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ABSTRACT 

Results for the reactions ~e{e,3He)e and 3He(e,d)pe' are presented in this 

thesis. \Ve used virtual photon formalism to derive the ("Y,d) cross-sections from 

the measured ( e,d) cross-sections. Angular distributions and isochromats were 

measured for this equivalent photodisintegration reaction. Theoretical iso

chromats were calculated for lrving-Gunn wavefunctions for the 3Jle, and Hulthen 

wavefunctions for the deuteron. The ratio of E2 to El transition strength in the 

photodisintegration cross-section was determined from both angular distributions 

and from isochromats. The ratios agree well with current calculations1!,36,sG, and 

are in disagreement 'vith earlier '\vork20
•38, as well as with a recent polarized pro

ton capture experiment31• 

The electron scattering form factors were measured for 13 4-momentum 

transfers squared of .885 rm-2 < tf < 3.20 rm-2 and were compared to previous 

( e, e) data. Model dependent fits used by previous authors were made to the data. 

In addition, a model independent determination of the radial charge density was 

done, and an RMS radius extracted. 
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1. INTRODUCTION 

The linear electron accelerator has proven to be an invaluable tool in probing the structure 

of the atomic nucleus. Not only the electron beams, but the bremsstrahlung beams derived from 

them, interact with nuclei via the well-known electromagnetic force. The relative weakness of 

this force, compared to the nuclear strong force, makes perturbation theory calculations feasible, 

and as a consequence, elastic, inelastic electron scattering, electrodisintegration and photodisin

tegration have proven to be fruitful fields or endeavor. 

Measurement or nuclear charge and current densities by elastic scattering was established by 

R. Hofstadter and his co-workers at Stanford University in the late 1950's and early 1960's. Elas

tic scattering is now a standard weapon in th'e experimenter's arsenal for measuring the size or 

nuclear charge and current distributions. In the case or 3He, elastic charge scattering has been 

performed by Collard et al.l, McCarthy _et al.2, Arnold et al.3, Dunn et al.'', and Szalata et al.5
• 

Collard and McCarthy covered the middle range of momentum transfer q, Dunn and Szalata 

worked at very low q, and Arnold extended the measurements to very high q. In all, the 3He 

charge form factor has been measured some 93 times in these 5 experiments, with rf varying from 

0.0316 rm-2 to 102.8 rm-2• In addition, the magnetic scattering form factor has been measured by 

Collard and Dunn. 

Table 1.1 summarizes the salient information of all 3J.le elastic charge scattering experi

ments. A particular experiment will be referenced by the first author's name or by the name of 

the laboratory where the work was performed. All the data are plotted in Figure 1.1, except the 

highest q values of Arnold. Dunn's higher value for the radius results from his measured lower 

values of the form factor as compared to the others (chiefly McCarthy), over the region of over

lap. 

The goal of our scattering experiment was a) to verify the previous form factors using the 

different method of detecting the recoil nuclei, b) to add data points in the range of q accessible to 

our accelerator (which is also the area of disagreement between Dunn's and McCarthy's measured 



Table 1.1 Summary of ~He Charge Scattering Experiments 

Experiment rf No. Target Models Radius 

Range points Fitted (fm.) 

Collard et al.1 1.0 rm-2 gas polynomial 
Stanford to 11 cell gaussian 1.87 :± 0.05 

1965 8.0 rm-2 3000 psi 

McCarthy et al.2 0.347 rm-2 liquid modified gaussian 
Stanford to 42 3He sum of gaussians 1.88 :± 0.05 

1977 20.0 rm-2 cell 

Szalata et al.5 0.0316 rm-2 gas 
NBS to 22 cell polynomial 1.89 :± 0.05 
1977 0.3362 rm-2 3 atm. 

Arnold et al.3 17.98 rm-2 gas 
Stanford to .12 cell none none 

1978 102.8 rm-2 50 atm. 

Dunn et a/.4 0.1 rm-2 cooled modified 
MIT to 6 gas cell gaussian 1.935 :± 0.03 
1980 1.0 rm-2 10 atm. 

Saskatchewan 0.885 rm-2 gas polynomial 
SAL to 13 cell 2 gaussians 1.877 ± 0.019 
1983 3.20 rm-2 1.73 atm. Fourier-Bessel 

values), and, c) to determine a model· independent RMS charge radius from this wealth of over 

100 data points {Chapter 5). 

The two body photo-disintegration cross-sections 3He(1,d)p have also been measured by 

applying virtual photon spectra (VPS) to the reaction ~e(e,d)e1 p. The isochromats and angular 

distributions were measured and used to determine the : transition ratio. Previous work in 
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this field~·30•38 and polarized proton capture37 (the inverse reaction), have given results in 

disagreement with the best theoretical results available13.39 for the E2 contribution. The experi-

mental work finds a contribution of up to 10% Cor the E2, whereas the theoretical results give an 

upper limit of 2%. The experiments indicate that E2 strength is important. It was this 

discrepancy that initiated the present electrodisintegration experiment. 

The VPS analyzed angular distributions are fitted directly to find the E2 contribution, while 

an Irving-Gunn wave function was used to calculate the isocbromat Cor various qE2 ratios at 
frEJ. 

E-y-14.3 MeV. This was then compared to the experimental isochromat to determine the % E2 

contribution present in the cross-section. Fitting of the remainder or the isochromat data deter-

mined the ratio at different excitation energies. 
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2. THEORY AND BACKGROUND 

2.1. Elastic Scattering Theory 

The Rosenbluth formula for elastic electron scattering from a physical, spin ! particle 

describes the scattering of electrons from the 3He nucleus ( J 1r = ~ +). The Rosenbluth equation 

for the detection or a scattered electron is given by28 

dO' { ( 61; + rGM2) 2 tan2 [ (J2ej } 
X\ = O'Ns + 2 rGM 
la'e l+r 

2.1 

where 

2.2 

is the Mott, or no-spin cross-section, and 

I) 

qlt 
r= --

4.A-f 
2.2.1 

where Z,M are the charge and mass of the nucleus, E, is the incident electron energy, Be is the 

scattered electron angle, and qp. is the 4-momentum transfer. GE and GM will later be identified 

as the charge and magnetic Corm factors, respectively, of the nucleus. See reference 6 for a dis-

cussion on the differences of Fermi, Dirac, charge, and magnetic form factors. 

Equation 2.1 is written to first order in a, the fine structure constant; the corresponding 

Feynman diagram for the process is shown in Figure 2.1, where e and e correspond to the 

incident and elastically scattered electron, Nand N correspond to the initial and final states of 

the nucleus. Because oC the relative weakness of the electromagnetic field (of the order of a), the 



•u• 

single photon exchange dominates over multiple exchanges or photons or any other Feynman 

diagram. 

Figure 2 .l. Feynman Diagram For Rosenbluth Formula 

e' 

e N 

The most general scattering amplitude is given, in relativistic quantum field theory, as14 

2.3 

with the integrations over space and time ( ~z = tfz dt). P is the time ordered product, and xis 

a four vector. The interaction Hamiltonian density HJ('z) is, specifically, 15 

2.4 



with summation over repeated indices, where Ail(z) is the quantized electromagnetic field poten-

tial, and Sll(z) is the total particle current, composed of electron and nuclear terms. 

The electron current, assuming point Dirac electrons, is16 

2.5 

The nuclear. current, taking into account the finite nuclear size by including the Fermi and Dirac 

form factors F1 and F2 is
17 

2.6 

The term in the brackets describes the structure or a Dirac fermion of mass M and anomalous 

magnetic moment K. From the interaction Hamiltonian density and these particle currents, the 

Rosenbluth equation may be derived. 

In the case of experiments or the ( e, e) type, the derivation or equation 2.1 involves the 

integration over the outgoing nucleus variables d!l, and dE,, leaving the cross-section differential 

in the electron variables tine and dEe. Since we detect the recoil nucleus in these experiments, we 

must integrate over the outgoing electron variables to derive an equation useful in our situation. 

The result Cor recoil detection is8 

d~ =fiNs{ &1; + rGM
2
(-

1-+2(-1-J 2 

cot2(8,)1 } 
u, l+r l+r l+p 

where the Mott cross-section is, in this case, 

and 

E(J 
p=-

M 

1 

2.7 

2.8 

2.8.1 

Once 1;;, has been measured, the charge form factor Ge can be found by assuming scaling 

of the form7,s 



2.9 

where J.L is the magnetic moment of the nucleus in question. Substitution of this into equation 2.7 

and rearrangement gives GE as 

.rl.lE -- ( :J ... I __ l_+T"2 ( 1 ( 1 l2 

121 I } -l ll1; ' ,. -+2 - co. \0,) 
o-Ns 1+r 1+r l+p 

2.10 

where ( :J ... is the measured cross-section. 

