficient as obtained from the equation

(2.76) is considered to be the only suitable form for the analys�s of the

viscous damping effects in the wave transmission.

In this study the basic equations of fluid now in one dimension are

considered to derive the general one-dimensional wave equations. Though

these equations are quite complicated for analytical studies, they are

considered useful for a qualitative study and, possibly, for future

numerical analysis. Simplified nonlinear forms of these general wave

equations are solved to obtain partial solutions showing the effects of

some of the nonlinearities caused b.Y finite disturbances on the velocity

of the wave propagation. Also the basic one-dimensional fluid flow

equations, which were used to obtain the general one-dimensional wave

equations, are used to obtain the integral equations representing the

solution of the general wave equations in a different system of

coordinates given bY the two characteristics of the hyperbolic system of

equations as the coordinate axes.

The theoretical analysis does not take the viscosity changes due to
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the temperature variations into consideration because of the fUrther

complications involved in the analysis. For experimental studies requiring

continuous oil circulation through a pump, the oil supply to the valve and

t.he oil retum from the valve were respectively maintained at 9, ! 2.00 F

and 120 ± 2.00 F in order to eliminate the effect of the viscosity changes

on the system response.

Decreasing viscosities, a result of increasing temperatures, may be

expected to cause improvements in the flow gains or velocity response

amplitude, ratio for the pipeline system. The effect of the high temperatures

on the behaviour of the load system is rather unpredic,table since the

behaviours of the coulomb friction and the load compliance characteristics

in a hydraulic load actuator may be quite complicated. The temperature

also affects the effective bulk modulus which would decrease the wave

transmission velocity and increase the delay time and the phase lags.

A hydraulic servo valve was used to excite OSCillatory flow distur�

ances in a few cases of the experimental frequency response studies. The

behaviour of the servo valve'used for these experiments was found to be

quite nonlinear with the input voltage magnitudes and the supply pressures

to the valve. Earlier work(19) has shown that the effect of the temperature

on the valve behaviour is to increase the resistance or the valve coil

and to decrease the fluid Viscosity. To minimize the effect of the valve

performance variation on the response of the pipeline system, the
,

.

temperature varia�ion of the oil supply' and retum was minimized. Also,

from the experimental studies, it was seen that the pressure drop across

the valve is quite considerable. The experimental recordings showed

that when the supply pressure to the valve was 3000 psi, the output
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pressure from the valve reached a maximm of about 600 psi. This output

pressure was found to be dependent upon the frequency ot oscillations,

the pipeline system and the load system.

Though the bulk modulus of the oil itself can be measured to a

reasonable degree of accuracy, the effective bulk modulus variations

were found to be rather hard to estimate when the oil was contained in

a pipeline or a load system and was subjected to rapid pressure variations

and with long time lapses between experiments. While it is possible to

estimate the effective bulk modulus in a pipe line and a load cylinder

to a fair degree of accuracy, the actual values of the effective bulk

modulus as determined from the frequency response and the transient

response experimental results are much smaller than the theoretical

results in some of these cases. The reason for this phenomenon is

believed to be the unpredictable behaviour of the dissolved gases in the

oil and the changing of the oil properties with aging.
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�.2 Discussion of Results

The general equations of the wave motion (2.9) and (2.10) represent

the pressure and the velocity wave transmissiQns in the axial direction.

These equations are second order" second degree"nonlinear partial differential

equations with the damping effects simplified to one dimensional form.

A qualitative discussion of the eq�ation (2.9), which may be useful for

numerical analysis of the wave propagation behaviour, is given in section

2.2.

In section 2.4.1 the quasilinear equations referring to the fluid

axial flow continuity and momentum conservation in one dimension are

analysed to obtain the slopes of the two characteristics for this hyper

bolic system of equations. Also linear integral equations representing the

dynamic response of the pressure and the flow velocity in terms of the two

independent variables defined by the coordinate axes which are given by the

two characteristics, are preserrteds- Equations (2.22) and (2.23), which

represent the slopes of these two characteristic lines, are shown to

represent the phase velocity of the waves travelling in directions along

and against the flow. These equations show the effect of the flow v�locity

on the phase velocity and also show "the effects of the bulk modulus and

the denSity on the phase velocity. Though the effects of other parameters

on the phase velocity are not obvious from the two equations (2.22)

and (2.23), these equations show an indirect influence of the effects

of any other parameters, which affect the flow velocity, the bulk

modulus and the density, on the phase velocity. The form of the four

integral equations (D.16), (D.17), (D.18) and (D.19) makes the analysis

of the w�ve transmission much simpler than the analysis of the system of
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equations (2.9) and (2.10), which were obtained from the same quasilinear

partial differential equations. In this study, though the problem is not

completely solved, the problem is reduced to a form which can be subjected

to mathematical techniques an�, .possibly, to numerical methods of analysis.

In section 2.4.2, the analysis of a simplified nonlinear form of the

general nonlinear wave equation (2.9) ·is shown to study the effects of

high pressure levels, finite pressure amplitudes and high rates of pressure

application on the velocity of the wave propagation. Equation (2.26) shows

the effect of high pressure level J which is a slow rate of increase of

·the velocity of the wave propagation with pressure. Equations (2.30) and

(2.31) give a means of estimating the effects of high pressure amplitudes

and high rates of pressure application on the velocity of the wave

propagation b,y using trial and error methods. Figure 4.35, which shows

the experimental results obtained from the transient response experiments,

indicates that the increasing rates of pressure application give rise to

increasing effects in the velocity of the wave propagation. The rates of

pressure application employed in these experiments range from 0 - 1500 psi

to 0 - 3000 psi in 0.6 milliseconds. For estimating the theoretical forms

of the wave front, equations (2.28)·and (2.29), which represent the dow�

stream and the upstream wave forms respectively, can be used. As can be

seen from these two equations, the wave forms are changing continuously

because the pressure levels, pressure amplitudes, rates of pressure

application and the wave propagation velocity are var,ying continuously.

A different form of the simplified nonlinear form of the general

wave equation is again analysed in the section 2.4.3 to show the existence

of the supercritical and the subcritical waves whiCh are respectively
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defined as the waves travelling with a velocity greater than and less

than the isentropic phase velocity. The equation (2.34) which refers to

the form of·the·wave travelling in the downstream direction, that is when

the wave is propagated in the same direction as the fluid flow, leads to

the conclusion that the supercritical waves can exist only behind the

wave front and the subcritical waves can exist only ahead of the wave

front 0 This has been found to be the case for finite wave disturbances

as in the shock waves. Referring to Figure 2.2, these regions are defined

by s, ;> 0 and 61 < 0 respectively. Similarly the equation (2.36) which

refers to the form of the wave travelling in the upstream direction, that

is when the wave·is propagated in a direction against the fluid flow, leads

to the conclusion that the supercritical waves can exist ahead of the wave

front and for a small distance behind the wave front, and that the sub

critical waves can exist only' behind the wave front. Again referring to

Figure 2.2, these regions are defined by - 00<5.2-< € where € is a very

small positive quantity and St,_) 0 respectively. By using the equations

(2�34) and (2.36) and by using constant supercritical and subcritical

values �or cd. or e�, whichever is applicable, the wave form for the

downstream or the upstream wave. can be calculated for various ·values of

S, and S,_ if the constants of integration are known.

The theoretical analysis of the dynamic behaviour of the pipeline

systems include several aspects. These are the frequency response behaviour

of slightly compressible fluids flowing in almost rigid tubes, frequency

response behaviour of an almost incompressible fluid in a tube wit� very

soft elastic modulus and the transient response behaviour of slightly

compressible fluids in almost rigid tubes. The analysis for the loaded
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pipeline systems a re also considered for these cases. The etfect of the

linearized resistance coefficient on the effective phase velocity and the

decay of the wave forms is given by the equations (2.47) and (2.47a).

Theoretical and experimental frequency response analyses have been

carried out for several cases of pipeline systems with and without loading
. .. .. ...

effects. The equations (2.64), (2.65), (2.73), (2.74), (2.78) and (2.79)

represent the frequency response solutions for the pressure and the velocity

of a loaded pipeline system, where the load is represented by its impedance

as defined in the equations (G.7) and (G.lD) for the cases considered, and

for the velocity response of a no load pipeline system. For the case of

the frequency response analysis using the linearized res::lstance coefficient

approach, the values of the linearized resistance coefficients are obtained

from the equations (2.77), (2.114) and (2.115). The equations (2.87) and

(2.88) developed in section 2.5.4.1 give a means of estimating the effect of

longitudinal line vibrations, excited b.Y the shear stress oscillations on

the pi� wall, on the pressure and the velocity frequency response of a

liquid inedium in soft pipeline systems. This effect nay be noticeable in

only elastically soft tubes with a highly viscous transmission mediu�

The section 2.5.4.2 gives a nethod of estimating the effect of the trans-

verse or the radial line oscillations, caused b.Y the internal pressure

oscillations in the pipeline, on the velocity frequency response of a

liquid medium in a soft pipeline. For the case considered in this analysis,
the two end conditions of the pipeline are assumed as follows. The

oscillation of the tube wall in the radial direction at the input end is

assumed to be of a negnitude as caused b.Y the input pressure amplitude

Po pSig and the radial oscillation at the load end is assumed to be zero
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because ot a rigid connection. The trequency response of the velocity

perturbations are obtained from the equations (2.101) and (?63a) or

(2.72). The frequency response of the pressure perturbations at the

load end is shown to be zero because of the boundary condition assumed

at the load end. As can be seen from the Appendix A the assumptions

that the variations ot inside radius and the radial velocities are very

small, are not entirely justified in the case of fiuid flows in sort

elastic tubes. Though these quantities are reasonably small according

to the calculations, they could still introduce some error in the analysis.

