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·ABSTRACT 

Recent studies on biological data which 

vary somewhat from Poisson description have brought the 

negative binomial distribution into greater prominence. 

Data such as accident statistics and insect counts, in 

which relatively complex factors are at work, lend them

selves to negative binomial description. 

In sampling from negative binomial popul

ations there is the problem of fitting the distribution 
-kfunction (q - p) to the data. This involves the 

simulaaneous estimation of the two parameters p and k. 

Several methods are described by which this may be done 

and the efficiencies of these methods are discussed. Two 

techniques fortesting the adequacy of the fit obtained 

by these estimation methods are described. 

The pooling or Poisson sUb-samples wherein 

means are distributed according to the Pearson Type III 

function is described by the negative binomial distrib

ution. This eompounding is discussed with some analpsis 

of variance techniques and notes on the significance of 

such compound samples. The problem of pooling negative 

binomial sUb-samples remains to be investigated. 

Papers are available discussing the applic

ations of confidence interval theory to the parameters of 

distributions such as the binomial, normal, and Poisson, 



all related to the negative binomial. Te.cbniques are 

devised in this thesis for applying confidence interval 

concepts to the negative binomial parameters for a 

selected range of parameter values. Included are confid

ence belt charts with a discussion of their use • 

•
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CHAPTER I 

INTRODUCTION 

A. Comparison of the Negative to the Positive BfBomial 

In a population of which a certain percentage 

p has a characteristic which permits a Bernoulli dichotomy, 

a random sample of D individuals may be well fitted by the 

binomial dlstribution which Is the blnomial expansion of 

( q' + p ) n where q + P = 1 and D. is a positive integer. 

The theory 'of this distribution f\motioD. has been developed 

and can be found in most textbooks of statistics. 

Similar in its form and equivalent in its 

algebra is the negative binomial distribution, also a dis

orete and unimodal distribution fu:n.ction given by the expans

ion of (q. - P )-k where q - p = 1, p>O, and k >(). 

The general term of this expansion 

p (x) = q-k -F ( k + x 1 (.2 \ x 
xl r (k) q J0.. 

is interpreted, as in the positive binomial ease, 8S the 

probability funotion of x J defined for x = 0, 1, 2, •••• 

Whereas the positive binomial ~y be interpreted as haviDg 

the probability p of a 'success' in selecting randomly an 

individual with the dichotomle characteristic in question 

and the probability qof a failure, this reasoning does not 

hold true for the negative binomial where q '>1 prevents 
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such an interpretatloB. In the following pages, however, an 

adjustm.ent will be i:ndlcatecl.wbich will permit the positive 

binomial liDe of reasoning to be extended to the negative 

binomial distribution. 

In spite or the clos~ formal and algebraic 

similarity between the two distributions, the statistical 

applicatlons or the two are quite distrnct, and the situ

ations whicb give rise to them are mach dlfferent. Por the 

positive binomial distribution the integral exponent n is 

taken generally to be the size of the sample drawn from the 

Bernoulli population; thus the calculations involved deal 

with the determination of p with the establishment of cen

fidence intervals for its estimate. On the other hand, the 

exponent k of the negative binomial is not necessarily 

integral; in fact, usually it is fractional, whieb. prevents 

the rather elegant physical 1nterpretatlon of the exponent 

as in the positive binomlal ease. Thus the ealeulatio1'1s of 

the negatlve binomlal dlstribution to fit some random sample 

lnvolve~ the simultaneous estimatlon otboth the parameters, 

p and k. These basic distinctions make the negative 

binomial distribution qUite dlfferent to handle statistical11 

from the positive binomial which lends itself to physical 

interpretation more closely related to the sample which it 

describes. 

B. Underlying Rationale: Descriptive and Mathematical Model. 

The literature on this subject outlines a wide 

variety ot physical situations and their mathematical lnter
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pretations which give rise to the negative binomial dist

ribution. All evidence seems to indicate that this function 

may be used to describe samples from populations 1m which 

somewhat more complex factors are at work than 1n the pos

itive binomial and normal types of population. From the 

various models leading to the negative binomial, there are 

indications that the negative binomial best describes those 

unimodal sample populations in whioh internal faotors are 

operating to bring about considerable skewness from the rel

atively simple binomial and normal distributions. Some of the 

situat10ns are outlined in the following discussion. 

1. Descriptive Hodels 

a. Accident Statistics « 6, 13, 15, 18, 19 » 

In attempting to fit a distribution function 

to aocident statistics, 1t 1s necessary to contend with this 

complex factor of d1str1butioD determil!l8.tlOJl • The individ

ual liability to acc.ldent occurrence has, e.f c.urse, consider

able variance altering the form of the distribution from the 

Poisson expecta.tieD. which would otherwise appear mest applic

able. Further, there enters the time factor With the numbers 

of accidents per persoll. bel:mg a function of the time .. un1t 

ehE>sen. Distinguishing between the internal and external 

biases which operate on the population has been statistioally 

1. Double parentheses are used throughout to indicate biblio
graphical references to keep them distinct frOBt the cross 
references which appear i:n singl.e .. parenthests. 

Pa.ge numbers for references are not given when only a general
reference is intended; where specific reference is made, the 
page number to wb.ich the reference refers is indicated. 

1 
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impossible since the factors have a complex interrelation 

_ased on non-mathematical psychological structure. 

This interaction of complex factors in the 

accident data has been generally masse. together as hetero

geneity in the probability of occurrence as oompared to the 

homogeneous probability of a theoretical Poisson sample. 

The oba,raoteristio of probability variation underlies the 

negative binomial theory and is developed mathematioa1ly in 

Bub-seetion 2a below. 

b.Contagion « 2, 3, 4, 25 » 

Also based on complex internal factors bring

ing about heterogeneity of probability is the contagion field. 

which includes a wide variety of biological data. For example, 

inseot counts in randomly selected colonies have been shown 

« 4, p.18?» to follow a negative binomial distribution. 

The internal factor operating here is the biological reprod

uctive power of the species concerned. Thus the presence of 

one individual of the species in a given unit may enhance the 

probability that another individual will occur in the same 

unit. The operation of this bias results in a distribution 

which can be described by the negative binomial function. 

c. Inverse Binomial Sampling 

Probably the simplest basis by which to ex

plain the negative binomial distribution is that of inverse 

binomial sampling. This arises when sampling is made from a 

population in whioh the percentage p of the individuals 

..
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possess a eerta1n characteristic, where sampling is carried 

on until k individuals with that trait have been observed. 

« 1. p.360j .5, p.213ff ». Some number, x, of individuals 

in excess of k must be observed in order to ha!e exactly k 

individuals with the given property. This excess has been 

found to have a negative binomial distribution with the 

exponent k. 

d. PopulationStatlstics « 1.5,27, 28 » 

This coneerns the rates of births, deaths, and 

immigrations wlbthln a population. Here also is contained the 

operation of internal factors which lead to negative binomial 

population distributions under certainassUilptions. If the 

growth rate per individual of the population remains oonstant, 

that is, birth and death rates constant, and the immigration 

rate remains constant per ti.e Unit involved, then the result

ing population is distributed after the negative binomial model. 

e. Poisson TyPe Colony Distribution « I, 21 » 

Related to the heterogeneous probability 1dea 

is still another model which has a eompound statistical dev

elopment as its basis. For some space or time interval, a 

certain number n of~l~driv;luals are assumed to have a random 

Poisson distribution. It is further supposed that withlm. each 

of the n groups the indiv.lduals are distributed independently 

in a logarithmio distribution. Then the distribution of the 

total number of individua.l.s im. all the n groups will be des

cribed by a negative binomlal distribution. 
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2. Mathematical Models « 8, 15 » 

a. Compound Poisson Derivation 

The random variable y i8 assumed to have a 

Poisson distribution with the frequency function 

e-m• III X 

xr 
tor x = 0, 1, 2, ••• , where the expectation of x, E(X) ••, 

and the variance c:I = m. When, in the Poisson distributlOD, 

(52 exceeds II. significantly, the expeetatioJ1 III i11 each UDit 

is no longer constant. This variation in II. is known as over

dispersion or a greater variance than the Poisson expectation. 

The random Tariable 7 then deviates from the Paiasan dist

ribution in the overdispersed sample since the overdispersion 

indicates that m now varies from sample to sample. The form 

of the overd1spersed sample depends upon the distribution 

function followed by the variable m. 

Several models have been proposed to describe 

the distribution. of m. These various models, includl:ng the 

P61ya, the Neyman contagious, the Thomas, and the log-normal 

distribution runctions,have been dealt with elsewhere .. « 1, 

3, 19, 20, 21 » and do not directly concern this thesis. The 

model eOllsidered here 1s that which results when the expect

ation m varies according to the Pea.rson Type III distrlb

utioJ1 

where et. 0, and f3' Tare positive parameters with III '>' () 

continuous. The reduced distribution glvell ill (1.3) is 
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L. -,.,m v-I (1.4)e • mrev) 
wi th ~. v, m as above. Thus the probab11i ty that Y' takes 

on any given value x = 0, 1, 2, ••• 1s 

00f ~~.e-m.e-pm·r1:)·mV-1dm
wh1ch, upon 1njegrat1on, y1elds 

x 
. (-1) • (1.6) 

( 1 + ~)x

It 1s noted that 

x 
( v + x - 1 )1 (1.7)( -1) (~) : 

%1 ( v - 1 ) 1 

whioh makes (1.6) one form of the negative binomial distrib

ution with parameters (3 and v. W1th the introduction of 

the following changes in parameters 

, v = k , 

and the further modifications that result 

1 = ~p_.- ft = 1 
1 +/3 1 + P , 1 +)3 l+p 

, 

the substitut10n into (1.6) produces the standard form of the 

negative binomial 

(1.10) 
• 

With millor variations, these are also the 11nes of development 

of the Greenwood-Yule accident distr1but1on « 13, p.• 273 » • 
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The rationale there interprets the Poisson expectation 

corresponding to m above as the mean number of accidents 

per individual. Inequality of susceptibility then explains 

the variation found in the Poisson expectation. 

b. Altered Probability Derivation {( 13, 1.5 » 

In this derivation of the negative binomial 

function the hypothesis assumes that the occurrence of a 

previous accident changes the probability of a further accid

ent. Thereafter, a sUitably chosen law tor the change 1n this 

probability gives rise to the negative binomial distribution. 

Following Irwin's development « l.5,p.103 » 

of this hypothesis, Px designates the expected number of 

acoidents at level x. By ft,xdt is denoted the probab

ility that during a time interval dt an individual moves 

from level x to x + 1 aocidents. Then 

f t ,x • Px • (1.11) 

Here the relative probability of an additional accident 

remains constant with respeot to time, i.e. 

f = ~t • f (1.12)t,x x 

where rIt depends only on t. and f x depends only on x. 

If f is held constant, then the Poisson distribntionwillx 
be obtained, as is demonstrated by Irwin. Howwwer, if fX 

is assumed to be a linear function of x, the negative 

binomial distribution may be obtained. To this end it is 

assumed that 
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f == 0 + cxx 

wi th consta.nts 0':>0, e:>O. Substitut1ng this function 1nto 

(1.11) gives 

• 

At x = 0, 

or (1.15)• 

To obtain the value of Po this equation is integrated once 

to give 

(1.16) 

from whioh Po = N·e
-bT 

, (1.17) 

where and (1.18)• 

At x = 1, 

-bT 
= Nb <ft e (1.19) 

To obtain the value of P1 , (1.19) is multiplied through by 
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e(b+C)T, then integrated: 

dF]. 'fb+e)T + P e (b+C)T ,I.. = 
~ e 1 ( b • e ) ~t

( b+e )T _ "'T b ( C T 1)PIe - .l"c e - , (1.20) 

(1.21) 

In the generalcase the expeoted number is 

= Ii e-bT (:8)(-8+ 1) • • • (£ + x - 2). ( 1 _ e -cT )x- 1 
(x - 1)1 

wh.ich, when substituted in (1.14), gives 

dPx ,It.
dt + Tt ( b + ex ) • Px = <Pt ( b + 0 ( x-I») • Px-1 

.. If tt,ee-
bT (£><£ + 1) • • .(~ + x - 1) .( 1 _ e-cT )X-1 

(x - 1) 1 • 

(1.23) 

To obta1n P integration is performed as before, after firstx 

mult1ply1ngthrough by e(b+oX)T : 

:::X e (b+eX)T + ,pte (b+ex)T (b+ex) P x 

eecxT i(~ + 1) • • •
~l..-
(~ + x-I) ,, - -aT )x-I 

_.:....:~ 1 e 
(x - I)! 
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~,.. ('nxe(b+CX)T) ( 4)u." r-. = right hand side of 1.2 

(1.26) 

b (b b'
Nee + 1) • • • «(S' + x - L) cT x 

= II ( e 1 )
xl 

( 

_N_,_~,.' _(_~_+_1_)_._.~. _(...;~;...._+_X_-_1_) e-bT (1 _ e-CT) x•• __
xl 

-cTReplacing (1 - e ) by a single variable p suoh that 
cT1 - e- = P gives

1 + P 

b ,b x 
l p = ....-(_£ __ _> ~ pf (1 ; p)_N_tr," ...._+_l_)_·-~-l-· _(..;:i +_X -_ {lx 

(1.28) 

,
which, after the additional ohange of parameter k = c yields 

the negative binomial equation in standard notation as given 

in (1.10) • 

o. Cumulative Death Causes « as » 

A further mathematical model may be obtained 
..... ; 

from well-mown worki in death statistics. Following Yule 

« 28, p.26ff )~ a population of individuals in which death 

depends upon a certain number of unfavourable 'exposures' is 

oonsidered here. The number of these exposures received by 

an individual 1s x = 0, 1, 2, ••• , where, after the nth 
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time, the individual is considered to have been indefinitely 

exposed. In the more general probability theory this is simply 

the proportion of cases in which 0, 1, 2, ••• 'suocesses' 

will have been recorded out of n events where the probab

ility of a 'success' is p. This ls, however, merely the 

binond.al expansion of (q. p ) n • 

Reverting to the operation of unfavourable 

exposures, it 1s assumed that r is the number of exposures 

which prove fatal, with n considered as above. Then the 

proportion of survivors at t he end of thenth exposure will 

be given by the sum of the first r terms of the binomial 
• atexpansioD (CJ. + p) • At the endcf the (n-l) exposure. 

the total proportion of survivors is given. by the first r 
n-1 

terms of the expansion of (q + P ) 
c.

