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ABSTRACT 

Positrons will be produced in the University of Saskatchewan 

Linear Electron Accelerator by allowing bursts of electrons accelerated 

by the first linac section to fall on a thick target. The resulting 

positrons can be accelerated by the three succeeding linac sections. 

rbe longitudinal equations of motion for positrons in a linear accelera-

tor have been solved and results are presented for the field configura~ 

tion of the Saskatchewan linac sections. These results indicate that 

the minimum energy spread at output occurs if the positron burst is 

injected with an initial phase of 120° and the magnetic confining system 

is designed for positrons of 2 MeV total initial energy. For reasonable 

phase spread and energy spread at injection these injection parameters 

will yield a positron beam of energy 39.4 ± 0.5 MeV at the end of the 

first positron accelerating section and of energy 114.5 ± 1.0 MeV at 

the end of the third positron accelerating section. 

Two tentative designs are presented for confining the positron 

beam within the accelerator aperture. The better system should give a 

net conversion efficiency of 4 x 10-4 e+;e- and a time average positron 

current of 0.07 ~A. The inferior, but less costly, system should give 

-4 a net conversion efficiency of 0.7 x 10 e+;e- and a time average 

positron current of 0.01 ~A. 
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CHAPrER 1 

INTIDDUCTION 

With the high electron current that will be available from 

the Saskatchewan Linear Electron Accelerator, it will be possible to 

produce a positron beam sufficiently intense for use 

as a research tool. If a relatively monoenergetic positron beam is 

allowed to fall on a target, annihilation photons with very little 

energy spread will be produced. A beam of such photons will be a 

superior experimental tool compared to the bremsstrahlung photons 

that have been used to date. Also, it will be of interest to study the 

bremsstrahlung spectrum from positrons -- there is some theoretical 

reas~ f~~ believing that the cross section for the production of 

bremsstrahlung photons by positrons vanishes at the high energy end of 

the spectrum (Jabber and Pratt, 1963). This result can be compared to 

the case for electrons, for which a finite number of maximum energy 

photons are produced. 

The parameters of the Saskatchewan accelerator are tabulated 

in Table 1.1 (Varian Associates, 1962a). 

Table 1.11 Parameters of the University of 
SaskatchewanLinear Electron Accelerator 

Performance Summary 

Loaded Beam Energy 

Unloaded Beam Energy 

Beam Current Peak at 98 MeV 

Beam Current Peak at 10 MeV 

Beam Pulse Length 

Energy Spread at 50 Percent 
Integrated Current 

Guarantee 

98 

130 

158 

40 

.01 to 1.0 

5 

103 MeV 

136 MeV 

Design

166 milliamperes 

80 milliampere13 

.001 to 1.0 micrdsecond 

2 MeV 
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Table 1.1 Continued 

Performance Summary 

Power at Load/Input Power 

At 624 Pulses Per Second: 

Beam Pulse Length 

R.F. Flat-top 

Average Beam Current 

Average Beam Power 

At 1400 Pulses Per Second: 

Beam Pulse Length 

R.F. Flat-top 

Length of First Accelerator Section 

Length of Second, Third and Fourth
Accelerator Sections 

Attenuation Coefficient (mean) 

Shunt Impedance (2rr/3 mode) (mean) 

Guide Filling Time 

Number of Accelerator Sections 

Number of Klystrons (CFTH type TH2011B) 

Peak R.F. Power Per Klystron 

Average R.F. Power Per Klystron 

Angular Divergence Above 15 MeV 

Angular Divergence Below 15 MeV 

Beam Diameter 90 Percent Current 
Above 15 MeV 

Beam Diameter 90 Percent Current 
Below 15 MeV 

Frequency 

Wavelength 

Peak Current at End of First Section 

Loaded beam energy at End of First 
Section 

Guarantee 

5 

1.0 

1. 78 

98 

9.6 

.01 

.79 

Design 

5 Percent 

1.0 microsecond 

1.78 microsecond 

103 microamperes 

10.6 kilowatts 

.001 microsecond 

. 79 microsecond 

3.3 meters 

4.83 meters 

.1111 neper/meter 

51 megohm/meter 

4 

2 

. 78 microsecond 

18 megawatts 

20 kilowatts 

1 milliradian 

Inversely Proportional to Energy 
Starting at 1 milliradian at 15 MeV 

1 em 

1.5 em 

2856' megacycles per 
second 

0.105 meter 

270 milliampere 

18.8 MeV 
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It is useful to discuss the parameters that are relevant to this work. 

The accelerator will consist of four accelerating sections. The target 

to produce the positrons can be located in the drift space between any 

two accelerator sections. (For reasons outlined in Section 2.1, the 

target will be located at the end of the first section.) At the end of 

the first section a peak current of 0.27 A of 18.8 MeV electrons will 

be available. This corresponds to a peak beam power of 5.08 MW. At 

624 pulses/sec, each pulse 1.0 ~sec long, :the beam duty cycle is 6.24 x 10-
4

, 

so the time average beam power is 3.17 kW. 

In this work we discuss first the available experimental and 

theoretical work on the production of positrons, and we use this material 

to estimate the expected positron yields. The properties of relativistic 

charged particles in electromagnetic fields are investigated in order to 

choose the best magnetic system for confining and handling the positron 

beam. A computer program has been written to determine the energy of the 

positrons at the output of the machine as a function of the initial 

positron parameters. Combining this information with the properties of 
we determine 

the confining magnetic system chosen,/the expected useful positron beam 

together with the expected energy spread. This work is 

concluded with a short discussion on the beam handling facilities needed 

beyond the accelerator. 



- 4 -

CHAPTER 2 

THE GENERATION OF POSITRONS 

2.1 Theory and experimental results 

The basic mechanism for the production of positrons is quite 

simple. High energy electrons are allowed to strike a thick target, 

producing bremsstrahlung photons. Further in the target the high 

energy bremsstrahlung photons can create positron-electron pairs. It 

was not until the advent of the high current electron linear accelerator 

that experiments using positrons became practical. Since the ratio of 

the number of positrons produced to the number of electrons incident 

-4 on the target i.s of the order of 10 (this is discussed in greater 

detail below), a high intensity electron beam is required if sufficient 
use of 

positrons are to be produced for I the positron beam as a research tool. 

The literature on the production and acceleration of positron 

beams is rather meager. Katz and Lokan (1961) give an equation for the 

central yield of positrons in the forward direction as a function of the 

positron energy for a given incident electron energy. With their notation 

modified slightly, their results can be expressed in the form 

= F(~) U- ln (U- - 0.58) T (1 - T) 
0 0 

(2.1.1) 

d
2

N where is the number of positrons generated per incident electron 
dU+dO. 

per MeV interval per steradian 

+ U is the total energy of the positron (MeV) 

u- is the total energy of the incident electron (MeV) 
0 

+· 
,, = L 
V· u-

o 
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T is the target thickness (radiation lengths)

and F(~) is the function plotted in Fig. 2.1.1. 

Now 

F ( -v) 

8 

6 

4 

2 

0 
0 0.2 0.4 0.6 0.8 

u+ 
v= u-

0 

1.0 

Fig o1 2 .1.1 The function F(~). 

+ 
F(~) = 0 for U .,::: 0.511 MeV. We can obtain the form ofF(~) in the 

region 0 < ~ < 0.1 by assuming a straight line between the points 

+ -5 + 
F(~) = 0 at u = 0.511 MeV, and F(~) = 4.43 x 10 at U = 0.1 u- . 

0 

It is convenient to measure target thicknesses in radiation 

I 

lengths. A radiation length :f-s the average distance in which a high energy 

electron has its energy reduced by a factor e, where e ~e the base of 

the natural logarithm. The radiation length for a.given material can be 
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calculated from the equation (Rossi,l952, p.54)

where 

1 
X 

0 

N 1 
= 4a -2.. z (Z + 1) r 2 ln (183 z- 3) 

A e 

2 X is the radiation length (g/cm ) 
0 

a is the fine structure constant (137.0373)-l 

N is Avogadro's number (atoms/g mole) 
0 

A is the atomic weight (g/g mole) 

Z is the atomic number 

(2.1.2) 

and r is the classical electron radius (2.81785 x lo-13cm). 
e 

A graph of Eq. (2.1.2) for various materials is given by MacGregor (1959). 

Katz and Lokan (1961) checked Eq. (2.1.1) against expe~imental 

results for incident electron energies of 20 MeV and 100 MeV and found 

rea,onable agreement with experiment. It can be seen that this theory 

indicates the maximum positron yield at u+~ 0.3 u~. They point out 

that the maximum bremsstrahlung yield occurs for a target thickness of 

~ 0.2 r.l. (MacGregor, 1959, finds this maximum yield to occur at 

~ 0.3 r.l.) and so suggest that the optimum target thickness for positron 

production should be of this order. However, targets thicker than 0.2 r.l. 

will increase the probability of the bremsstrahlung photons interacting 

to produce.positron-electron pairs, so thicker targets should be con-

sidered. 

Jupiter et al (1961) created positrons by electron bombardment 

of a Ta target. They used 20 MeV electrons, and found the peak positron 

current was ,....._,1.4 x 10-4 (~A of positron/~A of electrons)/steradian. 

This peak occurred at ~7 MeV(~= 0.35) which is where it would be 

expected from Eq. (2.1.1). Since they used a magnetic analyzer with a 

resolution of 2. 5%., their peak positron current corresponas to a conversion 
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-4 
efficiency of 8.0 x 10 positron/electron/(MeV.sr). 

The authors stated that their target thickness was approximately 

equal to the range of electrons in Ta. The ~nge of 20 MeV electrons in 

Ta can be calculated from the formula (Evans, 1955, p.625) 

where 

and 

R = o.530 u- - o.l06 
0 0 

2 
R is the range of the electrons (g/cm ) 

0 

u- is the incident electron energy (MeV). 
0 

(2.1.3) 

2 
For u- = 20 MeV, Eq. (2.1.3) gives R = 10.5 g/cm • Using Eq. (2.1 .. 2) 

0 0 

2 
we calculate for Ta (Z = 73, A= 180.95) that X = 6.42 g/cm , so 

0 

R
0 

= 1. 6 r .1. Therefore, their target thickness was --1.5 r .1. 

It is of interest to compare the observed thick target yield 

to that which would be obtained from Eq. (2.1.1) for a thin target. 

Let us put the values T = 0.2 r.l., U = 20 MeV,~= 0.3 into Eq. (2.1.1). 
0 

-4 
The result is 7.36 x 10 positrons/electron/(MeV.sr). Thus, at first 

sight, the observed positron yield of Jupiter et al (1961) for a thick 

target is within the estimated accuracy of the result of Eq. (2.1.1) for 

a thin target. However, their result was obtained after the positron 

beam had passed through the beam handling magnets, so without a knowledge 

of the optical properties of the beam handling system used, a detailed 

comparison is not possible. 