But by including the effects in the analysis, the system would become

quite complicated thus making the analytical theoretical analysis almost

impossible. Also, in this Appendix, the forms of solutions (A.27) JlSke

it possible to reduce the equations of motion for the tube material to

a form suitable for the theoretical analysis. Once this is accomplished

the terms involving the radial gradients vanish and for further analysis

it is assumed that the form of solution given by the equations (2.81a)

and (2.89a) are best suited since the variations in the tube radius are

quite snaIl.

In section 3.1.1 the experimental test setup which consists of two

long pipelines transmitting the command signal, for measuring the frequency

response of a no load pipeline system using oil medium in steel pipelines

is described. The theoretical results for this case are presented in

Figures 4.1, 4.2 and 4.3. '!'he experimental results, which are obtained

by using the principle of Bode plots from the no load valve frequency

results and the no load pipeline frequenc.y response results, are presented

along with the matching theoretical results in Figure 4.8.
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The experimental results in Figure 4.8 are seen to differ quite

considerably from the theoretical results which are calculated on the

basis of the fluid viscosity from the equation (2.78). This diagram

shows that the disparity in the results is mainl,. regarding the amplitude

ratio response. Very little difference can be noticed between the

resonant frequencies obtained from the theoretical and the experimental

results, which leads to the conclusion that the disagree:rrent of the

experimental amplitude ratio results with the theory is not caused either

by the nass of the actuator piston or by the compressibility of the

liquid in the actuator. Also the damping effects in the actuator are not

considered to be the cause of the discrepancy because the piston could

be moved with the application of the slightest force. The actual reason

for this discrepancy was believed to be the presence of the back pressure

on the load actuator piston which is a result o� the back pressure in the

return line. In some experimental cases the pressure in the return pipe

line was observed to be as high as 100 psig, which is quite significant

for a no load case. This would reduce the effective pressure difference

on the two sides of the piston thus reducing the displacement and the

velocity amplitudes. Because of this reduction in the load velocity

amplitudes, the experimental amplitude ratio results in Figure 4..8 show

higher attenuations than the predicted values. This conclusion that the

additional attenuation effects are introduced by the back pressure in the

lines is further justified by the fact that the amplitude ratios are smaller

at lower pressures than at higher pressures. This is believed to be due

to the fact that the.variation of the back pressure amplitude is quite

small compared to the variation of the operating pressure amplitude and
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hence at low operating pressures the pressure difference across the two

sides of the actuator piston is considerably reduced. Since the load

mass is still a finite quantity, though it may be very small, this

effect causes a reduction in the amplitude of the velocity response at

lower operating pressures. A theoretical analysis of the pipeline s,stem

taking the back pressure variations into consideration is very complicated

because the behaviour of such a system depends on several factors like the

length of the pipelines, movement of the valve spool, valve spool geometr,y,

frequency of the oscillations, wave propagation velocity. etc. Hence the

behaviour of the back pressure in the return line is extremely nonlinear

thus making it almost impossible :to 1relude it in an exact analysis. In

order to co rre'labe the experimental and the theoretical results,. a term

t

which is called as the cOITection'resistance coefficient R 1s introduced.

This correction resistance coefficient is added to the real part of the

linearized resistance coefficient R calculated from the equation (2.77) and

then the new complex value of the linearized resistance coefficient is

substituted for the value C£ R in the equation (2.79) to obtain the theoret

ical results presented in Figures 4.1, 4.2 and 4.8. This is one of the

cases where the method of frequency response analYSis using the linearized

resistance coefficient approach is advantageous. From the Figure.4.8, it

can be seen that the value of the correction resistance coefficient required

for the cOITelation of the theoretical and the experimental results varies

from one frequency to another indicating the nonlinearity of the problem.

Thus the theoretical and the experimental results show that an accurate

estimation of the frequency response results of a very light� loaded

hydraulic pipeline system is quite difficult because of the unpredictable
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effects of the back pressure. For the prediction of the attenuation

effects caused b,y the back pressure in the return lines, empirical methods

based on the experimental results have to be used because of the complica

tions in the theoretical analysis and the unknown variable system

characteristics.

If the frequency responses are estimated by using the equation (2.19)

and by using only real parts of the linearized resistance coefficients

as calculated from the equation (2.71), the estimated values of the

resonant frequencies are found to be about 5 - 6% higher than those

calculated by using the complex values of R obtained from the same

equation. Hence, if the equation (2.18) is used for analysing the velocit.1

response with corrections for the pipe line back pressure included in the

viscosity, the resonant frequencies are further affected, because in this

case both the real and the imaginary parts of the linearized resistance

coefficient are affected. As the resonant frequency in the experimental

system is not affected, this method is considered to be unsuitable for

taking the back pressure in the pipeline into consideration by empirical

methods.

As it is already mentioned, the experimental results for this case

are obtained from two separate experiments which are the frequency response

measure:rrents of the valve am the actuator with and without lor:g pipelines.

Because' of several variable parameters like small variations of temperature,

small variations in supply pressure and small variations of input Signal,

it is believed that the experimental results could have an error as much

as , - 10%. In the absence of precise means of velocity measurements, this

is the closest accuracy of the experimental results that could be obtained.
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Figure 4.4 shows a typical no load valve frequency response for the

valve characteristics as shown in the d iagzam. Figures 4. �, 4.6 and 4.7

show the nonlinear behaviour of tIE valve response with the supply pressure

and the input signal. These diagzams show that the values of d,c, valve

gain and the resonant frequency increase with increasing supply pressures

and input signals. ihe value of the valve damping ratio seems to decrease

with increasi,ng supply pressures and input signals.

Figures 4.9, 4.10 and 4.11 show the nonlinear behaviour ot the no load

pipeline response experimental results. These diagrams show an increasing

pipeline resonant frequency with increaSing supply pressures and increasing
..

values of the attenuation, that is decreasing values of the percentage

overshoot� with increasing supply pressures and increasing input signals.

In section 3.1.2 the experimental test setup for measuring the no

load velocity response for a pipeline system conSisting of a rubber tube,

which is very soft in its elastic behaviour"is described. The experimental

results, covering a frequency range which includes several resonant
'

frequencies, and the corresponding theoretical results calculated from the

equation (2.79) using real values of the linearized resistance coefficients

are given in Figures 4.12 and 4.13. Only real values of the linearized

resistance coefficients are used for the theoretical calculations because

the damping effects in the material of the pipeline, which are shown to

affect the damping characteristics of the wave transmission in several

earlier works, are not included iri the theoretical analysis. A complete

analysis of the damping effects caused by the tn'be damping characteristics

and the fluid viscosity requires the addition of some additional resisting

forces in the fluid axial momentum equation. The resisting forces have
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to be calculated from the considerations of the shear stress oscillations

at the tube wall caused by the axial flow oscillations coupled with the

dynamic equations of the tube material oscillations. An analysis' of this

problem, which includes theory of elasticity considerations, was not

considered for this study. This problem has been partly analysed by

M>rgan and Kiely(12) for thin walled tubes.

By comparing the experimental results with the calculated results

obtained for several real values of the linearized resistance coefficients,

the values of the resistance coefficients which include the damping effects

of the main flow and the tube damping can be estimated. The trend of the

attenuation of the amplitude ratios of the velocity response indicates

that the resistance coefficient varies from a comparatively low value at

low frequencies, increasing quite rapidly as the frequency increases and

remains almost constant beyond. a frequenc.y of 8 c.p.s. From the Figure

4.12, small oscillations can be seen in the form of the response beyond

this frequency 'which may, possibly, be due to some additional effects

like flexural waves or due to the limitations of the linear analysis.

In section 3.1.3 the experimental test setup for measuring the

frequency response of a loaded pipeline system is described. The load

system that was used, is a hydraulic actuator consisting of the load

characteristics like inertia, load cylinder compliance, viscous damping

and coulomb friction. The 'theoretical frequency response results for this

case are calculated from the equations (2.73), (2.74) and (G.7) using

real values of the linearized resistance coefficient. Since the experimental

setup consisted of two long pipelines for the operation with a hydraulic

servo valve and because of the complicated nature of the back pressure in
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the return pipelines which causes a reduction in the effective force on

the load piston, the use of the real values of the linearized resistance

coefficient was considered suitable in this case. The values of the

resistance coefficient can be estimated from the experimental results.

The theoretical results for the pressure and the velocity response are

given in Figures 4.1" 4.16, 4.17, 4 •.18 and 4.1?, where the values of

the parameters like the linearized resistance coefficient, effective

compressibility of the oil in the load cylinder, viscous damping and

coulomb friction are those obtained from the experimental results sO'as

to fit the theoretical results. Experimental results for two values of

the supply pressures are shown in Figures 4.20 and 4.21 where the eITatic

behaviour of the pressure and the velocity frequency response can be

observed. Figures 4.22 and 4.23 show the experimental results for the

pressure and the velocity response respectively, which are presented

along with the corresponding theoretical results. The experimental

results are for a supply pressure of 3000 psi to the servo val.ve and

the theoretical results presented are calculated for several combinations

of the system parameters such that each of the combinations yield a

resonant frequency and an amplitude ratio corresponding to one of the

experimental pressure resonant characteristics. The two Figures 4.22

and 4.23 indicate that the experimenta 1 pressure and velocity response

results are well behaved until the first resonant frequency in the velocity

response which is about 36 c.p.s.. Then the amplitude ratio frequency

:response for pressure shows several apparent resonant frequencies and the

velocity response shows antiresonance characteristics at these frequencies.

If the same system parameters, that were existing at the first resonant
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frequency for velocity response, were to exist beyond this resonant

frequency, the first resonant frequency for the pressure response would

have been 70 c.p.s. As can be seen from the experimental results, the

pressure response resonant frequencies are lowered considerably and it is

reasonable to assume that some parameters like the mass of the load piston,

the compressibility of the oil in the load cylinder and the coulonb friction

in the load cylinder which affect 'the resonant frequencies, are varying.