• Thus the differ

enoe between the first r terms of the latter series and the 

first r terms of the former will be the proportion of the 

original population dying during the nth exposure: 

r-l r-l 
l=oexpans1on of ( q + P ) n-l _ ~=oexpans1on of (q + P ) n 

= n-l + n-l n-2 + (n-1)(n-2) n-3 2 
q -rr q p 21 q P 

(n-l) (n-2) • • (n-r+l) n-r r-l• • • + (r-ll1 q p 
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'"' (qn-l _ qnJ + (n_l)qn-2 - nGf-1lp 
(1.29 

+ [(n-l)(n_2)qn-3 _ n(n_l)qn-2]~ + • • • 

• • .+ [n(n-l) ... (n_r+1)qn-r+l - (n-l)(n-2) ... (n-r)qn-~:~:

When r is permitted to assume all the natural values 1, 2, ••• 

this gives 

for r = 1, the difference qn-l _ qD = qn-lp ; 

n-l n ( ) n-2 n-Ifor r = 2, the difference q - q + n-l q p - nq p 

= (n_l)qn-2p 2 ; 

for r = 3, the difference (n-l) (n_2)qn-3p3 ; 

and so on,providlng a series which is the binomial expansion 

of p( q + P )n-l with the general term 

(n-l) (n-2) • • ~ (n-r+l) n-r r 
(r-1}1 q p (1.30) 

Since no deaths occur until the r th exposure, the first r 

terms of this series are disregarded, and the expansion of 

this general term 1s considered for values of n from r on

ward: 
pr + rprq + r(r+l) p r q 2 + •••• 

21 

This, however, is the expansion of pre l-q )-r, successive 

terms of which give the proportion of the population dying 

during the successive exposures with the first deaths at the 

r th exposure. This expression 

pre 1 _ q )-r = (1 _ .9.)
-r 

p p 

Ii IKe neaative binomial form. 



- 14 

c. Historical Note « 1, 13, 24, 27, 28 » 

Recent years have brought the negative binomial 

distribution into greater prominence in statistical applicat

ions. Following the earlier work of Fisher, applie& statistic

ians such as Anscombe and Bliss nave dealt with the biological 

applications of the n.egative binomial. Their works are geared 

to biometricians, and so they have dealt with parameter estim

ation, comparison of the negative binomial with other distrib

ution functions, and specific biological applications of the 

distribution. 

Of the earliest recorded statements of the neg

ative binomial distribution was one by Montmart in 1714 who 

mentioned it in connection with inverse binomial sampling « 1, 

p.360 ». Todhunter's History of the Mathematical Theory of 

Probability refers to this early occurrence oa the function. 

The development and estimation of the Poisson 

distribution as the limiting form of the binomial, and the 

development of the law of small numbers brought the negative 

binomial into statistical discussion. Although the Poisson 

law had been known before his time, Student ( 1907 ) developed 

it in blood count experiments where the binomial values of p 

were small « 24, p.J.5lff ». However, the Poisson limits 

were, at best, approximations, and Student found that this law 

did not fit the data as well as did binomial estimations; this 

may well be expected since the binomial has two constants 

whereas the Poisson has a single parameter. or the four sep

arate haemooytometrlc tests conducted to establish binomials 



- 15 

whioh might be approximated by the Poisson law, two followed 

the negative binomial type and the Chi-square test for the 

negative binomial distribution gave better Chi-square prob

abilities than did the similar test on the positive binomial 

fittings « 24, p.357 ». Whitaker ( 1910) oorroboratesthis 

viewpoint with the eOD.olusion that if data may be fairly well 

fitted to the Poisson law, then they may be better fitted to 

the binomial law « 27, ea.p.70 ». She olaims that the 

Poisson function ignores two assumptions: that the data are 

binomial and that the binomial parameter p is small while 

n is large; and therefore, she oonoludes, it is a poor 

approximations to data assumed to be binomial. Of the binomials 

themselves, the prominenee of the negative funotion is indic

ated in Whitaker's statement: 

11 In actual practice few cases of~r.quenoy can
be found whlch are describable in terms of a point binomial
and of these few a considerable section have n negative and
p :>1, q negative; ( note that p and q are interchanged in this
thesls and in all present-day terminology and disoussion )
thus defying at present interpretation, however well they may
serve as and analytical expression of the frequency ".

In further disoussion of the indiscriminate 

application of the Poisson limit to binomial data by 

Bortkiewicz, Mortars, and StUdent, Whitaker mentions and 

demonstrates the distinct tendency of these data to be of 

negative type in preference to Poisson type. This is especially 

noticeable in the experimental data of Mortara, discussed by 

Whitaker in the same paper « 27, p.36ff », but Mortars. applied 

the Poisson limit in disregard of the better fitting negative 

• binom.ial. 
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As her example, Whitaker collected data on the 

number of days on which 0, 1, 2, ••• deaths of persons seventy 

years of age or over were reported in a daily newspaper over 

a period of three years « 27, p.68 ». In attempting to show 

that the data --- which former workers in the field had held 

to be best fitt~d by the Poisson exponential law ~ was best 

fitted by a binomial, she found that the negative binomial 

provided the best fit. The relative smallness of the errors 

of the p-va1ues obtained (p '-' 0 ) indicated that these data 

could harB.ly arise from positive binomial popu1ation.s. 

It was at this time ( 1910 ) that Yule « 28 )} 

published his results from accident and death statistics to 

indicate a method of obtaining the negative binomial mathemat

ically, though it was not dwelt on in this paper. Bather, Yule 

attempted to find a continuous frequency curve to fit the data, 

arriving qUite easily at the Pearson Type III distribution. 

This line of research continued with Greenwood's 

and Yule's publication « 13 )} and Newbold's paper « 19 }) 

within the following two decades in which, particularly in the 

former work, the negative binomial model was more specifically 

developed. 

However, it remained to Fisher ( 1941 ) to deal 

specifically with the negative binomial distribution in a paper 

devoted solely to it giving its statistics and examples of its 

applications « 9 ». Only very recently -- as may be seen from 

the dates in the bibliography - were the major portion of the 

papers on the negative binomial function published. 



~ ._-------CHAPTER II ""'8 -------.~

~HE~~

SAMPLING FROM NEGATIVE BINOMIAL POPULATIONS 

A. Functions of the Negative Binomial Dis.tribution 

1. The Characteristie Function

From equation (1.1) above

p (x) = q-k J:: ( k + x) (:t. J x 
xlrCk) q , x = 0, 1, 2, ••• , 

is a one-dimensioDal distribution function. Since p(x) is a 

discrete function over the non-negative real axis, the sum 

over all the discrete mass points may be taken. Also, the 

function eitx is integrable over the whole real axis for 

any real t. This permits the finding of the characteristic 

function using the real variable t: 

00 1tx 
= L e p(x) , 

x=o 

, 

.
( q _ peit )'::'11= (2.1) 

2. The Moment Generating Funetion.snd First Four Moments 

Of practlea1va1ue for the computatten of 

moments is the more restrictive analogue o.f the eharacteristic 
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function, viz_, the moment generating function: 

M(h) .. >' q-k enx ( k + x - 1 ) 1 li•• ) x h real x=o xl (k - 1 ) 1 \ q 

h -k 
= ( q - pe ) • 

From this the moments are calculated: 

First moment about the origin

d h -k\Y1 = em ( q - pe) h=o 

., 

Second moment about the origin 
2

4 h -,Y2 =d.",2 (. q - pe ) 
u. h=o 

., (2.4) 

Fourth moment about the origin 

'4 '" d~ (q _ peh ) '-le\ 
dh h=o 

t4 = 6k(k + 1) (k + 2)pJ + 1k(k + 1)p2 

+ kp + k(k + l)(k + 2)(k + )p4 • 

(2.6) 
Further differentiation and evaluation at h=o will provide 

the moments of higher order. 

From these moments about the origin are obtained the moments 

about the mean m = kp : 
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First moment about the mean 

1"1 = 0 

Seoond moment about the mean 

• (2~8)J1'2. kpq 

Third moment about the mean 

M) = ~ - , )C y.: ...+ 2 ,,3
/-- :3 2 1 'i. 

fi, = kpq(p + q) . 
J 

Related to this aspect of the functions of the 

distribution is the moment measure of skewness ¥1; 

J 
)'1 = .~ (ff,,-T (2.11) 

(2.12)
)'1 = 7~~

It is noted here that ~l = ~3 is always positive in 

negative binomial theory since q >p ')0 • 

Similarly there is the related feature of the 

moment measure of kurtosis ~4:

(2.14)
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From this the usual expression for the excess of kurtosis, 

¥~, may be obtained; 

= (2.15)~2 t\ - 3 

6 1 
,. 

(2.16)~2 = k + kpq • 

The point of interest here is that «2 is a.lways positive, 

with limit 0 as k -+ 00. This is another indication that 

the negative binomial distribution is asymptotically normal 

for k large, p fixed. ( cf. III, C ) 

3. The CumulantGenerating Function and the

First Four Cumulants « 1, p.J58 )}

a. Although no other reference will be made to them 

in this thesis, the cumulants are included here for complete

ness only. Their simple calculations may make them more desir

able for practical use than the moments. The cumulant generat

ing function is 

K(h) = In M(h)

K(h) = -k~ln(q _ peh ) • 

The first four cumu1ants are obtained by differentiating this 

function with respect to h one, two~ three, and four times 

respectively and taking the value of the result at h=o : 

K == kp (2.18)
l 

K2 = kpq (2.19) 

K == kpq(Pi+ q) (2.20)
J 

== kpq(li+ 6pq) (2.21)K4 
These have the following re1atlonshlPf to the moments: 

Kl == 'fJ. 
K2 = 1'-2 
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= 1'-3 
2 

= f"4 - 3f-'z 

as given in standard statistics textbooks. 

b. The alternative approach to the calculation of 

cumu1ants is obtained by making the transformation 

he = 1 + t 

In. (2.7) giving the function: 

let) .= -k·ln(q - p(l+t» 

~(t) = -k·ln(l - pt) • 

This is the factorial eumulant generating function which is 

more convenient in describing discrete distributions such as 

the negative binomial. Differentiating and taking the result

ing values at t=o after the manner set forth in 3a above 

provides the factorial cumu1ants ( first four given ): 

!1 = kp = 01 kp (2.25) 

1£2 = kp2 = 11 kp2 (2.26) 

K = 2kp3 = 21 kp3 (2.21)3 
!4 =,f.6kp4 = 31 kp4 • (2.28) 

The genera.l expression for the factorial eumulants 1s given by 

~ = (n - 1) 1 kpn 

The following rel~.ionships exist between the ordinary cumul

ants (2.18) - (2.21) and the factorial eumu1ants (2.251 - (2.28): 

=K1 .Kl 

K2 = .K2 + 11 (2.30) 
==K3 !3 + 3!2 + II 

K4 = ~ + 6K
3 

+ 7K2 + oKl 
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B. Fitting Samples with the Negative Binomial Distribution 

Fitting the neg~tive binomial distribution to 
I 

!

large sample involves the simultaneous estimation of the twoa 
I 

I 

parameters p and k. !In thils respect there isa practical 
! 

problem here to which the posi~ive binomial o~fers no analogy, 
I 

since this latter distributio~ requires only an estimate of p 

using the number of frequency IC1asses as the value for n. 

i 

In fitting data!
!

with the negative binomial 
I 

distribution, the general procledure followed is to estimate 
I 

the sample mean~, equate thisl value to the moment expectation 

of the mean, Y = kp, snbstitutle for p from this equation, 
I 

I 

and then estimate k and p 
I

lin that order. The sample mean 

is calculated in the usual Iway from the frequency of units 

at each x. Its use in furth~r calculations presents no prob

lem since it is an efficient ~stimate of the true mean m 
! 