It will be shown later that for the scattering angles and momenta transferred in these 

scattering experiments that the magnetic contribution to the scattering is small, and the scaling of 

equation 2.9 holds (see, for example, the ratio _!!__ in Table 4.3). 
GE 

For low values of q, the form factor G£{ rf) corresponds to the moments of the charge den-

00 

GE( q) = 4
1f' J sin( qr) p( r) r dr 
q 0 

The inverse Fourier transform gives the radial charge density in terms of the form factors21, 

00 

p(r) = + J sin(qr) GE(q) q dq 
21f' r 0 

Equation 2.11 can be written, by series expansion of the sine function, as 

GJ.i} = .t!_ j( qr- rt.r + frs + · · ·] p(r) r dr 
q 0 6 120 

where 

00 

<r2> = J r' p(r) dr 
0 

2.11 

2.12 

2.13 

2.13.1 

2.14 



is the mean square charge radius. Thus a least squares polynomial fit in powers or rf to the rune-

tion G E enable us to extract the RMS charge radius using the equation8 

il = -6 f dGE{i)} 
< > ~ drf ~ 2.15 

Another method of extracting the RMS radius, used by CoJlardl, is to assume a Gauss!an 

form factor and charge density of the form 

2.16 

Thus 

I 8( -In( GE)) I = < il> 
arf 6 

iJ::o 

2.17 

yields the RMS radius. This G~ussian form factor corresponds to a charge density of the form41 

1 

[ 612 { -3il } p(r) = 3 -; exp 2<il> 2.18 

Recent work from MIT4 fits the form factor to the modified Gaussian 

2.19 

to account for any slight departure or the data from the pure Gaussian of Equation 2.16. The 

constants a and the RMS radius are again determined by least squares fitting to the data. These 

methods for finding the radius will be used in Chapter 4 to compare our data to earlier work, and 

to determine if our data warrants any changes to the radii determined previously. 

A further method of finding the· charge density is to expand the charge density in a Fourier 

Bessel series and determine the coefficents of the expansion from fitting to the data. This process 

gives the charge density explicitly, and it will be treated completely in Chapter 5. 



2.2. Photodisintegration Theory 

The electrodisintegration cross-section for the detection of the outgoing deuteron was the 

measured quantity in this experiment. This reaction corresponds to 3Jle(e,d)e'p, whereas we wish 

to study the reaction !Jfe("Y,d)p. The photodisintegration cross-sections were derived from the 

electrodisintegration cross-sections by application or a complete virtual photon spectrum (VPS). 

The difference in these reactions is illustrated by the Feynman diagrams or Figure 2.2. 

The final state for the electrodisintegration reaction contains 3 particles, thus the detection 

of the deuteron only does not fix E7• The electrodisintegration cross--section is forward peaked 

due to a :. dependence to the cross-section, where q< is proportional to sin1 ~·J. We may then 

assume that the outgoing electron is scattered at 0°. This constraint allows us to fix all the 

kinematics, if only the deuteron angle and energy are known. 

The electrodisintegration cross-sections may be parametrized as a sum of Legendre polyno-

mials42 

!; =Co 11+ E Ct'P~ cosll~ 2.20 

Th d 
. dq > • b 

e measure cross-sections d{l are given y 

tkT Y(e,Ed) 
d!l = Aflntn~E7/E7 

2.21 

where Y(O,Ea) is the number of detected deuterons, ne is the number of incident electrons, nt is 

the target nuclei density (cm-2) and Afl is the solid angle subtended by the detector. AE7 is 

found from the detector energy bite t>.E4 and the kinematics of the reaction. 

The photodisintegration cross-section may also be written 

2.22 

The C?'s may be used to extract the <1e;. transition strength ratio. The transformations between 
(J'El 
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e' 

e 

Figure 2.2 a) Electrodisintegration 
Feynman Diagram 

E "I 

Figure 2.2 b) Photodisintegration 
Feynman Diagram 

N 



the Ctps and C/'s are given by virtual photon formalism12 

2.23 

(b) 

(c) 

{d) 

(e) 

where 

(r) 

(g) 

(h) 

(i) 

(j) 

with 

2.24 

Thus, the electrodisintegration angular distribution coefficents C{ can be used to find the C[T's. 



This is a complete VPS calculation for the C(T's, and there are no assumptions about a dominant 

multipole. 

We may also divide the experimental cross-sections by the dominant multipole virtual pho-

ton spectrum to yield an effective photodisintegration cross-section. \Ve assume for now that the 

dominant spectrum is El. This assumption will be discussed in Chapter 6. These effective photo-

disintegration cross-sections may be fitted to equation 2.22 to yield directly the C?'s. ~ The 

method or virtual photon spectra reduction or electrodisintegration to photodisintegration data 

has been verified in similar experiments at this laboratory10
'11, by comparing photodisintegration 

cross-sections obtained by division by virtual photon spectra to cross-sections measured for real 

bremsstrahlung photons in the same experimental setup. The validity of this method in this 

experiment is illustrated in Figure 6.2, where the dark band contains the results of the complete 

VPS method (E-qn. 2.23) .. The points in the figure are the effective photodisintegration cross-

sections from divisipn by the El VPS. 

Another parametrization of the angular distributions is the multipole expansion consisting 

2.25 

where the coefficents correspond to: 

b - El transition term 

c - El E2 interference or asymmetry term 

d - E2 transition term. 

Expansion of equation 2.22, and a term by term comparison to the multipole expansion gives the 

two following relations for the ratio of El to E2 cross-section in terms of the Legendre expansion 

coefficents 

2.26 

and 



- .1.'1:-

2.27 

where the C's are the C?'s in equation 2.22. Equation 2.26 is determined from the direct E2 term, 

and Equation 2.27 is determined from the El-E2 interference term. Thus a measurement of the 

C's from the angular distributions gives an indication of the relative El and E2 strengths. 

Isochromats (literally, same color, or energy) are taken when cross-sections for a constant 

energy E1 are measured as a function of the incident electron energy and the deuteron recoil 

angle. 

The isochromats :
4 

are calculated from the experimental cross-sections by 

dq = J tflo d!l 
dE4 dO,dE, 

2.28 

and are a function of E0 tor fixed values or E,.,. Alternately, they can be determined from the 

total photoabsorption cross-sections of.14 

2.29 

where of.4 is the total photodisintegration cross-section. A theoretical calculation oC the total 

cross-sections then· allows us to calculate the isochromats. Also, a fit to the experimental iso-

chromats, with the El and E2 total cross-sections as the fitted parameters, gives the ratio qE2 
(TEl 

that indicates their relative strengths. 



3. EXPERIMENTAL APPARATUS 

3.1. Accelerator and Beam 

The Saskatchewan Accelerator Laboratory (SAL) 250 MeV linear electron accelerator was 

used to perform these experiments43
• The accelerator beam energy and energy spread were con

trolled by a bending magnet and slit system in the beam handling system (see Figure 3.1). The 

energy spread of t.he beam throughout the experiment was ~ = 0.8% and was controlled by 

the slits between Ml and M2 bending magnets. The absolute beam energy calibration for the 

bending magnets was established18 by observation of the elastic and 15.11 MeV peaks in 12C. 

The focussed and steered electron beam was then incident upon the 3He gas cell target (see 

Section 3.2 for details of the target). The position of the beam was ascertained by visually 

observing the bea~ spot on a beryllium oxide target in the target array. The total charge passing 

through the target was measured by a SLAC type non-intercepting ferrite toroid upstream of the 

scatter chamber. This toroid was periodically checked for accuracy against a Faraday cup. The 

agreement was consistent and reproducible to within 2%. 

3.2. Target 

The target consisted of a right circular cylinder of radius 2.54 em and height of 3.50 em 

filled with SJ.Ie gas to an absolute pressure of 1.73 ± 0.04 atmospheres. The cell's axis of sym

metry was perpendicular to the plane containing the beam and detected particles. The circular 

foil walls of the cell were 6.35 p.m thick Havar22 metal foil. The remaining structure of the cell 

was machined brass. Periodic runs were taken with an identical, empty cell as a check ot back-



grounds. 

The target was filled and the pressure checked using a pressure transducer reading the abso

lute pressure in the cell. Cells or this type have been used before (see for example reference 8), 

and have not been observed to leak measurable amounts of gas. Elastic scattering counting rates 

at the beginning and conclusion of the experiment also confirmed this. 

As the 3fle ions pass through the Havar foil in leaving the target, they are affected by 

energy loss and multiple scattering. The energy loss is computed, and the detector energy bite is 

modified to correspond to the energy bite at the center or the target. This, and multiple scatter

ing corrections are discussed in more detail later in this thesis. 