Since the values of mass of the load piston and the effective compressibility.

of the oil can be assumed to be constant, this leads to the conclusion

that the coulonb friction is the parameter that is affecting the pressure

frequency response. It can be concluded. that, by studying the experimental

pressure response results, the coulomb fri�tion is minimum when the velocity

amplitude is maximum and that the coulomb friction increases with a de

creasing load piston velocity amplitude and with an mereas tng load pressure

amplitude. It is to be stressed here the fact that these values of the

coulomb friction that are being discussed refer to average values over a

cycle. The basis of the conclusions mentioned above are as follows.

Figure 4.23 shows that the velocity response first exhibits the

resonant frequenqy at about 36 c.p.s. and, at this resonant frequency,

the magnitude of the coulomb friction is believed to be a minimum. Once

the frequency of operation exceeds the velocity resonance frequency, the

pressure amplitude ratio shows an increasing magnitude. As the load

pressure increases, the mgnitude of the coulonb friction is believed to

increase qUite rapidly thus considerably reducing the pressure response

resonant frequency. A suitable combination of the indicated parameters

in Figure 4.22 yields the predicted value of the first pressure resonance
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as 40 c.p.s., where the ratio of the coulomb friction to the load pressure

is 0.545. Beyond this resonant frequency, the load pressure amplitude

begins to decrease temporarily, which is believed to cause a reduction in

the coulomb friction. With another suitable combination of the indicated

parameters, the velocity response begins "to approach another pressure

response resonant frequency and when the value of Fc/P� reaches 0.530,

the predicted pressure resonance characteristics correspond to the

experimental results at about 46 c.p.s. In this manner, with suitable

combinations of the indicated parameters and with decreasing values of

Fe/PL, several pressure response resonance characteristics are superimposed

on the main pressure response. Even the trend of the main pressure

response is seen to be different from the predicted response as shown

in Figure 4.15, whieh represents the pressure response with the values

for the system parameters as existing for the first velocity resonant

frequency.

The experimental results shown in Figures 4.20 and 4.21 indicate that,

in different experimental results, the trend of the additional resonance

characteristics for the pressure response is the same though the actual

resonant frequencies are slightly different in value. This also indirectly

adds to the conclusion that these additional resonant characteristics are,

in all likelihood, due to the presence of the variable coulomb friction

in the load system. This gives rise to serious problems in predicting the

exact behaviour of a loaded pipeline system because of the difficulty in

predicting the exact behaviour of the coulomb friction.

Figures 4.20 and 4.21 also shaw that the experimental results are

reproducible within the limitation of the variations in the coulomb

I
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friction, because two experimental results with different operating

conditions show identical trend of the results.

Regarding the transformation of the time domain equation (G.l) to

the frequency domain equation (G.2) involving the approxinate trans-

formation of fc from the time to frequency domin, it can be explained

as follows. In Appendix (Gol), the equation (G.la) gives the frequency

domain transformation of the equation (G.l) and equations (G.lb) represent

the form of coulomb friction fc (sgnw)o Substituting the equation (Go ic)
.1Io)'t

into fc (f?gnw);t ,the only term of' practical: significance in (Gold)

is when n-l, that is the term involving the fundamental frequency, where

the tem is defined in the complex plane and all the other terms are

indeterminate in their location in complex plane as the steady state,

frequency response analYSis is concerned with the limit as t tends t�oo.

By defining a new constant Fe given in the equation (o.aa), which is the

half' amplitude of the fundamental component of the coulomb friction, the

equation (Gola) can be rewritten as (G.2) for the analysis of the response

at the fundamental frequency. This analysis can also be partly justified

by �onsidering the terms involving Fe and f�(the load viscous damping)

in the equation (G02) where both these terms show the same effect in

opposing the load motion since these two terms always have the same

sign and the same phase with � being always a positive quantity.

In section 30104, the experimental test setup for measuring the

frequency response of a loaded pipeline system consisting of a long Tygon

tube and a mass-spring load, is described. The theoretical frequency

response results, which are calculated from the equations (2.13) and (2.14),
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are presented along with the experimental results in Figures 4.24 and

4.25. Again because of the theoretical complications involved in

including the pipeline damping effects on the behaviour of the damped

wave transmission in the liquids, pipeline damping effects are not

included in the theoretical analysis. Figure 4.24 shows that the

experimental pressure response results, corresponding to the case of a

constant input velocity equal to 26.26 in/sec. is well behaved regarding

the resonant frequencies and shows increasing attenuation effects at

higher frequencies, which is an expected trend. In the frequency range

of 3 - 5 c.p.s. it is seen that the pressure response shows a higher

amplitude ratio than the predicted values. A possible reason for this

inconsistency is that, because of the soft nature of the material of the

tube, it is ver,y difficult to keep the line straight without introducing

tensile stresses in the tube llBterial. Hence it is possible that this

pipeline system may introduce some flexural waves and constrictions in

the tube cross· section affecting the frequency response results over a

certain range of frequency.

The experimental velocity response results, as can be seen from

Figure 4.25, show good agreement with the theoretical results regarding

the first resonant frequency. The two experimental results showing the

velocity frequency response amplitude ratios for different values of the

input velocity amplitudes exhibit the second resonant frequency for the

dominant mode of the wave transmission in the liqUid at about 4.0 c.p.s.,

whereas the theory predicts that this resonant frequency is at about 4.2

c.p.s., which is an error of about 5% in magnitude. Also the additional

effect caused by the transverse no de of the wave transmission in the tube
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material on the liquid flow frequency response is seen to be about

2.8 c.p.s. for the experimental results with a constant input velocity

amplitude of 40.8� in/sec. This corresponds with the theoretical results

presented. But similar experimental results corresponding to the case of

a constant input velocity amplitude of 26.26 in/sec., show that the additional

resonant effects are present at 3.4 c.p.s., which is quite different from

the theoretical results. The value of the visco-elastic damping used for

this analysis is 00667 l�sec/in2.
These results show that some additional effects, which were not

included in the theoretical analYSis, are present in the experimental

results. This discrepancy might again be due to the presence of the

flexural waves which were not considered for the theoretical analysis.

The theoretical phase lag results presented in Figure 4.26 show that

the phase lag for the pressure and the velocity response increases quite

rapidly in the low frequency range and increases ·gradually in the high

frequency range. The velocity response phase lag is more than the pressure

response phase lag for a ver,y small frequency range at low frequencies

due to the spring 'effects in the load and, at high frequencies, the pressure

response phase lag is more than the velocity response phase lag by about

,0 to 90°.

In section 3.2 the experimental test setup for measuring the transient

response of a simple pipe line system terminated at the load end is

described. The theoretical results presented in Figures 4.28 and 4.29

show the effect of the pipe line diameter, that is the effects of damping,

on the attenuation of the transients in the pipe line system. The pipe

line used is too short to enable the observation of the effect of the flow
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damping on the wave propagation velocity. For accurate prediction of the

transient response results, it is necessary to use as many terms as

possible in the infinite series given by the equation (2.134). Depending

upon the test setup, there exists a term in the equation (2.134), beyond

which the values of the complex linearized resistance coefficient are so

high that the present computing device cannot handle the extremely snaIl

values and hence shows underflow errors in the computation. However, at

this point, the tISnsients are quite small and the error of the computations

is believed to be less than 2%, which is approximately estimated on the

basis of the residue present in the calculations.

The experimental results presented in Figures 4.30, 4.31, 4.32, 4.33

and 4.34 demonstrate the experimental confirmation of the trend of the

behaviour of the pressure transients and the delay times. Because of the

superposition of the damped oscillations in the long thin connecting rod

inside the shock chamber (Ref. Figure 3.5) on the pressure transients in

the pipeline, it is hard to obtain exact experimental confirmation of the

form of the theoretical results, but the general trend of the decay of the

pressure transients can be observed. A study of the transmission time

delay obtained from the experimental results indicates that the time delay

decreases with increasing rates of pressure application. This decrease of

time delay is seen to be up to about 0.07 milliseconds for rates of pressure

application ranging from 0 - 1500 psi to 0 - 3000 psi. Also, from Figures

4.31& and 4.32a, the time delay is seen to increase up to about 0.08

milliseconds when the transient response experiments were conducted two

days later. Figures 4.33a and 4.34a show a further increase in the time

delay from the experimental results obtained three days after the first
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set of experiments. The time delays obtained from these experiments can

be approximately obtained if the effective bulk modulus used in the

theoretical estimation is about 206000 lb/in2 whereas the theoretical

results matching the first set of transient response results were obtained

by using the value of the effective bulk modulus as 254000 Ib/in2• These

two cases give the isentropic phase velocity as calculated from the equation

(2.11) as 4200 and 4660 ft/sec. respectively. In Figure 4.34, where the

curves (1), (2) and (3) represent the experimental behaviour of the wave

propagation velocity with rates of pressure application for the

cases of the larger pipeline system, the larger pipeline system with a

time lapse of two days and the smaller pipeline system with a time lapse

of three days respective�, the corresponding isentropic value of the bulk

modulus for the case referring to the curve (2) is 231860 psi/in2 with an

isentropic phase velocity of 4510 ft/sec.

Figures 4.36 and 4.31 show the frequency dependent effects of the

viscous damping and the linearized resistance coefficient on the effective

phase velocity. Both the results are presented in the nondimensional

forms and show decreasing phase velocities with the increasing viscosity

and linearized resistance coefficient and with the decreasing frequencies.

At high frequencies and low damping effects both the results tend towards

a nond1mensional phase velocity equal to unity. Because of the limitations

of the linear analysis at very low frequencies, one of which is that the

convective acceleration terms may not be of negligible order of magnitude,

the results obtained at very low frequencies may not be accurate.

