
UNIVERSITY OF SASKATCHEWAN 

COLLEGE OF GRADUATE STUDIES 

CERTIFICATION OF THESIS WORK 

We, the undersigned, certify that ARCHIE PAUL J:ITT,T.m, B. E. 1962 (Sask. ), 

candidate for the Degree of ~Ma~s~t~e~r~o~f~Sc~l··~en~c~e~·~---------------------------

has presented his thesis on the subject, Tbe Eaastic Scatterin~ ®f Eaectrons 

at 180° fr~m He4 

that the thesis is acceptable in form and content, and that the student demon-

strated a satisfactor,y knowledge of the field covered by his thesis in an oral 

examination held on September 11. 1964. 

External Examiner 

Professor of 



JAN 2 6 1865 

THE ELASTIC SCATTERING OF ELECTRONS 

AT 180° 

FROM He
4

A Thesis 

Submitted to the Faculty of Graduate Studies 

in Partial Fulfilment of the Requirements 

for the Degree of 

Master of Science 

in the Department of Physics 

University of Saskatchewan 

by 

Archie Paul Miiller 

Saskatoon, Saskatchewan. 

September, 1964. 

The University of Saskatchewan claims copyright in conjunction 
with the author. Use shall not be made of the material contained 
herein without proper acknowledgment. 

272118 
+OJOOOb~l?>\1 



ii 

ABSTRACT 

0 . 4 
The elastic scattering of high-energy electrons at 180 from He 

has been discussed with the purpose of determining an upper limit to 

the electric dipole moment A. of the electron. Our calculations have 

shown that, with the Saskatchewan Linear Electron Accelerator, it will 

-6 J
be possible to measure an upper lir.:1it as small as A.~ 7. 1 x 10 ~ 

moe 

without cancellation or masking of the effect of A on the final results 

by the second-order effects. Our calculations include the effects, on 

the final results, of energy losses and multiple scattering encountered 

by the electrons in traversing the target. 
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CHAPTER 1 

INTRODUCTION 

The possible existence of electric dipole moments for the spin 1/2 

elementary particles has been the subject of recent theoretical and experi-

mental investigation~ It has been shown (Lee et al, 1957) that the existence

of such a moment would constitute a violation of space-reflection and time-

reversal invariance in electrodynamics. Also, it would imply that each 

spin 1/2 particle would have two otherwise degenerate states for each 

value of spin, momentum and charge; as a consequence of this additional 

degeneracy, the form of the periodic table and nuclear shell structure 

would be changed by allowing twice as many particles in each closed shell. 

The atomic effects that would result from the existence of an elec-

tronic electric dipole moment aligned parallel to the electron spin have 

been discussed in detail by Feinberg ( 1958) and by Salpeter ( 1958). Inde-

pendently, they have shown that the splitting of the hydrogen energy levels 

-~ 
measured by Lamb et al ( 1953) implied an upper limit of A.< 3 X \ 0 

ef\ 
where the electric dipole moment ~ is expressed in units of MeC ' 

An alternative and more effective method of measuring the dipole 

structure of the electron is provided by the elastic scattering of high-energy 

electrons from nuclei with neither spin nor magnetic moment. A differen-

tial cross section for this scattering process has been calculated in the 

first Born approximation by Margolis et al ( 1959) under the assumption 

that the electrons have either an electric dipole moment or an anomalous 

magnetic dipole moment. They point out thC!-t electron scattering is most 



sensitive to the dipole structure in experiments where the four

momentum transfer and the scattering angle e are largee 

2 

The effects of an electronic electric dipole moment on the elastic 

scattering of electrons were first measured by Burleson and Kendall 

( 1960). By measuring absolute cross sections for scattering from He4
, 

_..._ 
they were able to establish an upper limit of 'A ~ 2. x \ 0 on the basis 

of the differential cross section derived by Margolis et al. The experi-

mental measurements were obtained at two scattering angles, e =60° 
0 _, _, 

and e = 135 ; the values of ~ involved ranged from 1. 25 .f to 2. 25 + 
-\'8 

where f = I 0 em is a unit of length called the "fermi". 

The most recent measurement of the electric dipole moment of the 

electron has been carried out by Goldemberg and Torizuka ( 1962). Their 

experiment consisted of measuring the absolute cross section for the 

elastic scattering of 41. 5 MeV electrons through 180° from l4 e•; the 

corresponding value of ~ is 0. 44 ..f -I • Using an approximate form of 

the differential cross section derived by Margolis et al, Goldemberg and 

-5 
Torizuka were able to determine an upper limit of A ~ 3 )( \ 0 . It 

should be noted that this approximate differential cross section is not 

strictly valid for 9 =180°; however, the error involved in the use of 

this inaccurate cross section does not change the result significantly. 

With the high electron current and large energy range ( 10 MeV to 

140 MeV) available from the Saskatchewan Linear Electron Accelerator, 

it will be possible to perform a scattering experiment similar to that of 
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Goldemberg and Torizuka, only with much greater precision. 

In this work we discuss the feasibility of performing such an experi

ment with the purpose of estimating an upper limit to the electric dipole 

moment of the electron. The major portion of this thesis consists of 

calculating the probability of detecting an electron which is scattered 

at or near 180° from He4
• All the calculations are based on a differential 

cross section (valid for all scattering angles) derived by Bergstrom ( 1964); 

this cross section is defined in the laboratory co-ordinate system (Lab 

system) and is equivalent to the cross section derived by Margolis et al 

which is defined in the center-of-mass co-ordinate system (CM system). 

These calculations take into account the effect, on the final results, of 

energy losses and multiple scattering encountered by the electrons in 

passing through the target. By calculating the expected count rates for 

this experiment, we are able to place an upper limit on the electric 

dipole moment of the electron from the statistical and experimental 

errors involved. 



CHAPTER 2 

CALCULATION OF THE EXPERIMENTAL PARAMETERS 

2. 1 Introduction 

In this chapter we consider only those experimental parameters 

which are relevant to the calculations in the subsequent chapters. A 

brief description of the electron beam parameters is presented in the 

4 

first section together with a calculation of the time-average beam intensity 

striking the target; we also include a description of the experimental 

arrangement of equipment used in 180° scattering experiments. In the 

second section we consider the magnetic systems used for analyses of 

the scattered electrons and determine their first-order focusing proper

ties; the solid angle of acceptance and the resolution of the spectrometer 

are also calculated. The last section contains a description of a pro

posed basic design for a helium gas target. We determine the maximum 

pressure which a target window of given thickness will withstand. We 

also include a calculation of the relationship between pressure and density 

of the helium gas using an accurate equation of state. 

2. 2 Relevant Electron Beam Parameters 

In order to determine the expected count rate (see Chapter 7), one 

must determine the time-average intensity I F of the electrons striking 

the target. In practice, this quantity is measured by means of a secondary 

emission monitor located behind the target followed by a conventional 

electronic accumulating charge type of integrator which measures the 
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total number of electrons passing through the target and the monitor. 

For this work, we determine the values of lt= from the parameters of 

the Saskatchewan Linear Electron Accelerator (consists of four accelerating 

sections) and the beam handling equipment associated with the accelerator. 

The electrons will be emitted from the accelerator in a series of 

pulses each having a peak current i.,. These pulses can be assumed to 

cd a 
$:! ..... 

.j.) 

-L sec. s::= 
Q) . .,. 
'"' '"' ::J u 

Time in sec. 

Figure 2. 1 Diagram illustrating the 
assumed shape of the electron pulses. 

have a shape similar to 

that shown in Figure 2. 1 

(Beer, 1964). For our 

calculations we choose a 

pulse length of 1 psec at a 

pulse repetition rate of 

624 pulses per sec (Varian 

Associates, 1962). Hence the time-average electron current '\ ,."i from 

the accelerator is given by 

(2. 1) 
-'3 

0· G,24 )( '0 i.,. 

The time-average intensity of the total beam leaving the accelerator 

is simply 

(2. 2) 
• 1'2. • 

"'\ &Y : 3·8 S )( \0 1, e\cct_.ons _,, ••c 
'. (o 09 l \0 c.ou\. rer e.\ec."t\"'on 

where "lP is the peak current expressed in milliamperes (rna). 

The energy attained by the electrons after being accelerated is a 

function of the loading of the accelerator, that is the number of electrons 
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being accelerated; the term "energy" refers to the total energy of the 

particle and is used with this meaning throughout this work. The energy 

of the electrons in a 1 ps ec pulse is given as a function of \, in Figure Z. 2. 

In general, the electrons from the accelerator have a finite spread 

in energy. Although the actual energy distribution· of these electrons is 

unknown, we can assume it to be a Gaussian distribution of the form 

(see Figure Z. 3). 

(Z. 3) I (E) = 0·939 
AE 

interva.\ 
where is the intensity per unit energy"of the electrons with 

energy between E and E+dE, 

E. is the mean energy of the electrons in MeV and 

b. E is the full width of the distribution at half intensity in MeV. 

This distribution is normalized such that 

(Z. 4) 

The design of the Saskatchewan accelerator is such that (Varian Associates, 

1962) A e. ~ 0· 03 
e. 

(Z. 5) 

; for our calculation we choose 
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\40 

\2.0 

\00 

> 
Q) 

~ eo 
.s 

0 
P:1 

~ 
b.O 
J.t bO 
Q) 

~ 
j;:l 
RJ 
Q) 

~ 
40 

2.0 

0~------~~-------L--------~--------~--~--~--__J 0 100 200 400 500 aoo 

Peak Current i., in Milliamperes 

Figure 2. 2 Graph illustrating the relationship between 
the energy E

0 
of the electrons in a 1 psec pulse and the 

peak current i, . 
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The path of the electrons through the magnetic beam handling 

system is shown in Figure Z. 4. The electrons from the accelerator 

are focused by the quadrupole pair 0 1 onto the 90° magnetic deflection 

system which consists of two 45° bending magnets and the quadrupole 

pair 0 2 • The first 45° bending magnet disperses the electron beam 

Eo 

'-) 

e"e.-sy ct•~'"'"S 

•''"'• 
Energy E in MeV 

Figure 2. 3 Diagram illustrating the 
energy distribution of the electrons 
leaving the accelerator. 

so that the energy-defining

slit S will remove all 

electrons with energies 

outside the limits 

e.- I';' <. E <.. E. -t- r. 
"!' 2. 

(see Figure Z. 3). The· 

quadrupole pair Oz and 

the second 45° bending 

magnet refocus the fraction 

of the beam that remains after passing through the slits. The third quad-

rupole pair 0 3 is capable of focusing the electron beam at the target to 

a spot of maximum vertical height of Z. 5 mm and a maximum horizontal 

width of 5 mm; the position of this beam spot is stable to within ! 1 Oo/o 

of the maximum beam spot size.over a period of 8 hours (Spectromagnetic 

Industries, 1963). 

The time-average intensity IF of the electrons striking the target 

is simply given by 

(2. 6) I ::: 0·939 
P ~E 



Linear Electron 

Path of Electron Beam 

(a) 

9 

.....------ Energy Defining 
Slits S 

·--#-- 90° Magnetic 
Deflection System 

::.;;-..... ~1---Magnetic System 
for 180° Scattering 
Analyses 

~--- Vacuum Chamber 

Incident 
Electron Detector 

50° Uniform Field 
Deflecting Magnet, 

Rp=Radius of Pol~
Face=4" 

R 0 =Effective Radius 
of Field=S'' 

Plan View of the Magnetic System 
for 180° Scattering Analyses 

t 6'' 

........ -----........_ ......... ,_ 

--~-~ ~ ··., 
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\\ 
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/ J 
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- / 

./ 
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View A-A of 180° Spectrometer 
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Figure 2. 4 Diagram illustrating (a) path of the electron 
beam and (b) the magnetic system for 180° scattering analyses. 



If ~. << \ 
'2Ae 

(2. 7) 

, then Equation 2.. 6 may be written as 

O· 939 .iL I,. 
1.\E 

\ 

Spectromagnetic Industries ( 1963) have guaranteed a minimum 

resolution for the magnetic beam handling system of less or equal to 

10

1 part in 2.000; this corresponds to Jl = 0. 0005. For our calculations 
e. 

we choose 

(2. 8) ~ = 0· 00\ 
E. 

Hence substituting Equations 2. 2, 2. 5 and 2. 8 into 2. 7, we obtain 

(2. 9) " . \I# 2.2 )( \ 0 "\. p • 

T:hus for a particular value of 'l., , we can determine the energy of the 

electrons E 0 from the graph in Figure 2. 2 and the intensity of the beam 

striking the target from Equation 2. 9. 

Z. 3 Magnetic System for 180° Scattering Analyses 

The magnetic system used for 180° scattering analyses consists 

of a uniform-field 25° bending magnet and a double-focusing 180° spectro-

meter (see Figure 2. 4 (b)). The bending magn•t will deflect the incoming 

electrons through 25° before they strike the target; the electrons which 

are scattered at 180° will then be deflected through an additional 25° before

·entering the spectrometer. Due to the finite size of the opening in the 

spectrometer, some electrons which are scattered through angles other 
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than 180° will also be accepted; all the electrons which are accepted 

will then be deflected through 180° and focused onto a detector. Hence 

in order to calculate the probability that a scattered electron will be 

detected, one must determine not only the focusing properties of both 

bending magnet and spectrometer but also the acceptance of the spectro-

meter. 

For the case of the magnetic spectrometer (see Figure 2. 5), the 

magnetic field is assumed to exist only between the planes ex = 0 and 

0< = 1\ of a cylindrical polar co-ordinate system p , o<. , : • In this 

region, the field in the plane z=O is given by 

(2. 10} 

where B is the field along the orbit with radius p , 

B 0 is the field along the optic axis of the system (radius = p 0 ), 

and n is a field parameter with a value between the limits 0: <. ~ <, \ • 

The motion of a particle after it has entered the spectrometer can 

be considered separately in the radial and z-directions; the displace-

ment of the trajectory from the d:uilibrium orbit in the radial plane is 

denoted by r while displacement in the z-direction measured from the 

plane z=O is denoted by z. The co-ordinates (r, 9} and (z, ¢> (see 

Figure 2. 5} of a particle which has been deflected through an angle ex 

may be written in terms of the co-ordinates ( r O' e 0 } and ( Zo, ¢ o} at the 

entrance of the magnet; Penner ( 1961} has given these relationships in 



+ -r--

No F:l.eld 

-,---il>"~z-axis 

Physical 
Aperture 

Source 

(a) 

12 

Ch:a.:rnber 

of 

OC:O 

z=O Plane or Radial Pla.~:e 

Cha:mber 

No Field 

. // 
/ / / / / 

/Regic~n of Field/// ///' 1\fo Field 
///// ,/ 

(b) 

Figure 2o 5 Diagram illustrating (a) radial focusing and 
(b) focusing in the z direct:lon for the 180° spectrometer. 



the form of matrix equations as follows: 

(2.11) ''2-cos ( \-n) o< 

- (\- n) \fast n ( \ -n) ~a.O( 
Po 

and 

(2. 12) ( ~) -
,,,. • ~ i-

-.!L""' S U\ r\ r40,o( 

P. 

l,_ ( ) _e.. s·u\ ( \- n) 0( re •• 
(\- n)'h. 

\ co5 \ \-n) ll.ot.. 

13 

For a point source of monoenergetic particles on the optic axis in 

the radial plane at a distance d
0 

beyond the plane o< =0, the particles 

following paraxial trajectories lying in the radial plane will focus on the 

optic axis at a distance dr beyond the plane o< = lT (see Figure 2. 5 (a)); 

particles following paraxial trajectories whose projections onto the 

radial plane lie on the optic axis will focus on this axis at a distance 

dz beyond the plane ex= TI (see Figure 2. 5 (b)). 

(2.13) 

and 

To find dr we note that from Equation 2. 11 one may write 

'h r : ro cos (\-n) 0( + 

(2. 14) e =- r 9 (\-nY'2 si-n(\-n)Yz.oe + 9oc.os (\-n)'h.oc 
Po 

From the diagram in Figure 2. 5 (a) one can see that 
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(2. 15) 

and 

(2.16) 

Solving Equations 2. 13, 2. 14, 2.15 and 2.16 for dr, we obtain 

(2.17) 

Similarly, one can show that 

(2. 18) 

the equations for dr and dz are equivalent to those of Judd ( 19 50). 