3.3. Spectrometer and Detectors 

The detected· particles were observed in the SAL heavy ion magnetic spectrometer system. 

It consists of a 127° double focusing magnet coupled to the scatter chamber with a sliding seal. 

This allows particle detection at any angle between 27° and 155a in the laboratory frame of refer

ence. Collimators in th~ system give a spectrometer solid angle acceptance or 3.63 millisteradi

ans ± 2%. This was determined by measuring counting rates from an 241 Am source with various 

sized openings in front of the spectrometer. The solid angle subtended by the opening that 

reaches the count rate of the unblocked spectrometer was assumed to give the acceptance. This 

quantity was also confirmed by measuring proton form factors, which were assumed to be known 

to within the error we have attributed to the solid angle. 

The particles were detected by five partially depleted Ortec silicon surface barrier detectors 

mounted in the focal plane of the magnet. These detectors had a surface area of 300 mm2 • The 

high voltage biases on the detectors were set high enough so particles of interest deposited all 

their energy in the active region of the detector, and as low as possible to reduce noise due to 

detector capacitance. The detectors were shielded from the ambient room radiation levels by the 

iron structure or the spectrometer, a minimum or 10 em. of lead bricks, and borated paraffin 
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blocks placed outside or these. The relative efficiencies or the detectors were determined by 

measuring the count rate from a thick target (protons from the beryllium oxide view screen). The 

protons or a set energy were "placed" in each detector in turn, and the relative efficiencies were 

thus determined. The systematic uncertainties in the apparatus are summarized in Table 3.1. 

The amplified pulse heights were digitized using 11 bit analog-to-digital converters (ADC's) 

connected to a PDP-11/55 computer through a Camac interface. The detector ADC's were gated 

during the beam burst. The beam current was also recorded by the computer. It recorded and 

displayed the resulting spectra, and was used to integrate the particle peaks in the analysis. 

Table 3.1 Systematic Uncertainties 

source uncertainty 

spectrometer momentum acceptance ± 2% 

spectrometer solid angle ± 2% 

incident electron flux - ± 2%. 

target density ± 2% 

total (in quadrature) ± 4% 

The spectrometer energy calibration was round by placing an 241 Am source at the target 

position. The 5.49 MeV a particle spectrum in each detector, as a function or magnet field, is. 

shown in Figure 3.2 

The kinetic energy of a detected particle or charge q and a mass M at a given spectrometer 

field B is 

3.1 
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where 

IMl 2 B 2 

K = S.49 A; I q~ll Bal MeV 

and k/0 is the mass of the a particle, q0 = 2, and Ba is the calibration field that places the center 

of the 241 Am spectrum in the required detector. 

The thickness of the beam that the spectrometer sees is very important when using a gas 

cell; this determines the effective target thickness (nuclei per cm2) and thus the counting rate. 

The effective target thickness seen at a spectrometer angle of 00.0 degrees was 0.915 em. 

If the detected particles stop in the detector (deposit all their kinetic energy in the active 

region of the detector), the relative pulse height of each mass group (proton, deuteron, triton, a, 

3He) is given by 

. 2 
T = .J!._ 

2M 
3.2 

which is proportional to ~ when we consider the motion of a charged, non-relativistic particle in 

a given magnetic field. The relative pulse heights for the different mass groups are shown in 

Table 3.2. 

Table 3.2 Kinetic energy deposited for different mass groups at a given magnetic field 

particle relative pulse height 

tritons 1/3 
deuterons 1/2 
protons 1 
alphas 1 

3He 4/3 

These were easily distinguished when all particles were stopped in the detectors, as seen in Fig-

ures 3.3 and 3.4 
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Figure 3.4 Typical Pulse Height Spectrum 
Electron Scattering 

Figure 3. 5 Typical Empty Cell Spectrum 



The spectrum from the identical, empty cell was also periodically checked to ascertain 

whether any background from the cell walls or other sources was apparent. A typical empty cell 

run is shown in figure 3.5 

The resulting particle peaks were integrated over their width to obtain C(D,E,) , the number 

~q 8 
or counts, and the doubly differential cross-section dE was calculated from 

dO, , 

~flu C(D,E,) 
3.3 

where ntis the target density, ne is the number or electrons incident on the cell, ~n, was the solid 

angle subtended by the detector, C was the total counts in the particle peak, and ~E, is the 

energy bite or the detector. The energy bite was determined from 

~E 
-T=~E, 

E 

where ~E is the energy acceptance or the spectrometer. 

3.4 

In some cases where the desired particle peak approached the low energy noise "shoulder" in 

the spectrum, a fit to the background curve above and below the peak was performed, and the 

fitted background subtracted from the raw spectrum. This process was only necessary at lower 

particle energies, as the peaks shifted to the lower pulse heights. 

tPu 
The doubly differential cross-section dO dE can be calculated Cor each mass group of , , 

interest in a spectrum. The cross-sections are binned as a function or the particle's ene.rgy. The 

energies must also be corrected for the energy loss as they leave the target, and the Bethe-Bioch 

formula for energy loss was used for this calculation. 



4. ELASTIC SCATTERING RESULTS 

4.1. Data Analysis 

The elastic scattering of electrons from a spin ..!. nucleus is governed by the Rosenbluth 
2 

equation and the related equations given in section 2.1. The required value needed to ultimately 

calculate the elastic scattering form factor is the differential scattering cross-section d~,, where 

dO, corresponds to the cross-section with the recoil nucleus detected. In Chapter 3, the data 

analysis to the point of obtaining the final dt;E is described. 
r r 

c(lq 
In the present experiment, the elastic scattering spectra and corresponding cross-d!l,dE, 

sections d~, and form factors ha~e been determined for 13 values of the incident energy, varying 

from 109.1 to 214.3 MeV. The 3He recoil angle was fixed at 28.0 degrees, giving 13 values for rf, 

the momentum transfer squared, from 0.885 rm-2 to 3.20 fm-2• 

A typical elastic scattering spectrum is shown in Figure 4.1. A summary of the spectra is 

given in Table 4.1. Each of the spectra was integrated over E, to determine d~, . The observed 

low energy recoil tail was caused by incident electrons reduced in energy from Eo by radiative 

processes. These processes are illustrated in the Feynman diagrams of Figure 4.2, where the e and 

e' denote inciden·t and scattered electron respectively, Nand N the same for the nucleus. 

We also see a small, high energy tail on the spectra. This tail is believed to be caused by 

elastic recoil 3He, produced in the cell upstream of the spectrometer's view, being multiply or 

Rutherford scattered into the spectrometer by the cell wall foil. The higher energy results from 

the smaller recoil ~ngle (higher momentum transfer). Each spectrum had subtracted from it the 
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Figure 4.2 Feynman Diagrams of Radiative proce~ses 



Table 4.1 Elastic Peaks and High Energy Tail 
e, = 28.0° 

Eo f Epeak High energy 

(MeV) (rm-~ (MeV) tail ( p.b ) 
MeV sr . 

109.1 .885 6.14 . 0010 
125.0 1.15 7.97 .0005 
138.5 1.40 9.70 .0006 
142.7 1.48 10.26 .0004 
148.5 1.60 11.09 .0002 
158.0 1.80 12.47 .0004 
168.1 2.02 14.00 .0002 
175.6 2.20 15.25 .0003 
183.9 2.40 16.63 .0004 
191.1 2.60 18.02 .0001 
199.6. 2.80 19.41 .0001 
207.0 3.00 20.79 .0002 
214.3 3.20 22.20 .0002 

average cross-section of the points in this tail. The recoil energies E, and the high energy back-

ground subtraction are given in Table 4.1. The change in the cross-sections was small, of the 

order of 1 percent, and the convergence of the radiative corrected cross-section was dependent 

upon this subtraction. 

The elastic spectra have not been measured to E,=O, thus integration over the measured 

spectrum will not account Cor all radiative processes. To account for this cutoff at E,=Emm, we 

used the radiative correction of Meister and Y ennie23 
, in which the true cross-section is given by 

{ 1-8MJ{~ ooJ tPu dE 
dfl dE r Emin r r 

4.1 

where E'mm is the lower limit of the integration, and SMY is a correction factor for the low energy 

cutoff, and is a function or EmJn. The correction factor 8MY is negative near the elastic peak, 

increases as Emm decreases, and becomes positive far from the peak. The validity of this correc-

tion is shown in Table 4.2. 
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This correction should make d~, independent of .Emn. The validity of the Meister and 

Yennie correction has been previously shown for this experimental configuration in' reference 8. 

By perusing Table 4.2 containing a typical radiative correction calculation, we see the 

effectiveness or this correction in determining a cross-section independent of the cutoff Erom. 