It can be seen from Figure 4.38 that the bulk modulus of the oil

used in the experiments varies considerab:CY with pressure. The value of
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the bulk modulus is about 23.4 x 104 psi at atmospheric pressure and

about 31.9 x 104 psi at 5000 psig, a variation of 36.3% of the bulk

modulus at 0 psig. According to the equation (a.u), this alone effects

a change of the wave propagation velocity from 4480 to 5240 it/sec, between

these pressures. In Figure 2.1, the effect of the presence of the dissolved

gases on the effective bulk modulus is shown. From this diagram it can be

concluded that the presence of air affects the bulk modulus to a very great

extent at low pressures and to a small extent at high pressures. The

initial portion of the trend of the bulk modulus variation in Figure 4.38

shows the presence of a very small quantity of the undissolved air in the

oil, because the trend is similar to that of the bulk modulus variation

of oil having some quantity of air though the effect is not as much

pronounced. Also a great deal of scatter can be noticed in the experimental

results shown in Figure 4.38. These scattered results are very much

pronounced at pressures like 400 psi, 1500 pSi, 3300 psi and 4700 psi.

These unpredictable results are believed to be caused by the release of

dissolved gases or some other phenomenon giving rise to this effect during

an experiment. Regarding the phenomenon of the dissolved gases being thrown

out of solution, it is suggested that this nay happen whenever there is

a rapid reduction of the pressure or if the system is left under pressure

for a long time. In any case this phenomenon gives rise to large deviations

in the bulk modulus of the oil at some pressures as can be seen from the

Figure u.38.

The effect of the presence of small air bubbles, which are released

during an experiment, on the effective bulk modulus can be described as

follows. For a certain pressure variation of �p, the variation in the

,
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fluid volume AVt' 1s given by

� where Vl is an average value during

one set of measurements.

It, during a set of measurements, the air bubbles are released from the

solution it will occupy some volume and hence the effective reduction in

voluns with an increasing pressure is reduced for the same change of

pressure. It can be seen, from the above relationship, that the effective

bulk :roodulus of the oil is increased considerably depending on the amount

of the released gases." After this measurement, any bulk modulus results

would show a reduced value until another pressure where again this behaviour

of the release of gases comes into effect.

The results shown in Figure 4.35 also indicates the change of fluid

properties, possibly due to the release of gases, from time to time.
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6. CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK

6.1 Conclusions

The general conclusion of all these studies is that the physical

phenomenon in pipeline systems involves a large number of interactive

physical effects and that some of these effects may be interpreted and

predicted in terms of the analysis presented in this study. Due to the

complicated nature of the general equations governing the physical effects,

the exact analysis of the dynamic flow of fluids in pipelines is very

difficult and linear approximations may be used in some cases to interpret

and. predict the experimental results. Nonlinear forms of the wave

equations may be used to obtain partial solutions of the behaviour of the

transmission effects.

Particular conclusions that arise out of these studies are:

1) The viscous terms may be replaced by an equivalent damping term

for studying some problems of linea r motions. The resistance

coefficient representing the equivalent damping may be estimated for

the linear case of laminar flow of fluids in tube where the fluid.

compressibility is small, in which case this is the exact linear

analysis.

2) Nonlinear analysis presented in this study can be. used to find

the phase velocity for fluid flow in pipelines with nonlinear effects

and to estimate the effect of high rates and'magnitudes of pressure

application. Also the existence of the subcritical and the super

critical waves are predicted in the nonlinear analysis.

3) For systems with small disturbances in fluid flow in long pipe-

-
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lines �ith load systems, the method of linear analysis is applicable.

Both the frequency response and the transient response can be estimated

by using this nethod of analysis.

4) The load impedance at the load end of a pipeline may be estimated

analytically for s:ilnple linear cases. Using the calculated load

impedance, the effect of the load system on the linear response of

the fluid flow in pipelines can be estimated.

,) The transverse waves in the pipeline material may increase flo�

resistance and induce additional resonance effects. Longitudinal

and flexural waves may exist in pipelines and cause further damping

and resonance effects.

6) Hydraulic actuator loads may sho� nonlinear effects particularly

at frequencies higher than the first flo� velocity resonance when

the coulomb friction may change the load characteristics.

7) Hydraulic systens with t�o pipelines from the servo valve to the

actuator may introduce additional attenuation effects due to the

finite back pressure in the discharge line.

8) Commercial hydraulic fluids exhibit nonlinear effects when sub

jected to large pressure changes. Changes in the bulk modulus of

the hydraulic oil due to the release of dissolved gases may alter

the system response •

.J
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6.2 Suggestions for Further Work'

Though several aspects of the dynamic fluid flow in pipelines 8S

outlined in the introd.uction have been analysed in this study by theoret

ical and experimental methods, there is a great deal of work that is yet

to be investigated. These are mainly concerned with the practical

limitations of the theoretical analysis, the practical aspects of the

pipeline influence on the dynamic response of the fluid now and the

fluid properties.

The following aspects are of great interest for a better understanding

of the problem of the dynamic response of fluid flow in pipelines and hence

need further consideration' •

1) The nonlinear method of ·characteristics and the integral equations

developed in this 'study ne� to be.solved further to explain the

nonlinear effects on the dynamic response of fluid flow in pipelines.

2) The perturbation method. of analysis of the nonlinear wave

equations may be useful in explaining some of the nonlinear effects

on the dynamic response of fluid flow in pipe lines.

3) In a fluid flow where three dimensional effects are present, the

phase velocities of the wave propagation will be different at different

points and may vary with frequency as shown in this thesis, and hence a

theoretical study of the signal transmission caused by the group wave

transmission velocity may be of interest.

4) Empirical or exact methods of analysis of the additional damping

effects caused by the turbulent flow is of interest in pred�cting the

damping effects to a better degree of accuracy.

5) Better methods of analysis to study the pipeline effects like the
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effects of the tube radial oscillations, the tube longitudinal

oscillations, the tube flexural oscillations and the tube material

damping characteristics, when these effects are coupled with the

effects of the main flow, on the dynamic response of fluid flow in

pipelines are needed.

6) A better method of prediction, possibly by analytical methods,

of the behaviour of the back pres sure in the discharge line is desirable.

7' A thorough analysis of the variation of the load coulomb friction

characteristic and the circumstances under which this may exist is

needed for a better understanding of the behaviour of loaded pipe�ine

systems.

8) A detailed analysis of various effects like rapid variations of

pressure, prolonged applications of high pressure, etc. on the behaviour

of the fluid properties is required. One of such properties, which

is of great concern, is the bulk modulus which was observed to vary

to a large extent in this study because of the presence of the liberated

dissolved gases. In one experimental study where the commercial oil

was subjected to rapid variations of pressure, particularly to large

reductions of pressure, over a period of time, the presence of

irmumerable quantities of tiny bubbles of air was noticed. Since

this phenomenon was be�ieved to be the cause of the large variations

of the effective bulk modulus, a detailed and further investigatio�
of this phenomenon would be very helpful for better understanding

of the behaviour of fluid response in pipeline systems and load

systems.
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APl'ENDlX A

STUDY OF THE ORDER OF MAGNITUDE OF TERm

A.1 A Study of the Fluid Flow Equations

For studying the order of magnitude of terms, oscillatory flow of

slightly compressible liquids in long, elastic, thick walled tubes with

small internal diameters, is considered. The following assumptions can

be made for this type of system.

R·
«...!. 1

L

'Yo
« 1

e

R'W
...L-. �(. 1
e

R·w o Ri 0 vt) 0
E «1...1-..- = - • •

e L e
(A.l)

A typical pipe line system and flow conditions can be given as follows.

V
I) (the flow velocity)

L (the tube length)
R t (the inside radius)

<. 10 ft/sec.

10 ft.
"

1/4 � 0.02 ft.

w (the resonant frequency:: 100 x 2TT rad/sec.
"Y\.

of oscillations in x direction)

c (the phase velocity in liquids) ,000 rt/sec.

From these values, the magnitudes of the following quantities can be

approximately estimated.
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_Ri __ 0.02
as 0.002

L 10

VI) 10
- -. ,. 0.002
c ,000

WR� __ 100 x 2TT x 0.02
- = � 0.002
c ,000

For nondimensionalising the continuity and the momentum equations, the

following variables are assured to be given by the form

, (Vi )max
Q

(v')avg
0

v ,. vo v ,
• 1, .. 0,

, (ui )�
0

1, (ur'avg
"

0,u ,. €ovo u ,
- ,.

I

(p')max
v

1, (pl'avg
'0

0,P • fa cVo p ,
.. ..

I , -0

fa fof , ( � )avg = 1,
, , 0

X = Lx, (X )max ,. 1,
I (r',max 0

1,r .. R.r ,
..

"

1 , ,
but the durationt .. - t , t varies continuously,

W

of each cycle is of the order 1/11..), that

is of period 1/2 IT iN (A.2)

where the primes indicate nondimensional quantities and the subscript 0

indicates a characteristic constant value. The assumption that the radial

flow velocity is of very small order of magnitude as compared to the axial

flow velocity is justified in tubes of small internal diameter and

particularly so in rigid tubes. Also it will be shown later that, when

the cross sectional averages of the radial and the �xial flow velocity

gradients are consid.ered in the case of elastically soft tubes where the

radial velocities are of considerable magnitude, the terms containing the

l

I
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radial velocity may be small. The nondimensional form of the pressure

perturbations is assumed on the basis of Joukowsky forIlDlla for pressure

surges in wave transmission, where the pressure surge �p is given by

bP == PC 6.V

for a velocity disturbance of AV�

Now substituting the relationships in the set of equation (A.2) in the

continuity equation (2.1)

the resulting equation is

WVo ! �+GVo [dUl ... U'J .... Vo �v' ...
e f' d t

' R
�

d r' rr L c) x
I

't-I, L"
���� ... Vo !...� • 0
Ric f' � r' cL f' a x

'
(A.4)

By Dn.lltiplying the equation (A.h) throughout by L/v()

I

[' ']� aa, ... � 6' �u
... !!...

e �t' R . d r' r'
.(,

(A.,)