« 2, p.166 ». However, some Idifficulty arises in the sub

sequent estimation of k. Th~ee methods are available: the 
I 

first two are good approximat~on methods, easily calculated 
I 

but not necessarily efficient;1 
I 

the third method is efficient 

but is more tedious to apply. iThe usefulness of these methods 

varies with the sampling ciro~mstanoes.
I 

I 

1. Moment Method « 9, Ip.l84 » 
I 

!

The simplest m~thodby which to obtain the par
i

ameters k and p is the or~ginal solution based on the first 
2 

! 

two moments. If Y and 8 Jre the observed mean and variance 
I 

respectively, their expecta.tl~ns are, according to (2.3) and 
! 

(2.8): 
i 

E(~) 1= kp 
I 

I 
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E(s2) = kp(l + p) -
The simultaneous solution of these equation.s provides the 

estimates 

where the sUbsoripts denote an estimated parameter value. 

The efficiency of the moment method depends 

upon the values of the parameters involved. Fisher « 9,p.183ff » 

and Anseombe « 1, p.3?1 » have indicated that the efflc

ieney is at least ninety percent for 
ka. m small, where m~6,

b. m large, where k >13, 

c. m intermediate, where 

(k + m) (k+ 2) _m-1 ;;,15. 

To apply these criteria, the sample values of Y and ~l must 

necessarily replace the true values in these inequa11tiessince 

the latter are unknown. Although it 1s evident that this method 

does not always provide efficient statist10s, it has at least 

some value in obtaining first apprOximations. 

2. Zeros- Proportion Method 

« 1, p.J69; 2, p.166; 5, p.21Jff » 

In the negative binomial distribution the num

ber of individuals located at the point x=o 1s known as the 

zero class • If a sample of size N contains No individuals 

corresponding to the zero class, then the observed proportion 
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of this class is The probability ftmction (1.1) gives 

the expected probability of the zero class to be 

p(o) = q-k • 

Substituting the observed proportion for p(o) in this equation 

provides 

which, for No ~ 0, may be inverted: 
N k - == (1 + p) •No 

Here the efficient estimate Y == kp is used to substitute 

for p, and logarl thms are'~~taken OIl both sides giving the 

equation x
k.ln(l + lit) == InN - lnNo • 

The k-estlmate k 2 which satlsfiesthis equation is obtained by 

successive approximations and interpolation. It is usually 

advisable to use, as a first trial value, the moment estimate 

of k, thence to apply the iterative process. Bliss « 4, p.180 » 
points out that for at least 90% effictency by .this method 

it is reqUired that the zero class contain a minimum of one

third of the individuals in the sample, and that the sample 

have a relatively high value for m. 

3. Maximum Likelihood Method « 1'7, p.37lff; 8, p.498ff; 

10, p.197-l99; 4,p.180-l8l; 14, p.178-l81; 23, p.108ff ~)

The foregoing methods for determining k have 

the disadvantage of having only conditional efficiency « 16, 

p.259 ». However, where they fail in efficiency they may still 

be used to obtain first approximations of k, whereafter the 

maximum likelihood method may be applied. This method always 

gives and efficient estimate « 17, p.373 )}; the procedure 1s 
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as follows. 

Consistent with the nota.tion above, Nxis used 

to denote the frequency of x for x = 0, 1, 2, ••• , where 

the sum of all Nx 1s N. Then the sample mean x· ~ Lxtfx J 

( ~ is used throughout this section to denote summation over 

the range of x ) and the probability of Nx is given by (1.1) 

which may be written more conveniently 

p(x) • 

From this is obtained the logarithmic form 

In p(x) = x-In p - (k + ,x) -In (1 +p) 
x-I 

+ L 1ll (k + w) - In xl (2.40) 
..0 

The likelihood function L is obtain.ed by Inultlplying (2.40) 

by Nx and summing over the range of x: 

x-I 
L. L Nx[x o 1ft P - (k + x)-lft (1 + p) +~eln (k + w) -lftXl] 

(2.41) 

Solving the equation 

~; =L Nx [t 

~L N 
~ = p(1 + p) -(x - kp) = 0, 

gives . -yk 

as the maXimum likelihood estimate which verifies the state

ment at the beginning of this sub-section that x is an': 

efficient estimate of the mean m = kp. 
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Differentiating (2.41) with respect to k and 

equating to zero provides the second equation for maximum 

likelihood 

x-I 
:~ = IYx[-hl (1 + p) + ~o k ~1f1 = () 

dL - -N .In ( 1 + p) + ~N [. 1 + 1 +... + 1 ].:11 0
~k- L..;.x k k+l k+x-l 

Substitution is made here for ~ using its efficient estimate- ' 

then the maximumllkelihood estimate is that value 

whioh solves (2.44). Upon expansion, (2.44) becomes 

ki k3 

rNJ, + Ni +:... + »2 \»~ i .. 0 + Nx + ••• 
00 oj• • • + +

k + x -1 
, 

-N [In (k + x) - 0 

... 

hl k 1 = 
(~.45)

An alternative formalation for these equations 

is in terms of dlgamma functions, and the solution k3 found 

by use of dlgamma tables « 16, p.374 ». This is not necess

ary, however, since (2.45) is not difficult to sblve by sub

stituting trial values and inteEpolating for the solution. 

The first trial value may be the moment approximation from. 

(2.33). Then, if (2.45) is positive a larg~r k-value must be 

used; if negative, a smaller k-value is needed. The value of 

k3 lies between the two k-values, one giving a positive value 

to (2.45) and the other a negative value. If the intermediate 

value obta.ined by interpolation does not make (2.45) exactly 

zero, further trial and interpolation 1s used « 14, p.180}). 
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The solutions P3and k3 of· the maximum 

likelihood equation (2.41)' have been shown « 8, p •.504 » 

to be a.symptotlcally normal bivariates and joint asymptot

ically efficient estimates. This means that the values are 

efficient for the sample size N, and have a bivariate normal 

distribution in the limit for large N. Then the variances 

~and Ok2 of P3 and k
3 

respectively are the cofactors 

of the terms in the principal diagonal of the determinant 

D =

divided by the value D, where the terms of the determinant 

are the second' order derivatives of L evaluated at the 

maximum likelihood estimates «17, p.37.5». This gives 

= 
1 

1 

+ (4;/ ·(2.48) 

gp~

= 

Evaluation of these varianee.-;equations reqUires the second 

order determinants of (2.41): 
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Nk
pel + p)

N (2 • .50) 
1 + P 

••• + N:J + N2 + • • • + ••• 
(k + 1)2 

Ny + •••• •• + _ ...._---~ + ••• 
(k + x _ 1)2 

x-I 00 

(2.51)=2= (k ~. w)2 .~ Ny 
w=o v=w+1 

Hence the variances are 

~2 = --0;;;;1 ...- _ 

-P Nk HZ 
pel + p) x-I CD 

(1 + p)2 2: (k ; w)z ;~w+INv
w=O 

(2 • .53)Ok2 
 x-I 1 00 lip •2 (k + w) 2 •2: Nv k(l + p)w=o " v=w+l 

The reciprocals of these variances give expressions which 

Fisher « 11, p.188 » calls measures of the information 

revelant to the particular parameter involved. For k, the 

amount of information is actually the rate at which (2.4.5) 

decreases as it passes through the zero point. Bliss « 4, 

p.182 » used this approach to obtain a very simple linear 

difference quotient by which to approximate the variance of 

k in place of the derivative method above. 
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An illustration of the comparative results 

obtained by the maximum likelihood approach and by the use 

of moments is provided by the sample data of Whitaker and 

Haldane « 27, p.68; 14, p.180 ». The sample consists of 

the numbers of days Nx out of 1096 on which x deaths of 

women of age 80 or over were reported in a certain daily 

newspaper over a three year period! The distribution is as 

follows: 
-~ No = 162 NS = 61 

Hl = 267 N6 = 27 

N2 = 271 N7 = 8 

N = 185 He = 33 
N4 = 111 N = 1

9 

2where x = 2.157 and 8 = 2.607. 

Using the first appro.ximation It:= 10.0 in 

(2.45) gives 213.78 - 213.97 < O. This indicates that a 

smaller value for k is needed. When k = 9.900, the equation 

becomes 216.029 - 216.028 >0. Interpolation provides that 

k = 9.900. From (2.43), (2.47), and (2.48) the parameters with 

their standard errors are 

p = -0.21187 ± 0.05292 

k = -9.900! 2.492 

as given by Haldan.e « 15, p.181». 

By the moment method Whitaker had earlier ob

talned 
p = -0.20770 ± 0.04862 

k = -10.440 ± 2.702 

1. Part of the same sample mentioned in Ie above. 
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It is noted here that the results so obtained 

do not differ significantly; in this ease the method of mom

ents is suffictently satisfactory, as mal be seen by compar

ison to maximum likelihood results. Unfortunate1Yt the effic

iency of the moment method here does not permit genera1ization.s 

to be made about its efficiency in other samples. 

c. Testing the Adequacy of the Negative Binomial Fit 

1. The Chi-square Test « 4, p.183 » 

With the parameters efficiently estimated and 

substituted in (1.1), the probability p(x) may be calculated 

for x = 0, 1, 2, ••• These fractions, multiplies by the sample 

size N give, at each x, the expected frequency to which the 

observed frequency Nx corresponds. The extent of agreement 

between the observed and expected values of the negative bin

omial frequencies is conveniently tested by the Chi-square 

method where 
[;. 2
Nx JJ; }lp (x )] 

Np(x) 

1. Three degrees of freedom are lost by using the sum and 
the statisticsp and k. 
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a value of Px.2 <:..05 indicates an inadequate fit. Chance 

irregularities, especially in tail observations, may distort 

Chi-square and reduce the value t:>f this test. Although it is 

occassional1y possible to smooth the observed irregularities 

to overcome the distortion « e.g. 3, p.463 }), it is advis

able to apply tests unaffected by this bias. The following 

are such tests; they have the additional advantage of taking 

account of the tail frequencies often missed by Chi-square 

grouping. 

2. Moment Agreement Tests 

The difference between the observed and the 

estimated values of the second and third moments provides 

the basis for further agreement tests. A comparison of each 

difference with its standard error determines its signific

ance; this, in turn, indicates the adequacJ' of the negative 

binomial function fitted to the sample. 

For the second moment the difference between 

the Observed and the estimated values is given by Anseombe 

« 1, p.373 )} as 

'" :f: N (x _ y)2x . x~)u (-x +-kN - 1 

with its variance V(U) given by 

n(u) '" 2k(k + 1)p2(1 + p)2 [1 
-In k + k) - - x+ :~ ~ J x + k 

•
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The latter equation has been obtained under the assump~lon

that k is the estimate obtained by method B2~above.

For the third moment, the observed and the est

imated values have the difference 

= E Nx ex - x)3 :L N; ~\~ X)2[ 2~NN: ~~ IX)2 - 1J 
N 

(2.591
for which Anscombe «1, p.373 )} gives the large sample 

Here the estimated value of the third moment in (2.59) is 

obtained from the observed first and second moments. 

The estimates of both the second and the third 

moments may be ob:.tained more accurately by applying maximum 

likelihood estimates for the parameters in kpqCand~q(p + q) 

respectively. However, if these expected values were used in 

(2.57) and (2.59) the given variances would not necessarily 

apply. Efficient estimates of p and k should be used in 

evaluating the variances themselves. Then the square roots 

of the variances provide the standard errors used to determine 

the significance of T and U. Agreement with the negative 

binomial is indicated whenever 

T .6 JV(T) , 
(2.61) 

u ~ JV(U) • 



CHAPTER III 

LIMITING FORMS OF THE NEGATIVE BINOMIAL DISTRIBUTION 

The form of the unimodal and discrete negative 

binomial distribution" is determined by the values assumed by 

its positive parameters p and k. By appropriate limit pas

sages, the distribution transforms asymptotically into other 

well-known related distribution functions both of the cont

inuoustype and the discrete type. Three of these special 

limiting cases of the negative binomial distribution are the 

Poisson law, the unit step function £(x), and the normal 

distribution. 

A. The Poisson Limit 

1. The usual approach to this demonstration is through 

the use of the general term, showing that the general term of 

the expansion of the negative binomial form (q _ P )-k 

approaches, in limit, the general term of the Poisson 1a. 

« 26, p.55 ». The general term to be used here is 

( p )xp(x) = (3.1)
1 + p 

in which, by (2.3), substitution is made for p: 

p(x) = (1 + ~) -k .f(k + x) (~)x (1 + km)-x • 
xl r(k) A 

Of this form the l1mit is taken as k ~ CO, P ---.. 0 in a 
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way such that kp = 111, where m is a positive constant: 

lim (1 + Dl)-k 1 (1 + x - 1)(1 + x - 2) ••• (1 + l)(l)mx (1 + !!l)-x
k~8) K xl k k k k ., 

= 

which is the general term of the Poisson law. 