Yount and Pine (1962) have also produced a positron beam by 

allowing high energy electrons to fall on a thick target. They used an 

incident electron energy of 350 MeV and found the maximum positron yield 

was obtained with targets 2.5 r.l. thick. They used both Cu and Ta for 

target materials, and found for the same target thickness, measured in 

r.l., that the Ta target gave a positron yield 1.75 times larger than 

the Cu target, indicating the advantage of a high Z target material. 
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They suggest that the maximum positron yield will occur for a target 

thickness equal to the distance required for the production of the 

maximum of the cascade shower distribution. However, their arguments

are not relevant for the Saskatchewan system, since they assume that 

the incident electron energy is very much greater than the critical 

energy of the target material. Values of the critical energy (the 

energy at which energy losses of an electron due to radiation become 

comparable to the energy losses due to collision processes) are given
that 

in Bethe and Ashken (1953) p.266. It can be seen/for high Z material

the critical energy is of the order of 10 MeV, or about half the 

incident electron energy that will be available for the Saskatchewan 

system. 

After confinement of the positrons by a short solenoid the 

positron beam was accelerated to 300 MeV in the succeeding linac sections. 

They obtained a beam of 7 x 106 positrons/pulse which was a net conversion 

efficiency of electrons to relatively monoenergetic positrons of 5 x 10-5 

positrons/electron. They found the ratio of the energy-analyzed beams 

-4 to be 1.4 x 10 positrons/electron. A note added in proof states that 

they were later able to obtain 3 x 107 positron/pulse, an increase by 

a factor of 4 from their previous results. 

Yount and Pine (1962) also found that the target should be 

located as close to the entrance of the accelerator as possible. When the 

target was moved from a position 3.5" from the rf field to a position 

1.5" from the rf field, the positron yield was increased by a factor 

of 4. Some of their other results are discussed in Section 5.1, after 

the necessary theory has been developed. 

Some further theoretical work on positron generation and
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acceleration has been done by MacGregor (1961). He states that, in order 

to reduce positron and electron multiple scattering in the target, a 

target material of high Z should be used. From some quite general argu-

ments he concludes that the incident electrons should have an energy 

greater than 15 MeV, and that the target should be 0.2 to 1 r.l. thick. 

He quotes the results of Jupiter et al (1961) and also the results of 

a group at Saclay (Miller et al 1960). The latter results are in good 
tl'l/)Se of 

agreement with/Katz and Lokan (1961). 

MacGregor (1961) gives an estimate of the variation of the 

positron spectrum as a function of the angleframthe forward direction. 

His results, for the case of a Ta target 0.3 r.l. thick and 25 MeV 

electrons,are reproduced in Fig. 2.1.2 .. By using these results to 

estimate the number of positrons at maximum yield emitted into the 

annular cones bounded by the surfaces of revolution 6 = 0°, 5°, 10°, 15°, 

we obtain an estimate of 1.5 x 10-4 positrons/electron/MeV emitted into 

0 a cone of half angle 15 • 

It is of interest to compare this result with the result 

obtained using Eq. (2.1.1). With U 
0 

25 MeV, T = 0.3 r.l., Eq. (2.1.1) 

gives a yield into a cone of half angle 15° of 2.82 x 10-4 positrons/ 

electron/MeV. Therefore, we may expect the yield in a cone of half angle 

15° to be about one half that which would be calculated using the Katz 

and Lokan (1961) theory. Since MacGregor (1961) did not carry his 

calculations to larger angles from the forward direction, no estimate can 

be made of the yield into a cone of larger half angle. (His method of 

calculation is rather rough, so carrying his calculations to larger 

angles is probably not justified.) This indicates the need for experiments 

to measure the yield at fairly large angles from the forward direction. 
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Fig. 2.1.2 Positron yields at various angles to the forward 
direction. Reproduced from MacGregor (1961). Calculations 
were done for a Ta target, 0.3 r.l. thick, for an incident 

electron energy of 25 MeV. 
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Note that the use of thicker targets will increase the yield at the 

larger angles due to multiple scattering of both the incident electrons 

and the resulting positrons. If the yield is to remain appreciable at 

say 8 = 30°, which will probably be desired for the Saskatchewan system 

(see Chapter 5), thick targets are indicated. 

Measurements of positron yield have been made at Centre d'Etudes 

Nucleaires de Saclay by Bernardini et al (1962). They used incident 

electrons in the energy range from 10 MeV to 30 MeV and various target 

thicknesses. They found that the optimum yield occurred for target 

thicknesses between 0.5 and 1.0 r.l., with the yield increasing a factor 

of two by increasing the target thickness from 0.2 r.l. to r-1.0 r.l. 

Their experimental values were lower than those obtained from the Katz 

and Lokan (1961) theory, but they state in their paper that they have 

reason to believe that the actual resolution of their spectrometer may 

be a factor of 3 smaller than the value used to analyze their 

results. They also found that the peak yield occurred at a lower positron 

energy than that predicted by the Katz and Lokan (1961) theory. 

Aggson and Bernod (1962) made measurements of positron yield 

for incident electrons in the energy range from 55 MeV to 220 MeV. They 

+ 
found that the maximum positron yield occurred at U 10 MeV for an 

incident electron energy of 55 MeV with the location of this maximum 

+ 
moving to U 20 MeV for an incident electron energy of 220 MeV. The 

theory of Katz a~d Lokan (1961), plus their experimental results, predict

the maximum yield to occur at higher positron energies (for an incident 

electron energy of 100 MeV, Katz and Lokan (1961) found the maximum yield 

+ 
to occur at U = 27 MeV). However, for u- = 100 MeV, Aggson and Bernod 

0 

(1962) found good agreement with the Katz and Lokan (1961) results for 

positron energies above 40 MeV. 
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Aggson and Bernod (1962) found the maximum peak yield occurred 

for target thicknesses in the range from 1 to 2 r.l. Extrapolating their 

results down to 30 MeV, they found agreement within an order ef magnitude 

with the results of Bernardini et al (1962). Aggson and Bernod (1962) 

also found that the peak positron yield exhibited a strong dependence 

on the incident electron energy. The ratio of the peak yield at 220 MeV 

to the peak yield at 30 MeV was 30, compared to the value of 12 which is 

obtained using Eq. (2.1.1). 

2.2 The proposed positron generating system for the Saskatchewan Linear 
Electron Accelerator

At this stage it is not possible to put forward a firm design 

for a system to produce positrons. However, the broad general features 

of the system can be outlined. It has been decided to locate the positron 

converter between the first and second accelerator sections in order to 

produce positrons of maximum energy at the output of the accelerator. 

The results quoted in Section 2.1 indicate the target should be of high Z 

material, with a target thickness in the range 0.5 to 1.0 r.l. We saw 

in Chapter 1 that an electron beam of 3.2 kW average beam power will be 

incident on the positron converter. Approximate calculations using the 

theory of ionization and radiation loss indicate that about half of this 

power will be deposited in the target. This indicates the need for a 

target material possessing good thermal conductivity, and for special 

provision for cooling the target. 
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CHAPTER 3 

THE MOTION OF CHARGED PARTICLES IN ELECTROMAGNETIC FIELDS 

3.1 Fields in a linear accelerator 

The linear accelerator is basically a circular wave guide with 

deep corrugations in the walls to reduce the phase velocity of electro-

magnetic radiation to a value either less than, or equal to, the velocity 

of light. In practice this is achieved by placing discs with holes drilled 

concentrically with the accelerator axis ~at intervals along a circular wave 

guide. For further details on the design and construction of linear 

accelerators the reader is referred to the paper by Walkinshaw (1948) and 

to the articles by Smith (1959), and Livingston and Blewett (1962). 

In cylindrical coordinates (r, ~, z) tbe fields (in MKSA units) 

in a linear accelerator are given by (Smith, 1959) 

where 

E e (z) I 2TTr 2 ~ 
[-~- (1 - ~ ) J cos ~ z 0 0 A w w 

e (z) 
[ 2rrr ( 1 _ ~ 2 ) ~ J E 

0 
sin ~ r -J 2' 

1
1 ~J. w 1 - ~ w 

e (z) ~w [~ (1 - ~2)~] B 
0 

Il sin ~ - -

R ~ c ~ A w w 
(3.1.3) 

e (z) is the amplitude of the longitudinal electric field 
0 

~w is the ratio of the wave phase velocity to the velocity 

of light 

A is the vacuum wavelength of the travelling wave 

I
0 

and I
1 

are the modified Bessel functions (Irving and 

Mullineux, 1959, p.l43) 

W is the angular frequency of the travelling wave 
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2TI 
wt-

A. 

z J dz 

o ~w 
(3.1.4) 

For the Saskatchewan Linear Electron Accelerator ~ = 1 for 
w 

all sections after the first, and in this work we shall assume that 

e (z) varies in a step-wise manner along the length of the accelerator. 
0 

This latter assumption yields results quite close to those obtained 

using the exact field configuration (see Section 4.3). Also it is 

convenient to define a new variable 

TT 
~=-~+-

2 
(3.1.5) 

When ~w approaches unity, the above expressions for Er and B~ 

become indeterminate. However, using the series expansion of I
1

(u) we 

can evaluate 1 im· 
u-o u 

The expansion for I (u) is (Irving and 
n 

Mullineux, 1959, p.l43) 

For n = 1 

Therefore, 

Il 

lim 
u---o 

I 
n 

(u) = 

00 
(!!_)n+2r 

(u) 
2 

I: r!r(n + r + 1) 
r=o 

00 
(£)1+2r 

00 
(£)1+2r 

2 
E 

2 
I: 

r=o 
r!r(r + 2) 

r=o 
r!(r+l)! 

u 3 5 
+ terms in u , u , 

2 

I
1 

(u) 

--- = lim 
u 

1 2 4 [2 + terms in u , u , 
1 ... J = 2 

u---o 

(3.1.6) 

Hence, for~ equals unity, e (z) 
w 0 

E (a constant), and noting 
0 
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that I (0) 1, we have 
0 

E E sin b. (3.1.7) 
z 0 

E -E 
TTr 

r 0 A 
cos b. (3.1.8) 

E 
B 

o TTr 
--cos b. 

cp c A 
(3.1.9) 

The force acting on a charged particle (in MKSA units) is 

given by 

(3.1.10) 

where e is the charge on the particle 

and V'" is the velocity of the particle 

The radial component of this force is 

F = e [E + v B - v B ] 
r r cp z z cp 

(3.1.11) 

Let us consider the force acting due to the accelerator fields alone. 

We have 

F = e [E - v B ] 
r r z cp 

v 
TTr [ _ 2.] = - e E (-) cos b. 1 

o A c 

Therefore, for highly relativistic particles travelling down the 
v 

(3.1.12) 

z 
accelerator(- r- 1), F approaches zero, and no externally applied 

c r 

B field is necessary to contain the particles. The case of low energy 
v 

particles (2. < 1) is considered in detail later in Section 4.4. 
c 

3.2 Equations of motion of relativistic particles in a 
uniform magnetic field 

The motion of a charged particle subject to electromagnetic 

forces fs given by the equation (in MKSA units) 
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F= dP 
dt 
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e [E + v x ~] 

e is the charge of the particle 

vis the velocity of the particle 

and F is the force acting on the particle. 

The momentum P of a particle is given by 

i>= 
mv 

0 

2 
1 - v 

2 
c 

and the total energy U of a particle is given by 

2 

where 

and 

u 

1 

m c 
0 

2 
L 

2 
c 

m is the rest mass of the particle 
0 

c is the velocity of light in vacuum. 