Since the terms R�/L and Va Ie are of the order of G in magnitude, only

the te�ms of order one in the equation (A.,) can be considered, which in

the original form can be simply written as

!� ... � ... dU .... � == 0

r�t ;)X ;}r r
(A.6)
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Now considering the momentum equation in the axial direction (2.2)

f
'L 'L

� + v7!JV + u':lv + .! c;)p -v 4d V
+ ;;'v +

dt dX �r r= :3�x'L... dr1.-

.! �V + 1 � [� u
+ !!. J]:I 0r dr 3" �x dr r

(A.7 )

and substituting the relations in (A.2), the resulting equation is

�V
' voL I ¢V' 6 V

L ,�' D ,,'
V W - + _ V - +. 0 u _!_ + (oc Vo � +
D ;}t' L ;}x' R� �rl fof'L C}X

I

r l..., t., I

-V lk v:.o
� v +!e.. 1..!... + � .! d V +

3
L

1....7' Ri t.. d r'-'_ Ri'Z..- rt a r'

• 0 (A.8)

Mllt iplying the equat ion {A. 8) throughout by L/cVII ,

1 s a

[ �u
I

+
u' ] J. 0

3C Ri :,)x' �r';t
- (A.9)

Since the quantities R;/L and Vo /c are of the order of €- in magnitude and

henc�£or inertia forces balanced by viscous and pressure forces

o
- E,

all the terms that are of the order of one in magnitude can be considered
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for the analysis, and these terms when written in their original form

give the linearized axial momentum equation as

(A. 10)

Similarly considering'the momentum equation (2.3) in the radial

direction

(A.ll)

and substituting the relationships in CA.-'), the resulting equation is

, "I t. ", l.. 1.- "\.,
G v w� + E..!£_ v� �u +

C vp' U' �U, +
o c)t' L �x' Rl dr

, "L(foc Vo �_l.)[kGVo �+6vQ
D

'
• d r'. 3' R. 'Z.- 0> r'-Z- R ,'l-r'ro f Rt "L'

'

( I

]1 d (lVD.�+6vo�u J -0+ -- - -......... L ,
L �x' 3 R..

' � r' �x
L

(A.12)

Again, multiplying the .equation (A.12) throughout by L/voc, the resulting

equation is

I I "t- I

,E_WL �_u +
V 6- , �u +

L Vo L I �u
-v--- v--- __u-

C �tic ,�x' 'c R. � r'
(.,

I

['
"'L , I I

+ �L�-v 4 �L �+_�LL�u _

L L
R .. pI �r'

"

3' -cR,'Z- arIZ- e R.1.- r' c} r' ,cR,'_ ril--
vi· " '" t,

+ .:_ ( 1. �v
'

+ � 1:. "C>u I'}]. • 0
, �x

I C � r' c L �x
(A.13 )
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A comparison of the equations (A.9) and (A.13) shows that the terms

in the radial momentum equation are of smaller order of magnitude, cf order

of E- or smaller in magnitude, 'and hence, in the case of a laminar fluid

flow in a very rigid pipe line, the radial momentum equation can be neg- ,

lected.

If the liquid flow in very soft tubes, where the radial velocity and

the radial momentums may be of considerable magnitude, is considered, the

simplified form of the radial momentum equation, where the terms which are

of €: order of magnitude only are ,considered, can be used for the analysis..

The radial momentum equation in this form with the terms written in the

original form is given as

(A. 11)

As can be seen from the equation (.1.13), the radial pressure grad'ient is

of the order of E in magnitude arid will be much smaller at still lower

frequencies. This justifies the assumption that the radial pressure

gradients can be neglected. This fact is ,further justified by the fact

that the ,wave velocity, as far as the radial oscillations are concerned,,'

is still governed by the fluid compressibility. For the case of fluid

flow in elastically soft tubes, the liquid can be considered as almost

incompressibl� in,which the Stoke's assumption regarding the bulk viscosity

is not necessary. This permits the assumption that th�, bu.lk viscosity

effects are zero and hence the radial momentum equation for liquid flows

in an elastically soft tube can be simply written as

1.
'

l)[d u
+

1 aU u]
.

dr2- ;: dt'
-

r1-_
= 0 (A. 15)



The simplified form of the continuity equation (A.9) is again

considered for a further simplification., In the case of the liquid now

in a long pipe line with comparati�ely small inside diameter, if the flow

is considered as one dimensional, the average axial flow can be considered

for the analysis of the dynamic flow. By taking a cross sectional average

of the equation (A.6), 'Which can be,�one by 11Illltiplying this equation

�hroughout by 2TT�d�, integrating between the limits 0 to R� and dividing
L-,.

by the cross sectional area TlR. , the equation (A.6) becomes
(.

2/T
m;t-

L

R;{x,t)
v

_ 2 iT

J [:>v +
dU + !]rd r· - TIR.l...-aX �r r t

o

(A.16)

If the values of the average flow velocity and the average density are

defined by the equations

R'
2lT'

t
-

'JV • v rdr
l1R;t-'

(.
0

R'

f
2Tr J�rdr=

. -rr R ,"t.--
l.

0

(A. 11 )

(A.18)

the equation (A.16) can be rewritten as



where

_ R'(x,t)
J.v

1"" .v (ft
ft. x,

t >. � Rl ..
211 J

L

[� + �J r dr'dx "
. d X "11 R,t.- d r r .

L 0
'

l.- ....

.. _
1 � ("URi) _ !� _�

I f._(Ri, x, t) � Hi .

1rRt;- d t f �t F Rl ;)t

It 1 c)P _ jRl 1 � f
'

r- St
ror = ::: � rdr

o 0 f
Rl. j,.J [�u + � ] rjr" r� dr + u (R" x, t) R'

o
dr r

'0
0 (, t

.

Now

._ f' �u
d.r� r

O.

• u(R., x, t) • R·
(, (,
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(A.19)

(A.20)

By substituting the equation (A.20) into the equation (A.19) and by assuming

the equation (A.19) can be simplified to the form

= 0

The equation (A.22) can also be written in the form

(A.2l)

(A.22 )
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This equation is simplified to the form

�v.+l�. 0
�x B�t (A.23)

where
(A.24)

The assumption that the radial velocity and the variations in inside

radius are small, is partly justified from the calculations of these

.

quantities.
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A.2 A Study of the Equations for the Elastic Tubes

Considering the equation of motion for the longitudinal oscillations

of the tube material,

,2- z, 1-

r
� �= ().. + 2E ) � z

+ (}..+ E ) [ru._ + !'tl] +

�t .s ';;)x"l-· ..5 � r.'() z r � z

.

1-

EA��.± g�] (A.25)

and the equation of motion for the radial oscillation of the tube

(A.26)

the solutions for the oscillator,y motion of the tube wall can be assumed as

z ==

ic<.(x - e t)
D, e'

I .

D
iO(x - c�)

-=-e
r

(A�27a)

y == (A.27b)

where D and D are constants,, L

c is the longitudinal wave transmission velocity
,

c Z}-S the transv.e-rse wave transmission velocity

Substituting the equations (A.27) into the equations (A.25) and (A.26) and

,

separating the oscillatory components, the equations. for the coefficients

are written as

, L 2-

f D (-rL c � • (> 4- 2E ) D (- o{.) +
" 5 I

continued on the next page ••••••
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(A.28)

(A.29)

The equations (A.28)and (A.29) m.dicate that

0, .-.� .-.fEV --;?"
r V fi

c4 --IV
and the two equations (A.25) and (A.26), when used for the analysis of

oscillatory motions with the form of the solution giv�n by the equatdcns

(A.27), can be written in simplified form without damping effects as

(,'t-z ,L
f d E�

.
�'L-

=

dX"L-
(A. 30)

(A.31)
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APPENDIX B

DERIVATION OF GENERAL WAVE EQUATIONS FROM THE

BASIC EQUATIONS OF THE FLUID IDTION

The basic equations of motion for one dimensional nuid flow, with
-

'

the assumption th�t the fluid is slightly compressible, is considered.

The damping te!D1S in the momentum 'equation are replaced by a term

containing the linearized resistance coefficient, R, yielding equation

(2.8). The general motion of the fluids is governed by the equations

(2.7) and (2.8), which are repeated below.

(B.1)

(B.2)

By differentiating equation (B.1) with respect to t and by rewriting,

.. -

(B.3)

Again by differentiating equation (B.,2) with respect to x and by

rewriting .,

-

(2.E.+ RV\ � (1. JdX _I dX f (B.4)

....



The equations (B.l) and (B.2) yield the following relationships.

� • _ B dV
_ V 'a.E.

dt �X dX

��v III -V�-!�-�V
<Hi �x Pax f
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(B.5)

(B.6)

(B.7)

These three equations are substituted in equations (B.3) and (B.4) and

these two resulting equations when equated yield the equation

;� + z � [-B 'clv -v �J +
D �t� B dX c)x dX

! � [�V�v
- ! aa _ !. V]-B �v

•
� (lIB) •

B dx d x f dX t": a X. d t

! [- ! � - !� 1 + I � + RVJ · �X (lip)f B dt B ox �x 01

A simplification of this equat ion gives

";i- 9.Lv· �v dB z, �p . dn �v..sL£. - BY -v -. - - V - av :...£.
• - -

�t
1,..- �x;t..- � i:)x �t.- dX dX
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A further simplification of the above equation yields

2v.�.2!+ ��.[- B�_V�] +dX dX B dX ax �x

Rearrangement of this equatipn yields the general wave equation for the

pressure wave transmission as

(B.8)

Similarly the general wave equation for the velocity wave trans-

mission can be obtained as follows.

By differentiating the equation (B.2) with respect to t and b,y

rearranging,

'V \}'V
• � _ R·e!

�X at �t

•
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Again by differentiating the equation (B.1) with respect to x and by

rearranging "

(B.10)

Now equating the equations (B.9) and (B.10) and by using the three

relationships (B.5), (B.6) and (B.'7), the general wave equation for the

velocity wave transmission can be reduced to the form

l.. td v R �v [ B

� d v 2v .... 2c.
\. 2.-

+

f-
_. - +. v - + _ • .5iLE +

o-t dt f dXL f �xl-

....L � . � + Rv � _ 2 �v �v +

Bf dt
•

�x Bf;;)t �x
• �

(B.11)
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APPENDIX 0

ESTIMATION OF THE EFFEOTIVE BULK MJDULUS OF

LIQUIDS IN ELASTIC LINES

Because of· the elas'tic nature of the pipe material, the internal

pressure in the pipe line causes radial expansion thus increaSing the'

volumetric capacity of a given length of the pipe line. Hence the

quantity of the liquid that has to be introduced into a given length

of the pipe line to raise the internal pressure is the sum of the

volumetric deformation of the liquid due to its compressibility and the

internal volumetric deformation of the pipe line due to the internal

pressure.