For the spectrometer that we are considering (see Table 2. 1 ), 

n=-1/2, p0 =16 inches and o< =180°. Hence, one can see that since 

dr=dz, all the particles accepted by the spectrometer are focused to a 

point. 

Due to the finite size of the vacuum chamber, not all particles 

which enter the spectrometer are accepted; the walls of the vacuum 

chamber define an "effective" aperture at the entrance of the magnet 

as shown in Figure 2. 5 (a). For the particles which are accepted, the 

maximum displacement of the trajectory in the plane z=O from the 

optic axis is r=X where 2X is the radial dimension of the vacuum 

chamber, the other co-ordinates corresponding to r=X are ~ = o<mr 



and e:. 0 From Equation 2. 14 and 2. 15 we find that 

(2.19) 

If the radial dimension of the l'ieffective11 aperture is 2r , then from 
om 

Equations 2. 13, 2. 14 and 2.19 we may write 

(2. 20) 

Solving Equation 2. 20 for r
0

m we obtain 

(2.21) 
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Similarly, if the dimension of the l'effectivel1aperture in the z -direction is 

2z , one finds that 
om 

(2. 22) tom =-
[d.~ + 'it ]"" 

where 2 Y is the dimension of the vacuum chamber in the z-di rection. 

The solid angle of acceptance ..n. of the spectrometer can be obtained 

from Equations 2. 21 and 2. 22 with the result 

(2. 23) .n_ .:::::. 4 ~orn :.rn - Ac 
d: 

where Ac=4XY is the cross-sectional area of the vacuum chamber. 



For n=l /2, Equation 2. 23 may be written as 

(2.24) _[)_ = 

The ideal point source cannot be realized in actual practice. For 

our case the source consists of scattered electrons coming from the 

target and has the dimensions of the focused incident beam at the target; 

hence, the image will also have a finite size. Also,the scattered elec-

trons are not monoenergetic but have a small spread in momentum due 

to energy losses in the target and the energy spread of the incident beam. 

Judd ( 1950) has pointed out that the minimum momentum change that can 

be resolved by the spectrometer is a function of the size of the image; 

in other words, it is a function of the size of the source. By computing 

the fractional change in momentum required to move the image of the 

source so that it will not be confused with an adjacent image, he derived 

an expression for the resolution Rs of the spectrometer; the result may 

be written as 

(2. 25) Rs = ~ -=
P 

Sv ( '- n} 
Po [' - cos ( 1 - n) 

112 
ce + ( 1- nl'n .9a sin ( 1 - n) "" o< J 

.P. 
where s is the vertical (radial) dimension of the source; hence it is v 

important to keep the vertical dimension of the beam spot small. 

In determining the acceptance of the spectrometer it is important 

that we include the focusing effects of the 25° bending magnet. The 

general uniform-field wedge magnet with curved field boundaries has been 
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considered in detail by Brown et al ( 1964); they calculated both first- and 

second-order magnetic optics matrix equations for the motion of particles 

in the radial or mid-plane of the magnet. In this work we consider only 

the first-order equations which may be written as 

(2. 26} = cos 'V 
-~ 

f! 

where l/1 is the angle of deflection of the central trajectory (optic axis) 

with a radius of curvature of fc· From Equation 2. 26, one may cal-

culate the radial co- ordinates ( r' e} at the magnet exit of a particle 

which enters the magnet with co-ordinates (r0 ,9 0 ) (see Figure 2. 6}. 

Penner ( 1961} has pointed out that to first-order no focusing in 

the vertical or z-direction occurs for this magnet. Hence, we may 

write 

(2.27} 

( ~ ~I~ )( ::) 
where (z, ¢> and (z0 , ¢

0
} are the vertical co-ordinates of the particles 

at the exit and entrance of the magnet respectively. 

The radius of curvature of fc of the central trajectory is given by 

(2.28) 

where R is the effective radius of the uniform field. In practice the u 
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Incident Beam 

B ou1~da ry of 
Uniform Field 

as Target 

I 

Figure 2. 6 Diagram illustrating the first-order focusing 
properties of the 50° bending magnet. 

I 
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uniform field extends only over the area of the pole face with radius Rp 

(see Figure 2. 4(b)). The fringing field that exists around the edge of a 

uniform-field magnet is a function of the ratio Rgp of the pole face gap 

to the pole face radius. The effect of the fringing field may be taken into 

account by assuming that the uniform field extends over an area with 

radius R 0 =(Rp+ A) inches where fl. depends on Rgp· For the value of 

Rgp for our magnet, we can assume (Lobb, 1964) that b. =1 inch; hence 

R 0 =(Rp+l) inches. Since Rp=4 inches and \jl =25° for our case, we find 

that 

(2. 29) 5 \nc.he5 

"to.n \ 2 ~ 5 
2.2..,5 inches • 

0 . . 

To the electrons which are scattered at or near 180 , the spectro-

meter at P appears to be located at P 
1 

(Figure 2. 6). Due to radial 

focusing by the 25° magnet, the horizontal dimension 2Y of the physical 

aperture of the spectrometer will appear to be increased to 2Y
1 

; however,

the vertical dimension 2X of the aperture will remain the same since 

there is no vertical focusing. 
. I 

The d1stance D between the target and 

the spectrometer measured along the optic axis of the system is given by 

(2. 30) D I -:: f'- 4' + D 

where D is the distance between the field boundaries of the spectrometer 

and the 25° magnet measured along the optic axis. 

' To find Y let us consider a particle trajectory which has a tan-

gential displacement Y from the optic axis measured at the spectro-
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meter. Also let us assume that the corresponding polar co-ordinates 

of a backward scattered electron at the entrance and exit of the 25° magnet 

are (r0 m,6 om) and (rm,6m) and that the electron is being scattered from 

a target element dx at a distance x within the target (see Figure 2. 6). 

Thus we may write 

(2. 31) 

(2. 32) 

and 

(2. 33) 

y'~ 

r'M + e"'D, 
I 

ro~ + a.,. D 

From Equation 2. 26 we obtain 

(2. 34) r IV\ = r."' cos 'P + 9own fc:. s\n 'P 

and 

(2. 35) 

Using Equations 2. 31 to 2. 35, one may solve for Y 
1 

with the result 

(2. 36) y' ~ 
I y X + 0 

{x-rD)cos4J + (fc.-xl)sin4' 

Electrons which are scattered at or near 180° from a target 

segment dx at a distance x in the target must travel a distance d 0 

before reaching the spectrometer. Thus to first order, 

(2.37) +- X • 

For experimental reasons (Drake, 1964), the distance between the spectro-

meter and the 2 5° deflecting magnet must satisfy the condition 
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( 2. 38) D > 9' 5 \ nc..h e s 

Hence for the case D-=9. 5 inches, Equation 2. 37 becomes 

(2. 39} 

The image distance dr is given as a function of d 0 by Equation 2. 17 •. 

Using the values of the various parameters given in Table 2. 1, we find 

that dr=dz=4. 88 inches for x=O and dr=dz=4. 32 inches for x= 1 inch. 

Thus, for a target with a length L= 1 inch, the scattered electrons are 

focused for a distance of 0. 56 inches along the optic axis; this distance 

could be reduced by using a shorter target keeping in mind that the tar-

get must be sufficiently thick in order to obtain a reasonable count rate. 

For our calculations, we arbitrarily choose L= 1 inch. Since X< 0 ( 0' , 

we may approximate Equation 2. 36 by 

(2. 40} y'- y o' 
D c.os \I' -r fc. sin\\) 

where the error involved is less than 0. So/o. 

For experimental reasons we require that the scattered electrons 

are focused outside the field boundary of the spectrometer. In the limiting 

case of dr=dz=O, we can solve for d
0 

from Equation 2. 17 with the result 

d
0

=29. 8 inches. Thus we may write the condition 

(2. 41) 

where d 0 corresponds to the· electrons which are scattered from the 

rear portion of the target. From Equation 2. 37 we find that 
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(2. 42} D L \ 9 • 0 \ n c." e s • 

By combining Equations 2. 38 and 2. 42, we have 

(2. 43) D L 19- 0 lnches .. 

The average (x=L/2) resolution of the spectrometer Rs may be 

calculated from Equation 2. 25. If we assume that sv=2. Omm, we find 

that Rs = 0. 107 o/o for D=9. 5 inches and Rs = 0. 09 3o/o for D= 19. 0 inches. 

The average solid angle of acceptance ..!'L of the spectrometer may be 

obtained from Equation 2. 24 where Y is replaced by Y 
1 

given in 

Equation 2. 40; we find that..n..=O. 0093 steradians (sr) for D=9. 5 inches 

and .!L=O. 0062 sr for D= 19. 0 inches. 

So far we have only considered the case where all the scattered 

electrons being deflected by the 25° magnet have the same momentum 

(2.43) p=eBpc. 

where B is the magnetic field required to deflect electrons which are 

scattered at 180° along the central trajectory. In practice the scattered 

electrons will have a momentum spread (see Chapter 4) of the order of· 

0. 1 %; hence it is of interest to determine the effect of radial dispersion 

0 
of the 25 magnet on the acceptance of scattered electrons by the spectro-

meter. Let us consider only those electrons which are scattered at 180°. 

From Equations 2. 28 and 2. 43 it is easy to show that 
, 4 

(2. 44) ~ - A f! 
p ~ 
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From Figure 2. 7 one can see that electrons with momentum p-Ap will 

Vacuum Chamber of 
,the Spectrometer 

\ 

~/\ 

25° Deflecting Magnet 
Target 

Figure 2. 7 Diagram illustrating 
radial dispersion of the 25° magnet. 

(2. 45) 

be deflected through an 

angle 'IJ + A 4J • Thus 

the maximum value of A p 

for which all the electrons 

are accepted by the spectro-

meter may be calculated by 

determining the correspond-

ing value of A \II; from 

Figure 2. 7 we may write 

Substituting Equations 2. 22 and 2. 45 into 2. 44, we obtain 

(2. 46) do Y • 
( 0 T Ro) ( q: + ~]I;~ in \II , 

n 

the dependence of d 0 on D may be obtained frbm Equation 2. 37. Taking 

the· average case of x=L/2, we find that (4 F'\ =8. 7% for 0=9. 5 inches pl ... 
and (A P) =6. 3o/o for D= 19. 0 inches. Hence one can see that radial 

p W\Q.X 

dispersion of the bending magnet should have a negligible effect on the 

acceptance of scattered electrons. 

2. 4 Basic Target Design 

In this section we give a basic design for the He 4 gas target (see 



24

Figure 2.1'0) which is used in our calculations in the subsequent chapters. 

This design takes into account the following factors: 

(a) The target must have a good scattering geometry, that is 

the scattered electrons which are accepted by the spectro

not 
meter must be screened by the target chamber walls 

(see Figure 2.8 ) .. 

(b) The target window must be thin in order to keep multiple 

scattering effects small and must have the required 

strength to contain helium gas at high pressures. 

The scattering geometry in the horizontal plane of a cylindrical 

Be.::1.n1. 

---------=--c:Y 1 in d r .~ c a 1 
G:lS Ch<.:LGl be r 

l~r.·.d PlltE; ''\.. 
:: wi:,_dow:--~- _...... 

Figure 2. 8 Diagram illustrating 
the scattering geometry of the target 
in the horizontal plane. 

the horizontal dimension of the beam spot. 

g~s target of length L 

and radius R is shown 

in Figure 2.8; from the 

diagram, we may write 

the screening angle a., as 

( 2. 4 7) e a~ R - S./2. 
L 

where s .. ~ 5 inm is 

The design that we are con-

sidering is shown in Figure 2.10 where L=l inch and R=O. 25 inch. Hence 

for S_. = 5mma:O. 20 inch, we find that a.~ 0. 15 radians. The maximum 

acceptance angle 9 m of the spectrometer measured in the horizontal 

plane (see Figure 2. 6) is simply given by 
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(2. 48) y' = 0. OZ. 9 ra.d \a.h&. 

(d:+ fJ'" 
Thus the target we are considering has good scattering geometry. 

The maximum pressure attainable in a cylindrical gas chamber 

without failure of the end plates or windows may be determined by con-

sidering the relationship between the stress developed in the window to 

the tensile strength of the window material. 

Den Hartog ( 1952) points out that for a maximum deflection Wmax 

~ Sow where b w is the window thickness, the end plate shown in 

Figure 2.10 may be treated as a clamped circular membrane. He derives 

the following equation for the strain E in the window: 

( 2. 49) E = 

where S is the tet:lsile stress developed in the window, 

Q=PR is a target parameter related to the pressure P 
6:::"" . w 

acting on a window of radius R and thickness b w• 

Assuming' that we do not exceed the proportional limit of the material, 

the relationship between stress and strain is given by 

(2. SO) s 

where E y is the modulus of elasticity and p is Poissons ratio 

().1=0. 3 for steel). Combining Equations 2. 49 and 2. 50, we may solve for

the stress developed in a clamped steel window with the result 
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(Z. 51) l 9.. )'IS s : 0·4 Q E = I t )''• K, Q E . 

M. A. Goldberg ( 1962), using an elaborate method in which he considers 

both bending and tensile stresses, obtained a similar result with K:O. 478; 

however, Goldberg's resuit gives the stress in the outermost fibers and 

hence does not represent the average stress developed in the window. 

The design that we are considering is very similar to the gas chamber 

used by McAllister and Hofstadter (1956). Stainless steel (AlSl 410), 

hardened and tempered for increased strength, was used by these authors 

and is used in our design. The major difference between their design and 

ours lies in the physical dimensions of the target window; their window has 

the dimensions R=3/8 inch and 6 =0. 010 inch and is capable of withw 

standing pressures up to ZOOO psi (Qmax=75xl0
3
psi) while our design 

specifies R= 1 I 4 inch and 6 w=O. OOZ inch and is capable of withstanding 

pressures up to 600 psi .. 

From Equation Z. 51, one may calculate the maximum stress Smax 

corresponding to Qmax=75xl0
3
psi; the result is S max=Zl6, OOOpsi. It 

can be seen in Figure Z. 9 that this value of the stress corresponds to the 

intersection of the two curves given by Equations Z._49 and z. 50; also, one 

can see that S exceeds both the yield and the tensile strength of 410 max 

stainless steel. From data given in the Ferrous Metals Book (Carmichael, 

19 61), one can obtain a more realistic relationship between stress and 

strain for large stresses than the one given by Equation z. 50. From the 

graph in Figure Z. 9, the actual maximum stress developed in McAllister's 



'240 I 000 r--------:----r-~r------"""'T"'-------,---------. 

STRE SS v~. STRAIN 

I ---- --- -~7---

t'SO, ooo 

FOR 

AtSl 410 StA\N \...ESS STEEL 

{ H-"'ROENEO AND TeMPERED) 

____ Ten•ile Stren3th~ 190,0001""'-

so,ooo~~----------_. ______________ _. ______________ ~---------~ 

27 

0·000 o.o,s o.oao 

St ' ~ r~·:!.:tn E in inch per inch 
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and Hofstadter•s chamber window is s' ~ 165, OOOpsi with a cormax 

responding strain E ~ 0. 009. Thus the work hardening property of 

410 stainless steel allows one to stress the window beyond the elastic 

limit of the material without failure of the window. 

Using the McAllister and Hofstadter target as a criterion, the 

target in our design should not fail for 0=7 5, OOOpsi provided that the 

28 

window is made of 410 stainless steel that has been hardened and tern-

pered. Choosing 0=75, OOOpsi and R=O. 25 inch, we have a linear relation

ship between P and 6 w• For our design, we choose 0 w=O. 002 inch; 

hence the corresponding maximum pressure is 600 psi or 40.8 atmos-

pheres (atm). 

Deflections of the target windows will increase the actual "thick-

ness" of the helium gas. An equation for the deflection at the center of a 

circular membrane has been derived by Den Hartog with the result 

(2. 52) 

For our design W =0. 029 ± 0. OOZ inch for each target window; the max 

error is the estimated maximum error due to the approximate nature 

of the actual stress versus strain curve given in Figure z. 9. Thus, due to 

the deflections of the target windows under pressure, the "thickness" of 

the helium gas is increased from 1. 000 inch to ( 1. 058 ± 0. 004)inches. 