(3.2.1) 

(3.2.2) 

(3.2.3) 

For a charged particle in a uniform, static magnetic field,(lt= 0), 

the motion described by Eq. (3.2.1) consists of a uniform translation 

parallel to ~ plus a circular motion perpendicular to ~ (Jackson, 1962, 

p.411). The angular frequency of the circular motion is given by 

w =~ 
c mY 

(3.2.4) 
0 

where w
0 

is called the cyclotron, or Larmor, angular frequency, and 

v2 -~ 
y = [1 - 2) 2 

c 

The radius of curvature, p, of the circular motion is given by 

p 
p.l 

eB 
(3.2.5) 
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where v.J. and P~ repre·sent the respective components of v and.,-

normal to 1r. 

The equations of motion for a fully relativistic charged 

particle (~ ""1) in a uniform, static electromagnetic field with E 

parallel to 1r are obtained in Appendix I. The results, expressed in 

cylindrical coordinates ( r, cp, z) with 13 parallel to the z axis, are 

for a particle starting at z = 0, r = 0, cp = 0, 

cp = - ~~ ln ( 1 + eEz) 
ui 

2u .e. 
r = - 1 1 sin rn eBc ,. 

(3.2.6) 

(3.2.7) 

where E is the magnitude of the electric field 

e is the charge of the particle 

U. is the initial energy of the particle 
1 

and e. is the initial angle between v and the z-axis, 
1 

For B--0, sin cp-cp, so Eq. (3.2.7) becomes forB= 0 

r = ( 3 •. 2. 8) 

3.3 Confinement of charged particles within a tube using a uniform 
longitudinal magnetic field 

I 

! A~ 
• 8 2a e 

I .. 
i! 

Fig. 3.3.1 Geometry for des
cribing the confinement of 
charged particles using a 
longitudinal magnetic field. 

Consider a tube, of radius a, 

containing a uniform longitudinal 

magnetic field ~. (Refer to Fig. 

3.3.1). Particles with chargee, 

energy u . , velocity v. are injected 
1 1 

into the field at an angle e. to the 
1 

magnetic field, from a point source 

located on the axis of synnnetry of 
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of the tube. We wish to know the relationship between®. and U., where 
l. l. 

G>. is the maximum value e. can have such that the particles do not 
l. l. 

strike the walls of the tube. 

From Section 3.2 we have that the radius of curvature, p, of 

a particle in a magnetic field is given by 

From 

and 

we obtain 

With p= 

p 
p..l.. 

eB 

--m v 

P=Ro 2 
1- y_ 

2 
c 

2 
m c 

U=Ro 2 
1- L 

2 
c 

p 

m c 
0 

= (-U-)2 _ l 
2 

m c 
0 

for the momentum measured in m c units 
0 

and y 
u 

2 
m c 

0 

[1 

2 
for the total energy measured in m c units , 

0 

Eq. (3.3.1) becomes 

and Eq. (3.2.5) becomes 

where 

2 
p 

p 

p.L 

2 
y 1 

m c pJ. 
(__£_) 

e B 

p.J.. 

m c 
0 

(3.2.5) 

(3.2.2) 

(3.2.3) 

(3.,3.1) 

(3,3.2) 

(3.3.3) 

(3 .. 3.4) 

(3.3.5) 

(3.3.6) 

e Evaluating the constant for electrons (or positrons) Eq. (3.3.5) m c 
0 
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becomes 

p.J.. = 5.8671 Bp 

for p~ measured in m
0

c units, B in Wb/m
2 

and p in em. 

where 

Now (p, ). = p. sin e. 
.... 1 1 1 

pi is the initial value of the momentum (measured in 

mcunits) 
0 

(3.3.7) 

(3.3.8) 

and (p~)i is the initial component of the momentum (measured 

in m c units) normal to B. 
0 

When e. attains its maximum. value,~., 
1 1 

so 

a p = 
2 

e Ba 
sin®. 

1 
= ----m c 2p. 

0 1 

The solid angle of acceptance,rli, is given by 

sin e. d9. n .. " = 2rT [1 - cos®. J 
1 1 ~ 1 

For G. << 1, Eq. (3.3.11) becomes 
1 

and Eq. (3.3.10) becomes 

so 

e .Ba 
moe· 2pi

.0 . .:=:!rr (~)2 (
2
Ba )2 

1 m c p. 
0 1 

(3.3.9) 

(3.3.10) 

(3.3.11) 

(3.3.12) 

(3.3.13) 

(3.3.14) 

With Eq. (3.3.4)(). can be expressed in terms of the initial 
1 

2 
energy yi (measured in m

0
c units) 

r""\ ~ n. (~) 2 
~~ i 4 m c 

0 

2 2 
B a 
2 

y. - 1 
1 

(3.3.15) 
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For electrons (or positrons) Eq. (3.3.15) becomes 

where 

and 

2 2 O . ==: 27 • 04 B a 
1 2 

yi - 1 

fl. is the solid angle of acceptance (steradians) 
1 

B is the magnetic field (Wb/m2 ) 

a is the radius of the confining tube (em) 

2 
y.is the initial energy of the particle (m c units). 

1 0 

(3.3.16) 

Note that Eq. (3.3.16) is valid only if@i << 1. 

The calculation of the solid angle of acceptance for the case 

when the particles are injected into the magnetic field from a source 

Fig. 3.3.2 Confined orbits of 
particles emitted from a source 

of finite size. 

of finite size is much more difficult. 

A glance at Fig. 3,3.2 shows the 

reason. A distributed source, radius 

b, is located concentrically in a 

tube, radius a. A longitudinal mag-

netic field is applied. The curves 

~'~'andy show typical orbits of 

particles emitted from point A on 

the edge of the distributed source. 

Whereas for the case of the point 

source located at 0 the solid angle 

of acceptance is determined by one orbit the orbit originating at 0 

that just grazes the wall of the tube -- in this case the solid angle 

of acceptance is determined by the average value of pJ. for all confined 

orbits of particles with initial energy u.' emitted from a single point, 
1 

with this average value of p again averaged over the entire area of the 
J. 

source. The required integral can be obtained without too much difficulty, 
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but it is not analytic. This particular problem does not seem important 

enough to warrant a numerical solution -- either by hand or by computer. 

thP. 
Yount and Pine (1962) estimate that/effect of the finite size of the 

positron source was to decrease their positron yield by a factor of two. 

3.4 The behaviour of charged particles in slowly-varying magnetic fields 

If the magnetic field is a slowly-varying function of space 

and time, it can be shown that the magnetic moment of orbital motion 

for non-relativistic particles is a constant (Spitzer, 1962, p.9). For 

non-relativistic particles the magnetic moment (in MKSA units) due to 

orbital motion,~, is given by (Spitzer, 1962, p.9) 

where m is the rest mass of the particle 
0 

(3.4.1) 

and v~ is the component of velocity normal to the magnetic field B. 

The magnetic moment is actually an adiabatic invariant -- constant in the 

limit of infinitely slow variations of the magnetic field. 

A more precise statement of this result is given by Chandrasekhar 

( 1958). A slight modification of his definition is given here. Consider 

the case where the angular frequency of gyration is given by a function 

w (t) such that 

as t--..- (X) 

and as t-- + (X) 

with the condition that ~~ is bounded such that 

1
!. dwl = !. 
w dt T max 

(- (X) < t < + Ol) 

Since the value of B and~ are defined uniquely as t-..- (X) and t-..-+ (X), 
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~2 

~1 

where ~1 value of ~ as t~- c:c 

and ~ 2 = value of ~ as t---+ c:c. 

Then the function ~ is an adiabatic invariant if 

A. --...1 as T--. c:c • 

.fur a slow, but finite, rate of variation in B (and hence W, 

since w = :B) the change in ~ can be expresEed in the form (Herwech 
0 

and Schluter, quoted in Chandrasekhar, 1958) 

~+·, c:c 
--- 1~ p 2 

~- c:c 

2 obtainerl hv 
Values of P for a typical case I using various methods of cal-

culation are given in Chandrasekhar (1958). 

The case of relativistic charged particles is solved by 

Vandervoort (1961). He defines a relativistic analogy to the non-

relativistic magnetic moment, and also gives a result for calculating 

the change in~ correct to the second order (i.e., including terms of 

d
2

B 
the form __:t_ , and terms of lower order). For relativistic charged 

dx
2 

particles, the adiabatic invariant analogous to the non-relativistic 

magnetic moment is (Vandervoort, 1961) 

where e 
m 

0 

= ...!_ (£C.)2 
~ W dT c . 

1 C = 
2 

(x + iy) 

(3.4.2) 

(3.4.3) 

(3.4.4) 
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T is the proper time 

and x and y are Cartesian coordinates in a plane normal to the 

direction of motion of the guiding center. (The guiding 

center is the center of curvature of the gyrating motion.) 

For Ell B, or!'"= 0, Eq. (3.4.3) becomes 

(.l) = 
c 

eB 
m 

0 

(3.4.5) 

which is the non-relativistic angular Larmor frequency (compare with 

Eq. 3.2.4). For~ not parallel to 1r, the -r-B~ ~drift introduces an 

additional term into Vandervoort's formula for w . 
c 

The proper time, T, the time measured by a clock at rest with 

respect to the particle, is given by 

dT 

where t is the time measured 

Now since 

and p 

we have 

and Eq. (3.4.2) becomes 

~ = 

= 

in 

1 
lJ.) 

c 

dt f - ::· = 
dt 
y 

the lab system. 

1 p..L 2 
= 2 <;-) 

0 

1 
2W 

c 

PJ. 2 
(-) 
m 

0 

Then forE II~, or~= 0, Eq. (3.4.8) becomes 

em :a 
0 

(3.4.6) 

(3.4.8) 

(3.4.9) 
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Jackson (1962) p.421, obtains a form of the adiabatic invariant similar 

to Eq .. ( 3 • 4 • 9 ) • 

Finally, from Eq. (3.4.9) and forE JIB" with variations in 't" 

slow enough that the adiabatic approximation is valid (essentially this 

means that the fractional change in 1tis small over the distance covered 

by one Larmor period), we conclude that 

or expressing the momentum in m c units 
0 

(3.4.10) 

(3.4.11) 

3.5 The behaviour of charged particles in cylindrically sypmetrical 
electromagnetic fields 

In cylindrical coordinates (r, tp, z), a cylindrically synnnetrical 

static field takes the form (see Appendix II) 

where 

and 

Note that 

tTJ 1 ,TJ'' * (r ,z) = :r - 4 r 2 1 f'''' 4 r +- r 
64 

1 =-rB 
2 

E = - \7* 

1 
16 

B=lilxA 

~= *(O,z) 

B = B (O,z) 
z 

E = B = 0 tp tp 

3 B', + r ..... 

(3.5.1) 

(3.5.2) 

(3.5 .. 3) 

(3.5.4) 

(3.5.5)

(3.5.6)

(3.5.7) 

The Lagrangian function for a particle in an electromagnetic 

field is given by (Landau and Lifshitz, 1951, p.42) 

(3.5.8) 

If a generalized coordinate, q., does not appear explicitly in the 
l 
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Lagrangian, the generalized momentum P. , conjugate to q. , is a constant. 
1 1 

(Goldstein, 1959, p.48). Therefore, since 

= oL 
o4. 