Considering a pipe line without end restrictions as a thick

c�lind.er with inside radius Rl, outside rad.ius Ro and the Po�sson's
ratio of the material,Oj the radial expansion of the inside radius

Ri for a pressure variation A p is given by the eQuation(36).
3

A Rl ... �p Ri [ (1- 0-) + (1+0) R;;-/R-:-](R:--, R.l'J (0.1)

m
... -' Ap

E

If a unit length of the tube is considered, the change in fluid volume '

per unit length resulting from the pressure variatioq: of A p is obtained

as

t,. V = 11" [(Ri + t,.R,f - R[2.]
... Tf (2R. + AR.. ) ,', AR.

(.;. c- "
(0.2)
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For small pressure variations, the radial deformations can be assumed to

be small compared to the inside radius of the tube and hence the variati�n
of the fluid volume given by the equation (C. 2) can be simplified as

(C.3)

From equation (C.l), this equation becomes

A V ... 2nR··· � �pt E
(C.4)

The volumetric strain in the liquid due to a small change in pressure

can be obtained from the equation of state (2.4) as

AV
= - AP ... - �p

-

(C.,)V P B'

t
where B is the isentropic liquid bulk modulus.

Hence the total volumetric strain of the liquid and pipe line system,

which is also equal to the volume of the fluid that has to be introduced

into a unit internal volume of the pipe line system, can be obtained as

6Vt: [�2m. A 1_...._=- ._p
V B' ER·
t L

=-.[lp [!.. + 2mf]B' ER'�
(C.6)

The effective bulk modulus .B of the liquid can be obtained from an

equation. similar to (c.5) as

1
(C.7)

- ...

B

This equation can be used to obtain the effective bulk modulus when

the variations in the inside radius are considered to be quite small

-
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compared to the inside radius. The curve A in Figure C.l shows the
-

effective bulk modulus for a Tygon tube calculated from the equation

(C.7 ).

For an accurate estimation of the effective bulk modulus, the

variation in the inside radius has to be included in the calculations.

Two nonlinear cases can be considered for these calculations. 1be first

method consists of estimating the radial expansion of the tube for a

pressure variation from 0 to Px, using equation (c.i) and then calculating

the volumetric deformation by using equation (C.2). From these values

the total voluJJX3tric strain and the effective bulk modulus are calculated

by using the equations (c.6) and (C.7). The eurve B in Figure C.l shows

the calculated e trective bulk modulus results for Tygon tubing.

The second method consists of estimating the variations in the inside

radius and the radial expansions for a pressure variation .6P from Pi to

Pj using equation (c.a) and then �alculating the :volumtric deformation

by using the equation (C.2). From these values the total volumetric

strain and the effective bulk modulus are calculated by using the

equations (C.6) and (C.7). The curve C in Figure C.l shows the effective

bulk modulus variation calculated from this method for Tygon tubing.

Only curve A was used in the calculated results in section 4 for a

constant value of B equal to 110.1 lb/inL•
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APPENDIX D

GENERAL ANALYSIS OF ONE DIMENSIONAL

NONLINEAR WAVE MJTION

The quasilinear form of the continuity and the momentum equations,

(2.7) and (2.8), in one dimensional form are rewritten below.

(D.I)

(D.2)

where

These two equations represent hyperbolic system of equations and by

substituting

III
p ,. u

l1)
v • u

in these two equations, the matrix equation representing (D.I) and (D.2)

can be obtained as

(D.3 )

where

rO) 1

) (: :)A, • � uLl)
A ,.

1-

f

. r R,.O�},
W W

d, u · r :�) , u ,. r U(y}:L t
ut- '

•
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and the subscripts indicate partial derivatives with respect to the

indicated variables. It follows from the definition of A, and A
2- that

the transformation

(D.4)

may be used, where T is another suitable matrix and C is a diagonal matrix

with the same size as A, and Az' so that the matrix equation (D.3) can be

transformed to the canonical form, where each of the resulting differential

equations has exact derivatives in only one direction in the x-t plane.

,These derivatives are in the direction of the characteristics, the slopes

of which are given by the diagonal elements of the matrix C and can be

written as

UJ
C

dx
i ,. 1,2,. -

dt

The matrix equation (D.h) din be satisfied if

y
det (A, - C AJ ,. 0

'Y
This is a quadratic algebraic equation in C and it is solved by using

the relationship

(D.6)

This equation when solved for )<l gives two distinct real roots and these

two roots represent the slopes of the two characteristics as given in

the equation (Do,). Substituting the coefficients A, and Az_as given

in (D.3) into equation (D.6) gives
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[
�- x

-: Jdet � jj • 0
ll)

r
u

Expanding this equation

(uL'Y _)\ )2 .. B/r

Hence the roots are

(IJ Lcd
+VB/f .. (Do 7a))\, .. c .. u v + Co

� ..
l_1J LY (D.7b)C III u -"ViTf- v - Coz-

Now the matrix C is given by the equation

From the equation (D.4) the matrix T, which is used ±n conjunction with

the matrix C for the trsnsformation of the hyperbolic system of equations

(D.I) and (Do2) into canonical equations, is obtained as

(D,,8)

MUltiplying the equation (Do) by the matrix T,·the following equation

is obtained

(D.9)

where [AJ. [TAJ. (-L
B

-
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The characteristics of the hyperbolic system of equations� the slopes of

which are given by the equation (Do') can be used as the coordinate lines

of the new coordinate systems by making use of the transformations of the

independent variables given b,y the equations

t - t(a{� f3) (DolO)

In terms of these new variables ol and f3 � the differential equations

(DS) for the two characteristic curves can be written as

Xo(:
==

lu
c to{
(y
tc
P (Doll)x ..

�

Hence the quantities

, (j, i .. 1, 2)

in the equation (Do9) become

li)
.. 2� ltd.

to
l1li 2u� It� (D.12)

Upon the sUbstitution of these equations in the equation (Do 9), the

following two differential equations,with the pressure and the velocity
, .

represented in their original form·,·are obtained.
. J', I

Co .

R t 0
B po{ ... V..(... 2. V � ..

(Do13 )

•
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where R, R
·R • -=-
z- 2 2f

The four equations given in the pairs of equations (D.ll) and (D.13) can

be considered as four pirtial differential equations with x, t, p and v

as dependent variables and with eX. and f3 as independent variables.

These four differential equatio� are usually called the canonical

equations. Though the number of equations to be solved are doubled,

each one of these equations contains derivatives only in one direction, .

along one of the characteristic curves, and hence they are better suited

for the analyses involving numerical and analytical methods.

The set of the canonical equations can be solved by using a method

based on some variant of Picard's iteration procedure, a method which

is also mentioned by Courarrt and HUbert (34), Courant and friedrichs (29 )"
and Sauer(3,) 0 An outline of this method is as follows.

Each of these four differential equations are differentiated so as

to introduce the mixed second derivatives with respect to 0( and 13 •

This gives rise to four differential equations that are linear in p�� ,

�f3 ' Xolp and tof{3 0 These' fouT equations are represented in matrix

form as

Co
I 0

, Rz! -R v t
B p..lJ 2-p

-� I 0 R� vol� -R v t
B 2-0£ P•

0 0 1
lu

, Lv
-c xJP cp,'\l

(j l)J .

(D.14)0 0 1 -c � cr)..' tp>
Since the determinant of the matrix for the coeffic ients is a nonzero
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z,
number equal to 4co IB, the matrix equation can be solved by obtaining

the inverse of the matrix for the coefficients, and the solution is

obtained as

-2co o o

-R,v�tp
bl

c(3 • \(

�.
tco(' f3

2cc--Rv
B 2-

2co ('1
-c
B

B
=_

4c�
o o 2c (1..j

-_}_ c

B
o

o 2co
-_

Bt(j.p o

(D.15)

The matrix equation (D. IS) yields four partial differential equations

for p, v, x and t in the coordinate plane of ol and �. Using the initial

conditions and b.Y performing double integration over the domain D (as

defined in Ref. (30) page 46), integral equations can be obtained for p,

v, x and t. The integral equations representing the dynamic behaviour of

pressure and velocity along the characteristio lines, and the time and'

the space coordinates �lo..ng, the characteristic lines are given below.

p��) • - �. 11 (v�t,. + 'to t[3) d".d '(
6 D '

v(o(,,.) -L 1I [-t (CD Vf3 +C. "ol +ct::_ v)+vc; �] d.,..dY (D.17)
4ci)f D

Jj
,

(D.16)

1 II l-y bJ
t(ti,�) = - (�oo( - too{ C

f3 ) d6". d'f"
2co D

1 'If·
.'

(., b..J l"IJ (V
) d6".d,x(ot,�) ==

� (e, t e -ct c
0 D {3 CL ;(_ f3

(D.18)

(D.19)
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APPENDlX E

SOLUTION OF A NONLINEAR ONE DIMENSIONAL WAVE

PROBLEM USING GENERALIZED IDNGE' S METHOD

The equation considered for this analysis is a simplified form of

the general wave equation (2.9) for the transmission of pressure waves,'
which is simplified by neglecting,all,the nonlinear terms involving the

flow velocity explicitly. The simplified form of the equation is given

by

(E.l)

If the relationships

(E.2)

are used in the equation (E. 1), the equation (E. 1) can be rewritten as

z, (1..- 1-
r -

CD y' - - - g_ + !! ( 1!JI 0
B r r

(E.3 )

This equation is solved by first 'finding an intennediate integral(28),
which is assumed to be given by the function

� (t, x, p,f,q) .. 0 (E.h)

By differentiating this equation with respect to t and x, the following

equations are obtained.