The density f in·..&!!!,_ of a gas under low pressure (P~ latm) 
liter 

and high temperature (T illt. 273~) may be readily calculated from the 



ideal gas equation 

(2. 53) P = pRsT 
A. 

29 

wp.ere A is the atomic weight in gm of the gas under pressure P 
gm mole 

in atm and at a temperature T in •K. The universal gas Rc is then 

equal to 0. 08206 liter. atm 
degree. gm mole 

For high pressures and low temperatures, a more accurate 

equation is given by Maron and Prutton ( 1944); this equation is called 

the Beattie-Bridgeman equation of state. For helium gas this equation 

may be written as 

(2. 54) + 

where 

~. = A. o. - ¥ 
The coefficients A0 , B0 , a and c are constants characteristic of each 

gas, For helium, A0 =0. OZ16 a~~~::1:)2 B =0.01400 
0 -

a=O. 05984 liter and c=O. 004 x 104 liter (degree) 3• 
gm mole gm mole 

liter 
gm mole 

The graph in Figure Z. 11 illustrates the dependence of P on p for 

T=293°K as calculated from Equation Z. 54. Hence the density of helium 

which corresponds to P=40. 8 atm and T=293°K is 6. 68 ..&!:!!... or 0. 00668 .:§-
liter em • 
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TABLE 2.1 

Numerical Values of the Experimental Parameters 

~ = 0.001 
Eo 

Po = 16 inches 

0( = 180° 

'(\ = o. 5 

'2. X= 4. 8 6 inches 

2. '( = 1. 62 inches 

fc = 22. 5 inches 

\l) = 25° 

RP = 4 inches 

Ro= 5 inches 

s ... ~ 2. 5 mm 

s .. ~s mm 

L = 1 inch 

Le= (1. 058 ~ 0. 004) inches 

31 

f.. = 6. 68 ~or 0. 00668 ~ at P = 40. 8 atm and T= 293°K 
Ke 

1
. 

. rter em 

Ow= 0. 002 inches = 0. 00508 em 

f. = 7. 75 gm _ 
~. -:=T em 
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CHAPTER 3 

THE PROBABILITY OF A SINGLE ELASTIC SCATTERING 

3. 1 Int roduction 

In order to calculate the probability of detecting an elastically 

scattered electron (see Chapter 6), we must first determine the proba-

bility of a single elastic deflection through approximately 180°. The 

probability of a single elastic scattering from the target element dx 

expressed in em (see Figure 3. 1) into an element of solid angle d!L in 

a direction making an angle e with the incident direction is given by 

( 3. 1) P \e) dx d.n.. = 
N ld ~~~~~-d" dn 

where PCe ) is the probability per unit solid angle per unit path length 

of the incident electrons within the target and · (d cr \e)l in cm2 is the 
d..n. \.. sr 

differential cross section for the scattering process being considered 

given in the Lab co-ordinate system. The quantity N is the number of 

scattering nuclei per unit volume (number) and is given by 
cm3 

( 3. 2) N=~ 
A 

where N A = 6. 025 x 1 o23 atoms per gm. mole is Avogadro's number, 

p is the density of the scattering medium in gm per em 
3 

and 

A is the atomic weight ( gm ) of each scattering atom. 
gm .... mole 

The calculations in this chapter do not include the effects, on the 

single scattering probability, of energy losses of the electrons in passing 

through the target; however, we consider energy loss processes in the 
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next chapter where we calculate the appropriate corrections to the 

differential cross section. 

The remaining sections of this chapter are given to a discussion 

of the differential cross section f,or the elastic scattering of electrons 

Direction of 
Scattered 
Electron ---. 

d~--·r-L, ~~--------~ 

Direction 
of Incident 
Electron 

Target Window 

Figure 3. 1 Diagram illustrating the 
scattering of electrons from the helium 
gas target. 

from nuclei with neither 

spin nor magnetic moment 

such as helium nuclei • 

Using a number of simpli-

fying approximations and 

assumptions, we obtain a 

relatively simple expression 

for the single scattering probability as given by Equation 3. 1. 

3. 2 The Differential Cross Section in the Lab Co-ordinate System 

The differential cross section for the elastic scattering of electrons 

by spinles s nuclei has been derived in the first Born approximation by 

Bergstrom (!1.964) following the original work by Margolis et al (1959). 

Berg strom 1 s calculations take into account the elastic scattering of elec-

trons with both electric and anomalous magnetic dipole moments and an 

ana pole moment; his results are expressed in both the CM system and 

the Lab system. With the exception of the electronic anapole moment 

term, his cross section expressed in the CM system is identical to that 

of Margolis et al. 
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For our calculations, we use the differential cross section derived 

by Bergstrom which, in the Lab system, is given by 

( 3. 3) 

where 

-1 'l. is the four-momentum transfer in MeV or f , 
c 

cr"" is the Mott cross section in the Lab system expressed in cm
2

, 
sr 

F(ci)is the nuclear structure form factor, 

t e.tcil a!ld -tf).l cl) are the form factors of the electric monopole and the 

anapole moments of the electron measured in units of e, the 

electronic c.harge, 

"A('f) and }..lt ~ ... ) are the form factors of the electric and anomalous 

magnetic dipole moments of the electron measured in units of 

~ , m 0 and M are the rest masses of the electron and the 
m.c 

scattering nucleus, and 

E6 and E ~ are the initial and final energies of the electrons before 

and after scattering. 

The cross section is written in terms of natural units with -h =c= 1; these 

units are used throughout this chapter with the exception of the final 
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section in which we use the usual units of f\ and c • 

The four momentum transfer has been defined so that 

( 3. 4) 

where 9 is the angle of scattering and p
0 

and Pf are the momenta of the 

electrons before and after scattering. ]for electron scattering near 180°, 

cos 9 -:::!:::: -1; hence we may neglect the term 2m0 
2 in Equation 3. 4. Since 

we are considering electrons in the relativistic energy range of 40 to 120 

MeV, we may write 

( 3. 5) 

and 

( 3. 6) 

Substituting Equations 3. 5 and 3. 6 into 3. 4, we obtain 

(3.7) 

Thus substituting Equation 3. 7 into Equation 3. 3, one may write the cross 

section in terms of E 0 , Ef and B • However, one must use Equation 

3. 4 in reducing the term 'l'l. + 4E. E., with the result 

( 3. 8) 

For 6 = 180°, the term in the brackets in Equation 3. 8 is equal to 

E~E• - P. p4 which is the order of m
0 

2; hence, we cannot directly use the 

approximations in Equations 3. 5 and 3. 6. However, we may write 

( 3. 9) P. \ \ + + .... ) 

and 
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( 3. 1 0) 

From Equations 3. 9 and 3. 10 we may write 

(3.11) 

where the error in the approximation is of the order of Com-

bining Equations 3. 8 and 3. 11 we obtain 

( 3. 12) ~-z. + 4 Eo E"' :: 2. m: -t m: ( fi + Pa ) + 4 Po Pt cos -z e;'2. • 
"· p~ 

From Appendix Al, we have that 

(3. 13) p_. = 

Hence the term contained in the brace in Equation 3. 12 may be written as 

( 3. 14) 

where the error involved in this approximation is less than 0. 5o/o. 

Substituting Equation 3. 14 into 3. 12, we obtain 

(3. 15) 

The Mott cross section in the Lab system is given by 

(3. 16) 

where '% is the atomic number of the scattering nucleus. Substituting 

Equations 3. 7 and 3. 15 into 3. 16, we obtain 



(3.17) 
'2. '2. ""o + p. p. cos e12. 
\ + '2. E. s\n ... e/'2 

M 

From Equation A1. 7 (Appendix A1), we may write 

(3. 18) E"' -

Combining Equations 3. 17 and 3. 18, we obtain 

( 3. 19) 
-a. '1& m. + p. P• cos /2 

s\ n"" 9/'1.. 

Using Equations 3. 7, 3.15 and 3.19, we write the differential cross 

section in the form 

... ...a m. t p. p, CO$ 1/'2. 
s\n-"' 9/2. 

( 3. 20) 

For the range of electron energies that we are considering, 

(3.21) <.<.. \ 

hence Equation 3. 20 may be written as 

37 
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(3.22) 

3. 3 Consideration of the Form Factors in the Differential Cross Section 

In this section, we discuss the various form factors that appear 

in the differential cross section and show that the form of the cross 

section can be greatly simplified. 

The structure form factor t4t l<)~) of the electric monopole moment 

gives a measure of the size of the charge distribution of the electron; 

~.lcf) =1 corresponds to a point electron. Avakov and Ter-Martirosyan 

( 1959) have pointed out that in experimental measurements of form fac-

tors, t e(cf\ cannot be distinguished from the nuclear structure form fac-

tor F l <l~); hence it is common practice to assume 

( 3. 23) 

On the basis of a calculation by Hiida ( 1964), Bergstrom has shown 

that, for the range of <t, that we are considering, .f6.('\ ... ) is of the order 

of 1 o- 5 . Also, it is easy to show that \ l + b \ < ; hence we assume 

that the contribution, to the cross section, of the anapole moment term 

is negligible since 
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( 3. 24} 

It should be noted that the value of -+~lq,-a.), obtained by Bergstrom, is 

only an order of magnitude estimate; thus it is possible that the contri-

bution, to the eros s section, of the ana pole moment term· is not negli-

gible. However, for this work we assume that the condition expressed 

in Equation 3. 24 holds. 

The form factor of the anomalous magnetic dipole moment of the 

electron has been derived as a function of 'ta by Drell and Zachariasen 

( 19 58}; their result may be written as (Berg strom, 19 64} 

(3.25} 

For 180° scattering, the values of <f may be obtained by combining 

Equations 3. 7 and 3. 18; the result may be written as 

(3. 26} 

Substituting Equation 3. 26 into 3. 25 we obtain 

(3.27} 

the values of .;V--(9,"2.) are plotted as a function of E
0 

for 9 = 180° in 

Figure 3. 2. It can be seen from this graph that for the electron energy 

range of 40 to 120 MeV, pl'\,"2.1 ~ -7 
5 x 10 ; hence 

(3.28} 
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For the experiment being discussed in this work, we expect to be 

able to determine an upper limit to 'At q,"t.) of the order of 10-
5

; thus 

""'). "'2.) -5 assuming "(C) ~ 10 we may write 

(3.29) 

The nuclear structure form factor F ('l-z) takes into account the 

effect, on the scattering, of the finite nuclear charge distribution. It 

has been found experimentally by Burleson and Kendall ( 1960) that the 

form factor corresponding to the helium nucleus is given by 

( 3. 30) 

where Q. is the root-mean-square radius of the nuclear charge dis-

tribution; fr9m their experimental results we find that + a. =1.68- o. 02 f. 

Equations 3. 7 and 3. 18 enable us to write ci in terms of E 0 and 9 so 

that Equation 3. 30 may be written as 

(3. 31) - e X p [- 4 0..7. E: s \ V\ 'Z e I '2. 1 
(, ( \ -t- 2~· s\n-2.6/z) 

Using Equations 3. 23, 3. 24, 3. 28, 3. 29 and 3. 31, we may write the 

differential cross section given in Equation 3. 22 as 

(.dcr) = (~ ~-z..)-2 ex{> l- 4 ~ E: s\n~~/'2. l [ m: + E.E1 cos ... 9/2 
\dn. L 'Z. E. 3 (\-t 2~•S\n 9/'2.) l sin"" 9/z 

( 3. 32) 
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Figure 3. 2 The structure form factor of the anomalous 
magnetic dipole moment of the electron#('() given as a function 
of energy E of the incident electrons for scattering at 180°. 
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3. 4 Application of the Small-Angle Approximations to the Cross Section 

From Equations 3. 1 and 3. 32, the probability for a single elastic 

deflection is given by 

k -21 
where '1"\ =0. 658 x 10 MeV sec is the 'reduced' Planck's constant 

and c=2. 998 x 10 10 em/sec is the speed of light; these values of 1\ 

and c are used throughout this section and the remainder of this work. 

Since we are only concerned with electron scattering at or near 

180°, it is convenient to write Equation 3. 3 3 in terms of the complement-

ary scattering angle ¢ = n- 9 ; the result may be e~pressed as 

The element of solid angle d.D- is given by 

( 3. 35) d.n. = ~\n Cf, dcj) dl 

where l is the azimuthal angle of the deflection. 

For electron scattering at or near 180°, cp is quite small; there-

fore we may use the small-angle approximation which consists of replac-

ing sin ¢ by ¢ and cos ¢ by \- ¢~2.. Applying this approximation to 



Equation 3. 34 we obtain 

P(<l>)~dcpd~dx = N l:e-a.).._ex.~t"X.I\-0_,_)lf'M:c"'ll-t-rb."')+ 'Eo-a. .cb'Z. 
'2 E.-a. \ 4 \ 2. \ + 2. Eo 4 

• . Me-a. 
( 3. 36) 

where 

( 3. 37) . 
' 

the final electron energy Ef is written in terms of E 0 (see Equation 

N. 7). Since 
'& _, 

2Eo<.< M c'1. 'the term ( , ..... 2.E. cos 0;?..) has been 
Me~ 

replaced by I \ + "2.E..). ·For ¢ ~ 12° or 0. 21 radians, the error in-
\ Me,_ 

volved in using the small-angle approximation is less than 1 o/o for the 

electron energy range of 40 to 120 MeV. 
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CHAPTER 4 

ENERGY LOSSES OF ELECTRONS PASSING THROUGH THE TARGET 

4. 1 Introduction 

It is well known that when an electron passes through a medium. it 

is observed to lose energy and change its direction of motion due to inter

actions with the atomic electrons and nuclei of the medium. In this chap

ter we consider the effects that energy losses have on experimental re

·Sults; the variation in the direction of motion or multiple scattering is 

discussed in the next ·chapter. The most important processes responsible 

for energy losses are: 

( 1) collisions with atomic electrons thereby exciting the1n 

to higher energy states or ionizing them, 

(2) bremsstrahlung, which is the radiation of real photons 

by the primary electrons as they are accelerated in 

the Coulomb fields of the scattering nuclei, and 

( 3) the emission and re-absorption of virtual photons as 

well as the emission of "soft" quanta accompanying 

the scattering of an electron by a nuclear potential. 

The effect of the latter process on the scattering of electrons has been 

determined by Schwinger ( 1949 a, 1949 b) with the result that the theoreti

cal cross section for the elastic scattering of electrons must be multi

plied by a correction factor known as the Schwinger correction. One 

must also multiply the theoretical cross section by correction factors 

which take into account the effects of ionization and Bremsstrahlung losses. 
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Hence the experimental differential cross section l d.o /d.st) e is given by 

( 4. 1) 

where ldcs / d..O..) L is the theoretical differential cross section (Equa-

tions 3. 3 and 3. 32), 

\< l is the correction factor for ionization effects, 

K 6 is the correction factor for Bremsstrahlung effects 

and K5 is the Schwinger correction. 

A discussion of energy losses can be found in the review articles 

of Bethe and Ashk in. ( 19 53) and Birkhoff ( 19 58) which summarize the 

results of the theories developed by Landau, Bohr, M$6ller, Bethe and 

others; these articles are the main sources of information and refer-

ences for the material covered in this chapter. 

In the subsequent sections of this chapter these energy loss pro-

cesses are discussed in some detail and the corresponding corrections 

to the cross section are given. Also the full width at half height r. of 

the energy spectrum of electrons scattered at 180° is obtained. For 

the purposes of determining energy losses in the target, we consider 

the target window to consist entirely of Fe ; this should be a good approx-

imation since the stainless steel in the window consists of 90o/o Fe and 

1 Oo/o C r , two elements which are quite similar in atomic weight and 

number. 
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4. 2 Ionization Losses 

In order to obtain a good description of the ionization energy loss 

process, one must include the effects of straggling which is the varia-

tion in the amount of energy lost by successive electrons in passing 

through a medium. Landau ( 1944) has treated the problem of straggling 

by considering only the close collisions between the primary and the 

atomic electrons; in this case, the atomic electrons may be treated as 

free electrons since the energy transfer during a collision is large com-

pared to the binding energies. The straggling distribution obtained by 

Landau is made up of a Gaussian distribution plus a long straggling tail 

as shown in Figure 4. 1. The Gaussian distribution arises from collisions 

-~ 

Energy in MeV 

Figure 4. 1 Typical shape of the Ionization 
energy loss straggling distribution • 

which occur 

with a frequency 

sufficiently great 

that the proba-

bility distribu-

tion of the losses 

due only to these 

collisions can be 

treated as a sta-

tistical problem 

of large numbers. 