1 

(3.5.9) 

(Goldstein, 1959, p.48), we have for the fields of Eqs. (3.5.1) and 

(3.5.2) 

P = r [P + eA J = Constant 
cp cp cp 

(3.5 .. 10) 

where P is the component of mechanical momentum in the cp direction. 
cp 

For particles whose paths intersect the z axis, Eq. (3.5.10) becomes 

P = - eA cp cp (3.5 .•. 11) 

Therefore, particles which enter a cylindrically symmetrical magnetic 

field with no angular momentum,gain angular momentum in the magnetic 

field, but lose it on leaving the field. Particles which are produced 

on the z axis in a cylindrically symmetrical magnetic field will also 

have no angular momentum after leaving the field. 

This theory forms the basis of an important method of confining 

Fig. 3.5.1 The components of 
momentum of a particle spiralling 
in a uniform magnetic field. 

charged particle beams. This syst~ 

was first suggested by Yount and Pine 

(1962). Consider a charged particle 

em:Ltted on the axis of symmetry of a 

cylindrically symmetrical magnetic 

field -- usually in practice this 

will be a constant field. The r and 

cp compor:.ex;t,ts of the momentum after 

the particle has spiralled through 

an angle cp are illustrated in Fig. 

3.5.1. When the particle has spiralled 
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through an 0 angle of 90 measured from the origin (a half Larmor period) 

the mechanical momentum lies entirely in the C9 direction with the r 

component of the momentum equal to zero. 

Let us now consider a magnetic field of the ideal form illustrated 

Fig. 3.5.2 The magnetic field 
configuration suggested by Yount 
and Pine (1962) for confining 

positron beams. 

in Fig. 3.5.2. This field takes the 

form Bz = B
0 

for 0 < z < z 1 and 

Bz 0 for z > z1 . Now for this 

field particles of a particular initial 

2 
energy U~ (y~ when measured in m c 

l. l. 0 

units) emitted at small angles to the 

z axis (so that Pft' 1 ,..._ p) will execute 

a half Larmor period in the distance 

z
1

• From Eq. (3.5.11) we see that as 

these particles leave the magnetic 

field the C9 component of the momentum 

goes to zero, so the transverse 

momentum of particles of 'energy U 1. is transformed to zero at z1 , and in 

the ideal case these particles will need no further confining systems 

down the remainder of their path. 

For particles emitted at large angles to the axis of symmetry 

( the z axis) the assumption that p 11 , "J p is not valid. In this case 

U~, the initial energy such that a particle spirals through a half Larmor 
l. 

period, is a function of the injection angle 9.. In specifying the design 
l. 

energy, U ~ , we shall specify the limiting value as 9 .--- 0. The variation 
l. l. 

of ui with e has little effect on our calculations and will be ignored 

in subsequent discussion. 

It is important to consider the behaviour of particles whose 
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energy, U., differs from U!. For our analysis we shall assume that all 
1 1 

particles travel with the same longitudinal velocity. It turns out in 

practice that, for particles that are confined in the accelerator aperture 

by a system of this type, lui - Uil is small enough to justify this 

assumption. Thus, we have to deal only with the dependence of we' 

the cyclotron angular frequency, on the energy U .• Referring to Fig. 
1 

3.5.1 we see that 

and 

Now 

since 

ot 
cp = 2 

pr = p.L cos cp (3.5.12) 

(3.5.13) 

= !. J w dt 2 c 
(3.5.14) 

If the applied longitudinal magnetic field is the only electromagnetic 

field present, y is constant and Eq. (3.5.14) becomes 

For 

so 

cp cC y-1 oC -1 u. 
1 

(3.5.15) 

(3.5.16) 

When the particle leaves the magnetic field, Pep goes to zero 

by Eq. (3.5.11), but p remains unchanged. Therefore, the transverse 
r 

momentum of the particle after leaving the magnetic field is given by 

cos (3.5.17) 

The system of Yount and Pine (1962) discussed above has been 

modified by Varian Associates (1962b). Their suggested field, illustrated 



- 28 -

in Fig. 3.5.3, consists of a half Larmor period field of strength B
1

, 

length z
1

, followed by a lower 

strength field B
2

• In their 

proposed system field B
2 

is con-

tinued down the remaining length 

of the accelerator. The superiority 

of this system over the system of 

I Yount and Pine (1962) will become 

Fig. 3.5.3. The magnetic 
field configuration suggested by 
Varian Associates (1962) for con
fining ·positron beams. 

apparent in Section 5.2. 

For a uniform longitudinal magnetic field 

1 
A =- r B 

cp 2 

(refer to Eq. (3.5.2)) 

and since P = - e A 
cp cp 

for particles emitted on the axis of symmetry, 

we have 

where (pep)! and (pcp) 2 are the cp components of the momentum 

(measured in m
0 

c units), in fields B
1 

and B2 

respectively, near z = z • 
1 

(3.5.18) 

(3.5.11) 

(3.5.19) 

For particles of the design energy, pr = 0 at z = z
1

, so Eq. (3.5.19) 

can be written 

(3.5.20) 

where (pL)l and (pi) 2 are the particle's transverse momentum in fields 

B
1 

and B2 respectively. 
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For particles of energy different from the design energy, we 

again have 

(3.5.16) 

with (3.5.12) 

and (3.5.13) 

(refer to Fig. 3.5.1). In crossing from field B
1 

to B2 , the r component 

of momentum remains unchanged, while the~ component is transformed 

according to Eq. (3.5.19). Therefore, we have 

(3.5.21) 

and (3.5.22) 

Now (3.5.23) 

so 
(3.5.24) 

Note that as a consequence of the result 

r [P + eA J = Const 
~ ~ 

(3.5.10) 

a 
for/magnetic field of cylindrical symmetry, the helical path in field 

B2 intersects the axis of symmetry. Eq. (3.5.24) is plotted in Fig. 

ui Bl 
(3.5.4) as a function of U7 for various values of B • 

i 2 

At this point it is of, interest to compare the "stepped" field 

and the tapered field. From Eq. (3.4.10) we have for the tapered field, 

if the adiabatic approximation is valid 

(3.5.25) 
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Fig. 3.5.4 The ratio of the transverse momentum in field B2 to the tr~nsverse momentum in field B
1 

(refer to Fig. 3.5.3) is plotted against the ratio of the particle's energy to the design energy in 
the field B

1 
(tEe energy for which the partic~e spirals through a half Larmor period in B

1
). The 

dotted lines are the corresponding ratio for the adiabatically tapered field. The curve parameters 
are the ratio Bt • The circles represent the intersection for a given B1 of the curves for the two 

B
2 

types Qf field configuration. B2 

w 
0 

Ut -...-, 
u~ 
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We have also plotted Eq. (3.5.25) on Fig. (3.5.4). It can be seen that, 

unless a quite wide energy acceptance is desired, the "stepped" field 

is clearly superior to the tapered field in reducing the transverse 

component of the momentum. 

We shall now consider the effect of a transition step placed 

between B
1 

and B2 • (Refer to Fig. 3.5.5). The distance~ - z1 is 

B -3 

~. 
I 

Fig. 3.5.5. A modification of the 
Varian-proposed system for con

fining positron beams. 

such that a particle of design 

energy U! spirals through exactly 
1 

one Larmor period in f~gld B
3

• The 

method of calculation is quite similar 

to the procedure used in obtaining 

Eq. (3.5.23). Since the calculation 

for the general case with the transi-

tion step is awkward, a particular 

case is solved graphically. Fig. 

3.5.6 shows the result with no transi-

tion step, and Fig. 3.5.7 shows the result with the transition step. The 

assumed parameters are 

B2 = 
0.1 

The results are 

0.51 

= 0.64 

B3 = 
0.5 ui = 

U' 
i 

1.5 

without transition step 

with transition step. 

Therefore, the transition step is clearly undesirable. 
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Fig. 3.5.6 Transverse momentum for a typical case of the 
field configuration of Fig. 3.5.3. 

u~ 
-:-:1 = 1.5 ui. 

.§&. 
B, = 0.1 
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B 
~2 · .= 0~1 ~= 0.5 U· ui = 1.5 

Fig. 3.5.7 Transverse momentum for a typical case of the 
field configuration of Fig. 3.5.5. 
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3.6 Liouville's theorem and phase space transformations 

One of the most powerful methods for calculating the behaviour 
the use of 

of beams of charged particles is/Liouville's theorem. If at any 

instant, the values of a coordinate x, 

and conjugate momentum p (which we 
X 

shall measure in m c units) __ :far_ all 
o-

particles in a beam are plotted in a 

two-dimensional phase space, these 

points will occupy a bounded region 

(such as A in Fig. 3.6.1). Liouville's 

Fig. 3.6.1 A typical plot theorem states that while the shape 
in position, conjugate momentum 

phase space. of this region may change in time, 

its area is constant. There is some confusion in the literature as to 

whether Liouville's theorem is valid for both conservative and non-

conservative dynamical systems, or whether it is valid only for conservative 

systems. This point is discussed in detail in Appendix III, and it is 

concluded that Liouville's theorem is valid for all dynamical systems. 

The distribution of points in phase space for a system of 

particles leaving a longitudinal magnetic field is shown in Fig. 3.6.2 

Pw 
P~om 

where x is a Cartesian coordinate 
0 

in the transverse plane, P' ·. · · is the 
XO 

conjugate momentum (measured in m c 
0 

~0 units) and the coordinates pxom and 

Fig. 3.6.2 Phase space 
distribution for a system of 
charged particles leaving a 
longitudinal magnetic field. 

x are given by om 

and X = 2p om 

(3.6.1) 

(3.6.2) 

The equation of the boundary of the 
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r.egion in phase space is 

2 2 
xo pxo 
2+-2-=l (3.6.3) 

xom Pxom 

As the particles travel down an accelerator with no externally 

applied fields (assuming that the particles are fully relativistic so 

that, frqm Eq. (3.1.12), the transverse forces due to the accelerating 

fields acting on a particle are negligibly small) the new coordinates 

in phase space become 

and from Eq. (3.2.8) 

It is convenient to simplify the notation by using 

and 

Earlier we obtained the relation 

11 = eE 
2 

m c 
0 

2 2 
p = y - 1 

so for ful.ly relativ:istic particles 

(3.6.4) 

(3.6.5) 

(3.3.3) 

(3.6.6) 

(3.3.4) 

(3.6.7) 

Therefore, for fully relativistic particles we can write Eq. (3.6.5) in 

the form 

X= X 
0 

(3.6.8) 

These results are in agreement with Panofsky (1961), quoted in Helm (1962). 
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Following Helm (1962) we shall use the notation 

! ln (1 + ~) 
11 'Vi 

(3.6.9) 

so that X= X + np 
0 ..l xo (3.6.10) 

From Eq. (3.6.10) and Eq. (3.6.4) we can write the matrix equation 

CJ = G ~) (::J (3.6.11) 

and the inverse transformation 

(3.6.12) 

Using the special theory of relativity, we have that the 

relationship between an element of length in the lab system (dz) and an 

element of length. in the rest frame of the particle (dz') is given by 

dz dz' =-
'Y 

where Y is the particle energy in m c2 units. For a particle starting 
0 

at z = 0 with y = yi and experiencing a constant force (eE) down the 

accelerator, the length of travel as seen by the particle is given by 

z 
z' = J dz = 1 ln (1 + ~) 

z=O 'Yi + 11z 11 yi 

Therefore, the parameter,l, as defined by Eq. (3.6.9) is the length of 

travel as seen by an observer in the particle's frame of reference. 