2. An alternative demonstration. is by use of character

istic functions. From (2.1) the characteristic function of the 

negative binomial is given by (q - peit)-k in which p =I 
is substituted as before. Then 

( q _ peit }-k = (1 + P _ peit )-k 

= 

= 

In this expression the limit is obtained as k ~OO, giving 

m it k _m(l_eit )lim (1 +~(1 - e»- = e· 
k~

= 

which is the cbaracteristic function of the Poisson law. By 

the uniqueness theorem of characteristic functions « 8, p.96 », 
it follows that the negative binomial distribution function 

has, by this limit passage, the limiting Poisson distribution 

function. 
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B. The Unit Step Funotion e(x) 

When both·parameters, p and k, are permitted 

to approaoh the limit zero simultaneously, the negative binom

ial distribution tends to the limit €(x), the distribution 

funotion with its entire mass oonoentrated at x =0. In the 

demonstration of this limit passage it is neoessarY to break 

the distribution into two parts: 

1. the first term, To' of the expansion (1.1) and 

2. the balance of the terms for x = 1, 2, 3, ••• 

1. The first term, obtained by setting x = 0 in (3.1), is 

TO = (1 ~ p )k J 

whence it follows that lim To = lim ( 1 )k = 1. (3.4) 
k-to~~ k o;.[~; 1 + p 
p-to p o 

2. The second part of the distribution approaches the 

limit zero under the same conditions as can be seen from (3.1) 

with x )0: 

lim T = 11m (1 ~ p}k k(k + 1) "~l(k + x - L) (1 ; p)Xx 
k~o k-+o 
p-+o p-.o 

= 
o.• 

~hus the entire mass of the distribution becomes concentrated 

at the single point x = 0 • This limiting distribution funct

ion 1s known as E,(x). 
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c. The Normal Lim1 t 

When the parameters increase in a way such that 

kp = m becomes a monotonioally in,oreas1ng funotion of k and p 

the d1screte negative binomial distribution function asymptot

ioal1y approaches the oontinuous normal distribution ftmctlon. 

The demonstration of this limit passage follows the 11nes of 

reasoning for de Moivre's positive binomial limit theorem. 

The random variable, x, of the negative binom

ial distribution has mean kp and standard deviation .}kP(l + p) 

as given in (2.3) and (2.4) respeotively_ The standardized 

variable 
xy = - kp (3.5) 

Ikp(l+ p) 

is introduced to transform x into a standardized variable with 

mean zero and unit standard deViation. This involves merely a 

translation and a change of scale. From the charaoteristio 

function ( q - peit )-k of x as given in (2.1) is obtained 

the oharaoteristio fun.ctlon of the standardized variable y: 

( x - lm)= E( eitJi$(i+ p) , )c.f. 

It (. -kp ) itx 
Jkp(l + p) • E( e {kp(l + p) )= e 

it (-kp) it 
e v'kp(l + p) • ( q _ .peJkp(l + p) )-k= 

ipt it 
( e VkP (l + p) _(q _ peJkp(l + p» )-k= 

1pt 1(1 + p)t 
( qeJkp(l + p) peVkp(l • p) )-k 



- 37 
izTo this expression is applied the Maclaurin expansion for e : 

r-l r
1ze = L {;~lT + do;, 

v=o 

where d denotes a real or complex quantity of modulus ~ 1. 

For r = :3 it follows that 

c.f. = [q{l + ipt.. + 1:. ( ipt . )2 -+ .!:L ( .pt .):3}. 
Jkp(l + p) 2! Jk'P(1 + p) 3!Jl{p(1 + p) 

-P{I + I~;~~*/;~ + ~l (J~~l++R~i)2 + ~~~~(~ ;l:/~}} -k 

= fq + igpt _ 1 9p2t_ ~ qp3t:3:3
L Jkp(l + p) 21 kp(l + p) 31 [kp(l + p) 1~

22 :3 :3]-k_ P _ 1E(1 +p)t + lR{l + Rl t + 2z E(l + p) t. 1 
Ikp(l + p) 21 kp(l + p) J! [kP(1 + p) 1 2 

= [_ + 1. pCI + p)t2 + d.tJ .]-k
q P 2 kp(l + p} kJkp(i + p)

d2q2 dlp2
where d = ( - -) is a bounded complex function'1 31 
of p. The last step of the calculations reduces to 

2 j-k3c.f. = I + 1- + d·t[ 2k kJkp(l +p) 

Into this expression a new function is introduced: 

(3.8)w = • 
Jkp(l +p) 

This is substituted into (3.7) and the following logarithmic 

equation is formed: 
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In c.f. = -k In (1 + i) , 

Then for k ~ co. 
(3.10) 

p, t fixed, 

the following limit passages are obtained: 

2 
t 

W--+ 2 ' 

k
w

---., 0 , 

k 
~ In (1 +~) == In (1 + *)W --+ 1 • 

From these the limit is obtained in (3.t): 

k 

lim In c.f. = lim (-w) In (1 + ~)w
(3.10) (3.10)

2t = - 2 • 

ThUS, under conditions (3.10), thet2haBacteristic function, c.f., 

tends to e_.;2 for all t. But e--rz 1s the ah.aracter1stictUllc

tion of the standardized normal distribution. It is demonstrated 

above that the characteristic function of the standardized neg

ative binomial variable tends to the characteristic function of 

the standardized normal variable as k becomes large. From the 

uniqueness and continuity theorems of characteristic funetions 

« 8, p.96» it follows that the distribution function of the 

standardized negative binomial approaches the distribution 
/

function of the standardized normal variable as k becomes 
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large. Since standardization is a. linear transformation of 

origin and scale it may be conc1nded that the negative 

binomial distribution function tends to normality under 

conditions (3.10), that is, as kpo,= m becomes large. 



CHAPTER LV 

ANALYSIS OF NEGATIVE BINOMIAL SAMPLES 

A. Compound Samples Lea.ding to the Negative Binomial 

Evaluating the application of the Poisson law 

to small samples Whitaker « 27, p.:;6ff » provided some int

eresting data andaonclusions which lend themselves to a fur

ther analysis as compound Poisson distributions. Earlier, 

Bortkiewicz had pUblished data fromaocident statistics illust

rating hOW, in his opinion, such data were adequately des

cribed by the Poisson exponential. With this viewpoint 

Whitaker did not agree; she maintained that the Poisson law 

was a mere approximation to small ~ample distributions whioh 

were better described by binomials. In support of here thesis 

she dealt with Bortkiewiczts data for accidental deaths in 

eleven societies as given in Table 4.1. To these eleven dist

ributions Whitaker fitted the followingblnomials: 

15.5108(13) 9 ( .4914 + •.5086 ) 

6.6962(14) 9 ( .6184 + .3816 ) 

-2.7696(12) 9 ( 1.9227 .... .9227 ) 

-33.8000(20) 9 ( 1.1282 - .1282 ) 

784.0502(23) 9 ( .9921 + .0079 ) 

3.9589(27) 9 ( .5229 + .4771 ) 



It is noticed that four of these binomials have negatlye 

p-va1uesj but none of these four values is so small that the 

TABLE 4.1 
(after Whitaker) 

Distributions of Accidental Deaths in E1e.en Societies 

Acoldanta1 DeathsNo. of 
Sooiety 0 1 2 "3 4 5 6 7 8 9 10 11 12 13 14 Total

13 1 1 1 1 :3 1 1 9

14 2 :3 2 1 1 9

12 2 1 :3 1 1 1 9

20 1 3 2 2 1 9

23 1 2 1 2 1 1 1 9

27 4 :3 1 1 9

29 2 3, 1 2 1 9

41 1 1 1 2 1 2 1 9

40 2 1 2 1 1 1 1 9

42 1 1 1 4 1 1 9

55 2 1 1 3 1 1 9

Total 5 9 14 13 14 16 7 7 8 2 1 1 
i
1 - 1 99
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Poisson exponential fits really well. Moreover, only one of 

the eleven binomials meets this requirement', which was the 

main argument of Whitaker against the conclusions of Bort

kiewicz. 

Next, fitting a single binomial to the column 

totals gives 
m = 4.3636 

(4.2)
02 = 7.5849 • 

The fact that the variance is significantly larger than the 

mean indicates that the pooled distribution has a negative 

binomial form given by 

99 ( 1.738~ - .7'82 ) -5.9111 (4.3) 

where . p -.7382 ± .1829= 
(4.4) 

k = -5.9111 +- 1.1391 

This single negative binomial fitted to the pooled distrib

ution was fpund by Whitaker to describe much better the data 

than did the sums of the eleven. exponentials, while the ind

ividual Poisson expoftentials provided insignificant results. 

The negative binomial and the Poisson fittings to the totals 

are given in the last two lines of Table 4.2. 

The foregoing are the arguments and conclus

ions of Whitaker favouring the use of the binomial law in 

preference to the Poisson exponential approximations for 

small samples. Although her thesis is not of direct concern 

here, her data contain other implications concerning oompound 
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TABLE 4.2

Number of Deaths 0 1 2 3 ,." 5 

Observed Frequency .2 9 14 13 14 16 

Sum of eleven exponentials" 2·7 2.6 13.9 15.2 14.2 12.3 

Single Binomial 3.8 9.5 13.9 15.6 1.4.8 12.4 

6 7 8 9 10 11 12 13+ Total 

7 7 8 2 1 1 1 1 99 

9.8 7.3 5.8 3.3 2.0 1.2 0.7 0.6 99 

9.6 6.9 4.8 2.1 2.0 1.2 0.7 0.7 99 

Poisson distributions of which she makes no mention. Thus the 

data are useful here insofar as they provide a basis for the 

further analysis in the following pages. 

In the accident statistics data given by Bo"t

kiewicz and Whitaker, the eleven small samples maybe consid

ered as Poisson type; thus the pooled sample becomes a eo~

pound Poisson distribution with the frequenoy function (4.3). 

If it be considered that the 99 individual,,~values are values 

taken on by a random variable x then the mean is the expeot

ation of x which, together with the varianoe, is given by 

f4.2). It is also clear that the compound Poisson distribution 

is over-dispersed (since ~ >m ) .Thus the expectation 

E(x) = m is no longer constant in each sub-sample. As indic

ated earlier in the descriptive and mathematical models ( IB ) 

if this overdispersion has m distributed according to the 
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Pearson Type III function, then the negative binomial law 

may be fitted to the data. This example illustrates quite 

well the type of compound data dealt with here. However, 

further analysis is conducted for a more general compound 

distribution. 

It is assumed that Xij is a basic random 

variable with a Poisson distribution for each value of j, 

( j = 1, 2, ••• 1'1 ) . This give" 1'1 Poisson sub-samples sel

ected from a compound Poisson population as indicated: 

TABLE 4.3

1 2 3 ,1 1'1

XII xl2 xl3 • • • • xlj • - xln
x21 ;X22 X23 • • • • x

2.1 • • x2n
x x • • • • x • • x

X'l 32 33 3.1 31'1 

• • • • • • • • • • • (4.5) 
x X • • • • • • xXiI i2 i3 Xi .j ·in 

-
)tml xm2 Xm3 • • • • x

m.1 • • x 
mn 

~.l X
-2 x

-3 • • • - x
-.1 • • x

.1'1 
x 

Here the .1th sub-sample contains m Poisson variables, 

assumed indep~ndent, with Poisson mean X• • The m
.1 

variables then have the distribution 

(4.6) 

where v = 0, 1, 2, •••• 
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However, since the total sample is overdisper

sed, the Y. j vary also. The Y. are assumed to be random
j 

variables with the frequency function 

1 k X

~r~)" x.~-l. e~j , 

where 't. j >0, and k, pare post~ive paralileters. This is 

a special case of the Pearson Type III distribution. 

The probability that the original basic vari

ables Xij take on any given value v is given by 

x.~
vI 

-x j.e •• (~)k _ k-l -.xr (k) • j • 

-e 
... 

xp." (4.8) 

integrated over the range of 'X. j which is the positive real 

axis: 

. 

0 

f~_v 
X. j-.vi 

-x. j 
e • 

(l)k 
p 

f(k) 

k-l 
X.j • 

_:::.t 
e p di. j (4.9) 

(4.10) 

v = 0, 1, 2, •••• 

This probability is denoted by p(v). Then (4.10) provides 

p(v) = (4.11) 

which is the standard form of the negative binomial distrib

ution. 

B. Variance of the Compound Sample 

A particularly noteworthy variance result is 

obtained from the derivation above. The n Poisson means 
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Xej are assumed distributed according to the Pearson III 

function with positive parameters p and k. This formul

ation gives the mean of the ¥ej to be kp and the variance 

kp2 « 28, p.Jl ». Since the sample mean 'X is the mean of 

the basic variables Xij and also the mean of the Pearson III 

variables Xej , it is determ1ned that x = kp. 