(E.5)

•
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(E.6)

Rearrangement of these two equations yield the following relationships.

r .. -
�t+ 1:.A' + cq(s

""if
(E.7)

y .. - (E.8)

If the equation (E.3) should have an intermediate integral of the form

(E.4), equation (E.3) must be obtainable from the three equations (E.4),

(E.5) and (E.6). Equations (E.7) and (E.8) when substituted into

equation (E.3) yield:

-(�t+ )1 .. �� s)" .. e:-("'b.:(_+ � q :. �l s) l( -

1 f'L-- 1 1- R IB �{ e�
-

f""{ � q ..

f b( 2ev
- 0 (E.9)

In order to satisfy the requirement for the intermediate integral that

it should be independent of r, sand y, the equation (E.9) must be an

identity. Hence, either the total coefficient of each power of s

including the case of the power of s being zero must vanish or s and the

group of terms independent of s must both be zero. Separating the terms

in the equation (E.9) according to their respective groups, the following

equations are obtained.

s .. 0

(E.IO)

(E. 11)

•
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Since the form of the wave solution, as can be seen from the equation

(EolO) referring to the simplest case of the wave equation (�l2)g does

not permit the assumption s is- equal to zero for the general case,

equations (Eo 10) and (Eo 11) are used to obtain the intermediate integral

for the equation (E03'o

The following substitutions are used to simplify the analysis of

the intermediate integralo

(Eo 12)

Substituting these relationships into equations (Eo 10) and (Eo 11), the

equations can be rewritten as

(Eo13)

1 t- R
-s x pp -=!=xpp III 0
rs 4"� f t1S"

The equations (Eo13) and (E.o14) and the relationships given by (Eo12) give

a system of partial differential equations with one dependent variable

and several independent variables, x
I

0000 00000 p , and can be
S

written in the form

00000 x , P 9 0000 p) • 0
� 8 S

(Eo15)

0000 x , p ,
S !

0000 p) .. 0
S"

(E.16)

•



229.

Partial differentiation of these two equations with respect to x, when a

simple case consisting of the independent variabJes x" xl!x,3J PO,' P and p is

considered, gives
L .3

.;)F�+�Fk.dPI +.}Ft ..

�P"L .. ;;)Fi d1:.3_0 (E.17)
�x, dP. �x, dP1_. �xL- cJP3

\

dX3

i = 11) 2

d p /c}x I
can be eliminated by solving the two equations given by (Eo 17) as

�(FI1l FJ
.. d(F1, Fz..> ,� .. d(�g FJ d p�

• 0 (E.18)
d (x , p,) c}.(P2..' PI) J xI �(�, P,) � x,I

where J (FI, Ft-> . d F, d F2 �Fi J F-
__ , __

.. _, :..:..J.-

a (x , p ) � x, dP, d P, d XoI ,

Similarly eliminating).p /�x and �p � x from the two equations given
t..: '1- 3..3

by (E.17), the following general e'quatdon can be obtained.

(Eo19)

where x = 1, j = 2, i· 3 ( result s in Eo 18) (Eo19a)

(E.. 19b)

(E .. 19c)

K • 2, j • 1, i· 3

K = 3, J • 1, i � 2

Now, since

d(Ft, Fz)
� (p" P.)

(, j

the th ree equations given by (Eo 19) can be rewritten as

•
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or, in expanded. form

(E.20)

Hence, from the equations (E.13) and (Eo14), which are the functions F
,

and F"L.respectively'as e:iven.by the equations (E.15) and (E.16', the

equation (Eo 20) in its genera'L form becomes

2 eLp (p p_ ... g_ x p p = !!, p p ) ...

o 1,3...s B1-ts f�r
2 p (�x p p co c

L
P p' :II 0

Sf S"'t!f:" 0 34'

In the simplified form this equatdon becomes

.

p p...(4c L-p ... !i x p ... !t' x p "" 2c'f)L R P ) == 0
"\'� 1) 3 f11,f s s: r 4

This equation is valid if

(E.21)

P IS 0
4-

Ps-" 0
t.

he L-
P ....!! x p - !±. x p ... 2co R P ,.' 0

e .3 f 11 r s« r 1-

From equation (Eo13), it can be seen that if p
1-
is zero, P5"'is also equal,

to zero. Equation (Eo22) indicates that if p and p are both equal to
l' S

zero, P3 is also equal to zero and hence, in this case, the intermediate

or

or (E.22)
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integral is a function of x and t only thus refeITing to the case of the

simplest wave equation.

The solution for the nonlinear case is obtained from the equation

(E.13) written in the form

.. 0 (E.23)

and from the simplification of the equation (E.22) written in the form

Bd�+ «( - �).�- q', � =- 0
6P 2f �l 'dq

(E.24)

Equation (E.24) is solved b,y using Lagrange's method of solving linear'

partial differential equations to obtain

= - ss
q

dp
=_

B

In this equation the variables are separated and from the equality of

the first and the third ratios, one of the solution for the intermediate

integral is obtained as

log (P- BR) = EB + log K',32f
or BR K

p/B

2f
=-

3
e (E.26)

Similarly from the equality of the second and the third ratios, the other

solution is obtained by integration as

or

log q =- - � + log .K
"1

� III K e-p/B
aX .1"

(E.27)

•



232.

Equations (E.26) and (E.27) give two solutions ofxhe intermediate

iiltegral relating the time and axial derivatives of pressure to the

pressure level. The general solution for the intermediate integral is

given by an arbitrary combination of these two solutions. Equation

(E.2�) can be ,rewritten' as

�+ c
�1:

• 0 (E.2& )
dq o�

"...

or :;)i: ,��
0 (E.2& )-_ c

:;(
=

';}q 0

Solving the equation (E.28a) by Lagrange's method

or �.c(�+a)
�t 0 dX I (E.29)

where a, is the constant of integration� Similarly solving equation

(E.2&), the other solution is

� .. - e (U - a ),
�t 0 �x 1-: (E.30)

where at-iS the constant of integration. Equations (E.29) and (E.30)

give two relationships relating 'partial time derivatives and partial

axial derivatives of pressure. Since the intermediate integral is given

as an arbitrary function of the two particular �olutions (E.26) and (E.27)

and since the partial derivatives of pressure with respect to time and

-
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axial direction are given by the equations (E.29) and (E.30), the two

general forms of the intermediate integral can be obtained by these
..

four equations. Because of the constants of integrations a and a in
. I �

the equations (E.29) and (E.30), in order to enable the general inte�

mediate integrals to be' obtained and solved, the two equations are

rewritten by using approximations as below.

;;)p = c (�+ a )at 0 ex .

I
- (E.3l)

;:'p =- - c (�- a ) � - c �
St i);)x L \A.�X (E.32 )

By using the equation (E.3l) and the equations (E.26) and (E.27),

one form of the two general intermediate integrals can be written as

['c)p_.�_ K eP/B] + CI�- K e-p/Bl = 0
�t 2f.3 rJ{dx 4'"

By separating the variables, this equation is transformed 'into the form

dt
=

r
dx •

cJ..
dp

Similarly the o.ther form of the solution obtained from the equations

(E.32), (E.26) and (E.27) is written as

dt
• _ � d...,p_----....,...--

1 e
l.\. K eP/B _ c K e

- p/B + BR
3 � t

. 2f
(E.34 )

The third ratio in the equations (E.33) and (E�34) cannot be integrated

in its existing form. It can only be solved if the term conSisting of

•
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the linearized resistance coefficient can be transformed into a form

containing either eP/B or e-p/B, or if the linearized resistance

coefficient is assumed to be zero.

The solution for this case of nonlinear analysis is obtained by

assuming the linearized resistance coefficient to be zero. Ef solving

the first and the second ratios and the first and the third ratios in the

equations (E.33) and (E.34), the following solutions, which represent

the wave forms for the waves travelling in the downstream and the up-

stream directions, are obtained.

F[<X-colt), [t __B__-yclK K,
, 0.."3,

(E.35)

[ [
,

'

-1(' p/� (K;')] ]f (x+c t ), t -

B
tanh e V-;-tl.t

-yc K K ctA.. 1
I.l :3 ..,.

(E.36)

Each of these two solutions is an arbitrary function of the two solutions

obtained from one of the corresponding equations (E.33) and (E.34). The

general wave form is given by sumning the two wave forms travelling in

the downstream and the upstream directions.,

..
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APPENDIX F

ANALYSIS OF A _NONLINEAR CASE BY A METHOD USED BY FLEISHMAN

For this analysis the simplified form of the nonlinear wave equation

(2.9) as given by the equation (E.I) is used. This equation is rewritten

as

fE_ c1-- iE. .. !(�PJ2 ... 1(�PJ2 _ !dP
� t l....- 0

dX 2..- B at fax . f dt
(F.I)

Assuming that a particular wave travels in the downstream direction,' that

is in a direction along the fluid flow, at a constant phase velocity c�,
the solution of the equation (F.I) representing the wave form of the

downstream wave can be assumed to be of the form

(F.2)

By differentiating this equation, the following relationships are obtained

where the subscripts indicate partial derivatives with respect to the

indicated independent variables and the primes indicate derivatives with

respect to the independent variable S,.

(F.))

Substitution of these relationships in the equation (F.I) yields an

ordinar,y differential equation given by
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where

t,.... 1..- II

'[' Cr
1

1(CcL - Co ) ¢J_ • ¢ll ¢t1(B +

f J + � CcL

R, • RlI'

(F.4)

This equation can be rewritten as

1
(Fo')•

where

¢� [ J, ¢: + R, C �
L

cd + 1
B f

III

By obtaining partial fractions of the left hand side, this equation can

be rewritten as

.,

¢rJ.
_-

¢�
R, ccl.

•

z..,...

Cr[ -

L
C
'0

III J
2...