Table 4.2 Radiative Correction Calculation Results 
E1> = 158.0 MeV t/' = 1.80 rm-2 

Emm ~~~row 8MY ( ~~"" 
(MeV) ( ~:.1 ( ~:.J 
12.15 .1138 -.9590 .125 
11.95 .1310 -.0787 .141 
11.75 .1389 -.0674 .145 
11.55 .1426 -.0590 .151 
11.35 .1449 -.0524 .152 
11.15 .1464 -.0468 .153 
10.95 .1475 -.0422 .154 
10.75 .1484 -.0381 .154 
10.55 .1488 -.0345 .154 
10.35 .1493 -.0313 .154 
10.15 .1502 -.0283 .154 
9.95 .1505 -.0256 .154 
9.75 .1506 -.0231 .154 
9.55 .1511 -.0208 .154 
9.35 .1515 -.0186 .154 

The doubly differential elastic cross-sections were sorted in 100 and 200 KeY energy bins, 

and the integrations to .various values of Emm. and the radiative corrections performed. The 

cross-sections were round to be independent or the bin width, to within 2% for almost all of the 

data, but one datum showed a difference of almost 10% between the two sorts, and two others 

about 5%. The final cross-sections were taken to be the averages of the two sorts. A typical 

radiative correction calculation on a 100 KeV sort is shown in Table 4.2. The integrated cross-

section is r d~ 1 , and r d~ 1 is the corrected cross-section given by equation 4.1. 
l t t41U l t COtt 



The low end or our radiative tail in Table 4.2 (9.35 MeV recoil energy) corresponds to an 

incident electron energy of about 135 MeV, or about 23 MeV below the peak for an incident beam 

of 158.0 MeV. Typical measured radiative tails for ( e,e) scattering extend only several MeV 

below the peak. Thus, our tail extends much lower than that of the ( e, e) work, and the radiative 

corrections are correspondingly much smaller. 

Finally, an adjustment was made to the cross-sections to account for scattering out or the 

spectrometer entrance of the ~e recoils as they exit the gas cell. These corrections, shown in 

Table 4.3, affected the lower rf values the most-, and virtually disappeared for the highest t/'. The 

multiple scattering factor was multiplied by d~ to arrive at the true cross-section. This correc• , 

tion factor will be discussed at length in Section 2 or this chapter. 

Table 4.3 Elastic Scattering Results 

Eo rf [ :J Multiple [ :J , .. :i G 
GE 

GE 
(MeV) fm-2 p.bfar. Scattering p.bfar. 

109.1 .885 .5311 1.72 .9133 ± 0.006 1.018 .6045 ± 0.002 
125.1 1.15 .4073 1.35 .5495 ± 0.003 1.023 .5320 ± 0.0015 
138.5 1.40 .2801 1.20 .3360 ± 0.003 1.028 .4563 ± 0.002 
142.7 1.48 .2605 1.17 .3048 ± 0.0025 1.029 .4464 ± 0.002 
148.5 1.60 .2080 1.14 .2371 ± 0.002 1.031 .4080 ± 0.0015 
158.0 1.80 .1525 1.095 .1670 ± 0.001 1.035 .3619 ± 0.0015 
168.1 2.02 .1135 1.071 .1216 ± 0.001 1.039 .3261 ± 0.001 
175.6 2.20 .0885 1.052 .0991 ± 0.0015 1.043 .2963 ± 0.002 
183.9 2.40 .07Z7 1.042 .0757 ± 0.001 1.046 .2782 ± 0.002 
191.1 2.60 .0518 1.029 .0549 ± 0.0005 1.050 .2411 ± 0.001 
199.6 2.80 .0429 1.010 .0433 ± 0.0004 1.052 .2256 ± 0.001 
207.0 3.00 .0357 1.005 .0359 ± 0.0004 1.056 .2117 ± 0.001 
214.3 3.20 .0288 1.001 .0288 ± 0.0005 1.060 .1952 ± 0.0015 

Also shown in Table 4.3 are the final cross-sections and the values of GE derived from them. 

The errors quoted in Table 4.3 ·for d~ and the form factors are the statistical -errors combined in , 

quadrature with a 1% uncertainty resulting from each or different binwidths and radiative 



corrections In the calculation of the form factors, we have assumed scaling of the form 

Gm = p,Ge, where p, is the magnetic moment of !Jie. This scaling removes the magnetic scatter-

ing dependence of the the cross.section7.S. Values for gE are also given, showing the validity of 

this analysis. This validity was noted in references 7 and 8 for our range of momentum transfers. 

4.2. Multiple Scattering Correction Factors 

In passing through matter, charged particles experience many random, small angle scatter-

ings from nuclear charge potentials. These scatterings have the effect of causing the particles in a 

collinear beam to emerge from matter in diverging directions, with a probability distribution giv-

ing the number of particles emerging between the angles e and B+ilO. 

In our experiment, this deviation causes a loss of counts in the spectrometer due to scatter-

ing of the detected beam away from the spectrometer's entrance aperture. The foil wiJI also 

scatter some 3He ions into the spectrometer acceptance. The theory of multiple scattering used 

for the calculation of the correction factors above is found in reference 24. We assume for the 

moment that the distribution function P(B)dB for the angular deviation of a beam of particles 

passing through a foil is the Gaussian distribution given by 

P(B)dO - 4.2 

where e is the angle of deviation, and < 02> is the mean square angle of deviation, which must 

now be found by integrating 1(0)82 between some minimum and maximum scattering angles, 

where J(B) is the probability of deflection through an angle e in a small thickness dz of the foil. 

For very small angles, the screening of the nuclear charge by the electron cloud of the atom must 

be taken in to account, since it reduces the cross-section for scattering. This screening effect gives 

the lower integration limit (}min· The maximum angle 8rrwc. was chosen by reference 24 as the angle 

so that there is, on the average, only one collision in the passage through the foil with 8 > em&X. 
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The result for < 02> is 

4.3 

where N is the volume density of the nuclei in the toil, t is the foil thickness, Z is the atomic 

number or the atoms in the foil, z is the charge or the incident particle, and e is the electronic 

charge. In the non-relativistic case of our 3He recoils, the product pv becomes 2 T where T is the 

kinetic energy of the 3He. 

A computer program calculated the fraction of scattered ~e ions produced in our gas cell 

that were scattered out of the spectrometer acceptance by the Havar foil or the cell walls. In 

addition, the scattering into the spectrometer by the cell wall was also calculated, as was a correc-

tion factor for the cross-section. This factor was multiplied by the apparent (detected) cross-

sections to arrive at the true cross-sections. 

Table 4.4 Multiple Scattering RMS Angles and Correction Factors 

tf E, ORMS ~1ultiple Scattering ~M.S. 
rm-2 (MeV) (degrees) Factor Factor 
.885 6.14 3.14 1.72 .103 

1.15 7.97 2.39 1.35 .049 
1.40 9.70 1.95 1.20 .031 
1.48 10.26 1.84 1.17 .024 
1.60 11.09 1.69 1.14 .020 
1.80 12.47 1.50 1.095 .013 
2.02 14.00 1.33 1.071 .010 
2.20 15.25 1.21 1.052 .007 
2.40 16.63 1.11 1.042 .006 
2.60 18.02 1.02 1.029 .004 
2.80 19.41 .944 1.010 .001 
3.00 20.79 .878 1.005 .001 
3.20 22.20 .820 1.001 

A different, less accurate expression for < 02> was also tested in the program, and found to 

give correction factors about 20% higher than those quoted above. The simpler expression 



differed only in the logarithmic argument, and resulted from a different expression for the max-

imum angle or deflection. This expression for <02> was26 

<if-> = 41rN~~:?e• log (204z-'/3) 
p • 

4.4 

The logarithmic argument is simpler, and does not contain any energy dependence, as in Eqn. 4.3 

above. This reflects the different choice or Omax. The multiple scattering calculations for this 

experiment are given in Table 4.4 

The probability distribution taken above was assumed to be Gaussian, but later workers2e,27 

considered non-Gaussian distributions as well. These non-Gaussian theories take into account 

fewer, larger angle scatterings, in addition to very many small angle scatterings, thus bridging the 

gap between multiple and Rutherford scattering. Specifically, Moliere2G expands the distribution 

function as a series, the leading term of which corresponds to the Gaussian of Eqn. 4.2. Calcula-

tions for the terms or the series were performed by Nigam et al.21 and given in their Table III. 

Comparison or ~he Gaussian plus next term showed that the Gaussian alone was, in order or 

increasing angle, smaller, larger, and then smaller than the sum or the first two terms or the exact 

solution. Thus, there seems to be no reason to accept these more modern, and much more com-

plex, theories as being any more accurate than the pure Gaussian. The correction factors used 

were calculated from Eqn. 4.3 and the pure Gaussian distribution Eqn. 4.2 

The average deviation or the modern, exact theory in Nigam from a pure Gaussian was 

9.4%. This has been taken as an indication or the uncertainty in the correction factors due to the 

assumption or a pure Gaussian. We assumed a 10% uncertainty in the correction factor due to 

the uncertainty in <82>, and combined in quadrature with a 10% uncertainty from assuming 

Eqn. 4.3, we obtain an error in the correction factor of 14%. These uncertainties are shown in 

Table 4.4. 