Consider now the jth sub-sample of the n ind

ividual Poisson distributions. This sub-sample has the mean 

Xej and variance X. j • But the mean of the Xej is X ~ kpj 

thus the mean of the n variances x.j is also kpe Within 

the SUb-samples, therefore, the mean variance is kp and 

between the SUb-samples the variance is kp2 as determined 

by the Pearson III statistics. From the independence assump

tions follows the additivity of the within and betweenvari. 

ences. That this is so may be demonstrated from the variances 

themselves. If the va~iances are additive, their union should 

provide the variance of the total population. This occurs here 

as follows: 

Average variance within the 
n Poisson SUb-samples + 

Variance between 
the Ye j 

= kp + kp2 
(4.12) 

= kp (1 + p) 

This result provides the exact variance of the total popul

ation as given by previous moment calculations for a negative 

binomial population with parameters p andk. 
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c. Sample Significance 

In accident statistics, a group is observed 

for a specified period of exposures to risk, with the number 

of accidents, 0, 1, 2, ••• , happening to each individual 

recorded. The mean is denoted by ~ and the standard devi

ation by OX. If the group is homogeneous, the probability 

of an accident happening to anyone individual is the same 

for all members of the population. Then the frequency dist

ribution will be a Poisson with parameter m. It follows 

that 
m = x = crx2 

• (4.13) 

Ifax2 >X , the homogeneity assumption no longer holds. As 

indicated above ( IV A ) it is theoretically possible to 

break up the observations into a series of sub-groups, each 

internally homogeneous but with m varying from sub-group 

to SUb-group. The combination of these Poisson sub-groups 

has then a compound Poisson distribution with 

x = m (4.14) 

where m is the mean of the m-values. Since the variance 

crf is greater the mean in the compound Poisson, there eXists 

the relation 

ox2 = am2 + iii = 0: 2 + x (4.1.5)m 

which is simply (4.12) in alternative notation. That is, the 

variance of the large sample compound Poisson population ex

ceeds the mean by the amount equal to the varlance of the 

parameter m which follows the Pearson III distribution. 

The need for large samples is indicated by 

Newbold commenting on the data from Greenwood and Yule: 
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"In ohoosing a group of people on whom to 
experiment with tests, the first step is to see whether 
O"~ ( here crX:> exists, i.e. if al. - l' is positive ( here A=x ).
If it is not positive there is no indication of real dif
erentiation among the members of the group, and to try tests 
on such a group before one had watched them long enough to 
get a real value for ~~ ( here rrm) would be idle. Increasing 
either the number of people in the group, or the period of 
Observation, will give us a better estimate of the mean, but 
to get an approximation to the true individual variation it 
is better to inorease the period of observation.- « 19, p.503 » 

Newbold was referring to the determination of 

indiVidual accident liability variation where the m-values 

are the liabilities. However, the idea put forth in this ref

erence may be extended quite apart from indications of accid

ent proneness. Finding the value of cr. may be used in attempt

ing to determine whether a population is significantly of the 

negative bmomial type, since every negative binomial popUl

ation has (jx2 > x, i.e. ~ >0. 

In order to set up a criterion to determine the 

variance am2, the expression obtained from (4.15) is used: 

2 crx -, x. (4.16) 

--2
Its value will not change sign upon dividing through by x, 

whenoe x 
-2 (4.17)x 

may be used as an index of variability. This , however, is 

the reciprocal of the moment estimateof parameter k of the 

negative binomial distribution: 

x2
k = (4.18)

0%2 x 

which, upon inversion, becomes 
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-x1
= -2 - • (4.19)

k x 

From (4.19), the greater the variability of m the SMaller 

is the value of parameter k. When x'7 = OX2 , finite, then 

k • 0, or k = 00. This indicates, as expected, the Poisson 

limit. 

Taking the square root on both sides of 

equation (4.19) 

=...Qm (4.20)m 

gives the ratio of the standard deviation of the variable m 

to m with the range being the non-negative real values. A 

zero value for the ratio denotes no variation between the 

values for m, i.e., a homogeneous sample, while any signif

icant real value for the ratio indicates thatJ crx2 ~ ~ ~O,

i.e., the sample 1s signifioantly negative binomial. Thus 

the inverse square root of exponent k prOVides a simple 

first~glance indioation of sample character. A value for k 

greater than the ratio of the standard error of m to m 

gives positive indication that m varies and that the sample 

may be distributed according to the negative binomial, which 

is ascertained by further analysis. 

The actual calculat10n of the significance of 

Jox2 
- x 1s done by using the standard error of x to 

determine whether ~2 1s s1gn1fican.tly greater than x. 



CHAPTER V 

APPLICATION OF CONFIDENCE LIMITS 

TO THE NEGATIVE BINOMIAL DIS'l'RIBUJlION 

A. Probabili ty Interpretation of Negative Blnomial Param.eters 

The concept of confidence limits and confidence 

intervals for the parameters of distribution functions is not 
lJPe 

new; however, at present, no data ~ available to show the 

application of this statistical technique to the negative bi

nomial. For related distribution functions such research has 

been carried out in past years and has been publlshed (-( 7, 

12, 22 ». It is the primary purpose of this sactionof the 

thesis to indicate a metho~ of applying the confidence int

erval concept to the theoretical negative binomial distrib

ution. It must be stated, however,that the application here

in is indicative and illustrative of the method adopted; in 

no way has the attempt been considered as exhaustive, a project 

which would be, in any case, quite impossible with this method. 

From the foregoing section of this work it is 

sufficiently clear that the negative binomial distribution, 

though algebra.ically similar to the positive binomial, differs 

markedly from it in parameter interpretation and in distrib

utionapplications. ( I A ). Thus the avai.lable da.ta concern

ing the confidence concept for the positive binomial « 7 » 
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will not suffice for negative binomial data. However.(tne datal 
~... '! 

the data on confidence intervals that ~available for the 

Poisson and normal distributions are of value here because 

two limiting forms of the negative binomial tend to Poisson 

and normal functions. The asymptotically normal and asymptoti8

ajly Poisson behavior of the negative binomial for certain 

parameter combinations will·make useful the data for the lim

iting forms later. 

But prior to confidence interval calculations, 

it is essential to provid~ some descriptive and statistical 

rationale for the process. This will illustrate why the para

meters are handled as they are in SUbsequent parts of this 

section. 

Use is made of the development of the negative 

binomial.distribution as indicated in the mathematical model 

12 c above. Therein, the development commenced with the binom

ial . ( ql + PI ) n with the binomial expansion 

where PI = proportion of successes, and ~l + PI = 1. ( The 

SUbscripts are included here in order to a~C14}oonfusion later.> 

Thereafter, to find the number of indiViduals 

dying during the nth exposure ( to continue with the model of 

the original ), the term by term difference between the expan

sion at (~+ Pi ) n-l and of (ql + Pi ) n is used giving 

the series 
n-l q n-2p 2 , . . . 

11 1 1 



1 
- S2 

which terms are also g1v~n by the expansion of P l ( ql + P )11..
l 

of whioh the general term is 

Cn - 1) Cn - .. 2) • • • .Cn - k + 1) q n-k P k 
1 • 2· • · ·(k - 1) 1 1. (S.l) 

kthSince the exposure is fatal only from the exposure onward, 

there is obtained the series for values of n from k onward: 

P k k.p k .q , k(k + 1). P1k .• qL 2 (S 2),.2. -1 ' • •• •1 ' 1 1 

k -kwhioh is, however, the expansion of PI ( 1- q1) providing 

~he following law: 

The proportions of the ori8inal popu1at~on dying during 8UC

cessive exposures, if k unfavourable exposures are fatal, 
..k 

are given by the expan.sion of the terms of p k (1 - q ) .• 
1 1 

But p k ( 1 _ q ) -k = 
1 1 

where = 1 and P = proportion of successes. 
1 

This is the negative binomial expression where 

To obtain this expression in standard form let 

q , q - p = 1 
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which provides the form 

-k 
( q - p) • (5.4) 

With the interpretation of p as given, it follows that 

Pl = ~ = proportion of sueeesses and 

ql = ~ = proportion bf failures. 

n
In the previous positive binomial ( ql + PI) there exists 

the relationship 

= E(p ) = E(Z) = 1.E(x) = ~. IRn n1 

or m = np where m is the mean. This is mor~ readily seen 
1 

from moment calculations. 

In the negative binomial (q - p ) -k there 

is, by moments, m = E(x) = kp. Thus 

E(x) • (5.61 

From this expectation equation there follows the relationship 

1 
1 + P k 

k 
+ E(X) = • 

(5.7) 

ThUS, theoretically, the general term of the expansion 

( q - P )-k as given in (1.1) is the probab&lit1 that there 

will be k 'successes' in k + x trials. ThiS, however, 

cannot be literally interpreted nor literally applied to 

sampling experiments since k, unlike its positive binomial 

analogue, is not necessarily integral. The ratiP itself, 
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k , however, is useful as a relative frequency of a

k + x 
'success', the expectation of which is the probability of 

a success I = PI-q 

1 1t = 
qt 

<. 
q < 1 = u (5.8) 

~

where t = lower limit of confidence interval and 

u = upper limit of confidence interval. 

In the following pages a 95% cOl'lfidence coef

ficient shall be used: in long-runrsampling from the population 

in question, the designated interval will contain 1 q in 95% 

of the occurrences. Further, conventional presentation of 
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confidence intervals calls for central intervals, which deter

mines that of the 5% error proportionality, 2• .5% shall be the*probability that <t and 2.5% the probability that ~ >u • 

This pattern is most appropriate for the negat~ve binomial also, 

since this distribution function is unimodal and not too far 

removed from the normal type. 

The use of the inverse function lq = 1l+p 
should be clarified here. From 1 = E( k ) and1 + p · k + x, 
P = E~X) it would appear much simpler to calculate confidence 

intervals for the latter less complicated function of x and p 
1 

o ~ 1 
l+p ~ 1 

obtained from inversion of finite p >0. Moreover, the.,.se of 
1 is in harmony with the probability interpretation given

1 + P 

above. (V,A ) 
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c. Confidence Interval Calculations 

1. General Procedure 

In the solution to the confidence interval 

problem, the inverse function lends itself to a graphing on 

unit square rectangular co-ordinate graphs. Thus the complete 

behavior of the function may be plotted within a 1%1 area. 

The use of p = ~ would on the other hand, produce irreg
k ' 

ular, non-terminating plottings of confidence belts for the 

various values of k. From this viewpoint alone, the choice of 

the inverse function is certainly expedient in producing uni

form p10ttings throughout the range of k. 

The graphing of the confidence belt is done on 

1, and kunit square co-ordinate paper with 1 + P k + x the two 

co-ordinate axes. No points of the range ma, l1e outside the 

unit square ( Figure 5.1 ). 

1 
1;"'* p 

1.000 t----------------...... 

•750 

.500 

.250 

k 
k + xo .2.50 .500 .750 1.000

Figure .5.1: Unit Square eo-ordinate Paper,

with Axes, for the Grap.lng of Confidence Belts.
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For a given value of p an.d k the probabili ties of occur

rence of the various values of x are given by the suooessive 

terms of the expansion ( q - p )-k. If X is assumed to be 

any value of x, then the sum of the first X + 1 terms will 

be given by 
x·> (1 1 ) k r (k + x) ( p ) x 

+ p xl r(k) 1 + p , 
x=o 

while the sum of the terms beyond X shall be gIven by 

co 
~ ( 1 ) k ..rCk + xl (1 ; p> x 
L- 1 +p xl rCk) •

x=X+l 

Since x = 0, 1, 2, ••• the negative binomialI 

expansion gives a disorete distribution. ThUS, in gener~l, it 

is impossible to choose values of x, say Xl and x2 , such that 

Xl 
k r(k + x) p

(1 = .025, (5.11)2:(1 1 X 
p> p> + xl r(k) + 

x=o 

co
xk r(k + x) pand ) • .025 (5.12)L(l 1 

p> (1+ xl r(k) + px=x2 

which would be the expected procedure to obtain 95% confidence 

intervals in the continuous case. However, it is possible to 

select ~ and x2 such that 

P"(k + x) ( 'R ) X J ()(1 1 ) k xl r(k) 1 + p =.025, 5.13+ Px=o 
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. +1
1) k r'(k + x) ( p )x ( 4)~ (~---- - - - > .025, 5.1

1 + P 'x! r.. (k) 1 + px=o 

co 

and ,( 1 ) k I""'(k + x) ( p. )x '= .02.5, (.5.15)
L 1 + P x! r(k) 1 + P 
x=x2 

co 

~ (1 ; p) 'k r (k + x)( p )x > .025. (5.16) 
x=x2-1 xl r(k) 1 +p 

For a fixed k-value, these values of Xl and x2 may be cal

culated .for the entire range of 1; ·p • This provides a zig-zag 

belt ( Figure 5.2 ) running across the co-ordinate paper on 

both sides of the main diagonal joining the points (O,O~ and 

.(1,1). 
1

1 + P
n. 

1.000 

.750 

.500 

o ~750

(1,1) 

1.000 
k 

k+-x 

Figure 5.2: Illustration of Confidence Step-Belt
Plotted on Unit Square Co-ordinate Paper.
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From the calculations it is known that at least 95% of the 

values (k 1) wlll be contained in the belt,
k+x'l+p 

which may now be specifically applied to negative binomial 

data with a given expectation for x and a given k-value. 

It is then possible to quote from the graph the 95% confid

ence bounds to 1 • Slmilarly, if greater confidence than 
I + p 

95% is desired, a new set of bounds maybe calculated. 

2. Specific ProCedure 

Following the general procedure indieated above, 

there arise, in practical computations, a few points ,of incon

venience which must be considered. The difficulties arise from 

the fact that the negative binomial is a discrete distribution; 

the difficulties may be overcome by some minor departures from 

strictly discrete pr~sentation. The justification for so doing 

is given immediately. 