The natural logarithm in Eq. (3.6.9) can be expanded 

n 1 [~ . 2 3 4 L = ~ +terms 1n 11 , 11 , 11 , ••• ] 
II 'Y i 

so for a field-field region <11 = 0), Eq. (3.6.9) becomes 
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(3.6.13) 

which is the Lorentz-contracted length as seen by an observer travelling 

in the particle's frame of reference. 

Using Eqs. (3.6.4) and (3.6.10) we get for Eq. (3.6.3), in 

agreement with Helm (1962), 

2 
X 

2 
X 

om 

_ 2l xp + ( 12 
+ _1_) p2 = 1 

2 X 2 2 X 
(3.6.14) 

xom xom pxom 

This represents an ellipse skewed to the right. 

(See.Fig. 3.6.3). By differentiating 

Eq. (3.6.14) with respect to P. and 
~ 

tt . dx 0 bt · 1 t• se 1.ng - = , we o a1n a re a J.on-
dpx 

ship for the maximum value of x in 

the form 

2 
X 

m 
2 

X 
om 

(3.6.15) 

Fig. 3.6.3 The phase space Suppose we start with a phase 
ellipse after the particles have 
travelled a "distance" i, from the space ellipse ip. the form shown in 
position where the phase space 
ellipse took the form shown in Fig. 3.6.4. By making the substitutions 

Fig. 3.6.2. 

P-x., 

X, I 

Fig. 3.6.4 A useful initial 
form of the phase space ellipse. 

x = - x
1 

and px = pxl in Eq. (3.6.14) 

we obtain the equation for the ellipse 

in Fig. 3.6.4 in the form 

(3.6.16) 
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where 1
1 

is given by 

2 2 

11 = (lrn 2- xorn]! 

pxom 

The value of x1 at px
1
= pxom is from Eq. (3.6.16) 

xl]p -p = -.11 pxom 
x- xom 

(3.6.17) 

(3.6.17) 

Applying Eq. (3.6.11) we see that the ellipse of Fig. 3.6.4 will be in 

the upright form of Fig. 3.6.2 after a distance z such that 

(3.6.18) 

Therefore, if at z = 0, the phase space ellipse is in the left-skewed 

form of Fig. 3.6.4, such that x is the maximum allowed value of x (say 
m 

the aperture of the beam handling tube), then the beam will have expanded 

to the right-skewed form of Fig. 3.6.3, where again x is the maximum 
m 

allowed value of x
1 

after a distance z
2 

such that P
2 

is given by 

(3.6.19) 

The material up to this point has followed closely the work of 

Helm (1962). Unfortunately, Helm's value for 12 
the "distance" 

required for the phase space ellipse to pass from the left-skewed form 

to the symmetric right-skewed form is incorrect. He obtains 

In calculating 1
2 

he gives for the coordinates atx
1
m of Fig. 3.6.4 the 

These coordinates do not satisfy Eq. (3.6.16). 

The correct coordinates at this point are x
1 p = -1 

ilp!m 
X 

m 
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It can be seen that a desirable beam handling element would be 

one that would reflect the right-skewed distribution of Fig. 3.6.3 about 

the x axis, producing a left-skewed distribution of the form of Fig. 3.6.4. 

The only magnetic system that can accomplish this is the quadrupole pair. 

(Individual quadrupoles would accomplish this effect in the focussing 

plane, but not in the defocussing plane.) The properties of quadrupoles 

and quadrupole pairs are discussed in Appendix IV. Let us consider a 

quadrupole pair such that 

f = -f = f 1 2 

where f
1 

and f 2 are the focal lengths in the x plane of the respective 

individual quadrupole. It is shown in Appendix IV that the matrix equation 

for the transformation of phase space coordinates at the input to the 

quadrupole pair to phase space coordinates at the output of the quadrupole 

pair is given by 

where t is the center to center separation of the individual 

quadrupoles (em) 

f is the focal length of the first quadrupole (em) 

Y is the particle energy (m c
2 

units) 
0 

x is the displacement from the x-axis (em) 

and p is the x component of momentum (m c units). 
X 0 

(3.6.20) 

Note that, in accord with.Liouville's theorem, the determinant of the 

transformation matrix is unity. 

We see that it would be desirable to calculate the transformation 

matrix for a phase space distribution passing through a region with no 
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focussing forces and then through a quadrupole pair. In this case 

where (3.6.11) 

and (3.6.20) 

This calculation is carried out in detail in Appendix V. It is shown 

there that the resulting phase space 

distribution (see Fig. 3.6.5) is given 

by 

where A= - 1-{1 
2 

X om 

Fig. 3.6.5 Defining the parameters 
X,P, and ~ of a phase space ellipse. 

B - -
2 

__ 1 __ [1 - 1(~ - 1)][ (1 - 1) + 1] 
2 f f f y 

X om 

+ _1_ [~][1 - 1] 
2 f2 f 

pxom 

with the maximum value of x given by 

2 c 
X = 

m AC - (,!!)2 
2 

(3.6.22) 

(3.6.23) 

(3.6.24) 

(3.6.25) 

(3.6.26) 
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and the maximum value of p given py 
X 

2 A 
pxm= B 2 

AC - (-) 
2 

,(3.6.27) 

It is also shown in Appendix V that if new coordinates X and P 

are defined by rotating the axes through an angle w (see Fig. 3.6.5) given 

by 

B 
tan 2w = A _ c , 

the phase space ellipse can be represented by the equation 

2 2 
ax + cP = 1 

where - A 2 11• + B •1• s1·n llr + c S1·n2 
.1. a - cos "' cos "' "' "' 

2 2 
c = A sin w - B cos W sin w + C cos W 

(3.6.28) 

(3.6.29) 

(3.6.30) 

(3.6.31) 

where as a consequence of Liouville's theorem a and care related by 

the equation 

1 

ra;' = xom pxom (3.6.32) 

It is also shown in Appendix V that A, B, and C are related 

by the equation 

1 
2 2 

xom pxom 

(3.6.33) 

and that the condition for w = 0 is given approximately by the equation 

f 
(3.6.34) 

To obtain W < 0, we must increase t from the value given by this equation. 

For a phase space ellipse of the general form 

Ax
2 

+ Bxp + Cp
2 

= 1 
X X 

(3.6.22) 



Fig. 3.6.6 Defining the 
parameters x' .and p' • 

X 
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it is desirable to calculate the 

points x' and p ' shown in Fig. 3.6.6, 
X 

where x' is the value of x for which 

p = 0, and p' is the maximum value 
X X 

of p . For p = 0 , Eq • ( 3 • 6 • 2 2) 
X X 

becomes 

so 

x' = 1 

.(A' 
(3.6.35) 

The maximum value of p is given by the relationship obtained earlier 
X 

so 

Note that 

so from Eq. (3.6.33) 

2 A 
p = 

(!!)2 xm 
AC - 2 

p' = [ A Jl 
X 

AC - (!!)2 
2 

B 2]-.l x 1 p' = [ AC - ( -) . 2 
X 2 

x' p' - x p x om xom 

as expected from Liouville's theorem. 

(3.6.27) 

(3.6.36) 

(3.6.37) 

(3.6.38) 
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CHAPI'ER 4 

IDNGITIJDINAL MOTION IN THE ACCELERAIDR 

4.1 Basic equations of longitudinal motion 

The fundamental equations of electron motion down a linear 

accelerator are (D6me, 1960) 

where 

dy 
d~ = - a sin 6. (4.1.1) 

d6. 1 1 __. = 2TT [- - -] ds ~ ~ w e 
(4.1.2) 

6. is the phase of the electron with respect to the travelling 

wave (the electric field is a maximum at 6. = + rr ' and is 
2 

zero at 6. = 0) 

Y = [1 - ~:]-! , the total energy of the electron 

. 2 1n m c units 
0 

z 
~ = A (dimensionless) 

a= 
eE A 

0 

2 
m c 

0 

(dimensionless) 

z is the distance measured along the accelerator axis 

A is the free space wavelength of the travelling wave 

E is the amplitude of the travelling electric field 
0 

(4.1.3) 

(4.1.4) 

(4.1.5) 

~w is the ratio of the wave phase velocity to the velocity 

of light 

and ~e is the ratio of the longitudinal electron velocity to 

the velocity of light. 

Defining 

y = y [Y2 - 1]! 
~w -

(4.1.6) 
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and considering the case where a and ~ are constants we have on 
w 

combining Eqs. (4.1.1) and (4.1.2) and integrating 

a 
y = cos A + H 

2rr 
(4.1.7) 

where H is a constant of integration. The integration constant H can 

be evaluated by considering the conditions at the input to the accelerator. 

At the input we have 

Yo 2 .l 
y= yo = -- [yo - 1]2 (4.1.8) 

~w 

and A= 6 (4.1.9) 
0 

Ct 
A Therefore, H = y -

2T'f 
cos (4.1.10) 

0 0 

a. 
- cos 6 J and Eq. (4.1.7) becomes y = y :-t - [cos A (4.1.11) 

0 2TT 0 

An alternative form of Eq. (4.1.7) can be derived for the case 

Fig. 4.1.1 Phase space diagram for 
~ = 1. This diagram is reproduced w 

from D8me (1960). 

of~ = 1. Fig.4.1.1, 
w 

reproduced from neme (1960), 

shows that in this case for 

many values of the initial 

parameters, y and A 
o' the 

0 

curves approach an asymptotic 

value of A (called Ar:s:J) as 

y__.,_ oo. These curves repre-

sent electrons that are bound 

to the travelling wave, while 

the curves that do not possess 

an asymptotic value of A 

represent electrons that are 

not bound to the travelling 
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y = y - [y
2 

- 1]~ = y {1 - [1 - ~]~} 
y 

1 
The highest order term in the expansion of Eq. (4.1.12) is 2y , 

so for y--.=, y-o. From Eq. (4.1.7) we have 

H = - fL. cos 6. 
2rr = 

so Eq. (4.1.7) becomes 

(4.1.12) 

(4.1.13) 

(4.1.14) 

Substituting the initial values, y and 6. , into Eq. (4.1.14) 
0 0 

we obtain an equation in the form 

This equation can be used to determine 6. • The condition for electrons 
= 

to be bound to the travelling wave is 

(4.1.16) 

or from Eq . ( 4 . 1.14) 

(4.1.17) 

The limiting case of Eq. (4.1.17) is plotted in Fig. 4.1.2 for various 

values of a. It can be seen that the bound region in y - 6 space 
0 0 

increases as a increases. 

It is desired to obtain the phase angle 6. as a function of ~' 

the distance down the accelerator. This has been done by Dame (1960). 

For a constant and$ = 1, he combined Eqs. (4.1.1) and (4.1.2) and 
w 

integrated the result to obtain 

b. Tr 
~' (6.) = 

4
rr - 2 3 [sinh u + u cos 6.=] 

a sin 6. 
c:o 

(4.1.18) 
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Fig. 4.1.2 The region of y - ~ space for which particles are bound is plotted for 
various values of~. Unboun3 par~icles lie in the region between A = 180° (or A = -180°) 
and the curve appropriate to the value of~. The curves are symmet~ic about A =0

0. 
0 

b.o (deg) 

.,::. 
0') 



where u is given by 

and ~'(A) is given by 

with 

and 
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tanh!:!.= 
2 

TT 

6 
tan 2 

600 
tan 2 

[sinh u 
0 

0 u
0 

tan 2 
tanh 2 = b. 