4.3. Form Factor Results, Comparisons, and Analysis 

The Saskatchewan values for G J.. q) are plotted in Figure 4.3, along with previous ( e,e) 

data1-0. The error bars shown Cor our data points in Figure 4.3 are statistical only, and the errors 

in the ( e, e) data are the errors quoted in the references. 

We see that the qualitative agreement is very good, even in the range of lower momentum 

transfer where the multiple scattering corrections were relatively large. The previous data used 

for comparison in the numerical fitting were those of Dunn, Collard, McCarthy, and Szalata. 

Only the data with rf less than or equal to our highest value were used in the fits. The quoted 

values Cor the RMS charge radii from previous experiments are: 

Collard 

McCarthy 

Dunn 

Szalata 

r = 1.87 ± 0.05 rm. 

r = 1.88 ± 0.05 rm. 

r=l.935±0.03 fm. 

r = 1.89 ± 0.05 Cm. 

To extract the RMS charge radius, we will fit the data using the three methods described in 

Chapter 2.1. We will perform the fits both with and without the Saskatchewan data to ascertain 

the effect of our results on the radius. 

The results Cor the simple polynomial fit or Equation 2.13.1 are shown in Table 4.5, where 

x;e:~ is the reduced x2 or the fit. The data and the fourth order fit (best x;ed) are shown in Figure 

4.4. 

A least squares fit to the Gaussian Corm factor or Equation 2.16 gives the results shown in 

Table 4.6. The Saskatchewan data and the second order fit are shown in Figure 4.5. The errors in 

the radii in f'ables 4.5 and 4.6 are those from the error matrix of the fit only, and do not contain 

any component due to the consistency of the various orders of fit. 
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Sask. data 
order radius 

(fm) 
2 1.64 
3 1.76 
4 1.81 

Table 4.5 Polynomial Fit Results 
rf < 3.2 rm-2 

Previous and Sask. Previous data 

x;ed order radius 2 
X red order radius 

(fm) 
4.64 2 1.66 7.41 
4.84 3 1.76 3.96 
8.2 4 1.83 4.01 

Table 4.6 Gaussian Fit Results 
rf < 3.2 rm-2 

(fm) 
2 1.685 
3 1.83 
4 1.88 

x;ed 

6.87 
2.71 
6.61 

Sask. data Previous and Sask. Previous data 
order radius 2 

X red order radius 2 
X red order radius x;erl 

(fm) (fm) (fm) 
1 1.77 16.5 1 1.78 10.61 1 1.79 5.22 
2 1.91 6.94 2 1.88 5.09 2 1.88 2.79 
3 1.77 3.87 3 1.79 4.08 3 1.89 2.81 
4 1.81 4.50 4 1.91 3.91 4 1.92 2.86 

We see that the polynomial and Gaussian fits of the various data sets give consistent results 

as the new data are added. Addition of the Saskatchewan data seems only to increase the value 

of x2 of the fit, because of the fairly small statistical errors. These fits are shown Cor purposes of 

illustrating the consistency of the new data with previous data; no particular value Cor the radius 

is claimed yet. A value for the RMS radius will be found in Chapter 5 using a Fourier-Bessel 

expansion for the charge density. 

Finally, a fit to the modified Gaussian form factor of the type used by Dunn, Equation 2.19, 

gives the results in Table 4.7 Cor the fitted constants in Equation 2.19 

Dunn quotes values of a4=.038 :1:: .005 fm4 and r = 1.935 :1:: .03 fm for his data alone Cor this 

modified Gaussian form factor. The best fit of the Saskatchewan data using this function is 
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Flg .. 4.6 Modified Gaussian Best Fit 
1 

x Saskatchewan 
. 8 ·-

1 Previous 

.6 
w 

(!) 

. 4 ·-

. 2 -- solld - all data 

dashed - Sask data only 

0 ' I 

0 .5 1 1 . 5 

nffm- 1\ 

2 

I 
w 
--.:J 
I 



r(fm) 

a4(fm4
) 

2 
X red 

shown in Figure 4.6. 

Table 4.7 Modified Gaussian (Dunn) Fit Results 
tf < 3.2 rm-2 

Sask. data Previous and Sask. Previo"Us data 
1.884 ± .03 1.892 ± .03 1.906 ± .045 

.0224 ± .008 .0255 ± .008 .0307 ::f:: .015' 

9.87 6.02 2.62 



5. MODEL INDEPENDENT CHARGE DISTRffiUTION 

5.1. Introduction 

Until very recently, the extraction or the charge and magnetic distributions of ground state 

nuclei from elastic scattering form factors has been primarily accomplished by assuming some 

model, or shape dependence or the distribution or form factors. Fitting to the data gave the 

values or the model's parameters, and thus the distribution. While most or these models stand on 

firm theoretical grounds, it is still unsatisfying to force the data analysis to give some precon-

ceived shape for the charge distribution. Model independent analysis holds the advantage or 

allowing the data alone to determine completely the charge densities or the nucleus. 

One such model independent method29•30 expresses the radial charge density as a sum or 

spherical Bessel functions of order zero. Dreher et al.20 have laid the groundwork for this type of 

analysis, and Cardman et al.80 have applied it to determine the RMS radius or '12C. We shall 

apply it to !Jie and, later, compare 3He and !Jl RMS radii for similar model independent fits. 

5.2. Theory 

The radial charge density of a nucleus can be expanded as20 

00 

P( r) = E llv io( qvr) r < R 5.1 
v=l 

p(r) = 0 

where 

5.1.1 
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is the vt" zero of the otn spherical Bessel function j 0(z). R is called the cutoff radius, outside of 

which the density is zero. Shown in Figure 5.1 is j 0(qvr) Cor the values of v=1,2,3,4. The vt" zero 

occurs for qvfl=ll1r. We also find that46 

. ( ) sin z 
JoZ = -

% 

where the spherical Bessel functions are related to the regular Bessel functions by48 

5.2 

5.2.1 

The spherical Bessel function is a logical candidate for the expansion function since it is smoothly 

varying (see Figure 5.1), is everywhere continuous (particularly at x=O), and higher order terms 

correspond to higher frequency Fourier components. A demonstration of Fourier Bessel fitting is 

given in Appendix A. 

The measured charge form factors are the Fourier transform of this charge density, 

00 

GJ. q)= 411' J sin( qr) p( r} r dr 
q 0 

Substitution gives, for the Corm factor21, in terms of the av's, 

00 

G£{q) = E 
v=l 

-4 av sin ( qR) 

ll q it(ll1r) ( i-iv) 

where 

. ( ) sinz cosz JtZ=-----r z 

5.3 

5.4 

5.4.1 

is the first order spherical Bessel function. The fitting function for the charge form factor 

becomes 

5.5 

where 

5.5.1 



is the vth basis function. These basis functions are orthogonal, thus extending the fit to N+ 1 

coefficents should not change the previous N coefficents. 

An existing tomputer code was modified to utilize these basis functions. It generates N 

simultaneous equations for av by minimizing the x2
, then solves the equations using matrix 

methods. The errors in the coefficents determined are given by the diagonal elements of the error 

matrix (inverse of the curvature matrix) in the usual manner. For a complete discussion of the 

fitting procedure, refer to reference 31. The application of the Fourier Bessel fit to two very 

different trial functions is presented in Appendix A. 

Once the coefficents av and their respective errors are found, the charge density is trivially 

given by Eqn. 5.1, and the uncertainty in the density by standard error theory as~ 

5.6 

with 

5.6.1 

where M is the number or fitted experimental points GfP ± tl.(!fP, N is the number of terms in 

the expansion, and Evp. are the elements of the fit's error matrix. The partial derivatives can be 

calculated from Eqns. 5.1 and 5.4. The value Ap( r) corresponds to the standard deviation or a 

Gaussian distribution which describes the uncertainty in p( r). 

Once the charge distribution is known, the &\fS radius is easily calculated by 

along with the normalization 

00 

<r2> = 4?rf r4 p(r) dr 
0 

00 

1.0 = 41f J ,.2 p( r) dr 
0 

5.7 

5.8 

Since p( r) is a very smoothly varying function of r, the trapezoidal rule was used for the numeri-



cal integration required. A mesh size of .02 fm. was used, and a check with a mesh size of .005 

rm. (200 points per rm) gave no change in the value of the integrals. 