The long tail of 
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the distribution arises from collisions which involve relatively large 

energy losses. 

As illustrated in Figure 4. 1 the most probable energy loss E.p is 

equal to the difference between the initial energy of the primary electrons 

E 0 and the energy E P which corresponds to the maximum in the distri-

bution. For the Landau distribution, the most probable energy lost by 

electrons in pas sing through x em of material is given by 

( 4. 2) 

where I is the average ionization potential of an atom of the particular 

medium being traversed, 

YV\ 0 and v are the rest mass and velocity respectively of the 

primary or incident electrons and 

n is the density of the atomic electrons of the stopping medium 

3 
in number of electrons per em . 

The electron density may be expressed in the form 

( 4. 3) 

where N" =6. 025 x 1023 atoms per gm.mole is Avagadro's number, 

pis the density of the scattering medium in gm/cm3 and 

A and ~ are the atomic weight and number of the atoms in the 

stopping medium. 

The Landau distribution has a full width ~ at half-height which is given by 



( 4. 4) 

If we let A,= '2.n :n 
m.c'lp 

and 

(Sternheimer, 1952) then Equations 4. 2 and 4. 4 may be written as 

( 4. 5) 

and 

(4. 6) 

where t is the thickness of the material in gm I em 2 and p. is the 

motn.entum in MeV of the incident electrons. The quantities 
-c-

A exs 
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pressed in MeV and Bs depend only on the material and are given 
gm/cm21 

in Table 4. 4 for a number of substances. 

One can see from Equation 4. 5 that at lower velocities ( ~ <<. t ) 

the most probable loss varies as ~2. ; however, for relativistic elec-

trons ( v ~ c) , the most probable loss increases logarithmically with 

the energy of the electrons. It has been pointed out by Price ( 1955) that 

this 'logarithmic' increase in the most probable loss with energy even-

tually saturates because of the polarization of the medium by the elec-

tric field·. of a relativistic electron. This effect, known as the 'density' 

effect has been treated quantitatively by Sternheimer ( 1952, 1953, 1956) 

for a large number of substances. He has shown that the reduction in 

the most probable energy loss A C:P is given by 



49 

( 4. 7) 

where 6 is the density correction. Using a dispersion model with an 

appropriate number of dispersion oscillators for each substance, Stern-

heimer obtained the density correction as a function of the parameter 

x=log 10 :po with the result 
m 0 c 

(4. 8) 6 = 4. 606 X + c 

(4. 9) 0 = 4. 606 X + C 

and 

~ov- X. ') X , • 

The coefficients a, m, c and x 1 are constants which depend only on 

the type of material; they are given in Table 4. 5 for a number of sub-

stances. The coefficients for gases pertain to normal pressure. The 

density correction 6p for gases at any other pressure P in atm can 

be obtained from ot at 1 atm by the relation 

( 4. 1 0) 

where 
I Itt 

Po =: Po f 

The most probable energy loss, corrected for the density effect, 

is given by the equation 

(4. 11) 

The values of E:p are given as a function of t in Figures 4. 2 and 4. 3 

for 100 MeV electrons pas sing through iron and helium respectively. 
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Since E.p is a slowly varying function of energy at 100 MeV, these graphs 

give the values of 6., to within 1 o/o for electrons in the energy range 40 

MeV to 150 MeV. 

Blunck and Leisegang ( 1950) have extended the Landau theory to 

second order in energy transfer, taking into account the additional effect 

of the binding energies on distant collisions. Their method consisted of 

folding the Landau distribution with a Gaussian characterized by a dimen

sionless parameter b
2

. This parameter may be obtained from 

( 4. 12) 

where <l is an energy of the order of 20 eV and E: ,._11 is the average 

energy lost in passing through the medium. The average ionization energy 

loss has been calculated by Sternheimer (1952, 1953) with the result 

( 4. 13) 

where (dEfdt )~v is the average energy loss per unit thickness in MeV I gm/ 

cm
2 

and Trn= ~ lE0-m0~) is the maximum energy transfered. Th~ graph 

in Figure 4. 4 illustrates the average ionization energy loss for iron and 

helium gas (P=40. 8 atm) as a function of energy of the primary electrons. 

The most probable energy loss corresponding to the maximum in 

the Blunck- Leisegang distribution is the same as that given by the Landau 

theory. However, the full width at half maximum~ of the Blunck-Leise-

gang distribution has been considered by Breuer ( 1964 a) with the result 



Figure 4. 4 The variation of the average ionization loss with the energy 
of the primary electrons. U1 

VJ 
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{ 4. 14) 

where m and n are dimensionless parameters which depend only on 

the parameter b
2 

as shown in Figure 4. 5. A comparison of the Landau 

and the Blunck- Leisegang theories is illustrated in Figures 4. 6 and 4. 7 

where the full widths ~ and \ are compared for a range of thick
&\. 

nesses of iron and helium; these values are accurate to within 2o/o for 

the straggling of electrons in the energy range of 40 to 150 MeV. Breuer 

has pointed out that for thin materials the Blunck- Leis egang theory is 

more accurate than the Landau theory in predicting the energy straggling 

distribution of electrons passing through matter; hence for our work we 

use the Blunck- Leis egang theory. 

The straggling distributions predicted by the Landau and Blunck-

Leise gang theories ~onsider only the case of a monoenergetic beam of 

electrons pas sing through a material. However, in practice, the prim-

ary beam does have some energy dispersion corresponding to a spec-

trum with a finite width f:' {see Figure 2. 3). For the purposes of cal_-

culation, we assume that the primary spectru;in is a Gaussian with a full 

width r:' . Breuer has shown that the inf~uence of a Gaussian spectrum 

may be taken into account by folding it with the Blunck- Leisegang distri

bution with the result that the parameter b 
2 

given by Equation 4. 12 

must be replaced by 
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(4. 15) 

Electrons which are scattered near 180° from the helium in the 

target (see Figure 3. 1) must not only pass through 2 6..,.., em of window 

material but must also travel a distance in the helium gas. The stragg-

ling of electrons travelling an average distance of 1. 058 inches or 2. 69 

em in helium is small since the corresponding full width t;\.. =6. 8 KeV 

(see Figure 4. 6); this is very small when compared to the straggling 

due to the window ( ~L =35. 7 KeV) and the dispersion in the primary 

beam l r: ~ 100 KeV) ; hence the effect of straggling in the helium gas 

will be neglected. The full width ~ of the energy spectrum of the 

electrons scattered near 180° is simply given by Equations 4. 14 and 

4. 15 where the quantities c: "'"~~ , A '!t, r and t refer to the target win-

dow material. Hence we may write 

(4. 16) 
( ~ t. ) \/;z.. _ A, t m \ p + n • 

{3"-

For the experiment being discussed in this work, we have chosen k 
Eo 

=0. 001 and t = D x2 b~ =0. 0788 g!!!_ (Table 2. 1); hence we can calcu-
. J Fe. .:::::::"'2. 

em 
late ~ from Equations 4. 15 and 4. 16. The values of ~ are given as 

a function of E in Table 4. 1. 
0 

TABLE 4.1 

Values of f; for various values of Eaz with r.;Eo =0. 001 and 
t=O. 0788 gm/ em • 

40 60 80 100 120 

f'; in KeV 56.2 72.3 89.9 108.3 125.8 
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In obtaining the cross section for elastic scattering, one is able 

to measure the area under the elastic peak only down to 6. E from its 

maximum (see Figure 4. 1) due to the increasing relative importance 

of the background with increasing ll E; this background is mainly due 

to the long straggling tail of the elastic peak corresponding to 180° 

scattering from the steel window plus the contributions of inelastic 

scattering from steel (see Appendix A 1). Breuer points out that one 

usually sets 6E=2 r. Since an appreciable portion of the spectrum 

is lost the theoretical cross section must be corrected. This may be 

accomplished by integrating the Landau distribution cp (E) from E=O 

to E=Ec, the cutoff energy. Hence the fraction Ot of the elastically 

scattered electr'ons that are lost due to the cutoff is given by 

(4. 17) 

Landau and Symon ( 1948) have performed this integration and the numeri-

cal values of 6;, are given by Rossi (1952). Isabelle and Bishop (1963) 

derived an approximate analytical equation to fit the numerical values 

of Ot; their result is 

( 4. 18) 6;. = \.\9 A 1t" \ 
f3"' AE 

One can see that from the definition of 6 i , the ionization correction 

given in Equation 4. 1 may be written as 

( 4. 19) K .- \-l· '\. - 0 1.. 



Breuer ( 1964a)has recalculated the ionization correction on the basis of 

the theory of Blunck and Leis egang with the result 

( 4. 20) 

However, for all subsequent calculations, we assume that A£. = 2 ~ 

hence the ionization correction factor is given by 

( 4. 21) K* i ::::: '- &~ = 'l \ - 0·"3'6 

2 

4. 3 Bremsstrahlung Energy Losses 

= o.s \ 
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As a result of energy losses due to the emission of bremsstrahlung, 

some of the electrons with an initial energy Et , greater than the cutoff 

energy Ec , lose a sufficient amount of energy so that their final energy 

E~ is less than Ec • Hence, this effect will cause the area under the 

elastic peak (ie. the cross section) to be reduced by a factor K 6 • In 

this section we obtain an expression for K 'B by considering the stragg-

ling of these radiative losses. 

Bethe and Heitler ( 1934) have shown that if UllY) d.y is the proba-

bility that an electron has its energy decreased to e-"< times its initial 

value after pas sing through a material of thickness t l '"' ~ ) then 
\ c:.no.t 

( 4. 22) 
-Y (t_.- \) 

= e. y dy 
f1 t t'.,) 
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where 'I = \ n tj. Et. and E-' are the initial and final energies of 
E,. 

the electron before and after the emission of radiation. The dimension -

less parameter t ~ is related to the thickness of the material by 

(4.23) t 

where X
0 

is the radiation length in gm I em 2 of the material being tra-

versed; values of X0 appear in Table 4. 4 for a number of materials. 

The shape of the probability distribution for the straggling of radiative 

losses is shown in Figure 4. 8 for a number of thicknesses. 

y 

Figure 4. 8 Probability distribution for 
the straggling of radiative losses. 

The probability 

that an electron still has 

-Y. 
an energy larger than e 

times the initial energy 

(ie. larger than E'-- A. 'E ) 

after pas sing through a 

material of thic~ness two 

is given by 

(4. 24) J.
Y. [Y. -Y t-\ 

W ( t r l y.) = w { yl d y = e y '" d y ::: 
o • P(t-) 

where (t,.- l ·> Yo) ! is the incomplete gamma function. Using an equa-

tion given by Jahnke and Emde ( 1945), we may write 



( 4. 25) 

For our target, tr .( o.OI ; hence 0. 994< r(tr+ \) .(. \ 

of the order of 10-
3

, we may write 

( 4. 26) 

Equation 4. 25 may now be simplified .to 

(4.27) 
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Since AE is 
E~ 

with an error of less than 0. 5o/o. One can see that W ( tr-, .AE) represents 
Et 

the fractional number of electrons with an initial energy E'- which undergo 

a radiative energy loss less than AE after passing through a material of 

thickness t_.. . 

Figure 4. 9 illustrates the typical shape of the spectrum of electrons 

which have been elastically scattered from a target of thickness t~ ; for 

the purposes of discussion, the spectrum is divided into 2.n energy inter-

vals, each having a width dE • Let N.j be the number of electrons that 

would be measured in the jth energy interval if there were no bremsstrah-

lung losses. However, due to bremsstrahlung losses greater than ~Ej, 

·'" the number of electrons experimentally measured in the J interval is 

CJ::. W(t""' ~E~~·~ NJ ; we neglect the parallel shift in the energy spectrum 
Ej 

due to energy losses less than AEj • Hence, in order to correct for 

radiative losses greater than ~EJ , we must increase the number 



of electrons Cj in the j"'"h interval by the factor \ /w ttw-) AE-1/E.l) 

Therefore, the cross section corrected for bremsstrahlung losses is 

given by 

( 4. 28) 

- - E-'1 E_, E, E - -
1 

Ep 
b.E .. f 

AE! .. I 

Figure 4. 9 Diagram used to illustrate the application of 
the Bremsstrahlung correction K 8 and the Schwinger 
correction K s • 

C-.i 1 dE 
W ~tt-, b.E-l) 

'E-l 

where L = SL\.<6 x is a parameter which is a function of the spectrometer 

63 

solid angle of acceptance .n. , the target thickness x in em and N the 

number of nuclei per em 
3 

in the target. Substituting Equation 4. 27 

into 4. 28, we obtain 



( 4. 29) + 

From the diagram in Figure 4. 9, one can see that A Et,j = 6. E ~ "Yt-t~ 

To a very good approximation, El ~ E_l ~ Ep • Equation 4. 29 may 

now be written as 

Since t"< 0. 01 and~ ~ 1. 0, Equation 4. 30 may be written as 
A E. 
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Hence from-Equation 4. 1, one can write the correction K ~ for Brems s-

trahlung effects as 

( 4. 32) 
- t ... '"' ~ e 6-e. 

which is the form given by Hofstadter (1956). 

If we neglect the small shift in energy of the spectrum of the incident 

electrons due to energy losses in· the target, we may write Ep=E0 before 

scattering and Ep= Eo (Equation A.1. 7) after scattering through '+ '2.E.IMce 

180°. However, for the small thickness t r that we are considering, one 

can set Ep~E0 for both before and after scattering with negligible error. 

Hence we may write 

( 4. 33) K B = 
-t.- \n Eo 

e AE 
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For our calculations, we choose AE=2 Pe where ~ is given as a 

function of E
0 

in Table 4. 1. For the case where the electrons pene

trate a distance x into the gas before scattering at 180°, we may write 

(Equation 4. 23) 

( 4. 34) + 

where the subscripts Fe and \-\e refer to the window and the target gas 

respectively. Values of the various experimental parameters in Tables 

2. 1 and 4. 4 show that 

( 4. 35) 

where x varies from 0 to L= 1 inch; therefore, in computing the Brem-

sstrahlung correction K 8 , we consider the 'average' case of x=L/2=0. 5 

inch for all electrons scattered at 180°. From Equation 4. 34 we find that 

( 4. 36) t r = 0. 00846 

where the maximum error involved in using the 'average' case value of 

tr for all electrons scattered at 180° is less than 0. 2o/o. 

Sub$tituting Equation 4. 36 into 4. 33, one can calculate Ks as a function 

of E 0 ; these results are tabulated in Table 4._2. 

TABLE 4. 2 

Values of the Bremsstrahlung correction K 8 as a function of E0 • 

E 0 in MeV 40 60 80 100 120 

Ke 0. 9524 0. 9415 0. 9409 0. 9405 0. 9402 
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The correction factor K a only takes into account the real emission 

of photons with energies greater than A E. The effect, on the cross 

section, of bremss~rahlung with energies less than ~ E is included in the 

Schwinger correction which is discussed in the next section. 

4. 4 The Schwinger Correction 

Schwinger ( 1949 b) has calculated the effect of emission and re-

absorption of virtual quanta on the differential cross section,for the scat-

tering of electrons by the nuclear field,calculated in the first Born approx-

imation. 'REi_; also included the effect of real emission of quanta with maxi-

2 
mum energy 6. E where AE << E

0
-m

0
c • The result is expressed as a 

fractional decrease in the theoretical differential cross section for scat-

tering through an angle a and may be written as 

(4. 37) ~ =-~ f[ \n Eo - ~ ]·[\n (-z. Eo . S~"'~)-l. ]+. ~+ l s\V\-a.~ tlefl 
s n l AE \'2. . \m.c2 'Z. 2 12 2 2 I 

where c< = _\_ is the fine structure constant and .f(a)is an angular depen
\'3, 

dent function with a magnitude of the order of unity. Breuer has shown 

that for scattering angles in the ~ange 160° to 180°, t{e)-::::: --t-ln)-== 11~/\'Z. 

with an error of less than 2o/o. Since we are considering scattering near 

or at 180°, we can replace +te) by tt'l, '2. • Thus the Schwinger correction 

may be written as 

( 4. 38) K s =- \ - 6 '6 

Since it never happens that a scattering event is unaccompanied by the 
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emission of quanta, K s must approach zero as ().. E approaches zero. 