CD 

tan 2 

(4.1.19) 

(4.1.20) 

(4.1.21) 

( 4 .1. 22) 

D6me (1960) derives an approximate form of Eq. (4.1.18). 

However, he makes the assumption that ~~'(60 )1 << 1, an assumption 

which is not valid for the cases we will discuss below. Therefore, we 

shall use Eq. (4.1.18) in its exact form. 

4.2 Solution of the longitudinal equations of motion 

A computer program to solve numerically the equations of motion 

presented in Section 4.1 has been written for the IBM 1410 computer. The 

method of programming and the actual program are presented in Appendix VII. 

The field configuration assumed is tabulated in Table 4.2.1. 

Table 4.2.1 
The assumed longitudinal field configuration of a 

section of the Saskatchewan Linear Electron Accelerator 

Segment Number Length 01 

1 3 A. 1.499 

2 7 A 1.528 

3 38 A 1.552 

(Note: A = 0.105 m) 
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The results of the computer program are presented in the figures below. 

It is important to note that all calculations were done for electrons. 

To avoid confusion, the phase angle, ~' will be superscripted +or -

depending on whether results are being presented for positrons or 

electrons. For positrons all electron phase angles must be increased 

by 180° -- for example, an electron injected at a phase angle ~- = - 60° 
0 

corresponds to a positron injected at a phase angle~+=+ 120°. 
0 

In Fig. 4.2.1 we show the output energy at the end of a single 

accelerating section as a function of the input energy for electrons 

injected with initial phase angles in the range- 180° < ~~ ~- 30°. A 

section of Fig. 4.2.1 is plotted to an enlarged scale in Fig. 4.2.2. 

We shall use the results of Fig. 4.2.2 to decide on the optimum 

injection conditions for positrons to produce minimum energy spread in 

the output beam. Two factors contribute to this output energy spread. 

Since there is a spread in phase in the electrons striking the positron 

target, there will be an equivalent spread in phase in· the positrons 

injected into the accelerator. From Fig. 4.2.1 we see that a change in 

phase angle for a given input energy causes a change irl output energy. 

This is due to the fact that the particle is riding on a different part 

of the accelerating wave. For these calculations we shall assume that 

the input phase spread of the positrons is 20°. 
a. s SlJ.:mnt :i c' .. 

This"is probably somewhat 

pessimistic since Varian Associates (1962b) estimate a phase spread ....._ 10°. 

The second factor that contributes to the output energy spread 

is the spread in input energies accepted by the accelerating system. This 

is determined by the magnetic field configuration used to confine the 

positron beam, and is discussed in Chapter 5. An important result of the 

discussion in Chapter 5 is that for the magnetic systems considered the 
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Fig. 4.2.1 A plot of total output energy at the end of the first section of acceleration as a 
function of total input energy for electrons with initial phase angles in the range - 180° 

< ~- ~- 30°. 
0 

~ 
(.0 
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45~-----------------------------------------.

Fig. 4.2.2 A section of Fig. 4.2.1 plotted to an enlarged scale. 
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input energy spread accepted by the system is directly proportional to 

the input energy. In Fig. 5.2.2 we will see that, for the design suggested 

as optimum, the full width at half height of the solid angle of acceptance 

vs.input energy curve is~ 0.4 MeV. For the calculations of this section 

we shall assume that the spread in input energy is 0.4 MeV. 

In Fig. 4.2.2 we notice that the curves for ~- = - 50° - 60° 
0 ' ' 

0 
- 70 bunch together near U = 2 MeV. Using the figures decided on above 

0 

(OU 0.4 MeV, o~ = 20°) we see that injection centered at U = 2 MeV, 
0 0 0 

~- =- 60° (i.e.,~+=+ 120°), will produce a beam of output energy 
0 0 

centered at U = 39.4 MeV with an output energy spread of 1.0.5 MeV (2.7%). 

Another case which leads to a small output energy spread is for 

injection centered at U 
0 

2.5 MeV, ~- = - 70°, with an input phase spread 
0 

of 20° and an input energy spread of 0.5 MeV (since oU oc U as mentioned 
0 0 

above). This will produce a beam of output energy 39.8 MeV with an output 

energy spread of 1,45 MeV (3.7%). 

To show the energy spread that would be encountered at higher 

injection energies we also show in Fig. 4.2.2 the case of injection at 

U = 4.5 MeV, ~- = - 80° with oU = 0.9 MeV and 8~ = 20°. The output 
0 0 0 0 

energy of the beam is centered at 42 MeV with an energy spread of 1.95 MeV 

(4.6%). 

From these results we see that the minimum output energy spread 

for a given input phase spread and input fractional energy spread is 

obtained for electrons by centering the injected particles at U = 2 MeV, 
0 

~- =- 60°. Therefore, for positrons the optimum injection conditions 
0 

are U = 2 MeV ~+ = 120°. In Section 5.5 we shall show that these 
0 ' 0 

injection parameters also give the maximum accepted yield. 

In Fig. 4.2.3 we have plotted the output energy at the end of 



- 52 -

a single section a~ a function of input energy for electrons in the input 

phase. region- 30° ·~ D,- ~ + 30°, and in Fig. 4.2.4 we have plotted the 
0 

same variables for the input phase region+ 30° <b.-<+ 180°. In Fig. 
0 

4.2.4 it should be noted that as the input phase angle increases particles 

of low input energy are no longer bound to the travelling wave. 

In Fig. 4.2.5 we have plotted the output phase angle at the end 

of the first accelerating section as a function of the input energy for 

electrons in the input phase region- 180° < [).- ~ 0°, and in Fig. 4.2.6 
0 

0 
we have plotted the same variables for the input phase region 0 ~ [).- < 180 • 

0 

For minimum additional energy spread in succeeding accelerating sections 

it is necessary to have the phase spread of the particles at the output 

of the first accelerating section centered at b.=- 90°. From Fig. 4.2.5 

it can be seen that for injection of 2 MeV particle at [).- - -
0 

the 

phase spread for electrons at the output of the first section is, as 

desired, centered at D.;=- 90°. If this were not the case, a phase shift 

in the accelerating wave would have to be introduced between the first and 

second sections of acceleration for the particle. 

The output energy at the end of three sections of acceleration 

as a function of the input energy is plotted in Fig. 4.2.7 and, to an 

enlarged scale, in Fig. 4.2.8, for the electrons of initial phase in the 

range- 100° ~ [).- ~- 40°. For one section of acceleration we found above 
0 

that the minimum energy spread at output occurred for electrons injected 

at U = 2 MeV, D,- = - 60°, which corresponds to positrons injected at 
0 0 

U = 2 MeV,[).+=+ 120°. We see from Fig. 4.2.8 that for 8U = 0.4 MeV, 
0 0 0 

0 
5D. = 20 , the energy spread at output for particles with these initial 

0 

parameters is 2.05 MeV centered at an output energy of 114.5 MeV (1.8%). 

It should be noticed for this case that the fractional output energy spread 



> c» 
~ 
~ 

::l 

38~~------------------------------------------~----~ 
0 

,?;0 

35 

30 

,\~ 
25 

20 0 

15 
\fl 

10 

5 b 1 1 1 1 5 1 1 I I tb I I I I ,5 I I I I do I.L(MeV) 

Fig .. 4 .. 2;,3 A plot of the total output energy at the end of the first section of acceleration 
as a function of the total input energy for electrons with initial phase angles in the range __ o ~ . ~ . __ o 

CJI 
(,.\) 



~~------------------------------------------------------~ 

"> Q) 

6 
:l 35 

30 

25 

20 

15 

c.n 
~ 

~ ' 

0 5 10 15 20 Uo(MeV 
Fig. 4.2.4 A plot of total output energy at the end of the first section of acceleration as a 
function of the total input energy for electrons with initial phase anglesinthe range 

+ 30° ~A-<+ 180°. 
0 



- 55 -

~--------------------------------------------

-180° +--IIH-....._r--1~-...---.----...-----------...--.....-or-or-,........ 
0 5 \0 

Fig. 4.2.5 A }:llot of the output phase angle at the end of 
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Fig. 4.2.8 A section of Fig. 4.2.7 plotted to an enlarged scale. 
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has decreased with further sections of acceleration the total output 

energy spread was 2.7% at the end of the first section of acceleration. 

0 
This is due to the phase distribution being centered at A = - 90 for 

the second and third sections of acceleration. 

From these results it can be concluded that the optimum injection 

parameters for minimum energy spread in the output beam are U = 2 MeV 
0 

total energy, A+=+ 120°. In Section 5.5 it will be shown that injection 
0 

at U = 2 MeV also leads to the optimum accepted positron yield. Therefore, 
0 

we are able to conclude that these are the desirable injection parameters. 

4.3 A comparison of our computer results with the results of a computer 
program written by Varian Associates 

Varian Associates (1960) have written a computer program to 

calculate the output energy and phase for electrons at the end of each 

cavity of an accelerator section knowing the input angle and phase. Their 

method is potentially more accurate than ours since, by calculating the 

results for each cavity, they are able to use the exact field configuration 

(which varies in a saw-tooth manner down the accelerator section) while 

our method requires us to approximate the field configuration by uniform 

field segments. The field configuration presented in Table 4.2.1 is an 

approximation to the actual field in the Saska~chewan Linear Electron 

Accelerator. 

Varian Associates (1963) and J. Haimson (1963) have provided us 

with sufficient data to compare the results of our program with the results 

of th~ir program. This comparison is made in Table 4.3.1. It can be seen 

that .in the region in which we are interested in quantitative results of 

a good accuracy (U ,.._. 2 MeV, A-,.._.- 60°) the agreement between the output 
0 0 

energies. predicted by the two programs is ,.._, 10 keV (0.02% at 40 MeV). 



Table 4.3.1 
A comparison of the results of the Saskatchewan program with the results 

of the Varian program. In both cases calculations were done for electrons. 