The method of calculating the uncertainty in the RMS charge radius is discussed in more 

detail in Appendix B, and the error equation used is presented there. 

The experimental data used for the fit cover a range from (!=0.0316 fm-2 to r=l02.8 fm-2• 

The high q data of Arnold et at.3 and the low q data from Szalata et al.6 were added to the data 

used for the fits in Chapter 4. The upper limit on q places the constraint29 

qmax R = N'I.DU 1r 5.9 

on the maximum number of coefficents Nrm.x that can be derived from data ranging up to qmax. 

Fitting to Nmax + 1 or Nl'l»J( +2 coefficents should give much worse fits, as the last one or two 

coefficents are almost completely undetermined by the data. We see that the charge structure of 

R 
the nucleus at r < N, is not well determined by this analysis. Since we are pri~arily 

1r max 

interested in an RMS charge radius, and not structure at small r, we will not assume a model for 

q > qmax as previous workers have. 

5.3. Computer Codes and Solutions 

An existing computer code for least squares fitting was adopted for use in this procedure by 

changing it's basis functions to those of Eqn. 5.5. The input and output characteristics of the 

program were modified, and array sizes were increased to handle up to 20 coefficents. This limit 

was imposed by the size of the core memory needed to invert large matrices. 

The coefficents thus generated were input to another program to calculate the charge den-

sity (Eqn. 5.1), its error (Eqn. 5.6), the RMS charge radius (Eqn. 5.7) and the normalization (Eqn. 

5.8). The orthogonality of the basis functions was demonstrated by the consistency ol the 

coefficents as N was increased (see Table Al). They changed very little, particularly if v was 

quite smaller than N. The fitting was performed for values of R=3.0 to 10.0 fm in steps of 0.5 



rm, and for N=4 to N=20. The normalization (Eqn. 5.8) and the x2 or the fit were monitored to 

indicate the goodness of the fit. 

Table 5.1 Complete Fit Results For Ranges of R and N 

Cutoff Radius R (fm) 

RMS radius 
X~ed 3.0 rm. 4.0fm. 5.0 fm. 5.5 fm. 6.0fm. 8.0 fm. 

00 

41r J r2p( r)dr 
0 

1.67 1.841 1.895 1.996 2.14 3.16 
v=4 38.8 10.9 11.65 24.69 75.9 714.7 

.943 .9881 1.002 1.03 1.07 1.38 
1.67 1.844 1.887 1.885 1.897 2.78 

v=6 31.4 7.71 10.19 10.54 10.51 33.7 
.945 .9893 .9968 .9951 .9987 1.09 

1.845 1.881 1.889 1.93 2.06 
v=8 3.67 7.03 7.97 8.18 10.7 

.9894 .9950 .9956 1.004 1.009 
1.842 1.877 1.904 1.90 2.18 

v=10 3.31 3.52 5.22 6.75 10.37 
.9890 .9946 .9985 .9985 1.03 

1.851 1.877 1.891 1.886 2.13 
v=12 3.13 2.75 2.95 3.72 8.02 

.9904 .9950 .9964 .9958 1.02 
1.881 1.8765 1.885 1.880 2.12 

v=14 2.84 2.77 2.79 2.87 6.20 
.9949 .9949 .9955 .9949 1.02 

1.879 1.886 1.883 2.14 
v=l6 2.80 2.82 2.83 3.74 

.9949 .9955 .9956 1.02 
2.71 1.879 1.883 2.12 

v=18 984.8 2.85 2.86 2.89 
39.1 .9947 .9955 1.02 

3.29 3.08 2.12 
v=20 14.33 2.94 2.81 

4.05 2.02 1.02 

The results of these calculations are presented in Table 5.1 Each combination of the param-

eters R an<l N gives 3 values of interest, the RMS radius, the reduced x2, and the normalization 

Eqn. 5.8. Table 5.1 gives these numbers, in order, for each pair of R and N in the table. The 

three expressions for these quantities are shown in the upper left corner of the table, and serve as 



a reminder of what the three numbers are. It was found that within a range for R from about 4.5 

fm to 6.5 Cm, the value of the cutoff radius has little effect upon the RMS radius, with the x2 and 

normalization showing the limits of R within which we must function. Also note the consistency 

of the results as N increases until the limiting Nmax, given by Eqn. 5.9 is exceeded by 1 or 2. 

The best fit was determined by the best reduced x2
, and was given by R=5.0 fm. and 

N=12 coeflicents. Many pairs of R and N showed almost as small x2
, good normalization, and 

very nearly identical radii. It instills confidence in the power of the method to see such a "pia-

teau" of consistent radii for the ranges of the parameters Rand N, as seen in Table S.L 

The relation among qma,x, R and N given in Eqn. 5.9 was explored and found to hold quite 

well. As N increased with the others held constant, the results were very poorly behaved as Nmax 

was exceeded, with the radius giving very different answers, and the normalization varying much 

from the value 1.0. Reducing qmax by slicing of varying portions of the high q data also showed 

the validity of Eqn. 5.9. 

In summary, the fit results were smooth and consistent, provided the parameters R and N 

remained inside the boundaries set by Eqn. 5.9, and keeping 4.5 fm < R < 6.5 fm.. These boun-

daries on R were determined by obse"ing the values of x2 and the normalization as R was varied. 

3 5.4. He Results 

The best fit to the data was found to be for R=5.0 fm. and N=12 coefficents. These 

parameters gave values of 

1 

< r2> 2 = 1.877 ± 0.019 fm. 

00 

41f J r2p(r)dr = .9950 
0 
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The best fit is shown, with the data, in Figure 5.2. The resulting charge distribution and the 

charge distribution given by McCarthy are shown in Figure 5.3. The units or p(r) is elementary 

co 

charges. per fm3
, and integration of the distribution in Fig. 5.3 gives 4nJ ,-2p(r)dr = 2.0 = Z. We

0 

have changed the normalization of reference 40 to 2.0 rather than 1.0 to give the proper units of 

p( r). The coefficents av oC the fit are given in Table 5.2. The large x;ed of the fit is an artifact of 

the small statistical errors quoted for the form factors, and the much larger systematic discrepan· 

cies between data and points in different sets. For example, at f = 1.0 rm-2
, the values or GE 

are, from different data sets, .576 ± .007, .567 ± .004, and .557 ± .003 and we see systematic 

di1ferences much larger than the statistical errors. 

Table 5.2 Fourier Bessel Coefficents, Best Fit 

v av ~av 

1 9.9442 X 10-a 1.1836 X1~ 
2 2.0829 X 10-2 3.6917 X Io-5 
3 1.8008 X 10-2 5.3710 X 10-6 
4 8.9117 X 10-a 7.6362 X 10-o 
5 2.3151 X 10-3 2.0798 X 10-4 
6 2.3263 X 10-3 2.8315 X 10-4 
7 2.5850 X 10-3 1.7178 X 10-4 
8 1.9014 x 1o-3 1.5770 X 10-4 
9 1.2746 X 10-3 9.4710 X 10-o 

10 7.0446 X 10-4 5.3322 X 10-o 
11 3.0493 X 10-4 3.9754 X 10-' 
12 1.1389 X 10-4 2.8187 X 10-' 

The value of the radius is in excellent agreement with the radii quoted by Collard 

(1.87 ± 0.05 fm) McCarthy (1.88 ± 0.05 fm), and Szalata (1.89 ± 0.05 fm). The radius given by 

Dunn, (1.935 ± 0.03 fm), is higher, as should be expected, as Figure 5.4 b) show his data con-

sistently lower than those of the Stanford experiments. The deviation of each data set from this 

best fit form factor is given in Figure 5.4 a)-f). The percent difference is calculated 

(q-qfit) X 100 
%Diff= ---

a'tit 
5.10 
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\Ve see consistently larger cross-sections or McCarthy for his lower q points, and the consistently 

lower cross-sections ol Dunn, illustrating the source of the discrepancy between their radii. The 

present data set, and those of Collard, Arnold, and Szalata show no systematic trend in deviation 

from the best fit. The scales in Figures 5.4 e) and f) have been changed, reflecting the special 

needs of these data. 

A Fourier Bessel fit without the new Saskatchewan data yields a radius of 1.875±0.019 fm, 

with a X~ed oC 2.07. The fit parameters in this case are R=4.8 fm and N=13. The normalizing 

00 

integral is 411' J r2p( r)dr== .9936. We see again that the addition of the new data has little effect 
0 

upon the results. 

5.5. Comparison of 3He and 3H Radii 

This technique of fitting has also been applied to the existing data for elastic scattering from 

tritium. As the other nuclear three-body system, tritium has not been as extensively studied 

experimentally by elastic scattering. Indeed, there are only 3 rather sparse data sets in existence, 

one by Collard1 taken concurrently with his 3He data, one experiment at Saskatchewan7, and 

some recent work from MIT32• These measurements extend to tf = 8.0 rm-2 or qifW( = 2.82 fm-1, 

and number 30 points. The values for the charge form factor are given in Table 5.3. 