(Fo6)

Integration of this equation and further simplification yields the solution

where K 5 is the constant of integration.

By separating the variables, the equation (F.7) can be rewritten as

r K5R cd.. eJ,_s,¢d.
-= .-::;_.:...'-=----

1 GO KSJ, e
J 2. S ,

(F.8)

By integrating this equation and. resubstituting for J1i and Jz_! the solution

for the wave form ¢�is obtained as

-
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)0 (F.9)

Hence this solution is possible O�ly if Sl <.0 or if (cj- - c:;-) L.. 0.'

For the wave travelling in the upstream direction, that is in a

direction against the fluid flow, assuming that the wave travels at a

constant phase velocity c�, the solution for the equation (F.l)

representing the wave form of the upstream wave can be assumed to be of

the form

p(x, t) = .¢I..l. (x + cl.(,.t)
,. ¢ l.t (sJ (F. 10)

By differentiating this equation and substituting the respective

derivatives in the equation (F. 1), and by following a similar procedure

as for the previous case, the intermediate solution for the wave fonn is

obtained as

¢
I

=

LL
R,cu. (F. 11)

J .... K /'l-Bz..:
I 7

By integration of this equation and by resubstitution for J
f
and J� the

solution for the wave form ¢�iS obtained as

(F.12)

.J
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[
L R.

ClA.SL-]c\.(... 1
K

cL-el-
-+ - - e tA.. D

B ( 1
)0

Hence this solution is possible only if

or for the value of s2.,... so that

[[C
L- IJ' :C::�1c"" > co' and ; +

r
- K

7
e � 0 )0

For a qualitative study of wave forms given by the equation (F.l),

the phaae-p'lane trajectory method of analysis is used. This method needs

introduction of an additional variable � given by the equation

(F.13)

By differentiating equation (F.13)

d� �,� . = \f !t- ..

dsz..... d¢ ds d¢

or

�= ¢
II

(F.14)d,0 'I
Hence by substituting equations (F.l3) and (F.14) into equation (F.4) for

..

downstream w�ve, and into an equation similar to (F.4) obtained for the

upstream wave, the two linear first order differential equations

representing the phase-plane trajectory curves for the downstream and the

upstream wave are given by the following equations.
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(F.16)

•
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APPENDIX G

WAD IMPEDANCE ANALYSIS

G.I Load Impedance Analysis for the Hydraulic Actuator

A typical hydraulic actuator is known to have load elements having

the effects of inertia, compressibility of liquid, compliance of the load

cylinder, viscous damping, stiction and coulomb friction. The behaviour

of some of these load elements are quite nonlinear and hence a precise

analytical estimation of the load impedance is quite complicated.

The inertial effects are mainly caused by the mass of the moving

parts like piston, piston rod, etc. In hydraulic actuators the oil

trapped in the cylind.er and the connecting lines is also subjected to

oscillations·and hence�it adds to the effective mass of the load. An

exact analysis of the additional inertial effects is quite difficult

because of the frequency dependent radial gradients in the axial flow

velocity both in the cylinder and in the connecting pipe lines and because

of the finite propagation velocity involved in the transmission of these

disturbances in long return lines used in conjunction with the load

systems.

The compressibility of the liquids depends upon the bulk modulus

of the liquid. .The undissolved air in the oil has a significant

influence on the bulk modulus and this results in a decrease of the

effective bulk modulus. It is extremely difficult to estimate the exact

quantity of the air in the oil and hence the effective bulk modulus of

the oil in the load cylinder is not easily predictable by theoretical

means. Only experimental determinations, which may vary to a large

extent, are possible. The experimental values depend largely on the



•

load configuration and experimental technique.

Similarly the viscous damping effects, which are governed by the

viscous shear stress in the liquid, and the coulomb friction, which

depends on the fluid pressure level and difference in the load cylinder

and on the piston velocity, var,y to a large extent. The introduction of

soft deformable piston sealing rings in the load cylinder change their

damping characteristics with wear. These damping effects are quite ,

nonlinear in their behaviour and only an approximate estimation from the

experimental results is possible•.

A precise analytical estimation of the load impedance of a typical

hydraulic actuator would be complicated due to these ,nonlinear effects.

However the behaviour of such loads may be estimated by assuming that the

load components are linear. The load system is assumed to have constant

load characteristics over a given cycle and the coulomb friction is

.

assumed to be acting in a direction opposite to the piston motion. The

�orces on the piston can be represented b.Y the following equation

p(L,t) A III m�. 'fw", f (sgn w)
L dt 1)" c.

(G.l)

For frequency response analysis, the pressure and the load velocity

solutions for a load system can be written as

peL, t)
jwt

= We,

and by using these relationships (G.l) can be rewritten as

(G.la)

If the form or r (sgn w-) is assumed as
, c..

J



o < wt < IT 12, tc (sgn un III tv (t) III fc;_
TT/2 <. wt < 3TI/2, fc., (sgnW") III t ,_(t) III ... fc:
3lT/2 < wt < 2 IT, t

c.
(sgnw-) III fc (t) III fc

where fe is half the amplitude, a Fourier expansion for fc (t) is

(n-l)
(-1)

j(2:n-I)Wt
e

, n r 0

(2n-1)
(Golc)

n= _00

Hence

jwt [f
c (sgn w)/e .. � 0000

�2ju)t -t2jwt

]
.

e

3
+ 1 -

e

3
+ 00. (G. ld)

where Fe III 4fc./TT is the half amplitude of the fundamental component.

By using the fundamental component of fe(t) in equation (G.lc) in the

equation (G.la), the frequency domain transformation of {G. 1) is obtained as

l' A III P{L,jU:» A = W(f ... jmw)·+ F
L L L v- c,

(Go2)

From the law ot conservation of the liquid flow, the liquid flow from the

connecting pipe line into the load. cylinder q is equal to the sum of'

�he liquid flow due to the compre�;sibility of the liquid in the load

cylinder q� and the liquid flow due, to the motio� of the piston in the

load cylinder q 0 Hence
a.

q III q + q
G �

From the equation of state (2.4) of a slightly compressible liquidg qc e,en
be obtained as

•
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where Vc - total volumetric capacity of the load cylinder

P - effective bulk modulus of oil in the load cylinder.

1.b.e frequency response of the flow due to the liquid compressibility is

given by

Using the relationship

the equation (G.2) becomes

"Z.

q (j w) = ALPL
- ALFe

e,

f1)-. jm.w
(G.5)

Substituting equations (G.4) and (G.5) in the equation (Go3)

[ '2. 2.. ]
q(j w) •

2P, AL - m W Vc. .. j tv tvVc P _ _A....LF_c _

2(3[f1)"+ jm(..)] L. (fv-+ jmw)
(G.6)

From equation (Go6) and from the relationship

the load admittance is obtained as
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G.2 Load Impedance Analysis for a �rcury Column in a Vertical U- Tube

Neglecting the damping effects of mercury in a glass tube, the

forces acting on the mercury column are the load pressure, inertia of

the column of mercury and the restoring force due to the gravitational

field. Hence. the force balance equation can be written as

(G.8)

For frequency response analysis, by replacing the t:tJne derivative by jw

and the time integ:ration by l/jw, equation (G.8) can be rewritten as

(G.9)

The ratio of the velocity of the liquid at the pipe line and at the load

is given by

and hence the impedance of this load system is obtained as

(G.10)



APPENDIX H

NONDlMENSIONALlZATION OF THE FREQUENCY RESPONSE RESULTS

n.is method for nondimensionalization of the frequency response

calculations is presented mainly to show the possibility of the universal

application of the frequency response results. This analysis also pOints

out the complications involved in nondimensionalizing the frequency

response calculations for a loaded pipe line system, as discussed

previously in section 5.2.

The frequency response. results c an be analysed by two methods as

given in sections 2.5.2.1 and 2.,..2.2 yielding the following results for

the pressure frequency response.

I
(H.l)

1
(H.2)

cos(o<.L). jBO( .!.b sin(otL)fA} PL .

where

0<.-

An inspection of the equations (H.I) and (H.2) indicate that the following

terms can be used to nondimensionalize the calculated and experimental
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frequency response results

(H.3)

The nondimensionalization of the terms containing the load impedance

requires a knowledge of the load components and the equation representing

the load impedance. A reference frequency is chosen on the basis of the

time taken by the wave to travel four lengths of the pipe line, which is

the resonant frequency for a particular case of a pipe line closed at the

load end. Hence the reference frequency becomes

f ..

'V\.
..£a.
4L

w ..
� 2TT f-n..

From the relationship for f3 in the equation (H.l), the viscous dal!lping

term can be nondimensionalized by choosing a nondimensional term

From the relationship for oL in the equation (H�2), the linearized

resistance coefficient can be nondimensionalized by choosing the non-

dimensional term

R
-

frY\.

The frequency can be nondimensionalized by using a nondimensional term



W

W"1

To demonstrate a method of nondimensionalizing the load impedance

results, a simple case of the load system given by a mercury column

oscillating in a U·tube is usedo The load admittance for this case is

obtained in Appendix Go2 and is given by the equation

1
(o.ao)

If the equation

pc 0 .!.!:. ..
� f_c_o �_

PL j[m Ap � ... ��]LAl- W A
L. L-

is consddared, the following nondimensional terms can be obtadned ,

Hence by using the nondimensional terms

the frequency response results for a pipe line system with load can be

analysed 0

Similarly frequency response results can be nondimensionalized for

other load systems and for the case where the linearized resistance
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coefficient is used in which case an additional nondimensional term

obtained from the equation of state is needed. This additional term is

B

All the above nondimensional terms indicate any change in system

parameter would involve variations in bulk modulus, area of load

system, area of pipe line, mass, spring constant, viscosity, inside

radius, linearized resistance coefficient, etc., and hence generalization

of frequency response results is quite complicated in practice. However,

this method' is quite useful in showing a limited application of the

principle of the nondimensionalization of the-results for simple cases

where variations of physical characteristics are possible to some extent.

----------------------------�
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