-
Sask. results Varian results 

U (MeV) /).- U (MeV) /).- U (MeV) /).- U -U (MeV) !).~-/).; 0 0 s s v v v s 

6.0 -90° 43.600 -98.710° 43.616 -98.7 
0 

-0.016 0.0° 
8.0 -90° 45.754 -96.222° 45.770 -96.2° +0.016 0.0° 
6.0 -80° 43.823 -88.734° 43.836 -88.7° +0.013 0.0° 
8.0 -80° 45.729 -86.286° 45.743 -86.2° +0.014 +0.1° 
6.0 -70° 42.924 -78.988° 42.934 -79.0 

0 
+0.010 0.0° 

8.0 -70 
0 

44.581 -76.450° 44.591 -76.4 
0 

+0.010 +0.1° 
-50° 39. 2·37 -57.426° 39.241 

0 
+0.004 0.0° 8.0 -57.4 

1.511 -30° 37.930 -80.138° 37.926 -80.02° -0.004 -0.12° m 
2.511 -30° -61.813° 34.293 -61.74° 

0 0 
34.303 -0.010 -0.07 

7.0 -30° 30.468 -41.348° 30.459 -41.3° -0.009 0.0° 
1.511 -20° 36.940 -75.744° 36.933 -75.64° -0.007 -0.10° 
2.511 -20° 31.986 -56.711° 31.971 -56.63° -0.015 -0.08° 
3.511 -20° 28.941 -47.508° 28.921 -47.43° -0.020 -0.08° 
1.511 -10° 36.065 -72.976° 36.060 -72.90° -0.005 -0.08° 
2.511 -10° 30.012 -53.348° 29.995 -53.26° -0.017 -0.09° 

-10° -43.519° 26.120 -43.42° -'0.028 
0 

3.511 26.148 -0.10 ' 
1.511 +10° 35.410 -72.838° 35.418 -72.82° -0.008 -0.02° 
2.511 +10° 28.408 -53.044° 28.393 -52.95° -0.015 -0.09° 
3.511 +10° 23.488 -42.97° 23.441 -42.82° -0.047 -0.15° 

+700 29.416 -76.114° 29.365 
0 

-0.051 -0.6° 7.0 -75.7 
7.0 +goo 31.547 -96.066° 31.560 -95.8° +0.013 +0.3° 
7.0 +110° 29.343 -116.436° 29.372 -116.3° +0.029 +0.1° 
7.0 +130° 23.543 -136.590° 23.690 -136.1° +0.147 +0.5° 
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This accuracy of 10 keV is equal to the precision we specified for our 

program (see Appendix VII). For particles injected out-of-phase the 

agreement is somewhat worse -- differences as large as 147 keV <~ 0.5%) 

are obtained. In all cases agreement is close enough to verify our 

assumption that the actual saw-tooth field can be approximated quite 

well by uniform field segments. 

4.4 Transverse motion of initially out-of-phase particles in the 
accelerator 

In Section 3.1 we derived the radial force due to the accelerator 

fields acting on a particle. The result was 

where 

F 
r 

v 
eE (~) (1 - ~) cos ~ 

o A c 

e is the charge on the particle (C) 

(3.1.12) 

E is the amplitude of the longitudinal electric field (V/m) 
0 

~ is the ratio of the radial displacement to the vacuum 
A 

wavelength of the travelling wave (A = 0.105 m) 

v 
z is the ratio of the longitudinal velocity of the particle 

c 

to the vacuum velocity of light 

~ is the phase angle of the particle with respect to the 

trav,lling wave (E = 0 at ~ = 0; E = 

With the notation 

Eq. (3.1.12) becomes for electrons 

v z 
c 

F = lei E (TTr) (1 - 13 ) cos ~ 
r o A z 

(4.4.1) 

(4.4.2) 

where lei is the magnitude of the electronic charge. Therefore, at the 

zero phase position(~= 0), electrons experience a radially outward force. 



where 

and 
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Now in Section 4.1 we obtained the result 

0! [ J y = 2TI cos ~ - cos ~ 

y 

0! = 

[ 2 ! y - y - 1] 

eE A. 
0 

2 
m c 

0 

(4.1.14) 

(4.1.12) 

(4.1.5) 

At~= 0, cos~= 1, y is a maximum, and therefore, Y is a minimum. 

Thus, we see that the maximum defocussing force occurs as the particle 

passes through the zero phase position. In order to determine the effect 

of this force it is necessary to calculate through what distance it acts. 

It is useful to consider a particular case. Consider electrons 

with initial parameters U = 20.4 MeV (y = 40), ~ = 110°. For this case, 
0 0 0 

from Eq. (4.1.12) 

from Eq. (4.1.15) 

from Eq. (4.1.22) 

and from Eq. (4.1.21) 

y = 0.0125 
0 

cos ~= = - 0.398, ~= = - 113.4° 

u = - 3. 55 
0 

s'<~) =- 32.93 
0 

(Note the comment in Section 4.1 that D6me (1960) derived an approximate 

form of Eq. (4.1.18) using the assumption that ls'(~0 )1 << 1. Since the 

parameters we have assumed certainly represent a typical case, it can be 

seen from the above result how erroneous D8me's assumption really is.) 

Now Appendix VII dealt with solving Eq. (4.1.18) for~, knowing 

S'(A). This necessitated a computer program. In this case, we wish to 

calculate S'(A), knowing~, and so calculations are quite straightforward. 

For each value of A a value of S'(~) is calculated; knowing s'(~ ) , 
0 

z 
Eq. (4.1.20) gives the corresponding value of s, where s = ~ • In 

Fig. (4.4.1) we plot the variation of ~ along the length of a linac section. 
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For simplicity we have assumed that the field down the entire linac 

section is constant, with a= 1.40. The conclusions drawn from this 

calculation should prove valid for the actual field of the Saskatchewan 

Accelerator.

Knowing~ as a function of the distance down the accelerator, 

the results which are plotted in Fig. 4.4.1, we can proceed to calculate 

the force, F , of Eq. (4.4.2) as a function of z. (For convenience, 
r 

results are plotted as functions of ~.) Using Eq. (4.1.14) we can calculate 

y for each value of ~' and using Eq. (4.1.12) we can calculate y for each 

value of y. The results are given in Fig. 4.4.2, where we have plotted 

the energy U (in MeV) as a function of ~· Knowing the energy, we can 

calculate from Eq. (3.2.3) the corresponding value of ~ • These results 
z 

are plotted in Fig. 4.4.3. It can be seen from these results that appreciable 

changes occur in a distance only ~ 5 A in length, centered about the zero 

phase position. 

Measuring momentum in m c units, we can evaluate the change in 
0 

the transverse component of momentum using 

F 
6p = J mrc dt (4.4.3) 

r 
0 

With Eq. (4.4.2) and the result 

dt A 
d~ (4.4.4) = 

c~ z 

where ~ 
z (4.1.4) = A 

. Eq. (4.4.3) becomes 

1 - ~ 
6p em J f < 

z) cos ~ d~ (4.4.5) r ~z 
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Since we are essentially interested in placing an upper limit 

on Op , let us assume that r may be considered constant, so that Eq. (4.4.5) 
r 

takes the fonn 

1 - 13 
0 p = Cl'1T (!.) J ___ z;;;. 

r A. Q 
"'z 

cos ~ d~ (4.4.6) 

The integrand of Eq. (4.4.6) is plotted in Fig. 4.4.4 for the numerical 

example we are considering. By numerical integration of Fig. 4.4.4 we 

obtain the result 

1 - 13 

J 

so Eq. (4.4.6) becomes 

z 
cos ~ d~ = 

Op e:t 13.8 r 
r 

0.33 

for Op measured in m c units and r measured in m. 
r o 

(4.4.7) 

From Fig. 5.1 .. 3 of Section 5.1 we see that a reasonable set of 

parameters to consider for our order of magnitude calculation here, is 

p = 0.04 m c unit, r = 0.5 em. With Eq. (4.4.7) these parameters r o 

yield 

so Opr is the same order of magnitude as the assumed value of pr. There

zero 
fore, for I applied longitudinal magnetic field at the ~ = 0 position of 

the accelerator, we expect that many of the initially out-of-phase 

particles will attain sufficient transverse momentum that they will not 

be contained within the accelerator aperture. However, we may also expect 

that some of these particles will be contained. (The analysis for the 

case of an applied longitudinal magnetic field is carried out in Section 

5.2.) 
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Let us consider the case of 20 MeV electrons striking a positron 

converter and producing positrons. Some of the 20 MeV electrons will 

not interact with the target and will accompany the positron beam. Since 

the accelerator will be phased to accelerate positrons, the electrons will 

experience a decelerating field. Thus the case we have calculated (y
0 

= 40, 

6 = 110°) corresponds to the electrons that will accompany positrons 
0 

0 
injected with a phase of 110 . . From the above calculation we see that 

some of these electrons will be contained in the accelerator aperture and 

will emerge with the positron beam. Therefore, it will be essential that 

the positron beam be bent by a magnetic field bef.ore using the beam. Since 

the accompanying electron beam will be b~t in the opposite direction, 

this bending field will remove the electrons from the positron beam. 
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CHAPTER 5 

OONFINEMENT OF THE OOSITIDN BEAM IN THE ACCELERATOR 

5.1 Use of a short, high-field solenoid 
a.chieved by 

The most economical form of confining field would be I locating 

a high-field solenoid at the positron converter, the field being of such 

a length that positrons of the design energy spiral through a half Larmor 

period in the field. The effective solid angle of acceptance for the 

case where ~. << 1 is, from Section 3.3, 
]. 

(3.3.16) 

where G9. is the maximum injection angle for particles that will 
1 

remain bound in the qcceler~tor 

()i is the solid angle of ~cceptance (sr) 

B is the applied longit~d!nal magnetic field (Wb/m
2

) 

a is the radius of the accelerator aperture (em) 

and 
2 

yi is the initial energy of the positrons (m
0

c units). 

From this result it can be seen that to increase the number of particles 

at the design energy which are accepted, the design energy should be low, 

and the magnetic field strength should be large. Since in Section 4.2 

we concluded that positrons of initial energy around 2 MeV total energy 

would show the minimum energy spread at output, we shall use a design 

energy of 2 MeV. 

The physical length of a half Larmor period solenoid can be 

calculated using the equations of Section 3.2. The angular velocity 

about the center of curvature is given by 

(3.2.4) 
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where e is the magnitude of the charge on the particle, and m is the 
0 

rest mass, so the time required for the particle to spiral through a 

half Larmor period is given by 

(5.1.1) 

In this time the particle will have travelled a distance along the 

accelerator axis of 

moy 
z = -,. c ~ (5.1.2) 

eB z 

where v = c ~ is the z component of the particle's velocity. Using z z 

for S the value corresponding to a particle moving parallel to the z 

z-axis, from Eq. (3.2.3) and Eq. (3.3.3) we obtain 

and Eq. (5.1.2) becomes 

2 
= [Y - 1]! ~z 2 

y 

Z = ~O 1iC ~ eB fY - .&. 

Since for electrons (or positrons) using MKSA units 

Eq. (5.1.4) becomes 

or 

e 
m c 

0 

= 587 

Z = 5.35 X 10-3 J 
2 

y - 1 
B 

Jv
2 

- 1 z = 0.535 - B (em) 

(m) 

(5.1.3) 

(5.1.4) 

(5.1.5) 

(5.1.6) 

(5.1.7) 

For U. = 2 MeV (y. = 3.91) the distance required for a particle of this 
1 1 

energy to spiral through a half Larmor period is given by 

Z = 2.02 (em) 
B 

(5.1.8) 
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We shall now consider the confinement of the beam. The radial 

momentum retained after the particle has left the magnetic field is, 

from Section 3.5, 

where 

U' 
( ) [ !! (__!) J pr = PJ. i cos 2 U. 

l. 

P is the radial component of momentum retained after 
r 

the particle has left the magnetic field (m c units) 
0 

(3.5.17) 

(p~)i is the initial value of the momentum in the transverse 

and 

plane (m c units) 
0 

U. is the initial total energy of the particle (MeV) 
l. 

U' is the design energy for the field (MeV). 
i 

With x a typical Cartesian coordinate in the transverse plane, 

the displacement of the particle from the axis as a function of distance 

z down the accelerator is, from Section 3.6, 

x = xo + lpxo 

where 

and 

1= ! ln (1 + Jk) 
11 yi 

x is the initial value of x (em) 
0 

pxo is the initial value of the x component of 

momentum (m c units) 
0 

z is the distance down the accelerator (em) 

11 = 
eE 

o (cm-1). 
2 m c 

0 

(3.6.10) 

(3.6.9) 

Note that the parameter a used in Chapter 4 and the parameter 11 used in 

this section are related by the equation 

(5.1.9) 
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where A= 0.105 m (10.5 em). 