-~Eo 
To obtain this limiting behaviour, Schwinger replaces 1- bs by e . 

-bs 
He states that the further terms in the series expansion of e express 

the effects of higher order processes involving the multiple emission of 

soft quanta; Suura ( 1955} has shown this to be true for any order of the 

Born approximation. Equation 4. 35 may now be written as 

( 4. 39} 

where j = 4 oc r \ n { 2 Eo s \ V\ ~) _ .l. ] 
n L \ m. c.' 'Z. z 

The effect of the radiative processes considered by Schwinger is 

to reduce the experimentally determined cross section. Thus in deter-

mining the corrected cross section from the energy spectrum of the 

scattered electrons (see Figure 4. 9}, one must increase the area in each 

energy interval dE by the factor e bs where the values of b,. E and E 0 

appropriate for the interval are used. Hence, the cross section correc-

ted fro the radiative processes considered by Schwinger may be written as 

• 

Since E j ~ E-s ~ E" ' we may write 1s -::::= 'T..l ~ rp and Ej ~ e: -j ~ E~ 

with negligible error. From the diagram in Figure 4. 9, one can see that 

a Et.i = ~E.. t l'ttj • Equation 4. 37 may be written in the form 



( 4. 41) 

For the energy range we are considering, 1 ~ 0. 05 and 'Y\s ~ 1. For 
At 
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a symmetric distribution, one may write c -j -= C .s • Although a typical 

energy spectrum of elastically scattered electrons is somewhat asym-

metric due to the straggling of energy losses in the target, we may still 

neglect the term { c -.i - c.l) '~ since it only becomes appreciable 
b. 'E. 

( 2 to So/o) for a small portion (about 1 Oo/o) of the total area under the elas-

tic peak; the percentages given in the brackets are obtained from an ex-

perimental spectrum given by Breuer ( 1964 b) for the elastic scattering 

of electrons from an aluminum foil. Hence we may write 

with an error of ~ 0. So/o; this result has also been obtained by Breuer 

( 1964 a). As in the case of the bremsstrahlung correction, we may set 

Ep =E
0 

with a negligible error. Thus the Schwinger correction factor 

for 180° scattering may be written as 

( 4. 43) 

where E
0 

is the mean energy of the incident electrons and A E is the 

difference between E P , the energy which corresponds to the peak in 

the distribution, and Ec which is the cutoff-energy on the low-energy 

side of the spectrum. Breuer points out that it is a common practice 
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to set Ed- E = /:::,.E where Ed is the cutoff-energy on the high-energy 
. " 

side of the elastic peak (Figure 4. 9); however due to this cutoff, a small 

portion of the spectrum is lost. In order to keep this amount ~ 0. So/o 

of the total area of the spectrum, Breuer has shown that b. E must 

satisfy the f()llowing condition: 

( 4. 44) 

Since we are considering electron scattering at 180°, it is useful 

to write the Schwinger correction in terms of the complementary scatter-

ing angle (/J =.1\- e ; the result is 

( 4. 45) Ks = exp [-4o<{(tn E.-r~lf\n('Z.E. 0co'5.t)~ll+ \1+ lT-z.cos-am_'ll. 
T\" ~E. \i.J L MoC'l. '2. Z 12 24 Z ( J 

rl. ~ 0 . For "". 12 or 0. 21 radians, we may write the correction factor as 

( 4. 46) 

with negligible error. For our calculations, we have chosen AE=2 re 
where ~ is given as a function of E

0 
in Table 4. 1. Hence, we can 

calculate K 5 as a function of E
0

; the results are tabulated in Table 4. 3. 

TABLE 4. 3 

Values of the Schwinger correction K s as a function of E
0 

• 

E 0 in MeV 40 60 80 100 120 

0.815 0.791 0.778 o. 769 0. 761 



Material 

H 

He 

A\ 

Fe 

TABLE 4.4 

Values of the coefficients and constants important in 
the calculation of energy losses in various materials. 

Average Radiation 
Atomic As Ionization Length 

Atomic Weight in Mev Bs Potential X0 in~ 
No. Z A gm cm- 2 I in eV em 

1 1.008 o. 153 21.5 15.6 58.0 

2 4.003 0. 0767 19. 39 26.9 85.4 

13 26.98 0.0737 17.0 150.0 24.0 

26 55.85 0.0715 15.32 243.5 13.9 

TABLE 4. 5 

Values of the coefficients used in the calculation of 
the density effect for various ·materials. 

Material - c a. x. 

H 9. 11 0.34 5.01 3 1. 76 

He 11. 18 2.13 3.22 3 2.21 

A\ 4.06 0.038 4.25 3 o. 39 

Fe 4.62 0.127 3 0.10 
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CHAPTER 5 

MULTIPLE SCATTERING 

5. 1 Introduction 

When electrons traverse a foil of sufficient thickness, in general 

they will undergo a succession of similar small angle scatterings; this 

process is known as multiple scattering. The purpose of this chapter is 

to determine the angular- distribution of the incident electrons after they 

have passed through a target window of thickness bw and then penetrated 

into the gas a distance x. A similar multiple scattering distribution 

exists for the electrons leaving the target after being scattered through 

approximately 180° from a target segment dx at a depth x in em within 

the target (see Figure 6. 1). Knowing these distributions, one may then 

determine the resultant angular distribution of the scattered electrons 

leaving the target (see Chapter 6). 

A simple theory of multiple scattering, developed by Williams 

(1939), has been reviewed by Jackson (1962), Birkoff (1958) and Elliott 

( 1964). The result of this theory is that the distribution of angular de-

flections after many scatterings is given by a Gaussian distribution 

( 5. 1) 

where P(e) e de is the probability for an electron being multiply scat-

tered between e and e + de and e is the total angular deviation meas-

ured with respect to the initial direction; the quantity < 9'2.) is the mean 
~ 

squared scattering angle which gives a measure of the width of the 



angular distribution. The major limitation of the simplified theory is 

that it does not take into account plural scattering; this is scattering in 

which more than one deflection takes place while not enough to give the 

characteristic Gaussian distribution. 
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A more rigorous treatment of multiple scattering has been devel

oped by Moliere ( 1948) in which the scattering includes contributions 

from both singly, plurally and multiply scattered electrons; the distri

bution is given as a sum of a Gaussian and a series of functions having 

long "tails''. A detailed derivation of this theory is given in a review 

article by Scott ( 19 63) in which he includes corrections to this theory by 

Nigam et al ( 1959). 

In the following section, we show that the multiple scattering dis

tribution as given by the corrected Moliere theory can be approximated 

by a modified Gaussian. Using this approximate distribution, we derive 

an expression for the angular distribution of electrons which have passed 

successively through two materials. 

5. 2 The Moliere Theory of Multiple Scattering 

The Moliere theory involves the calculation of the spatial-angle 

distribution function F {e) (3 ,X) where e and (3 are the polar and azi

muth angles of the path of a scattered particle, measured with respect 

to the initial direction; x is the thickness in em of the scattering mat

erial measured along the initial direction. Development of this theory 
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is facilitated by the use of the small-angle approximations which consist of: 

(a) replacing sin a by 6 and cos a -a. 
by 1- j[ and 

2. 

(b) replacing the upper limit "" for e by 00 • 

This last substitution involves the assumption that all the functions of 9 

over which the integrals are taken, fall off sufficiently rapidly for large 

values of 9 • Also es s entia! in the development of the theory is the use 

of Fourier and Hankel tranforms. Scott defines a Fourier transform 
__, 

F l E >o<.} x) of the spatial-angle distribution by 

with the inverse 

( 5. 3) 

If the spatial-angle distribution is independent of f9 , then the transform 

is 2 1T times a Hankel transform of order zero: 

with the inverse 

( 5. 5) 

where J 0 (E e) is the Bessel f\mction of order zero. The functions 

F(e, f3)x) and F(e;~) are normalized according to 

{e d9 [d~ F l e) \3) x) = 1 <And 2-rr !.~ d9 F(a, x) = 1 
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We find it useful in the following discussions to think of the deflec-

Scattered 
Direction 

Figure 5. 1 Illustration of the spatial-
angle e . 

X 

-tion ( e, f3) as a vector e 

(see Figure 5. 1) which 

is the projection in a plane 

normal to the original 

beam direction of a line 

segment of unit length 

lying in the direction ( e,~) . 

Scott has shown that if two successive, independent, spatial scat-

terings occur through angles e. and 6:. , then the resultant distribu-

tion function F(e,~) is given by a double folding integral (integration over 

two variables) involving the distribution functions and 

The evaluation of this convolution integral is simplified by 

an important property of Fourier and Hankel transform theory which 

-- - -states that the transform of the distribution of the vector sum 9= e, + 92. 

is the product of the transforms of the distributions of the separate vee-

tors 91 and 8~. Thus we may write 

( 5. 6) F (c.,«) = ~ ( E, oc) ~ ( e, oc) 

a relation which may be iterated for any number of successive scatter-

ings; this property is very useful in the evaluation of a folding integral 

in the next section of this chapter. Moliere used this property to derive 

a general expression for the transform F(e., X) of the angular distri-

bution of electrons which have been multiply scattered by a material of 
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thickness x. In order to evaluate this transform, he defined a single 

scattering function proportional to the product of the Rutherford scatter-

ing cross section and a screening factor. It has been shown by Nigam et 

al ( 1959) that Moliere 1 s derivation of the screening factor is incorrect 

due to an invalid approximation. Since Moliere 1 s screening angle 1<. oc; 

is defined in terms of the screening factor, it is also incorrect. How-

ever, Fleischmann ( 1960) has pointed out that the effect of this invalid 

approximation is small and that Moliere's final results are essentially 

correct. 

In his review article, Scott shows that the final results of the 

Moliere theory and the theory of Nigam et al are equivalent for relativ-

istic electrons and low-atomic-number materials, provided the screen-

ing angle defined by Nigam et al is used; hence, the results of the cor-

rected Moliere theory are used for all subsequent calculations. 

The multiple scattering distribution as derived by Moliere may 

be written as 

( 5. 7) 

where {3 is the reduced angular variable defined in terms of the spatial 

angle e by 

( 5. 8) e 
X 8'12. 

c:. 

The quantity B is an expansion parameter defined in terms of the screening 
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angle "'X.o<and the characteristic angle -y.._ e by the equation 

( 5. 9) 

The functions F'(..e) ' r(.t-8) ' ..... account for the departure of the 

ll) (,\ 
Moliere distribution from a Gaussian; the values of F \-8) and F \-8) 

have been tabulated by Birkhoff ( 1958) for a range of values of .e 
The characteristic angle "X.c:.is defined as the maximum single 

scattering angle which can contribute to the multiple scattering distri-

bution. In the event of no energy loss and a homogeneous mixture, "Xc 

for electron scattering is given by 

(5. 10) ( ro..d \ o..n s)~ 

where N is the number of scattering atoms per em 
3 

with atomic number 

Z; the subscript i refers to the different atomic species present in the 

scattering material. The quantities p
0 

and v 
0 

are the initial momen-

tum and velocity of the incident electrons. 

The screening angle Xo<.which takes into account the screening 

of the nuclear charge by the atomic electrons is defined by Nigam et al as 

where 0< = :C is the so-called Born parameter and ,'3, a 

X.= \·\a ~ 't-s rn. c in radians. 
\"51 Po 
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, we may write 

(5. 12) 

for the materials and energies which are being considered, the use of 

Equation 5. 12 in the subsequent calculations involves an error of less 

than 0. 1 o/o. 

In order to simplify the subsequent calculations, we approximate 

the Moliere distribution by a Gaussian of the form 

(5.13) 

where eo is the 1 I e width or the angle at which the probability of scat-

tering per steradian falls to 1/e of its value at e =0; the accuracy of 

the approximation depends on the value chosen for 8 o • If we choose 

( 5. 14) 

Equation 5. 13 is just the first term of the Moliere distribution. One can 

see in Figure 5. 2 that the first term approximation is rather poor. We 

may also let 

(5.15) ( )
'Ia 9 o =- e ,1• = X e 1 • oo., a - \. "33 

where e 1/e is the 1 I e width of the Moliere distribution. However' 

it can be seen from Figure 5. 2 that this value of 60 does not provide a 

very good fit to the Moliere distribution either. If we use an equivalent 

1 I e width given by Hanson et al ( 1951) where 

(5.16) 9 o = "X e ( \ • o \ 2 B - o · Co4) V2. > 
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we find that this Gaussian approximation fits the Moliere distribution 

remarkably well (see Figure 5. 3). The multiple scattering distributions 

shown in Figures 5. 2 and 5. 3 have been calculated for 20 MeV electrons 

after they have passed through 0. 001 inch of stainless steel. Using 

Equation 5. 9 one m~y also write Equation 5. 16 in the form 

(5.17) 

Hence, 9 o depends upon the thickness and type of the scattering material 

and the energy of the electrons being scattered. 

The probability that an electron will be multiply scattered through 

an angle between e and e + de ' in any azimuthal direction, after 

travelling a distance x in a material m~y be written as 

where 90 is given by Equation 5. 17. 

5. 3 Multiple Scattering of Electrons Passing Successively Through 
Two Materials 

In this section, we calculate the resultant spatial- angle distri bu-

tion of the incident electrons after they have passed through the target 

wi~dow bw em. thick and have penetrated into the gas a distance x em; 

this resultant distribution is used in the next chapter to include the effects 

of multiple scattering on 180° single scattering. 
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o.S 0 

Scattering Angle in Degrees 

Figure 5. 2 An illustration of the accuracy of various 
approximations when compared to the Moliere theory of 
multiple scattering. 

'2. .50 
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- Molle\"'• Theo~~ lnc\uci\n9 f'rai' ThY"ae. Term• 

--- Go.vss\a.W\ Appro"Kimo.tlon w\th 'le. wid'tk 

CJh•en ~'I \-\a.W\-aon ~t o.\ l \~S\\ 

,.s· 
Scattering Angle in Degrees 

Figure 5. 3 Comparison of a Gaussian approximation used 
by Hanson et al ( 19 51) with the Moliere theory. 

"2,.5. 
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From Equation 5. 18, the angular distribution of the electrons due 

to multiple scattering in the target window is given by 

(5. 19) F l e 6 ) = _, exp \- 9~ 1 
I I) 'IN ... L v 

n e..... ."" 
"2. 

where 9 • ..., = )(.cw(O. 53 + 2. 62 log 10 -x, cw ). Similarly for the multiple 
?<.~'IN 

scattering due to the target gas, one may write 

( 5. 20) 

'2. 

where eo .. = -x.c:.._( o. 53 + 2. 62 log 10 '")(. f" ). 
-x.CICG 

Assuming that the multiple scattering in the gas is independent of 

the multiple scattering in the window, the distribution function t= {e, b"" )X) - ..- ~ 

of the overall deflection e = e, + e2 is simply equal to the convolution 

of the functions F, (9 1 ,6w) and F.,_le.z.\ X) which are given in Equations 

5. 19 and 5. 20. However, the property of Fourier and Hankel transforms 

expressed in Equation 5. 6 enables us to write the Hankel transform of 

as 

(5. 21) 

~ ,..., 
where F.{$.) bw) and F2 le \ x) are the Hankel transforms of F, ( e, 1 &w) 

and t=2.l e£ \ x) respectively. The transform F { £. )bW, X) is evaluated 

in Appendix A 2 with the result 

( 5. 22) .• 
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Taking the inverse transform of Equation 5. 22 (see Appendix A 2) we 

obtain 

(5.23) 

which is the resultant spatial-angle distribution of the electrons after 

they have passed through the target window and have penetrated a dis-

t . t th If we let ( e'Z. ) 9 '2 "' "2. ance x 1n o e gas. = ·- + ~.a. , then we may 

write Equation 5. 23 as 

( 5. 24) 

The probability that the electrons undergo a deflection ( 9 > f3) 

after pas sing through the target window and penetrating a distance x 

into the gas may be written as 

( 5. 25) 

where (e._) = I( 2. \0·5'3 + 2. (o2 \oo "X~e) +X~ (O.S3 + z.Co2 \oa x:...., ) . 
CG -~,o t Cw J&o --z-x.. "")(..,., 

From Equation 5. 10 we find that for the experiment being discussed 

(5. 26) 
"2. 