Each chartl depicting a confidence belt for the 

entire range of 1 ls calculated for a value of k which 
1 + P 

is constant for the belt. Because of this, ,the horizontal axls 

k contains discrete points for x = 0, 1, 2, •••• The 
k + x 
axis, therefore, is not in' the true sense a contlnuous axis, 

but rather a selected sequence of rational numbers with limlt 

zero as x becomes large~ Strictly speaking, then, the graphs 

can be interpreted only at the step points vertically above 

these discrete values on the axis. However, since no values, 

1. cf. Appendix'A, Figures 1 - 6. 
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theoretically, fall between. the discrete step points, it is 

permissible to joi!! these discrete mass co-ordinate points 

with a smooth line. These smooth line confidenoe bands are 

more convenient to use than step-bands and they lend them

selves to giVing good approximations by interpolation in later 

applications. 

The discrete mass points which provide the 

Icorners' of the zig-zag step-bands in Figures 1 -6 are the 

co-ordinates derived from xl and x2 throughout the range of 

p, k being constant for each band; Xl and x are obtained
2

from the equalities

~ ( I ) k r (k + x) ( p )x =L I + P xl r(k) I + p .025, 
X =0 

~ ( 1 ) k rCk + xl P x =and L 1 + P xl r(k) (1 + p>x=x2 

These points lend themselves with greater conformity to the 

construction of smooth curve confidence belts in preferen.ce 

to the values obtained from the inequalities indicated in 

(5.13) - (5.16). Linear interpolatio~is used to obtain these 

exact values for x in the horizontal co-ordinate'k k • This 
+ x 

procedure may be justified from the distribution itself which 

provides a very short range in which the interpolation is re

quired. Also, from the fact' that the negative binomial is a 

discrete distribution, it is known that no points will be 

omitted by choosing an intermediate point since no values of 

the distribution fall between the verti_als arising from ad

jacent discrete points on the horizontal axis. 
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Example of Calculation Procedure 

To illustrate the foregoing procedure very 

concretely, its application to a specific example 1s outlined 

in detail here. 95% confidenoe limits are applied to the 

p-functlon 1 of the negative binomial distribution 
1 + P 

where k = 3. 

From the table of the negative binomial dist
l

rlbutlon for k = 3 are found, for each value of 1 ~ P J the 

two values of k ~ x corresponding to the .025-point and the 

.975-point of the distribution. For 1 = .100, the .025
1 + P 

poi~t is found by noting that it lies between k = .500 
k + x 

and k = .429 • Linear interpolation locates the point at 
k + x . 

Similarly, the .975-point is located at thek ~ x = .436 • 

horizontal position k k+ x = ~403 which, in this case, is 

given directly from the table. 

For 1 =_.125, the .025-point lies between 
1 + P 

k ~ x = .600 and k ~ x = •.500 with linear interpolation 

providing that k = .531 • The .975-poinf for this same 
k + x 

value of 1 ~ P lles between k ~ x = .055 and k'~:It = .054 

which determines the point to be k ~ x = .054 • This proced

ure is continued for the entire range of the p-functlon value~

that is, the interval (0,1); the co-ordinates so obtained are 

listed in Table 3. 

The points thus calculated are then graphed on 

1. cf. Appendix C, Table 3. 



- 62 

TABLE. :3 1 

List of 16 pairs of co-ordinates which 
give 'corner t points of the 95% confid
ence step -belt for the k-va1ue k = 3

k 
1 

1 + p .025-po1nt .975-polnt 

.100 .436 .043 

.125 .531 .054 

~1.50

~"

.620 .066 

.167 .679 .074 

.200 .776 ~O90

~2.50 .936 .114 

~300 1.000 .141 

.400 1.000 .197 

.500 1.000 .260 

.600 1.000 .333 

.700 1.000 .417 

.800 1.000 .520 

.900 1.000 .656 

.925 1.000 .721 

.950 1.000 .771 

.975 1.000 .826 

rectangular co-ordinate paper with horizontal axis k ~x

and vertical axis 1 which procedure locates all points
1 + P J 

within the unit square. To illustrate this, for the value 

1. cf. Appendix B for this and similar tables calculated 
for different values of k. 
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1-,,;;;;,,-.

1 + P 
= .100 are plotted the two eo-ordinate points 

(.436, .100) and ( .043 , .100 ) ; 

for 1; p = .125 are plotted the two points 

( .531, .125) and ( .054, .125) ; 

and so on for all sixteen pairs of points which have been 

Similarly, individual confidence bE';'lts are con

structed for the reaa.ining selected values of k.Tben the 

smooth curve belts are transferred onto a single chart shown 

in Figure 7. This single-chart portrayal offers no difficulty 

since the belts narrow progressively toward the main diagonal 

for an increasing sequence of k-values. For any fixed p-value, 

k large produces an approach to the normal curve confidence 

belt, from which the corresponding confi.dence values may be 

used as an approximation (III,C deals With the conditions 

for asymptotic normality). For decreasing p-values and in

creasing k there is an approach to the Poisson function. For 

both of these limiting cases other works have provided confid

ence belt calculations « 7, 12, 22 ». 

D. Use of Confidence Charts 

Confidence oharts constructed in the manner 

indicated above have their greatest value in providing a ready 
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1.000....------------------------,-.e-z-b-,-.'2>-I-S......
0

o .77 \ , . <2>50 
0,72\. <j25 

G) • (05<0, .900 

o .520, .800 

.750'" 

O,4\1, 100 

I 
1+ P 

o .333.1 .bOO 

".50n 

0.\4\, .300 

.250 0.\ \4, .250 .~3bJ ,250 0 

o .Q<30) .200 .17(0,.200 0 

0.074, .\b7 
<:> .Ob"'. ,\50 

.619) .l<O7 0 
.620, .\50 0 

0.054,.\25 .53\, .lZ5 0 

0.043, ,\00 ,43~).lOO 0 

I t I 

.250 .500 .750 1.000 

K 
K+X 

FIG. 5.3 "Corner" points plotted for 95% confidence belt 

for p-funcfion -'
'fp 

with K=3 
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and immediate determination of the oonfidenoe interval for 

1 when E(x) and k have been obtained for some negative
1 + P 
binomial data. From the limits given by the oharts for the 

function 1 ~ P , the 95% confidence limits for parameter p 

oan be oaloulated by simply applting the algebra of inequalities. 

within this interval, that is, 

1 
.230. < 1 + P < .825 • 

To obtain the oonfidenoe limits for p itself, the inequality 

is manipulated as follows: 

1 1 
.230 > 1 + P > .825 

4.348 > 1 + p 7 1.212 

3.348 p /' .212 • 



• • 
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Unfortunately, it is impossible here to prov

ide these charts for every value of kj to do so would in

volve ai}: gigantic task in mere computation. However, the ex-
t 

perimenter who wishes to apply confidence limits to p may 

use his value of k to calculate a distribution table sim

ilar to those found in Appendix C. With the use of this table 

and the method outlined above, he can construct the confid

ence belt from which to obtain the desired parameter limits • 
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APPENDIX A 

Figures showing 95% confidence belts 

for the p-funct1on 1: p for six sel

ected values of k. 

* * 
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A.PPENDIX B 

Tables of the Co-ordinate Points Used 

in Plotting the 'Cornwr t Points of the 

Confidence Step-Belts for the p-functlon 

1 in Figures 1 - 7. 
1 + P 

* *
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TABLE 1

Co-ordinates for p1ottl~ the Confidence
Belt for p-function 

I 
• in Figure 1. 

+ P 

k 
I k + x 

1 + P .025-point .975-point 

.100 

.125 

.150 

.167 

.200 

.250 

.300 

.400 

•.500 

.600 

.700 

.800 

.900 

.925 

.950 

.975 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.029 

.036 

.044 

.050 

.061 

.078 

.097 

.138 

.187 

.247 

.314 

.422 

.583 

.638 

.740 

1.000 
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TABLE 2 

Co-ord1nates for Plotting the Confidence 

Belt "for p-funct1on 1 in Figure 2. 
1 + p 

k 
1 k + x 

1 + P .025-po1nt .975-po1nt 

.100 .722 .037 

.125 .889 .047 

.150 .982 .058 

.167 1.000 .064 

.200 1.000 .079 

.250 1.000 .101 

.300 1.000 .124 

.400 1.000 .175 

.500 1.000 .231 

.600 1.000 .299 

.700 l~OOO .380 

.800 1.000 .490 

.900 1.000 .646 

.925 1.000 .690 

.950 1.000 .733 

.975 1.000 .830 
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TABLE 3 

Co-ordinates for Plotting the Confidenoe 
Belt for p-function 1. in Figure 3. 

1 + P 

k
1 k + x

1 +,p 
.025-point .975-point 

.100 

.125 

.150 

.161 

.200 

.250 

.300 

.400 

.500 

.600 

.700 

.800 

.900 

.925 

.950 

.975 

.436 

.531 

.620 

.679 

.776 

.936 

1.000 

1~000

1 .. 000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.043 

.054 

.066 

.074 

.090 

.114 

.141 

.191 

.260 

.333 

.417 

.520 

.656 

.721 

.771 

.826 
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TABLE 4

Co-ordinates for Plotting the Confidence
Belt for p-funetion 1 1 + p

1 k 
1 + P .025-polnt 

.100 .338 

.125 .410 

.150 .483 

.167 .533 

.200 .619 

.2.50 .746 

.300 .852 

.400 1.000 

.500 1.000 

.600 1.000 

.700 1.000 

.800 1.000 

.900 1.000 

.925 1.000 

.950 1.000 

.975 1.000 

in Figur···e 4. 

k 
+ x 

.975-point 

.048 

.060 

.072 

.081 

.098 

.125 

.153 

.213 

,279 

.355 

.444 

.546 

.685 

.725 

.802 

.842 
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TABLE .5 

Co-ordinates for Plotting the Confidence
Belt for p-funct1on .1 ; P in Figure 5.

k 
1 k + x 

1 + p .025-point .975-point 

.LOO 

.12.5 

.1.50 

.167 

.200 

• 2.5~',~

.300 

.400 

.500 

.600 

.700 

.800 

.900 

.92.5 

.950 

.975 

.286 

.351 

.414 

.45.5 

•.534 

.638 

.740 

.919 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.0.51 

.063 

.077 

.085 

.103 

.133 

.162 

.225 

.295 

.371 

.460 

.566 

.710 

.741 

.800 

.856 
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TABLE 6 

Co-ordinates for Plotting the Confidence

Belt for p-functlon 1; p in Figure 6.

k 
1 k + x 

1 + P .02.5-point •975-point 

.200 

.250 

.300 

.400 

.;00 

.600 

.700 

.800 

.900 

.925 

.950 

.975 

.381 

.461 

.546 

.693 

.819 

.928 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.123 

.156 

.190 

.261 

.338 

.421 

.513 

.620 

.748 

.787 

.837 

.895 
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APPENDIX C 

The following tables, one for each of six 

selected values of k, list the accumul

ated probabilities given by the negative 

binomial distribution. Eacn table has the 

cumulative distribution calculated for 

sixteen different values of Pi these 

values have bean so chosen that the func

tion 1 traverses its' interval range
1 + P 

(0,1). The calculations were carried out 

with six or more significant figures with 

the results rounded off. Thus accuracy to 

three figures should be quite certain. 

Each figure for F(x) in the columns of the 

table is preceded by a decimal point. 



Table 1: The Negative Binomial Distribution for k = 1. 

x 
F(x) = ~( 1 )k (k + y) ( p )yf;;o 1 + P yl 1(Ie) + P 

1 . 6k=l 1 +p .100 .125 .150 .11 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .975 
_k__ p... ".' 