The interest in the 3 body radii is due mainly to assignment of the mass difference between 

3fle and 3fi to electrostatic effects, and the RMS radii are needed to calculate this mass difference. 

Fitting all the 3H data to the model independent analysis of the preceding sections showed 

the best fit to occur at R=3.25 fm. and and N=3 coefticents, with a reduced x2 or 3.45 per 

degree of freedom. This corresponds to a radius of 1.635 ± 0.041 tm. and a normalizing integral 

of 1.016. The fit is shown in figure 5.5. Again, the validity of Eqn. 5.9 was seen in the fit results. 

The previous radii calculated are those of Collard (1.70 ± 0.05 fm), and Beck (1.69 ± 0.05 
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Table 5.3 Tritium Form Factors 

tf q GE 
rm-2 rm-1 

.290 .538 .885 ± 0.063 

.386 .621 .863 ± 0.055 

.450 .671 .769 ± 0.069 

.481 .694 .784 ± 0.062 

.600 .775 .790 ± 0.058 

.670 .819 .789 ± 0.033 

.775 .880 .769 ± 0.073 

.850 .922 .743 ± 0.042 

.900 .949 .603 ± 0.048 

.951 .975 .682 ± 0.044 
1.000 1.000 .579 ± 0.048 

.0477 .218 .967 ± 0.-057 

.093 .305 1.04 ± 0.040 

.256 .506 .933 ± 0.017 

.563 .750 .813 ± 0.008 
1.04 1.02 .677 ± 0.010 
1.50 1.225 .515 ± 0.008 
2.19 1.48 .378 ± 0.006 
2.96 1.72 .280 ±. 0.008 
1.00 1.00 .624 ± 0.007 
1.50 1.225 .503 ± 0.007 
2.00 1.41 .387 ± 0.007 
2.50 1.58 .312 ± 0.006 
3.00 1.73 .267 ± 0.005 
3.50 1.87 .215 ± 0.004 
4.00 2.00 .175 ± 0.003 
4.50 2.12 .137 ± 0.003 
5.00 2.24 .118 ± 0.004 
6.00 2.45 .0758 ± 0.0041 
8.00 2.82 .0295 ± 0.0018 

fm., from Sask. and Collard data), both or which barely agree with the above value 1.635 ± 0.041 

rm. 

A fit to all or the !fie data up to the same high q cutoff qrrwr. results in a radius or 

1.87 ± 0.032 fm. The reduced x2 or the best fit was 3.09 , normalization was .9933. The parame-

ters were R=4.4 fm and N=4 There were 82 data points with q < 2.82 /m-1
• 

The ratio or the radii determined, over comparable ranges of q, is round to be 



A model independent analysis of the available !Jle charge form factors was found to give 

good, consistent results for wide ranges or the parameters R and N, as shown in Table 5.1. The 

best fit RMS radius was found to be r=1.877 :1: 0.019 fm. with a reduced x2 o( 2.75, large because 

of the small statistical errors in the data, compared to the systematic differences in data sets. 

This radius is in excellent agreement with three of four previous results for the radius, and with a 

reduced uncertainty over previous analyses. The resulting fit and charge distribution are given in 

Figures 5.2 and 5.3. The coefficents avo( the fit are shown in Table 5.2 

Comparable fits to !Jle and 3H give radii ot 

!Jle r = 1.87 :1: 0.032fm. 

3Jl r == 1.635 :1: 0.041fm. 

with a ratio or 

r (!Jle) ( == 1.15 :1: 0.05 
r ~) 



6. PHOTODISINTEGRATION RESULTS 

6.1. Angular Distributions 

As outlined in Chapter 2.2, the angular distributions can be analyzed in two ways, one by 

determining the expansion coefficients Cts from the electrodisintegration cross-sections and 

transforming to the C?'s using the transformations given in Eqn. 2.23. Alternately, dividing the 

electrodisintegration cross-sections by the dominant multipole spectrum yields the effective photo-

disintegration cross-sections, which can then be directly fit to Eqn. 2.22. 

The effective photodisintegration angular distribution obtained for E7 == 14.3 MeV is shown 

in Figure 6.1 as the data points. This was calculated by assuming E1 was the dominant mul-

tipole, and dividing the electrodisintegration cross-sections by the E1 VP spectrum. "fhe shaded 

error band shows the results of the complete virtual photon theory transformations (Eqns. 2.23). 

We see that there is good agreement by assuming that E1 transitions dominate (division by the 

E1 spectrum only). 

The Legendre expansion coefficents determined for E7 = 14.3 MeV are presented in Table 

6.1 Cor both Eqn. 2.22 and Eqn. 2.23. The uncertainties in the coefficents are, again, from the 

error matrix determined by the fit. 

Table 6.1 Angular Distribution Coefficents 

CD cl c2 c3 c4 
Eqn.2.23 76 ± 1 -0.26 ± 0.02 -0.92 ± 0.03 0.18 ± 0.03 -0.01 ± 0.04 

Eqn.2.22 78 ± 1 -0.29 ± 0.02 -0.92 ± 0.03 0.24 ± 0.03 -0.02 ± 0.0 
Matthews et al. :.» 47 ± 1 -0.45 ± 0.02 -0.87 ± 0.04 0.36 ± 0.04 -0.08 ± 0.6 

van der Woude et a/.30 0.81 ± 0.01 -0.33 ± 0.01 -0.89 ± 0.01 -0.29 ± 0.02 -0.08 ± 0.01 
Fetisov et al.M 72 ± 6 0.46 ± 0.11 -0.67 ± 0.17 -0.41 ± 0.19 -0.13 ± 0.2 
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Also in Table 6.1 are shown the coeflicents found by previous experimenters. The experiment of 

van der Woude was a capture experiment, and detailed balance was not applied in the fitting pro-

cedure that we used. This explains his C, of 0.81 ± 0.01. 

Table 6.2 l11Jl Cro~section Ratios 
l1EJ. 

Eqn 2.23 
Eqn 2.22 

Direct term 
(Eqn.2.26) 

.6 ± 2.5 
1.3 ± 2.5 

Interference term 
(Eqn.2.27) 
.5 ± 0.2 
.9 ± 0.2 

The substitution of these fitted coefficents to Eqns. 2.26 and 2.27 yield the values for the 

l1E2 
transition ratios given in Table 6.2. The errors in the ratios are determined by standard 

(TEl 

methods from the equations for the ratio. The results of van der Woude et al.38 (5.1 ± 0.6 %, 

1.4 ± 0.2 %), Matthews et al.20 (5.2 ± 3.2 %, 2.2 ± 0.2 %) and Fetisov et al.M (11 ± 2 %~ 

4.5 ± 4.8 % ), direct and asymmetry terms respectively, are in general disagreement with the 

above data. Furthermore, the results of the polarized proton capture experiment of Skopik 

et al.37 also give a value (12 ± 5 %) in disagreement with the present data, though a remeasure-

ment with a gas cell target lowered the E2 strength47• 

The theoretical values for the transition ratio are in much better agreement. Barbour and 

Hendry13 find less than 2% E2 strength in the region of the peak in the cross-section ( 15 MeV). 

They used a Faddeev type calculation and plane wave calculations. Aufleger and Drechsel30 find 

about 1% E2 strength. Thus, the present data seems to agree with the theoretical calculations in 

the ratio o( (1E2 transition strength in the 2 body photodisintegration or ~e. 
l1El 
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6.2. Isochromats 

The isochromats may be extracted from the experimental data using Eqn. 2.28. They may 

also be calculated from the theoretical total cross-section O'~/J.E7) via Eqn. 2.29 

Using an lrving-Gunn ground state 3He wavefunction, a Hulthen deuteron wavefunction, 

and a plane wave final state, the total photodisintegration cross-sections may be calculated for 

each of El and E2 transitions. The corresponding isochromats were then found for various mix-

tures of Eland E2 strength by Eqn. 2.29. 

The isochromat measured Cor E7 == 14.3 MeV is shown in Figure 6.2, along with the theoret-

ical isochromat for various percentages of E2 contribution. We see that the present experimental 

data require an E2 contribution or less than 2%. 

In analyzing the other isochromats, the data of Kundu38 were used in the analysis to avoid 

unnecessary extrapolation in the angula~ integrations to find the experimental isochromats. We 

inverted his VPS conversion to photodisintegration cross-sections to find his electrodisintegration 

angular distributions. Some of his data were rechecked and found to be consistent with our new 

data. 