\5.3 Ow 
)( cw = 

Eo 

and 

2. 
0·00\SrSX.. (5. 27) )(c~ = 

E-z. 
0 
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where 6w is the target window thickness in em and E
0 

is the incident 

electron energy in MeV. From Equation 5. 12 and the parameters given 

in Table 2. 1 we calculate that 

(5.28) 

and 

(5.29) 
-4 

-v 
2 

- 0.3541! 10 
1'-0(G- E.a. 

0 

Hence we may write 

( 5. 30) 

< e·) = { 15.3 6w [ 0.53 + 2..62. lo~,. (7. 81.10
4 

6.. )] 

+ 0.0015 75X [ 0.53 + 2.62. loj,. (44. Sx)]} ~~ 

If we take the average case of X=L/2=0. 127 em and Ow =0. 00508 em, 

we may write Equation ( 5. 30) as 

(5.31) < e"'">. :=. _, { o.571 + o. 010 l 
AV E; J 0.581 

Ea 
0 

where <e-a) =0. 571 corresponds to multiple scattering in the target 

window only. Hence, to a good approximation, one may write 

( 5. 32) 

for 0~ x ~ L where the maximum error involved is less than 2o/o. 
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CHAPTER 6 

PROBABILITY OF DETECTING ELECTRONS SCATTERED FROM HEUUM 

6. 1 Introduction 

In this chapter we derive an expression for the probability of detect

ing electrons which have been scattered from helium; this derivation in

cludes the effect, on the final results, of energy losses and multiple scat

tering of the electrons in passing through the target. In earlier chapters 

we derived separate expressions for the probabilities of single and mul

tiple scattering. 

In the first section of this chapter we derive an expression for the 

probability I;> (<I>") <Pa d cpl\ ci )'~ dx that an electron will be scattered, 

from a target element dx at a depth x within the target, into the element 

of solid angle <PR d <t>l\ d YR in the direction ( <P .. , lr~) ; ct>. and lf" are 

the polar and azimuth angle of the track of the scattered electron, meas

ured with respect to the backward direction (see Figure 6. 1). 

The probability P(x)dx that an electron scattered from dx is 

acc~epted by the spectrometer is calculated in the second section by inte-

grating the expression for f; (4>~) <f>" d ci>R d Y~ d x 

of acceptance of the spectrometer. 

over the solid angle 

In the last section we derive an expression for the probability of 

detecting electrons which have been scattered from helium by integrating 

the expression for P(x) dx over the length of the target. 



6. 2 Derivation of the Probability for Scattering Electrons in the 
Direction ( cJ>s , 't{A. ) 

Consider an electron which passes through the target window and 

penetrates a distance x into the helium gas before undergoing a single 
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large-angle scattering in dx (see Figure 6. 1). Due to multiple scatter-

ing in the target material, the electron has a probability F.Ce,, Ow ,x)e. de, dFJ, 

of arriving at dx with a deflection ( e, , ~. ) into the element of solid angle 

measured with respect to the initial direction. The proba-

bility that the electron undergoes a single large-angle deflection in dx 

into the element of solid angle 4> dcpd¥ in the direction (<f>, ¥)is given by 

(Equation 3. 36); cp and ~ are measured with respect 

to the direction ( 6, , {3, ) • The electron then has a probability fi ( 9z., bw, X 

xel. de~. d.f3-z. of leaving the target with an additional deflection ( e'2., /3.,_ ) into 

el.cle~. d {3'l. due to multiple scattering along the return path; ez. and {3,_ 

are measured with respect to the direction ( cp, '( ) • The relationship be-

tween the deflections is illustrated in Figure 6. 1. The probability of the 

electron undergoing successive deflections of (e.' /31 ) into e. de. d (3., (q,, ¥) 

into <t> d ~ d '! and ( el.'l f3-a.) into el.. de~. d.~'&. with a resultant over-all 

deflection ( ~rt, ¥R ) into ~~ d 4>R d. ~R is simply given by the product of 

the statistically independent probabilities of each of these events: 

( 6. 1) 

in this case, the element of solid angle <t>"' d <Pit d ¥R is dependent on 



Single Large-Angle Scattering 
Occurs Here 

L -+-Target Window 

I-Ielium Gas 

Figure 6. 1 Diagram illustrating the relationship between 
angles when an electron undergoes a single large-angle deflec-
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tion in conjunction with multiple scattering in a target of thickness L. 

0 

A Electron 
(b) 

(a) 
p 

Figure 6. 2 (a) Diagram illustrating the geometrical relationship 
between the angles when an electron undergoes a single large-angle 
deflection in conjunction with multiple scattering. (b) Plane approxi;., 
mation of the spherical quadrangle A B C D with 'Ci>R= 9: -t- ¢ + 62. 
valid for small angles. (c) Plane approximation of the spherical 
quadrangle A B C D with Ci)P. = ¢' + e, + S2. 
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The geometrical relationship between 9, , <f> , 9~ and <P~ 

shown in Figure 6. 1 may be more easily seen if it is represented as in 

Figure 6. 2 (a). The projection of the deflection ( e,, {3, ) onto the unit 

I I 

sphere is represented by the line segment A B . For the convenience 

of relating the angles of deflection, the direction ( e, , (3
1 

) is projected 

in the backward direction, through the origin 0, onto the unit sphere 

I 1 

resulting in a line segment A B =A 8 = 9, ; by definition the probability 

distribution of AB is identical to that of 
I I 

A B. 

In the small-angle approximation the spherical quadrangle in 

Figure 6. 2 (a) may be replaced by a plane quadrangle with sides pro-

portional to the angles 9,, cp, 91. and cf>fl, • As shown in Figure 6. 2 {b) 

the deflections may be thought of as plane vectors; hence we may write 

The probability I; ( <P~) <Ptt d cpR ~ tR. d X that an electron, scat-

-
tered from the target element dx, will have an over-all deflection 4>a 

in cpR d 4>rc d ¥R may be calculated by folding the probability density 

functions f; ( e, ., ~w ., X ) and ~ { 9,., bw ., X ) defined by Equation 5. 24 

and P(tt>) defined by Equation 3. 36 with each other. Hence we may 

write the probability density ~ ( 4>a> (Woodward, 1955) as 

( 6. 2) 

where the symbol * denotes a convolution between two adjacent func-

tions. The small-angle approximation allows us to replace the upper 

limit 1T for the polar angles e, ' ~ and 92- by 00 in the above con-
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volution integrals (Equation 6. 2). Replacing 1i by oo involves the assump-

tion that all the functions, over which the integrals are taken, fall off suf-

ficiently rapidly for large values of the arguments; it is shown later in 

this section that this assumption is valid. 

The associative and commutative properties of convolution integrals 

allow us to rewrite Equation 6. 2 as 

( 6. 3) 

where 

( 6. 4) 

From Equation 5_. 32 we can see that the funct~ons F. ( e,, f>w , x ) and 

fi ( 9~ , ~w , X ) fall off very rapidly for large values of 9t and 9'1. 

since their 1 /e width <e.,_>~ 3. 63 x 10- 4 (radians)
2 

for our experiment; 

hence we use the Hankel transform method utilized in the derivation of 

Equation 5. 23 to evaluate the convolution integral in Equation 6. 4 and 

obtain the result 

( 6. 5) 

From Equation 5. 30 we can see that 2 (.e ... > is essentially the 1 I e width 

of a multiple scattering distribution for electrons which have travelled a 

distance Zx in the gas and 2 Ow in the target window material. Thus 

is the probability for a deflection 

and represents the total effect of multiple scatter-

ing before and after the single large-angle deflection. 
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Since P ( ~) increases with increasing <P, the Hankel transform 

method cannot be used to evaluate Equation 6. 3; thus the functions P ( 4>) 

and fi" ( 6-; t bw , X ) must be folded directly in order to calculate ~ ( 4>1\ ). 

Since the probability density functions ~. ( e'> ~ bw, X ), p ( 4>) 

and ~ ( cP~~:.) are azimuthally symmetric, the choice of reference axes 

for measuring the azimuthal angles {3
5 

, )( and oft is arbitrary. Thus 

we choose ~s as the angle between q3' and "B:; 0 and ~R. are measured 

I 

with respect to the reference axis AO as shown in Figure 6. 2 (c). Using 

the cosine law in plane trigonometry we may write 

( 6. 6) 

From the diagram in Figure 6. 2 (c) one can see that 95 and {35 

represent the plane polar co-ordinates of a point P relative to the origin 

0 II and the polar axis o'A . The element of area given by .... d r de in 

the usual notation for plane polar co-ordinates ( V"} e ) is e'S d es d fls 

However, instead of using O" as the origin and O"A as the polar axis, 

we can choose A and A o' respectively in which case the plane polar 

co-ordinates of the point P are tPR. and )(ft and the area element is 

¢Rd¢flld'6R 

The probability of an electron undergoing a deflection es-:::: ~R- <P 

into the element of solid angle cpR d. cpR d 'Cs'R. may be written as 

i;(C<t>~ + ¢,_-2cpRcp c.-t. (¥- ){R)]t: Ow ,x) 4>1t d <Pad lR which 

corresponds to F; ( 9 5 , bw , X) 9
5 
~ e5 d f3s . The probability for suc-

cessive deflectiOnS Of ~ intO <P d c:t> cl 0 and es : <fR- ¢ into 
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is simply given by the product of the independent pro-

babilities of each of these events: 

(6.7) 

The probability F; ( <P~) ct>R. d ¢>R. d YR d X of an over-all deflection 

is given by summing all the products given 

in Equation 6. 7 for which <P + e$ :::. <P'"' . Hence we may write 

. ~ ~" 

F: < <~~R) 11> .. d ~ .. H.. c1 x = f t H fa r P c 4>) 
0 6 

( 6. 8) 

where the integration over 4> from cp =0 to cp = oo involves the assump-

tion that the integrand falls off sufficiently rapidly for large values of ¢ . 

This assumption is subsequently shown to be valid. 

Substituting Equation 6. 5 into 6. 8, we may write the probability 

density ~ ( 4>R.) (Equation 6. 3) as 

(6.9) 

If we let t =( 'b' - )(A. ) then 

( 6. 1 0) 

since the integration of the frequency function e)(p r <f>R 4> C.O$ ( )'- )(I\ )1 
L (ri'> U 

extends over one cycle of the function. 

From Jahnke and Emde (1960), we may write 

(6.11) 
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where I (i!) is a modified Bessel function of zero order defined by 
0 

(6.12) 

where J. (~) is the zeroth-order Bessel function of the first kind. Using 
• 

Equations 6. 10 and 6. 11 we may write Equation 6. 9 as 

(6. 13) 

If the energy loss corrections (Equation 4. 1) are included in Equa-

tion 3. 36, the probability density P(¢>) may be written as 

( 6. 14) 

where 

(6.15) 

'L 

~-)(~ 
\ + 2.E. .q. 
~ 

is a quantity expressed in units of inverse length (em -l). Using Equa-

tion 6. 14, we may write Equation 6. 13 as 

( 6. 16) 



where 

(6.17) 

( 6. 18) and 

The integration over cp from 4> :::;: 0 to <P = co involves the assumption 

that the functions f, ( ct>, q>~t ) , -J;_ ( ct> ~ <PA.) and 1; ( <t> ~ 4>~) fall off suffi-

ciently rapidly for large values of cp • We note that, for sm~ll values 

For the case where the incident electrons have an energy E 0 = 

40 MeV, we calculate that (e.,_)~ (ea.) 
A 'I/ 

=3 .. 63 x 10-4 (radian)
2 
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(Equation 5. 32) and X=O. 151 (Equation 3. 37). Hence, for a given value 

of cpR , we can calculate f, ( 4>., 4>-. ) , f2. ( c:p, <Ptt) and f, ( <P. 4>,..,) as a func

tion of cp • For our experiment, cpR f. 0. 08. In Figure 6. 3, f. (<P, <P,) 

and {; (4>, cf>R.) are given as a function of ¢> ~or ¢R =0 and ¢~ =0. 08 

radian. Since (€l) varies as 1 /E
0 

2 with the energy E
0

, the distri

bution in 4> of the functions -f; ( <P, <P~), .fl. ( cp, ct>R) and +: (<(>, ¢Ft ) becomes 

narrower and more peaked for larger values E
0

• This behaviour is 

illustrated in Figure 6. 3 where .f ( 4>, 0. 08) and f ( <t>, 0. 08) are given 
I 3 

as a function of cp for both E
0

=40 MeV and E
0

=60 MeV. In Figure 6. 4, 

fl. (<I>, <Pft) is given as a function of 4> for E
0

=40 MeV and <P~ =0. 08 radian. 
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- E.0 = 40 MeV 

35 ___ .E.=- 60 MeV ( q,R: o.oe r-~dia.n ot\ly 

30 

2.5 

20 

IS 

\0 

5 

0 
o.oz o,o4 o.o, o.oe o.1o o.12. o.\<4- 0.16 o.rs 

cp il"' r4di4ns 

Figure 6. 3 A plot of f, ( cp. <I>R) and f, ( q>, ~) given as a 
function of q> for <\)R =0 and cpR =0. 08 radian. 

o.u. 
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From the graphs in Figures 6. 3 and 6. 4 one can see that, for the ~energy 

range 40 to 120 MeV and for <Ptt ~ 0. 08 radian, the functions +. { ~, <t>.), 

ft. { 4>. ¢>~) and +a { 4>. c(:>tt) fall off rapidly for large values of cp ; hence the 

use of the upper limit 4> = oo in the above convolution integral {Equation 

6. 8) is valid. Also, we note that the effect, on the value of \i { <P"' ), of 

the inaccuracy of P { <P ) for large cp is negligible since the error in 

P { <P) for <P ~ 0. 21 radian is less than 1 o/o. 

First, we evaluate the integral I, ; from Equation { 6. 17) we may 

write 

00 

< 6. zo) I,= '"><P [ ~:;>J [4 (~t;>)(' +f) ~"P [~<!~ (1- x~'>)j I. ( ~"e~) . 
From Dwight { 1961 ), we may write 

{ 6. 21) 

For our experiment, X<e) .('<.( 2.. ; hence Equation 6. 20 may be 

written as 

{ 6. 22) 

I,= exp[-z:E.J{f~( (<1>:) exp(- cp: J(l+(~ct>)-z.+ ..... + I (~': ... ) 
o 2 e) 2.(9 > 2.(e"'> l1..2.~ •• r1. 2..(9)) 

+ !~ ( <I> ... ) ¢> 1. [ - q,... ] ( '2. 2.t" ) } 

<..J.> _ ex p ~( I + ( 4\ <P ) + .... + \ ( <Ptt 4>) + · · · · 
o 2. ~ 2. 2..<..9 J 2..(e). ,,, , ....... rz. 2.(e"> 

Integrating Equation 6. 22 we obtain 

I, = e~p [- <t>; J { (' + ( ~ \ -t _I ( _E_)2. + ...... . 
2.<e > 2.(e ... '>-) 2. ~ 1-<e ... > 
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2.S 

2.0 

\5 

5 

0 o.o2. o.o~ o.o6 o.oe o.to 0.12. 0.14 O.l6 o.as o.z.o 0.1.2. 