+ x x ?OOO 7.000 5.667 5.000 4.000 3.000 2.333 1 •.500 1.000 .667 .429 .250 .111 .081 .053 .026 

.000 0 .100 .125 .150 .167 .200 .250 .300 .'400 .500 .600 .700 .800 .900 .925 .950 .975 

.500 1 190 234 278 306 360 438 510 640 750 840 910 960 990 994 998 999 

.333 2 271 330 386 422 488 578 657 784 875 936 970 992 999 

.250 3 344 414 478 518 590 684 760 870 938 974 992 998 

.200 4 410 487 556 599 672 763 832 922 969 990 998 I 

(»

.167 5 469 551 623 666 738 822 882 953 984 996 999 0\ 

.1"43 6 522 607 679 722 790 867 918 972 992 998 I 

.12.5 7 570 656 728 769 832 900 942 98, 996 999 

.111 e 699 768 807 866 92.5 960 990 998~1'.100 9 6.51 7'7 803 840 893 944 972 994 999 

.091 10 686 770 833 867 914 958 980 996 

.083 11 718 799 858 889 931 968 986 998 

.077 12 746 824 879 908 945 976 990 999 

.071 13 771 845 897 924 956 982 993 

.067 14 794 865 913 937 964 987 995 

.063 15 815 882 926 947 972 990 997 

.059 16 833 897 937 956 977 993 998 

.056 17 850 910 946 964 982 994 998 

.053 18 865 921 954 970 986 996 999 

.050 19 879 931 961 975 988 997 



Table 1 (oont.)
1 1k=l .100 .125 .150 .167 .200 .250 k=l .100 .1251 + P 1 + P

k P k P9.000 7.000 5.667 5.000 4.000 3.000 9.000 7.000+ x x k + x x 

.048 20 891 940 967 980 991 998 .022 45 992 998 

.045 21 902 947 972 983 993 998 .021 46 993 998 

.043 22 912 954 976 986 994 999 .021 47 994 999 

.042 23 920 960 980 989 995 .020 48 995 

.040 24 928 965 983 991 996 .020 49 99.5 

.038 25 936 969 985 993 997 .020 50 996 

.037 26 942 973 988 994 998 .019 51 996 

.036 27 948 976 990 995 998 ~019 .52 997 

.034 28 953 979 991 996 998 .019 53 997 
·.033 29 958 982 992 996 999 ~018 54 997 I 

en.032 30 962 984 994 997 .018 55 998 -...:J 

.031 31 966 986 995 998 .018 56 998 

.039 32 969 988 995 998 .017 57 998 

.029 33 972 989 996 998 .017 58 998 

.029 34 975 991 997 999 .017 59 999 

.028 35 978 992 997 

.027 36 980 993 998 

.026 37 982 994 998 

.026 38 984 995 998 

.025 39 985 995 999 

.024 40 987 996 

.024 41 988 996 

.023 42 990 997 

.023 43 991 997 

.022 44 992 998 



Table 2: The negative Binomial Distribution for k = 2. 

x

F(x) = ~( 1 )k (K + y~ ( p )y
~ 1 + P y1 (k 1 + P 

.ji,!'t 

1
1=2 1 + P .100 .125 .150 .167 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .975 

p
~ x . x 9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500 1.000 .667 .429 .250 .111 .081 .053 .026 

.000 0 010 016 023 028 040 063 090 160 250 360 490 640 810 856 903 951 

.667 1 028 043 061 074 104 156 216 352 500 648 784 896 972 984 993 998 

.500 2 052 079 110 132 181 262 348 525 688 821 916 973 996 998 999 I

.400 3 081 121 165 196 263 367 472 663 813 913 969 993 999 (X)

.333 4 114 166 224 263 345 466 580 767 891 959 989 998 en 

••286 5 150 214 283 330 423 ~55 671 841 938 981 996 999 
.250 6 1.8? 263 343 395 497 633 745 894 965 991 999 
.222 7 225 312 401 457 564 700 804 929 980 996 
.200 8 264 361 456 515 624 756 851 954 989 998 
.182 9 303 408 508 569 678 803 887 970 994 999 

.167 10 341 453 557 618 725 842 915 980 997 

.154 11 379 496 602 663 766 873 936 987 998 

.143 12 415 537 643 704 802 899 953 992 999 

.133 13 451 575 682 740 833 920 965 995 

.125 14 485 611 716 772 859 937 974 997 

.118 1.5 518 645 748 801 882 950 981 998 

.111 16 550 676 776 827 901 961 986 999 

.105 17 580 705 802 849 917 969 990 

.100 18 608 732 825 869 931 976 992 

.095 19 635 757 845 886 942 981 994 



Table 2 (cont. )
1k=2 .1-00 .125 .150 .167 .200 .250 .3001 + P 

k .p 9.000 7.000 5.667 5.000 4.000 3.000 2.333. + x x" 

.091 20 661 779 864 902 952 985 996 

.087 21 685 800 880 915 960 989 997

.083 22 707 819 894 927 967 991 998

.080 23 729 837 907 937 973 993 999

.077 24 749 852 919 945 977 995

.074 25 767 867 929 953 981 996

.071 26 785 880 938 959 985 997

.069 27 801 892 945 965 987 998

.067 28 816 902 952 970 990 998

.064 29 830 912 958 974 991 999
•

•063 30 844 921 9641 978 993 (X) 

.061 31 856 929 968 981 994 \.Q 

.059 32 867 936 973 984 995 •

.057 33 878 943 976 986 996 

.056 34 887 948 979 988 997 

.054 35 896 954 982 990 998

.053 36 905 958 984 991 998

.051 37 912 96) 986 993 998

.050 38 919 967 988 994 999

.049 39 926 970 989 995

.048 40 932 973 990 995

.047 41 938 976 992 996

.045 42 943 978 993 997

.044 43 947 980 994 997

.043 44 952 982 994 998



Table 2 (cont. )
1 1

k-2 .100 .125 .150 .167 k=2 .100 .1251 + P 1 + p 
p.lL- k 

+ x x 9.000 7.000 5.667 5.000 k + x x
P 9.000 7.000 

.043 45 955 984 995 998 .028 70 994 998 

.042 46 958 986 995 998 ,027 71 994 998 

.041 47 962 987 996 998 .027 72 995 998 

.040 48 965 
/ 

988 996 999 .027 73 995 998 
.039 49 968 989 996 .026 74 995 998 

•
.0.38 50 970 990 997 .026 75 996 998 
.038 51 97.3 991 997 .026 76 996 998 
.037 52 975 992 997 .025 77 996 998 
.036 5.3 977 993 998 .025 78 996 998 
.036 54 979 993 998 ,025 79 997 998 

I 

.035 55 981 994 998 .024 80 997 999 0 '" .034 56 982 995 998 .024 81 997 

.034 57 984 995 998 .024 82 997 

.033 58 985 995 998 .024 8.3 997 

.03.3 59 986 996 999 .023 84 998 

.032 60 987 996 .023 85 998 

.032 61 988 996 .023 86 998 

.031 62 989 997 .022 87 998 

.031 63 990 997 .022 88 998 

.030 64 991 997 .022 89 998 

.030 65 991 997 .022 90 998

.029 66 992 997 .022 91 998

.029 67 993 997 .021 92 998

.029 68 993 998 .021 93 998

.028 69 994 998 .021 94 999



----_._--~----------
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Ta.ble 3: The Negative Binomial Distribution for k = 3. 

x 
1 )k (k + ;) )yF(x) = L (1 (1 

p 
+ P yl (k) + py=o 

k=3 1
1 
+ p .100 .125 .150 .167 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .975 

p--L 9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500 1.000 .667 .429 .250 .111 .081 .053 .026+ x x 

.000 .0 001 002 003 005 008 016 027 064 125 216 343 512 729 791 857 927 

.750 1 004 007 012 016 027 051 084· 179 313 475 652 819 948 970 986 996 

.600 2- 009 016 027 035 058 104 163 317 500 683 837 942 991 996 999 

.500 3 016 029 047 062 099 170 256 456 656 821 930 983 999 

.429 4 026 046 074 096 148 244 353 580 773 904 971 995 

.375 5 038 067 105 135 203 322 448 685 855 950 989 999 

.333 6 053 092 141 178 262 400 537 768 910 975 996 

.300 7 070 120 180 225 322. 475 617 833 945 988 998 

.273 8 090 150 221 273 383 545 687 881 967 994 999 

.250 9 111 182 264 322 442 610 747 917 981 997 

.231 10 134 216 308 372 498 668 798 942 989 999 

.211 11 158 251 352 420 552 719 839 960 994 I.200 12 184 287 396 468 602 764 873 973 996 

.188 13 211 323 439 513 648 803 901 982 998 '" I-' 

.176 14 238 359 480 556 690 836 923 988 999 I 

.167 15 266 395 520 597 729 865 940 992 

.158 16 295 430 5~9 636 763 888 954 995 

.150 17 323 465 595 671 794 908 96.5 996 

.143 :}.8 352 498 629 704 821 925 973 998 

.136 19 380 .531 662 735 846 939 979 998 



Table 3 (cont.)
1k=3 .100 .125 .150 .167 .200 .ZSO .300 .4001 + p 

p..lL 9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500+ x x 

.130 20 408 562 692 763 867 950 984 999 

.125 21 436 592 720 788 886 960 988 

.120 22 463 620 746 811 902 967 991 

.115 23 489 648 770 832 916 973 993 
.111 24 515 673 793 851 928 979 995 

.107 25 541 698 813 868 939 983 996 

.103 26 565 721 8)2 883 948 986 997 

.100 27 589 742 849 897 956 989 998 

.097 28 611 762 864 909 963 991 998 

.b~4 29 633 781 878 920 969 992 999 I 

\,()

.091 30 654 799 891 930 973 994 N 

.088 )1 674 815 902 939 978 995 

.086 32 694 831 913 946 981 996 

.083 33 712 845 922 953 984 997 

.081 34 730 858 931 959 987 997 

.079 35' 746 870 938 964 989 998 

.077 36 762 881 945 969 991 998 

.075 37 777 892 951 973 992 998 

.073 38 791 901 957 976 994 998 

.071 39 805 910 962 979 995 999 

.070 40 818 918 966 982 996 

.068 41 830 925 970 984 996 
0067 42 841 932 973 986 997 
.065 43 852 938 976 988 998 
.064 44 862 944 979 990 998 



Table 3 (cont.)
1 1k=J .100 .125 .150 .1~7 ·.200 k=J .100 .12.51 + P 1 + P 

P 
{ 

k 
x

P 9.000 7.000 5.667 .5.000 4.000 k 9.000 7.000+ x k + x x 

.063 4.5 871 949 982 991 998 .039 73 98.5 997

.061 46 880 9.54 984 992 999 .039 74 986 997.060 47 888 958 986 993 .0)8 75 987 998

.059 48 896 962 987 994 .038 76 988 9'8.058 49 903 966 989 995 .038 77 989 998

.057 .50 910 969 990 996 .037 78 990 998.056 51 917 972 991 996 .037 79 991 998

.0.5.5 52 923 975 992 997 .036 80 992 999.054 53 928 977 993 997 .036 81 992

.053 54 933 979 994 998 .035 82 993 I 

.052 55 938 981 995 998 \.0
.035 83 994 Iv)

.051 56 943 983 995 998 .034 84 994.050 57 947 985 996 999 •.034 S5 -995.049 58 951 986 996 .034 86 995.048 59 955 988 997 .033 87 995

.048 60 958 989 997 .033 88 996.047 61 961 990 998 .033 89 996.046 62 964 991 998 .0)2 90 996

.045 63 967 992 998 .032 91 997

.045 64 969 993 998 .032 92 997 

.044 65 972 993 999 ,031 93 997

.043 66 974 994 .031 94 997

.043 67 976 995 .031 95 998

.042 68 978 995 .030 96 998

.042 69 979 996 .030 97 998
•.041 70 981 996 .030 98 998

.041 71 982 996 .029 99 998

.040 72 984 997 .029 100 999



Table 4: The Negative Binomial Distribution for k = 4. 

x 
1 )k (k + y) )'1F(x) = L (1 (1 P 
+ p yl (k) + p

y=o 

1k==4 .100 .125 .150 .167 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .9751 + p 
.JL.. p 9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500 1.000 .667 .429 .2.50 .111 .081 .053 .026+ x x 

.000 0 000 000 001 001 002 004 008 026 063 130 240 410 6.56 732 81.5 904 

.800 1 000 001 002 003 007 016 031 087 188 337 .528 737 919 9.52 977 994 

.667 2 001 003 006 009 017 038 070 179 344 544 744 901 984 993 998 

.571 3 003 006 01a 018 033 071 126 290 .500 710 874 967 997 999 

.500 4 005 011 021 031 056 114 194 406 637 826 942 990 

.444 5 008 018 034 048 086 166 270 517 746 901 975 997 

.400 6 013 027 050 070 121 224 350 618 82~ 945 989 999 

.364 7 019 039 069 096 161 287 430 704 887 971 996 

.333 8 026 053 092 125 205 351 508 775 927 985 998 I 

.308 9 034 069 118 158 253 416 579 831 954 992 999 ~

~

.286 10 044 087 147 194 302 479 645. 876 971 996 I

.267 11 056 108 177 231 352 539 703 910 982 998

.250 12 069 130 210 271 402 59.5 7.54 935 989 999 

.23.5 13 083 154 244 311 451 647 798 9.54 994 

.222 14 098 180 280 352 499 694 835 967 996 

.211 15 115 207 316 393 545 737 867 977 998 

.200 16 133 23.5 352 433 588 775 893 984 999 

.190 17 152 263 389 473 629 808 914 989 9 

.182 18 172 293 425 511 668 838 932 992 

.174 19 193 323 460 548 703 863 946 995 



k=4 
...lL. 