The data were also analyzed in a different manner. The experimental isochromats were 

fitted to Eqn. 2.29 and the coefficents of the fits, the El and E2 total cross-sections, were then 

used to find the ratios of the strengths. The ratio$ thus determined are presented in Figure 6.3. 

We see that the E2 importance increases as E7 increases. In the region of E7 ==15 MeV, the E2 

contribution is about 2%. The two solid lines are the results of two theoretical predictions for the 

ratio of E2 to El strength. One was a simple plane wave model (PW), and the other contained 

final state interactions. (FSI). We see that the data do not yet allow us to distinguish between 

these two calculations. 

We find that the present data support the 
17

E2 ratios found theoretically by references 
(fEl 

13,39, and disagree, for the most part, with previous experiments20.35.38.!7 • Angular distribution 
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measurements determine the % E2 contributions to the photodisintegration cross-section near its 

peak to be less than 1.3%. This amount of E2 strength is also consistent with the isochromats 

that were measured. 



7. SUMMARY AND CONCLUSIONS 

The charge form factor or the ground state of 3J-Ie has been successfully measured by detect-

ing the recoil ions from the scattering event. Our data agree weD with previous (e,e) data within 

the range or momentum transfer squared from tf == .885 fm-2 to f == 3.20 rm-2
• Least squares 

fits to the models used by previous authors result in virtually no change in the RMS radius with 

the addition or the new data. 

A model independent determination of the radial charge density from all existing 3He data 

(0.0316 fm-2 S tf < 102.8 fm-2 ) yields an RMS radius for the charge distribution of 

l. 
< il> 2 == 1.877 ± 0.019fm. 

This radius is in excellent agreement with the radii given . in ref. 1, 2 and 5, and is somewhat 

lower than that given in ref.4. The large reduced x2 is due to the systematic differences between 

data sets, combined with th~ small statistical errors quoted. This Fourier-Bessel series fit gave 

very consistent radii over a wide range of the parameters Rand N. 

The relatively sparse 8Ji elastic scattering data were also analyzed utilizing the Fourier 

Bessel method. The RMS radius obtained was compared to a ~e radius obtained by using only 

the 3He data over the same range of q. The results for the radii are 

r(3He) == 1.87 ± 0.032 fm. 

r(!Jf) == 1.635 ± 0.041 rm . 

.!f!!1 - 1 1· ± o o· 3 - • 0 . 0 
r( H) 

The ~e radius is in good agreement with the best fit radius, but the 3fi result is about 3% and 



4% lower than previous estimates. 

The angular distributions or the electrodisintegration reaction 3He(e,d}e'p have been meas

ured, and virtual photon formalism used to extract the equivalent cross-sections Cor the reaction 

~e("'f,d)p. The angular distributions indicated a smaller E2 transition contribution than previous 

experiments, but agreed with the best theoretical calculations to date, at less than or equal to 2%. 

A theoretical calculation or the total photodisintegration cross-section Cor E2 and El transi

tions was performed using an Irving-Gunn ~e ground state wavefunction and a Hulthen deuteron 

wavefunction. The experimental isochromat at E7 = 14.3 MeV agreed best with a less than 2% 

E2 admixture in the cross-section. Fitting to the experimental isochromats at additional excita

tion energies also indicated less than 2% E2 strength. The E2 transition strength was found to 

increase as the excitation energy increased, but the data were not accurate enough to choose 

between a plane wave calculation, and one containing final state interactions. 
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APPENDIX A: DEMONSTRATION OF FOURIER BESSEL FITTING 

This appendix illustrates the ability of the Fourier Bessel fit, used in Chapter 5, to repro-

duce given trial functions. The best test or any fitting procedure is how well it reproduces a given 

function. We attempted to fit two functions in showing this method's accuracy. The first was 

the step function 

.l(z) = 1 z< 5 AI 

J{z) = 0 z > 5 

which provides a stern test of any fitting procedure. It is difficult to reproduce because the 

abrupt cutoff demands high frequency components in the fitting function. The second was the 

exponential function 

J{z) = exp(- 4 ~/6} A2 

chosen since it approximates a smooth elastic Corm factor curve. 

The data sets used for the fitting each contained 100 data points, equally spaced over the 

domains 

step x=O to 10 

exponential x=O to 4 

The uncertainties in the trial functions were taken to be ± .02 for the step function, and ± 5% 

for the exponential function. The parameters R and N were varied to minimize the x2• 

The accuracy or the fit to the exponential function is demonstrated in Figure Al. Eighteen 

coefficents were used in the fit, and X~ed was .002. The ordinate of the graph is the % difference 

between the trial function and the fitted function, defined as 

% Dijj = fit-t.ria,l X 100 
tr1a,l 

A3 
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We can see the great accuracy of the fit, as the difference from the trial function is usually sub-

stantially less than 1%. 

The final fit results for the step function are shown in Figure A2. The fit to the function 

{dashed line) is compared to the input {solid line). The reduced x2 was 7.60, with 20 coefficents 

used. The results for this very difficult fitting problem are quite good. 

The orthogonality of the basis functions manifests itself in the constancy of the first N 

coefficents as the fit is extended to N+ 1 coefticents. This is illustrated for our fitting functions in 

Table AI, which shows the coefticents of the exponential fit Cor the different orders of the fit. 

Note the small change in the coefficents as the order of fits is greatly increased. 

Table Al Orthogonality or Basis Functions 

N=6 

4.9132 X to-' 
2.0080 X l<J3 
4.2752 Xl~ 
4.2874 Xl~ 
7.4019 X lo-' 
5.4600 Xl~~ 

N=IO 

5.0350 X to-t 
2.0424 X1~ 
4.0552 XI~ 
4.7144 X lo-' 
6.00IO Xl~ 
5.5935 XI~ 
5.5624 X1~ 
4.4755 Xl~ 
2.7Zl5 Xl~ 
2.2860 XI~ 

N=14 

5.1823 X 1o-' 
2.0324 XI~ 
3. 9796 X Io-' 
4.9137 X l<J3 
6.7448 Xl~ 
5.7695 X 1<J3 
5.5182 XI~ 
4.4I75 X 1o-3 
2.8207 X Io--3 
2.2076 X to---a 
1.045I X Io--3 
7.4129 X lo-t 
2.0860 X I a-t 
1.8141 X lo-' 

N=18 

5.5372 X 104 

2.0033 X I0-3 
3.8I67 x1r 
5.3587 X 10-3 
6.18I4 X I0-3 
6.I753 X 10-3 
5.4181 X 10-3 
4.Zl21 X 10-3 
3.0612 X 10-3 
1.9914 X 10-3 
1.1927 X 10-3 
6.5524 X 10-t 
3.3269 X 104 

1.5558 X 104 

6.7676 XlO~ 
2.7109 X 10~ 
1.0126 X 10~ 
3.4428 x 1crs 

We have seen that the Fourier Bessel fit, as implemented here, gives a very good response to 

trial functions, both smooth and quickly changing ones. In particular, it fits very well the 

smoothly varying function characteristic of elastic scattering form factors. Thus the validity of 

its use in Chapter 5 seems justified. 
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APPENDIX B: DETER}.fiNATION OF ERROR IN RMS RADIUS 

The uncertainty in the value of the RMS charge radius under the Fourier Bessel fitting tech-

nique is contained in the error matrix (inverse of the curvature matrix) of the fit. For a more 

complete discussion of these topics, consult reference 31. 

The RMS radius in terms of the coefficents a" ot the charge distrib!Jtjon or Chapter 5 is 

given by Equations 5.1 and 5.7 as 

where 

and 

R 

< r2>==4n-J r4p( r)dr 
0 

R 

<r2>==Eav4n-J r4j 0(qvr)dr 
" 0 

R 

· Kv=41r J r4j~ qvr)dr 
0 

Bla) 

Blb) 

Blc) 

B2 

B2.1 

The error matrix is a diagonally symmetric matrix e whose diagonal elements fvv indicate 

the uncertainty in the coefficent av by 

B3 

where <T 4 is the standard deviation of av. For the special case of non-diagonal elements equal to 
" 

zero ( ei1=0, i=;'J), we have for the standard deviation of r2, 

B4a) 



2 

2_ ~- ··{ 8(<r2>)) 
(f <r2> - L:.Jfu a . 

' a, 
B4b) 

For the more general case of non-zero off-diagonal elements, we have 

B5 

In the case of Fourier Bessel fitting, the off-diagonal elements should be zero (due to the ortho-

gonality of the basis functions of the tit, see Section 5.2 and Appendix A). In actuality, the off-

diagonal elements were much ~mailer than the diagonal elements; typically they were an order of 

magnitude smaller than the diagonal elements. The errors in the RMS radii quoted in Chapter 5 

were calculated using Equation B5, which includes the otJ diagonal elements. 
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