~ in rQ.di Q.t"\& 

Figure 6. 4 A plot of f
1 

( ~ .. q," ) given as a function of 4> 
with <f>ft =0. 08 radian and E

0
=40 MeV. 
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(6.23) 

From Dwight (1961), we have that 

( 6. 24) 
Oo 

f ~ -«x I clx x e =~
o Q~TI 

where o. > 0 and n= 1, 2, 3, . . • • Using Equation 6. 24, we can evaluate 

the general terms in Equation 6. 23; hence, we may write Equation 6. 23 as 

!
1 
= cxp [ - 4>R-z. J { (1 + <P; + _I ( ct>~ '\;- •••• + _l (~): .... ) 

2.(9~'> t(el.> 2. t ~(e >) r~ z.(e 1 

( 6. 25) 
+(e ... > [( l + <t>: + _I ( <t>; )2.+ .... +-l ( ~: \+ .... ) 

2..(fl> 2.~ ~(e ... > r! 2..(e'">J 

+4>~ (t + 4>: + _\ (~)1.+ .... +-' (£'{+ .... )]} 
'Z.(fl) 2.(e~> 2 ~ 2..(e > r t '2..(6"';) 

S:ince 

( 6. 26) exp [ tPRa. ] = I + ~1. + _l ( 4>; ): .... +-' ( <P; ),.+ ... 
2.<e ... > 2.(e1.> 2.! 2..(& ... > r! 2.(e'"} ' 

Equation 6. 25 may be written as 

( 6. 27) 

Similarly' we evaluate the integrals I'Z. and r.. and obtain the results 
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(6.28) 

and 

( 6. 29) 

Substituting Equations 6. 27, 6. 28 and 6. 29 into 6. 16 we obtain 

( 6. 30) + ( <1>; + (e7.>) 
4 2. \+ '2.Eo 

N\7-

If we let the target thickness approach zero (ie. &w~ 0 and L ~ 0), 

the 1 I e width 2( e'"> of the multiple scattering distribution given by 

Equation 6. 5 will also approach zero; thus in this limiting case, one can 

see that ~ ( <I>"- ) is the probability density for electron scattering in the 

backward direction with no accompanying multiple scattering (see Equation 

3. 36). 

From Equation 5. 32 we note that (e-z.) ~ ( e't.) <. 3. 63 x 10-
4 

for 
IW 

the energy range 40 to 120 MeV. Therefore, since <. 9-a.) <<<. 1, Equa-

tion 6. 30 may be written as 
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e (4>R) ~:: W(E.) ~p [-X) f rn~~+ (I+ <if) + 
0 

I ( 4>: + ( e1.>,.v) 
\ + 2.Eo 4 2. 

Me._ 

( 6. 31) 

The probability f;, ( cptt) cptt d ~R c{ YR d x that an electron will be scat-

tered from a target element dx at a depth X within the target into the 

element of solid angle <f:>R d <P" d lfR in the direction ( cplt, l'R) may now be 

written as 

+_I _ ( ¢; + (el.~v) 
I+ ?..Eo "T 2. 

Me}· 

6. 3 Calculation of the Probability that an Electron Scattered from dx 
is Accepted by the Spectrometer 

In this section we calculate the probability P (x) dx that an electron 

scattered from a target element dx at a depth x within the target is 

accepted by the spectrometer; P (x) dx may be obtained by integrating 

the expression for ~ ( <P~) <PR c{ cpR d '!R d x over the solid angle of accep-

tance of the spectrometer. It has been shown in Chapter 2 that the solid 

acceptance angle of the spectrometer is defined by the "effective" aper-

ture of the spectrometer and the distance do between the spectrometer 

and the source. Due to the radial dispersion of the 25° deflecting magnet, 

the horizontal dimension 2Y of the physical aperture of the spectrometer 
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appears to the scattered electrons as 2Y
1 
(Equation 2. 40); also the hori-

zontal dimension 2 ~o"" of the "effective" aperture appears as 2 :o~ • 

0 
Hence, for electrons scattered at or near 180 from the target element 

dx at a depth x within the target, the solid acceptance angle is defined 

by <(=0
1

+ x (see Figure 6. 5) and the apparent" effective 11 aperture with 

I 
horizontal and vertical dimensions of ~~VI'\ and ~"" . Using Equation 

6. 32, we may write the probability P(x) dx as 

( 6. 33) 
P(x) dx - clx W(E.'J exp(-x.Ji ~ 1+ + 

E~ 

where 

( 6. 34) 

(6. 35) and 

( 6. 36) 

The choice of the upper and lower limits in the above integrals is evident 

from the diagram in Figure 6. 5 where one can see that 



Apparent Physical Aperture 
of the Spectrometer 

Apparent"Effective .. Aperture 
of the Spectrometer 

Direction of Scattered Electron 

Helium Gas Target 
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~ 

Figure 6. 5 Diagram illustrating the acceptance, by the spectrometer, 
of an electron scattered in the direction ( ~~ , DR ) • 

-.o 
-.o 



( 6. 37) 

( 6. 40) 

y t -\ I 

00 = Clh ~ = 
r..WW\ 

+ _, 
Ctn r._ -, 

t:.~ 

Integrating Equation 6. 34 over cpR , we obtain 

Using the integral equations given in Table 6. 2, we evaluate Equation 

6. 40 and obtain the result 

( 6. 41) 

Similarly we evaluate the integrals I 5 and I, and obtain 

( 6. 42) 

and 

( 6. 43) I = E> 

In Chapter 2 we derived expressions for ~ and i!..,.. (Equations 

2. 21 and 2. 22) given as a function of d. and f· .the radius of the 180° 

20~~~0M 
I 

spectrometer. Since =Y/Y we may write 

( 6. 44) ~= 
)( 

[ 2. ]·~ d. d. + 2. ft2. 

and 

I I 

( 6. 45) ~0... '::, y 
d,. [ ,_ ]1'2. ct. + 2. tt 

100 
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Substituting Equations 6. 44 and 6. 45 into 6. 41, 6. 42 and 6. 43, we may 

write Equation 6. 33 in the form 

( 6. 46) 

+ __ 1 _ ( (e'>av IC C, 
I+~ '2. [ia. + 2P7.] 

Me'&. o /o 

where 

(6. 47) 
I 

C,= 4X y 

( 6. 48) 
s ' ,a C1.=X y +XY 

and 

( 6. 49) 

6. 4 Calculation of the Probability for Detecting Electrons Scattered 
from Helium 

In the previous section we derived an expression (Equation 6. 46) 

for the probability P(x) dx that an electron, scattered from the target 

element dx at a depth x within the target, is accepted by the spectro-

meter. By integrating the expression for P(x)dx over the target length, 

one obtains an expression for the total probability F,? that an electron 

scattered from the helium gas is accepted by the spectrometer; there-

fore, from Equations 6. 46 and 6. 49 we may write 
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( 6. 50) 
+ \ ( (e"&.>,.v I + ~ 1

8
) 

I+ ZE. -2.-
7 

"" 

Me" 

where 

( 6. 51) 

and 

( 6. 52) 

Lc 

I = c,.J dx 
8 0 [ 1. ' ,... a.J2. 

X + 2.X 0 + D + 2 f. 

It has been shown in Chapter 2 that due to the high pressure ( 40. 8 atm) 

of the helium gas the target windows are deflected thereby increasing 

the length of the gas target from L=l. 000 inch to Lc=l. 058 ± 0. 004 

inches; therefore, we use the corrected target length Lc in the above 

integrals. 

2. ,.,. 

Since 4( D' + 2. f..,_ ) > 4 D , we can use the integral equations 

given in Table 6. 2 in order to evaluate the integrals 17 and 16 ; hence, 

we obtain 

( 6. 53) 

and 
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f.D 
I 

( 6. 54) 

In Chapter 2 we have shown that the distance D between the spectro-

meter and the 25° deflecting magnet must satisfy the condition: 9. 5 inches 

(in)<. D ~ 19. 0 in. Also we calculated the average solid acceptance 

angle Sl.Av of the spectrometer subtended at the target and obtained the 

result: Jl.Av =0.0093 sr for 0 =9.5 in and JL.,."=0.0062sr forD =19.0 in. 

In the subsequent calculations we consider only· the two cases of n,w= 

0. 0093 sr and ..!l..Av =0. 0062 sr • In order to calculate the values of 17 

and ! 8 for the two values of _n_"v we must first determine the values of 

I 

C, , C z. and D 
1 

• Using Equation 2. 30 which gives 0 as a function of 

D 
, , 

we obtain the results: 0 =19. 3 in for D =9. 5 in and D =28. 3 in 

I 

for D =19. 0 in. From Equation 2. 40 we calculate that Y =0. 864 in for 

9. 5 in <. D <- 19. 0 in; therefore, using Equations 6. 47 and 6. 48, we 

obtain C, =8. 40 in2 and Cz. = 13. 96 in 4 • Hence, we can calculate the 

values of I 7 and 18 from Equations 6. 53 and 6. 54 for the two cases of 

Jl."v =0. 0093csr (D =9. 5 in) and ..Jl."v =0. 0062s.(0 =19. 0 in); the results 

are presented in Table 6. 1. 
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TABLE 6. 1 

The values of the integrals 1 7 and ! 8 for J1.Av =O .. J 009 3 sr 
and ..n.w =0. 0062 sr. 

.n.AV 17 18 
-3 -3 -5 -5 

0.0093 9. 8 0 X 1 0 in= 2 4. 9 X 1 0 em 1. 80 X 10 in=4. 56 x 10 em 

0.0062 
-3 -3 

6. 64 x 10 in=l6. 9 x 10 em 
-5 -5 

0. 897 x 10 in=2. 28 x 10 em 

It can be seen from Table 6. 1 that 1
6 
~< 17 ; therefore, to a very 

good approximation, Equation 6. 50 may be written as 

(6. 55) 

4 
l + 2.E. 

Me ... 

The 'Coulomb' term ( rn!"c,1- I
7 

+ Is ) in Equation 6. 55 arises E: 3 (I+ 2.E./M c"L) 

from the Coulomb interaction between the target nuclei and the electrons 

<e&>,.v I7 takes into 
2( I+ 2.E./M~) 

which are incident on the target. The term 

account the effect, on the value of F,? , of multiple scattering of the prim-

ary electrons in passing through the target. The effect, on the value of 

~ , of the electric and anomalous magnetic dipole moments of the elec-

tron is taken into account by the terms and 

417 .JwC..<f) respectively. The corrections \<i., k 8 and f<s 
(I+ 2.Eo/Mc~) 

for the energy loss processes discussed in Chapter 4 are contained in the 

expression for W(E
0

) given in Equation 6. 15. From Equations 3. 31 and 

3. 37, one can see that the term e.xp [-X] is equal to the square of the 
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nuclear structure form factor evaluated at 
0 e =lao . 

The expression for I? given i:p. Equation 6. 55 gives the probability 

that an electron, with an initial energy E 0 , is scattered from the helium 

target and is accepted by the spectrometer; if we assume a detector 

efficiency of 1 OOo/o, then ~ is the probability for detecting this electron. 

TABLE 6. 2 

Useful indefinite integrals from Dwight (1961) where 
the constant of integration is to be understood. 

- ct~ X 

f dx ==- c..tn x- ctn
3
X 

sin•x S 

I dx = ia."' x 
eo-sz.x 

j dx 
C011+X 

for 4at: > b'2. 
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CHAPTER 7 

RESULTS AND CALCULATIONS 

7. 1 Introduction 

In electron scattering experiments, a number of methods may be 

employed in detecting the scattered electrons which are accepted by the 

spectrometer. One such method involves the use of a multi-channel 

array of counter telescopes (Burleson and Kendall, 1960) arranged so 

that successive channels can detect the electrons in the successive energy 

intervals of the elastic, scattering peak (see Chapter 4). Another methcxi 

involves the use of a single channel detector (Breuer, 1964 a) which has 

a momentum acceptance such that all the scattered electrons which con

tribute to the elastic peak can be detected. The main advantage of the 

latter method is that it entails only a single detector and a data handling 

system which is less complex than that required by the former method; 

however, using the latter method, one does not obtain the profile of the 

elastic peak. For the subsequent calculations concerning our experiment, 

we use the latter method for detecting the scattered electrons and assume 

a detector efficiency of 1 OOo/o. 

In the next section, we calculate the count rate which we expect to 

obtain in carrying out the electron scattering experiment discussed in the 

previous chapters. Also, we illustrate that this experiment is most sen

sitive to the dipole structure of the electron where the energy E 0 , of the 

incident electrons, is large. 

In the final section of this chapter, we give an estimate of the second-
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order dispersive corrections to the differential eros s section for the 

elastic scattering of high energy electrons by He 
4

• From these correc-

tions, we are able to estimate the minimum value of the upper limit to 

A ( ct> which can be measured with our experiment. 

7. 2 Calculation of the Expected Count Rate 

In the previous chapter, we derived an expression for the proba-

bility ~ of detecting electrons which have been scattered at or near 

180° from the helium gas target described in Chapter 2. By multiplying 

the expression for ~ (Equation 6. 55) by the time-average intensity IF 

(Equation 2. 9) of the electrons striking the target, we can calculate the 

total expected count rate CT for given values of E 0 , .IL.Av and 'A(~); 

hence we may write 

(7. 1) 

where 

(7. 2) 

( 7. 3) c ... ;- If'"W(E.)e-)G 2.(~:·>~) 
Me 

(7. 4) 

and 

(7. 5) 

I, ) 
3( I+ ~€.) 

Me 

17 ' 
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The quantity Cc is the count rate which we would obtain for a pure Coulomb 

interaction between the electrons and the He 
4 

nuclei; eM'& is the additional 

count rate arising from the multiple scattering of the electrons in passing 

through the target; C,M.ois the contribution to the total count rate due to 

the anomalous magnetic dipole moment of the electron. The possible ex-

istence of an electronic electric dipole moment produces an additional 

'2.. 

contribution C,_ to the total count rate where C~ is proportional to A. ( f'). 
In order to determine the dependence of CT on E

0
, we must first 

calculate the values of I -X. 
F , W(Eo) and e as a function of E 0 • From 

Equation 2. 9 and Figure 2. 2, we calculate the values of IF as a function 

of E 0 and tabulate the results in Table 7. 1. The quantity W (E0 ) is given 

by Equation 6. 15 as a function of E 0 and the energy loss corrections 

K, , k 8 and ks . In Chapter 4, we calculated that, for our experiment, 

Kt =0. 8l (Equation 4. 21); also, we determined the values of \<.,and K 5 

as a function of E 0 and presented the results in Tables 4. 2 and 4. 3 re-

spectively. Therefore, from these values of K~, K 8 and K, , we cal-

culate the values of W (E
0

) as a function of E 0 and present the results 

in Table 7. 1. We can calculate the values of X as a function of E 0 from 

Equation 3. 37. Hence, for Q. = 1. 68 f , we determine -"' e as a function 

of E 0 ; the results are given in Table 7. 1. 

For A. ( '\..~) =0, the total count rate given in Equation 7. 1 may be 

written as 

(7. 6) c . p.. 



TABLE 7.1 

Values of the quantities I~ , W (E0 ) and e.-" for various 
values of the energy Eo of the incident electrons. 

Eo in MeV 4'0 60 80 100 120 

I,xlo- 13 in number 6. 03 4.83 3.64 2.44 1.24 
of electrons/ sec 

W(E0 )xl09 in em 
-1 

8. 19 3.50 1.94 1.22 0.857 

-X. 
0.860 0.715 0.554 0.401 0.271 e 
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Using the values of IF' w (Eo> and e~ given in Table 7. 1 and the values 

of I 7 , and 1
8 

given in Table 6. 1, we can evaluate the contributions of Ce,

C~and c~ to the total count rate (c,..)A-=0 . Cms is determined from 

Equation 7. 3 and the values of (r;l). given by Equation 5. 32; CA. is deter
A\/ 

mined from Equation 7. 4 and the values of #(.( ~) given in Figure 3. 2. 

The values of Cc , C.,..s, C"""' and (CT) are given, in Table 7. 2, as a 
A."=O 

function of E 0 for .J1..Av =0. 0062 sv- and Sl.1h,=O. 0093 -sr. From Table 

7. 2, one can see that the relative contribution of c"''' to the value of 

(CT).l\-:o, decreases rapidly with increasing energy. 

We find it useful to define a 11 signal to noise 11 ratio 

(7. 7) + 

-1 

__ 4_1_7;...__ ,IL( 't~ 
I +- z..E. 

Me"'-



TABLE 7. 2 

Values of the total count rate C,. and the 'signal to noise'' ratio R • .,. given as a 
function of the energy E 0 of the incident electrons for StA., =0. 0062 sv- and 

_n_Av =0. 0093 sr • 

..()_ =0. 0062 sr 
1\V 

n =0. 0093 sr 
fi\V 

3 3 3 3 R xl0- 7 3 3 ~ 3 I~) 103 E
0 

in MeV Cc: x10 C .. ,xlO C,...xlO (~-rt .. o x1_q Cc.xlO C ... ftxlO ~ .... x10 
. -1 . -1 . -1 SN . -1 . -1 . -1 ': ~-=:- -1 1n sec 1n sec 1n sec 1n sec 1n sec 1n sec 1n sec 1n sec 

,. 