+ x 

.167 

.160 

.154 

.148 

.143 

.138 

.133 

.129 

.125 

.121 

.118 

.114 

.111 

.108 

.10.5 

.103 

.100 

.098 

.095 

.093 

.091 

.089 

.087 

.085 

.083 

1
1 + 

p 
x 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
31 
32 
33 
34 

-3.5 
36 

·37 
38 
39 

40 
41 
42 
43 
44 

Table 4 (cont.) 

p.100 .12.5 .1.50 .167 .200 .250 .300 .400 

9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500-
21.5 353 495 584 736 885 958 997
237 382 529 618 766 904 967 998
260 412 561 650 793 920 974 998
283 442 .593 680 817 934 980 999
306 471 623 709 839 945 984 

330 499 651 735 859 9.5.5 988
353 527 678 760 877 963 990
377 554 704 783 893 969 992
400 580 728 804 907 975 994
424 605 750 823 919 980 995

• 
447 629 771 841 930 983 996 '0 

470 653 791 857 . 939 987 997 
\J\ 

492 675 809 872 947- 989 997
515 696 826 885 955 991 998
536 716 842 897 961 993 998

.557 736 856 908 966 994 998
578 754 870 918 971 995 998
598 771 882 927 975 996 999
618 788 893 935 979 997
636 803 903 943 982 998 

655 817 913 949 984 998 
672 831 921 955 986 999 
689 844 929 960 988
706 855 936 965 990
722 867 943 969 991

I 



Table 4 (cont. )
1 1 1k=4 1 + P 

.100 .125 .150 .167 .200 k=4 1 + P .100 .125 .150 .167 k=4 1 + P .100 
k k P k PP 9.000 7.000 5.667 5.000 4.000 9.000 7.000 5.667 5.00'0 9.000+ x x k + x x k + x x 

082 45 737 877 949 972 993 ~054 70 948 987 997 999 .040 95 994 
080 46 751 887 954 976 994 .053 71 952 989 998 .040 96 994 
078 47 765 896 959 979 994 .053 72 955 990 998 ~040 97 995 
077 48 778 904 963 981 995 .052 73 958 991 998 .039 98 996 
075 49 791 912 967 983 996 .051 74 961 991 998 .039 99 996 

074 50 803 919 970 985 996 .051 75 964 992 999 .038 100 997 
073 51 81.5 926 974 987 997 .050 76 967 993 .038 10m 997 
071 52 826 932 976 989 997 .049 77 969 994 .038 102 997 
070 53 836 938 979 990 997 .049 78 972 994 .037 103 998 
069 54 846 943 981 991 998 .048 79 974 995 .037 104 998 

068 55 855 948 98:3 992 998 .048 80 976 995 .037 105 998 
067 56 864 952 985 993 998 .047 81 978 996 .036 106 999 
066 57 873 956 987 994 998 .047 82 979 996 
065 58 881 960 988 995 998 .046 83 981 997 
063 59 888 964 990 995 999 .045 84 983 999 • 
063 60 896 967 991 996 .045 85 984 997 

'0
0\ 

062 61 902 970 992 996 .044 86 985 998 
061 62 909 972 993 997 .044 87 987 998 
060 63 915 975 994 997 .043 88 988 998 
059 64 920 977 994 997 .043 89 989 998 

058 65 926 979 995 998 .043 90 990 999 
057 66 931 981 996 998 .042 91 991 
056 67 935 983 996 998 .042 92 992 
056 68 940 985 997 998 .041 93 992 
055 69 944 986 997 998 .041 94 993 



Table 5: The Negative Binomial Distribution for k - 5, 

x 
(k + y)

F(x) .. ~ (1 ; )k (1 P )y 
p yl (k) + p 

y=o 

1k=5 .100 .125 .150 .167 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .9751 + P 

(

k P 9.000 7.000 5.667 5.000 4.000 3.000 2.333 1.500 1.000 .667 .429 .250 .111 .081 .053 .026+ x x 

L.000 0 000 000 000 000 000 001 002 010 031 078 168 328 590 677 774 881 
.833 1 000 000 000 001 002 005 011 041 109 233 420 655 886 931 967 991 
.714 2 000 001 001 002 005 013 029 096 227 420 647 852 974 988 996 999 
.625 3 000 001 003 005 010 027 058 174 363 594 806 944 99.5 998 
.556 4 001 002 006 009 020· 049 099 267 .500 733 901 980 999 

•.500 5 002 004 010 015 033 078 150 367 623 834 953 994
.455 6 003 007 016 025 050 115 210 467 726 901 978 998
.417 7 004 011 024 036 073 158 276 562 806 943 991 999 I
.385 8 006 016 034 051 099 206 346 647 867 968 996 

\,()
.357 9 009 023 047 069 130 258 416 721 910 982 998 ""'I

.333 10 01'): . 031 062 090 164 314 485 783 941 991 999 

.313 11 017 041 079 113 202 370 550 833 962 995 

.294 12 022 052 099 140 242 426 611 874 976 997

.278 13 028 065 121 168 283 481 667 906 985 999

.263 14 035 079 144 199 326 535 718 930 990

•• 250 15 043 095 170 231 370 .585 763 949 994
.238 16 052 112 197 265 414 633 802 963 996
.227 17 062 131 226 299 457 677 835 973 998
.217 18 073 152 256 335 499' 717 864 981 999
.208 19 085 173 287 370 540 753 889 987 



Table 5 (cont.) 

k=5 1
1 
+ P .100 .125 .150 .167 .200 .250 .300 .400 k=5 1 

1 
+ P .100 .125 .150 .167 .200 .25C 

-1L- k pp 9.000 7.000 ,5.667 5.000 4.000 3.000 2.333 1.500 9.000 7.000 5.667 5.000 4.000 3.00(+ x x k + x x 

.200 20 098 195 318 406 579 786 910 991 ~100 4.5 569 765 888 935 981 99~

.192 21 112 219 350 441 616 816 927 993 .098 46 587 780 898 941 983 99~
,.185 22 127 243 381 478 652 842 941 995 .096 47 605 795 907 948 985 995 
.179 23 142 268 413 510 68.5 865 953 997 .094 48 622 808 915 953 987 
.172 24 158 293 445 543 716 88.5 962 998 .093 49 639 821 923 958 989 

.167 2.5 176 319 476 575 744 902 970 998 .091 .50 6655 833 930 962 990 

.161 26 193 345 506 606 771 917 976 999 .089 51 671 845 937 966 992 

.156 27 212 371 .536 63.5 795 930 981 .088 52 686 8.56 943 970 993 

.152 28 230 397 564 663 817 941 985 ,~086 53 701 866 948 973 994 

.147 29 250 423 592 690 837 951 988 .085 .54 71.5 87.5 953 976 994 I 

'-0
.143 30 269 449 619 715 856 9.59 991 .'083 55 729 884 958 979 995 ro 
.139 31 289 474 645 739 872 966 99~ .082 56 743 893 962 981 996 
.13.5 32 310 499 670 761 887 972 995 .081 57 7.56 901 966 983 996 
.132 33 330 524 693 781 901 976 996 .079 58 768 908 969 985 996 
.128 34 351 548 716 801 913 981 997 .078 59 780 .········.915 972 987 997 

.125 35 371 571' 737 819 923 984 997 .077 60 791 921 975 988 997 

.122 36 392 594 7.57 835 933 ,987 998 .076 61 802 927 977 989 997 

.119 37 412 616 775 850 941 989 999 ,07.5 62 813 933 980 990 998 

.116 38 433 638 793 864 949 991 .074 63 823 938 982 991 998 

.114 39 453 658 810 877 955 993 .072 64 832 943 984 992 998 

.111 40 473 678 825 889 961 994 .071 ,65 841 948 985 993 998 

.109 41 493 697 840 900 966 995 .070 66 850 952 986 994 998 

.106 42 .512 715 853 910 970 996 .069 67 859 956 988 994 998 

.104 43 .532 733 866 919 974 997 .068 68 867 959 989 995 998 

.102 44 550 749 877 927 978 997 .068 69 874 962 990 995 998 



Table 5 (cont.) 
1 1 1k=5 .100 .125 .150 .167 .200 k=5 .100 .125 k=5 .1001 + P 1 + P 1 + P

k k kP 9.000 7.000 5.667 5.000 4.000 P 9.000 7.000 P 9.000c + x x k + x x k + x x 

.067 70 881 965 991 996 999 ~050 95 977 996 •.040 120 996

.066 71 888 968 992 996 .050 96 978 997 .040 121 997

.065 72 895 971 993 997 .049 97 980 997 .039 122 997

.064 73 901 973 993 997 .04' 98 981 997 .039 123 997

.063 74 907 976 994 997 .048 99 982 998 ~039 124 998

.063 75 912 978 994 997 .048 100 984 998 .038 125 998 

.062 76 918 980 995 998 .047 101 985 998 .038 126 998 

.061 77 922 981 995 998 .047 102 986 998 .038 127 998 

.060 78 927 983 996 998 .046 103 987 998 .038 128 998 

.060 79 932 984 996 998 .046 104 988 999 .037 129 998 I 

'-0 

.059 80 936 986 996 998 .045 105 989 .037 130 999 
'-0 

.058 81 940 987 997 998 .045 106 989 

.057 82 944 988 997 998 .045 107 990 

.057 83 947 989 997 998 .044 108 991 

.056 84 951 990 997 998 .044 109 992 

.056 85 954 991 998 999 .043 110 992

.055 86 957 992 998 .043 111 993

.054 87 960 992 998 .01""3 112 993

.054 88 962 993 998 .042 113 994

.053 89 965 994 998 .042 114 994

.053 90 967 994 998 .042 115 995

.052 91 969 995 998 .041 116 995

.052 92 971 995 998 .041 117 996

.051 93 973 996 999 .~041 118 996

.051 94 975 996 .040 119 996



Table 6: The Negative Binomial Distribution for k = 10. 

x 
1 (k + y) )yF(x} = L (1 )k (1 P 
+ P yl (k) + p 

y=o 

1k=10 .200 .250 .300 .400 .500 .600 .700 .800 .900 .925 .950 .9751 + P 

k 
k
+ x x 

P 4.000 3.000 2.333 1.500 1.000 .667 .429 .250 .111 .081 .053 .026 

1.000 0 000 000 000 000 001 006 028 101 349 459 599 776 
.909 1 000 000 000 001 006 030 113 322 691' 803 898 970 
.833 2 000 000 000 003 019 083 253 558 889 944 980 991 
.769 :3 000 000 001 008 046 169 421 747 966 987 997 I 

.714 4 000 000 002 018 090 219 584 810 990 997 .... 
0 
0 

.667 5 000 001 004 034 151 403 722 939 997 999 I

.625 6 000 002 007 058 221 527 825 973 999 

.588 1 000 003 013 092 315 641 895 989

.556 8 001 005 021 135 407 137 940 996
~526 9 002 009 033 186 500 814 967 998

.500 10 00:3 014 048 245 588 872 983 999

.476 11 004 021 068 309 668 915 991

.455 12 006 030 092 :376 1~8 945 996

.435 13 009 041 1201 444 798 965 998 

.411 14 013 055 153 511 846 918 999 

.400 15 017 011. 189 575 885 987
-385 16 023 091 230 6)6 916 992
.370 17 030 113 212 691 939 995
.351 18 039 139 318 741 956 997
.345 19 049 166 364 "785 969 998

• 



.Table 6 (cOnt.)
1 ..... 

k = 10 .200 .250 .300 
~,

.400 .500 
.. 
•600 1 + p 

Pk >1,.' 

4.000 3.000 2.333 1 •.500 1.000 .667k + x x 

.333 20 061 197 411 824 979 999 

.323 21 07.5 229 458 857 985

.313 22 090 263 505 884 990

.303 23 107 299 5.50 908 993

.294 24 125 336 594 927 995

.286 25 146 374 635 942 997 

.278 26 168 412 675 955 998 

.270 27 19l 450 711 965 999 

.263 28 216 487 745 973 ••256 29 241 524 776 980 t-' 
0 

.250 30 268 561 804 984 t-' 

.244 31 296 595 830 988 • 

.238 ,32 324 629 852 991 

.233 33 353 661 873 993 

.227 ~4 383 691 891 995 

.222 35 412 720 907 996

.217 36 441 747 921 997

.213 37 471 772 933 998

.208 38 500 795 943 999 

.204 39 528 817 952 

.200 40 556 836 960

.·196 41 584 854 966

.192 42 610 871 972

.189 43 636 886 977

.185 44 660 899 981



Table 6 (cont.)
1 1k=10 .200 .250 .300 k=10 .200 .• 2501 + P 1 + P 

k .p k p4.000 3.000 2.333k + x x k + x x 

.182 45 684 911 984 .125 70 971 998

.179 46 707 922 -987 '.123 -71 974 999

.175 47 728 932 989 .122 72 977

.172 48 749 940 991 .120 73 980

.169 49 768 948 993 .119 74 982
" 

.167 50 787 955 994 .118 75 984 

.164 51 804 961 995 .116 76 986 

.161 52 820 966 996 .115 77 987 

.159 53 835 971 997 .114 78 989 I.156 54 850 975 997 .112 79 990 ..... 
N.154 55 863 978 998 .111 80 991 
0 

.152 56 875 981 998 .110 81 992 

.149 57 886 984 999 .109 82 993 

.147 58 897 986 .108 83 994 

.145 59 907 988 .106 84 995 

.143 60 915 990 .105 85 995

.141 61 924 992 .104 86 996

.139 62 931 993 .103 87 997

.137 63 931 994 .102 88 997

.135 64 944 995 .101 89 997

'.133 65 950 996 .100 90 998 
.132 66 955 996 .099 91 998 
.130 67 960 997 .098 92 998 
.128 68 964 997 .097 93 998 
.127 69 968 998 .096 94 999 
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