40 4330 1272 13.6 5616 
'1. 

2. 99 )..( 'l-1.) 8030 1878 20.05 9928 

60 1034 158 1.80 1194 
. -a. 

B. 79 A.( 't) 1998 234 2.73 2235 

80 311 2s· .. q: 0.35 340 
1. 

608 651 17. 4 :A('() 42.1 0.52 

... 
100 91.9 5.57 o. 072 97.5 28.7 A.(i) 181 8.22 0. 11 189 

1. 

120 21.0 0.89 0.012 21.9 42.2 A.(f) 41.3 1. 32 0.018 42.6 

R • ..x1o- 7 

1. 

2. 50A(i) 

6. 93 ~(~)I 

13.4 ~('t) 

'a.. 

21. 8 A.(cf) 

"1.. 

32. 0 A.( <C) 

...... 

...... 
0 
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This ratio expresses the relative importance of the contribution C,._ to 

the total count rate (CT)>.::.o for a given value of E 0 and .n~v . The values 

of Rsw are given as a function of E
0 

in Table 7. 2, for ..J1.1\v =0. 0062 ~r 

and SLAv =0. 0093 sr ; we note that the values of R .... are given in units of 

X ( ~ ). From the values of R.N in Table 7. 2, we can see that our 

experiment is most sensitive to the electronic electric dipole moment at 

E 0 =120 MeV and ..0..,.,., =0. 0062 s~. 

7. 3 Estimation of an Upper Limit to the Electric Dipole Moment of the 
Electron 

It is essential to the interpretation of our experiment in terms of 

the electronic electric dipole moment that the first Born approximation 

be valid and that the second-order dispersive corrections to the cross 

section be small. 

A. Goldberg ( 1961) considered the magnetic dispersion corrections 

to the cross section for elastic electron scattering by He 
4 

and pointed 

out that the corrected cross section may be written as 

( 7. 8) 

where C (CJJ is the fractional dispersion correction, 6M is the Matt cross 

section and F ( <J.'") is the nuclear structure form factor of the helium nuc-

leus. From his results, we estimate that C ( 1- )~ 0. 01 for our experiment. 

However, this correction does not take into account the errors involved in 

using the cross section which has been calculated only in the first Born 
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approximation. The cross section for the elastic scattering of electrons 

by He 
4 

has been calculated in the second Born approximation by Margolis 

et al (1959). From their results, we find that an additional correction 

term C.,, ( CJ.) must be added to the cross section given in Equation 7. 8 

in order to correct for the errors involved in using the cross section 

calculated in the first Born approximation. Hence, Equation 7. 8 may 

be written as 

(7. 9) 

where 

( 7. 1 0) 

• For our experiment, the angle of scattering 9 ~ 176. 5; hence, we find 

that Ce, (Cf.)~ 0. 014. Thus for our experiment, the second-order cor-

rections to the cross section are less than 2. So/o. 

One can see that the second-order corrections might cancel or mask 

the effect, on the count rate (ie, the cross section), of the electronic elec-

tric dipole moment for which R ... ~ 2. 5o/o. Therefore, we arbitrarily 

choose R~w =0. 03 as the minimum value of R1i., for which we can detect 

any effect of the electric dipole moment of the electron. The values of 

the form factor 'A ( ~~), which correspond to R," =0. 03, may be obtained 

from Table 7. 2. For E
0

=100 MeV and ..n..~v=O. 0062 ~r- , we calculate 

that A.( ~)=1. OS x 10-
5; for E

0
=120 MeV and ...n.~..,=O. 0062 ~r , we obtain 

A ( 1-"") = 7. 1 X 1 0- 6• 
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In an actual experiment which involves the elastic scattering of 

4 electrons from He , one cannot mea·sure the value of the form factor 

:A ( CJ..-a.) precisely due to the statistical nature of the experiment. In fact, 

we can only measure an upper limit to the value of A.( ,_"") as shown in the 

following discussion. 

For an experimental run of t hours and a total count rate of CT 

counts per sec, we will ac~umulate a total of ~=3600 ~ t counts; the 

standard deviation of this measurement is equal to /Ff.e • Thus, we 

may write 

(7.11) 

where the statistical uncertainty of measuring Nt counts is !: ~ 

If we assume that the maximum contribution of the electric d~pole moment

term to the value of Nt is equal to ~ Nt then 

3boo t c)\ < J Nt 

or 

(7.12) 

For small values of the form factor "- (CTJ . Therefore,
>.= 0 

Equation 7. 12 may be written as 

( 7. 13) 

From Equation 7. 7, we can see that Equation 7. 13 determines the value 

of the upper limit to A.(~"') for an experiment in which we accumulate Nt 
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counts. Due to the magnitude of the second-order corrections, we con-

sider only those experimental runs for which .!4N-. =0. 03 (ie, Nt =1112 
t 

counts). Thus for E 0 =100 MeV and Sl."" =0. 0062 St" , we should be 

able to me~sure an upper limit to the elec~ric dipole moment A of the 

electron of A = 'A (cr.:-). e1\ < 
m.c 

-5 ..... 
1. 05 X 10 -=.!L 

t'noC. 

; the time t~~<r re-

quired to obtain the necessary counting statistics is given by 

__ 1f_l_2_h_r_. -----=--- = 3. 17 h r • 
3b00 X 97.5 X jQ-

3 

Similarly, for E
0

=120 MeV and ...n.Av =0. 0062 sr, we should be able to 

' -6 ¥ t measure an UJPIPer limit of A.. ~ 7. 1 x 10 ~ if ~)(P =14. 1 hr. 
~oC.. 
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CHAPTER 8 

SUMMARY AND CONCLUSIONS 

In the preceding chapters, we have discussed an electron scatter-

ing experiment in which electrons, produced by the Saskatchewan Linear 

Electron Accelerator are used. The experiment consists of the elastic 

scattering of high-energy electrons at 180° from He 4 with the purpose 

of determining an upper limit to the electric dipole moment A. of the 

electron. Our calculations have shown that it will be possible to measure 

an upper limit as small as A.~ 7. 1 x 10- 6 eli without any cancellation 
rn.c 

or mas·king of the effect of :A. on the final results by the second-order 

effects. The second-order corrections take into account the inaccuracy 

of the first Born approximation calculation of the cross section and the 

effect, on the cross section, of the magnetic dispersion effects. We note 

that a measurement of an upper limit to ~ which is significantly smaller 

-6 .+-
than 7. 1 x 10 ~ would require a very accurate determination of the 

1\'\oC. 

magnitude of the second-order corrections. Our calculations also in-

elude the effects, on the final results, of energy losses and multiple 

scattering encountered by the electrons in traversing the target. 

For the calculations in this work, we have considered the electron 

beam to have a zero cross-sectional area. However, in practice, the 

electron beam will have a small, but non-zero cross-sectional area. The 

effect that this will have on the final results is very difficult to determine 

since the electrons which are scattered from the edge of the electron beam 

will" see" a smaller solid acceptance angle subtended by the spectrometer 
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than the electrons which are scattered from the center of the beam. 

However, we do expect this effect to be very small due to the smallness 

of the beam dimensions (2. 5 mm by 5. 0 mm) at the target. 

In an actual experimental measurement of A , it is important 

that the experimental errors be very small in order that the effect, on 

the final results, of the electric dipple moment of the electron is not 

cancelled or masked by these errors. 

As was mentioned in Chapter 1, the two most recent measure-

ments of the electric dipole moment of the electron were performed by 

Burleson and Kendall (1960) and by Goldemberg and Torizuka (1962). 

Burleson and Kendall determined an upper limit of A f:. 2 x 10-4 ei\ 
moe. 

Goldemberg and Torizuka ( 1962) measured an upper limit of )..."- 3 x 10-
5 

-6 
Thus, we can see that our value of A ~ 7. 1 x 10 e'i; 

moe::. 
repre-

sents a significant improvement over the previous measurements of an 

upper limit to A . 

The experimental parameters, chosen (Chapters 2 and 4) for the 

calculations in this thesis, do not necessarily represent the optimum or 

best combination of the parameters for performing the experiment dis-

cussed in this thesis; hence, the calculations in this thesis could be 

extended to determine the optimum combination of the parameters. 



APPENDIX A 1 

A 1. 1 Calculation of the Effect of Nuclear Recoil 

The relationship of the energy of the scattered electrons to the 

primary electron energy may be obtained by considering the kinematics 

of collisions between relativistic electrons and nuclei initially at rest. 

If E 0 and p 
0 

are the energy and momentum of the incident elec-

trons and if E f and p-f are the energy and momentum of the scattered 

electrons, then for the energy range of 40 to 120 MeV we may write 

(A 1. 1) 

and 

(A 1. 2) E ( '1.'1.. '2. ... )'4.-pc 
f.. = p~ c.. + m o c - f 
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with a negligible error. The energy lost by the electron in colliding with 

the nucleus is equal to the kinetic energy T gained by the nucleus. Thus 

'it. 
(Al.3) E.-E+=(p"2.c1.+ M&c+)-Mc..,_=T 

where P~"~ and M are the momentum and rest mass of the struck nucleus. 

In Figure A 1. 1 we give the vector representation of a collision in 

Figure A 1. 1 Vector representation 
of a collision between a relativistic 
electron and a nucleus initially at rest. 

imparted to the nucleus. Hence we may write 

(A 1. 4) 

the Lab system between 

a relativistic electron 

and a nucleus initially 

at rest. From the diagram 

we can see that \S\ is 

equal to the momentum Pn 
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Substituting Equations A 1. 1, A 1. 2 and A 1. 4 into A 1. 3 we obtain 

~ 
(A 1 5 ) ( ) ( 2. 2. 1 2. 2. '2. e M'2. •) M 1 

. p.- f1 c = P. c . + ij c - Po ~ c cos + c - c • 

Solving for p~ in terms of Po we obtain 

(A 1. 6) ""'-' -

It follows from Equations A 1. 1 and A 1. 2 that 

(A 1. 7) 

Hence due to nuclear recoil the energy of the primary electron is reduced 

by the factor ( ( + 

A 1. 2 Estimation of the"Background"due to the Target Windows 

Since the spectrometer does not differentiate the electrons scat-

tered from the gas from those scattered from the target windows, the 

"background11 from the target windows could have an appreciable effect. 

" tl • The background cons1sts of electrons which are elastically or inelasti-

cally scattered from the Fe nuclei in the target window. Fortunately, 

due to the difference in energy lost to the recoiling nuclei, the elastic 

peaks corresponding to scattering from He and Fe are widely sep-

arated in energy (see Figure A 1. 2); the Fe elastic peak is centered 
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about the incident electron energy E 0 due to a negligible amount of 

recoil of the Fe atoms. Hence the energy separation E s of the elastic 

peaks for 180° scattering may be calculated using Equation A 1. 7 with 

the result 

(A 1. 8) E-~-
I+- Mc:!

z. Eo 
2 where Me is the rest energy of the helium nucleus. For electrons in 

the energy range 40 to 120 MeV, the separation ranges from 0. 84 to 

7. 26 MeV. Thus for electron scattering at energies less than 40 MeV, 

one could expect a rapid increase in the relative amount of background 

due to elastic scattering from the target window. 

Inelastic scattering of electrons from Fe 
54 

and Fe 
56 

has been 

performed by Bellicard and Barreau ( 1962) for scattering angles as 

0 
large as 100 • They point out that the cross section for inelastic scat-

te.ring corresponding to an inelastic peak may be written as 

(A 1. 9) 

is an inelastic form factor which provides a measure 

of the strength of the electric multipole transition giving rise to the par-

ticular inelastic peak. By extrapolating their results to 180°, we find 

]

1. 4 

that [ ~~l < \ 0- for all the inelastic peaks; however, this is only 

an order of magnitude estimate. 

Let us consider the case where the elastic peak corresponding to 
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~rolft Fe. 100 Mc.V 
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E i" Me.V 

Figure A 1. 2 Illustration of the relative 
position of the elastic peaks due to scat
tering of 100 MeV electrons from He 
gas and the Fe atoms in the target window. 

a"signal to noise" ratio (R.N)e defined by 

(Al.lO) 
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scattering from 

helium is super-

imposed on an in-

elastic peak due to 

scattering from the 

target windows. 

The relative magni-

u " tude of the background 

can be estimated from 

where P is the probability that electrons, which are elastically scattered ... 
by helium, are accepted by the spectrometer; similarly, f?e. is the pro-

bability that electrons,which are inelastically scattered from the target 

windows, are also accepted by the spectrometer. From Chapter 3 we may 

write 

(A 1.11) 

where .nA"is the solid acceptance angle of the spectrometer and F (~) is 

the nuclear structure form factor defined by. Equation 3. 30; the values of 



the parameters in Equation A 1. 11 are given in Table 2. 1. For E
0

= 
1. 

100 MeV and e =180° we calculate that (F<ct)J =0. 39; hence Equation 

A 1. 11 may be written as 

(A 1. 12) 

Thus, the background from·the target windows should not be a problem 

for the scattering of electrons with an energy greater than or equal to 

40 MeV. 
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APPENDIX A 2 

A 2. 1 Evaluation of Hankel Transforms 

In this section we calculate the Hankel transform F (E., ~w ,x) 

which is defined by (Equation 5.6) 

"J ,..., -

(A 2. 1) F ( E , ~'N , X) = F. ( E , Ow) ~ (f. , X) 
'V 

where F (c <.: \ and c- (e. x) are the Hankel transforms of I ~, OwJ ll. , 

and F;_" ( 92. , X) respectively. If 

(A 2. 2) 

then from Equation 5. 4 we may write 

~ ~ 

F.CE,<5w)= ~J e.de. J:(ee,)exp[-~] 
e 6 e.w ow 

(A 2. 3) 

J;(~) [1- ( e.e~' + _, ( !:§ )
4

- •••••••• 
0 e:w 2. ,~.2.1. 2. 

Integrating Equation A 2. 3 we obtain 

(A 2. 4) 

From a table of integrals by Dwight (1961) we have that 

(A 2.5) f oo "' - a.x l 
X e dx = 'Yl. 

C> a.""'tl 

where Q > o and n= 1, 2, 3..... Using Equation A 2. 5, we evaluate 

the general term in Equation A 2. 4 and obtain 

(A 2. 6) F, (e.., '-w) = I - e "Z.e:w + _I ( £."Z.e:-w)2.- + (-I)"" (E.~ e~w)~ .. ·-· =- e.)C p [.- e, e:w1. 
0 ~ 2.~ 4 .... ~ ~ 4 
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Similarly we calculate the Hankel transform of fi (e'2. ,x) = _\ -~ e.xp (- e~ J 
tf eoc;. e.G 

and obtain the result 

(A 2. 7) ~(!:,X)= '"'P[- E19~) . 
4 

Substituting Equations A 2. 6 and A 2. 7 into A 2.~ we obtain 

(A 2. 8) 

where 

-A 2. 2 Evaluation of the Inverse Hankel Transform of F (E., bw , X) 

From Equation S.S we may write the inverse Hankel transform of 
,..J 

F (e., bw ,x) given by A 2. 8 in the form 

-
F(e,8w,x)= -' Je. de. J.(e.e) Fce.,&w,x) 

2.n o 

(A 2. 9) 

Integrating Equation A 2. 9 we obtain 

(A 2. 10) 

...• + 1 ~-i r 1 (::sf; ( E.'(e'>) l e(e'{e..><p l- ~<e'>1 t-.. ... ) • 
l.'2.. .... r < c. 4 4 4 

Using Equation A 2. 5, we evaluate the general term in Equation A 2. 10 

and obtain the result 

(A2.11) F ( e, f>w , X)= ~(t - e: + ..... + c~ if ( a: )r+ .... ) = _1_ ex p [- e: 1 . 
rr<.e'> (G > r 1 (e > 1T(e) (e > 
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