For convenience, we shall consider uniform field linac sections. 

The average value of the field specified by Varian works out to a = 1.55, 

-1 -1 
or~= 0.147 em . We shall use the valu~, ~ = 0.15 em • For three 

linac sections (14.5 m) and assuming a particle of 2 MeV lnitial energy 

riding at maximum field throughout, Eq. (3.6.9) becomes 

/ 
I 

I 
I 

1 = _1_ ln [1 + 0.15 (14.5 x 102)] = 26.8 em 
0.15 3.91 

I 
/ 

I 

/j, 
// 

~). 
' i 

1_), 
' ~ 

Now for a particle of initial 

energy U. , the value of x at the end 
. l. 

of the magnetic field is, from 

Fig. 5.5.1, 

x = 2p sin cp 
0 

(5.1.10) 

where from Section 3.3 p is given 

by 
p.J.. 

p = 
5.87 B 

Fig. 5.1.1 A diagrameto determine for p in em, p.J. in m
0

c units and B 

in Wb/m2
• From Eq. (3.5.12) we find 

the values of x and p for particles 
X 

leaving the magnetic field. 

tha~ the momentum in the x direction 

is given by 

where. 
U' 

cp = !!. ( _.!.) 
2 u. 

l. 

(3.5.12) 

(3.5,16) 

The maximum value x can have is a, the radius of the machine aperture. 

Using the equation 

x=x 
0 

(3.6.10) 
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we can calculate the maximum value of pxo for the particle to be contained 

within the aperture of the linac sections. The result is for U. < U' 
l. i 

and for U . > U ' l. i 

I. I = a + 2p sin cp 
pxom 1 

_ a - 2 ~ sin q1 
pxom -

(5.1.11) 

(5.1.12) 

The difference between the two equations is due to the fact that for 

U. < U~ , p is directed radially inward; while for Ui > U' , pr is 
1. 1. r i 

directed radially outward. 

Substituting the results 

pxo = (pJ.) i cos cp (3.5.12) 

PJ. 
and p = 5.87 B 

(3.3.7) 

into Eq. (5.1.11) and Eq. (5.1.12), we find that the maximum allowed 

initial value of p~ such that the particle remains within the accelerator 

aperture is given by, for U. < U ~ · 
l. l. 

(pJ.)im = 
a 

1 ~OS cpl 
·- o-. ·3-4-1 

sin 
B cp 

and for u. > u~ l. l. 

( PJ.) . ::: 
a 

l.m lcos cp + 0.341 
sin cp 

B 

For Ui = U' , both Eq. (5.1.13) and Eq. (5.1.14) yield the result 
i 

(5.1.13) 

(5.1.14) 

(5.1.15) 

The relationship between the maximum allowed initial value of 

the transverse momentum, (p, ). , and the maximum allowed injection angle, .... l.m 

~-, is, from Eq. (3.3.8), l. 

(5.1.16) 
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The relationship between the initial momentum, p. (measured in m c units), 
1 0 

2 
and the initial energy, yi (measured in m

0
c units), is, from Eq. (3.3.1) 

Therefore, for U. < U! 
1 1 

for U. > U! 
1 1 

sin e. = 
1 

sin e. = 
1 

and for U. = U' 
1 i 

a 

a 

0.341 
B 

sin cp] 

2 ! n o. 341 
[yi- 1] [Xcos cp + B sin cp] 

sine. = 
1 

2.94 Ba 

[y~ - i]! 
1 

(5.1.17) 

(5.1.18) 

(5.1.19) 

(5.1.20) 

We shall consider the problem of positrons, of initial energy 

2 MeV, which experience the full accelerating field down the entire 

length of the accelerator. Earlier in this section we calculated that 

for this case, Eq. (3.6.9) yields a value of ! = 26.8 em. If the 

particle is not experiencing the full accelerating field, the value of 

1 becomes larger. The aperture of the Saskatchewan machine can be taken 

to be 2 em diameter. From Section 3.3 we can calculate the solid angle 

of acceptance Q.. The exact formula is 
1 

(3.3.11) 

while for ~i << 1, the approximation 

o. = Tr Q~ 
1 ~1 

(3.3.12) 

can be used. 
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It is possible for Eq. (5.1.18) to give a larger value of 

sin ~- than the value of sin ~- given by Eq. (5.1.20) for the design 
1 1 

energy. These large values of sin ~- are not correct, since they repre-
1 

sent particles that would have passed the limits of the accelerator 

aperture while spiralling through in the magnetic field. Therefore, when 

values obtained by Eq. (5.1.18) exceed those calculated by Eq. (5.1.20), 

sin~- is set equal to the result of Eq. (5.1.20). 
1 

The desirable magnetic field strength can be determined by noting 

that for particles of the design energy, Eq. (5.1.20) indicates that sin ~i 

is a linear function of B, while for U. > U! or U. < U! , Eq. (5.1.18) and 
1 1 1 1 

Eq. (5.1.19) indicate that for values ofJt of the size we are interested 

in ( 1 ~ 26.8) sin~- is quite insensitive to the value of B chosen. Thus, 
1 

the strongest possible magnetic field is indicated. However, we have 

decided to limit the value of~- to 30°. From Fig. 2.1.2 we have reason 
1 

to suspect that, even with a target of thickness ~1 r.l., the yield of 

0 positrons at angles greater than 30 may be much smaller than the central 

yield. A more important reason for this choice of ~- is that fully rela-
1 

tivistic particles injected at an angle of 30° will have a longitudinal 

velocity corresponding to 1.02 MeV particles injected on axis. The 

acceleration experienced by these off-axis particles will be very similar 

to that experienced by the lower energy on-axis particles. A glance at 

Fig. 4.2.1 shows that particles with ~- > 30° would, after acceleration, 
1 

have an energy very much less than on-axis par~icles of the same initial 

energy and initial phase. Therefore, it seems reasonable to use ~- = 30°. 
1 

With the parameters~-= 30°, a= 1 em, U. = 2 MeV, Eq. (5.1.20) 
1 1 

yields a value of B = 0.644 Wb/m2 • For convenience, we shall use the 

figure B = 0.65 Wb/m
2 

as our suggested design value. Using the appropriate 
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n .. (steradian) 
I. 
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\.7 1.8 \.9 2.0 2.1 2.2 2.3 

Fig. 5.1.2 A plot of the solid angle of acceptance as a function 
2 of the input energy for an applied longitudinal field B = 0.65 Wb/m 
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equati&ns of this section, values ote1. have been calculated as a function 
1 

2 
of U. for B = 0.65 Wb/m , and the results are plotted in Fig. 5.1.2. The 

1 

area urider this curve is 0.085 MeV.sr. 

In order to design beam handling facilities beyond the accelerator, 

it is necessary to know the distribution of the representative points in 

conjugate coordinate-momentum phase space for particles leaving the 

accelerator. From Eq. (3.5.12) and Eq. (5.1.16) we find that the maximum 

value of p at the end of the magnetic field is given by 
X 

p = [ 2 
- l]i sine. cos cp xom Yi 1 

(5.1.21) 

wher~ sin~- is calculated from the appropriate equation among Eq. (5.1.18), 
1 

Eq. (5.1.19) and Eq. (5.1.20). Evaluating Eq. (5.1.21) for the case 

2 
B = 0.65 Wb/m , we obtain a maxinrum value of P: ,..._0.08 m- c unit. The 

xo 0 

distribution in phase space will take a form similar to that shown in 

X(cm) 

Fig. 5.1.3 The distribution in 
phase space of positrons at the 
output of the accelerator for a 

short, high-field solenoid of 
strength 0.65 Wb/m2. 

Fig. 5.1.3. The area occupied by 

this distribution in phase space will 

be __, 0.16 m c.cm. 
0 

The beam handling system that 

will be installed to handle the 

electron beam will be designed to 

handle a beam of 1 em diameter and a 

transverse momentum of 0.015 m c unit 
0 

(refer to Table 1.1). This beam 

would occupy an area in phase space 

of 0.03 m c.cm. Therefore, additional 
0 

beam handling elements will be needed 

to handle this positron beam. This will be discussed further in Chapter 6. 
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Yount and Pine (1962) have constructed a magnetic system designed 

along the lines outlined in this section. Their results are given in Fig. 

5.1.4, which is reproduced from their paper. (The notation on the figure 

has been changed to agree with our notation.) Their Equation 5 expresses 

the case where the limit of the orbit occurs in the magnetic field, while 

their Equation 4 expresses the case where the limit of the orbit occurs 

at the end of the accelerator. For their experimental arrangement (refer 

to the discussion in Section 2.1) the positrons emerge from the target 

with energies around the critical energy for the target material, so the 

values of ~ are calculated for this energy. It can be seen that agreement 

between theory and experiment is quite good. They expect that the finite 

size of the spot from which the positrons emerge accounts for the reduction 

by a factor -- 2 of the measured yield compared to the expected yield. 

Yount and Pine (1962) tried solenoids of various lengths, varying 

the length from 2 feet to 8 feet. (Note that the length of the solenoid 

2 
suggested for the Saskatchewan system, with B = 0.65 Wb/m for 2 MeV 

positrons is, from Eq. (5.1.8), 3.1 em.) They found that the peak yield, 

measured at the end of the accelerator, was 20% lower for the 2 foot 

solenoid than for the 8 foot solenoid. Their suggested explanation is 

as follows. 

In Section 3.2 we found that the relationship between the polar 

coordinate~ and the distance down the accelerator, z, is given by 

where 

cp - - Be 
2E 

ln (1 + eEz) 
u. 

1 

B is the magnitude of the applied longitudinal 

magnetic field (Wb/m2) 

c is the velocity of light (m/sec) 

(3.2.6) 
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Fig~ 5.1.4 A comparison of the experimental resultsof Yount and Pine 
(1962) with theory. This figure is reproduced from their paper. 
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E is the magnitude of the-longitudinal electric 

field (V/m) 

e is the charge on the partie~ (C) 

and Ui is the initial eaergy of the _particle (eV). 

Differentiating Eq. (3.2.6) we obtain 

1~1 
eEz dUil 

(U. + eEz) ln (1 + eEz) u. 
]. 

]. u. 

(5.1.22) 

]. 

1~1 
dU. 

lim 
]. 

= u. z---.o ]. 

Now (5.1.23) 

and lim I~ I 1 dUi I 
z _...,_(X) ln (1 + eEz) u. 

]. u . 

( 5 .1.24) 

.1 

dU · ldml These results indicate that, for a given ---1 
, =+ decreases for increas-

U. ~ 
]. 

ing z. Yount and Pine (1962) believe that this effect accounts for their 

observed dependence of the positron yield on the solenoid length. 

Another factor that would account for their result is the fact 

that the positrons have a higher energy at the end of the 8 foot solenoid 

than they do at the end of the 2 foot solenoid. Therefore, the distance 

covered in a Larmor period will be less in the latter case, and the effect 

of the finite distance required for the field to drop from its maximum 

value to zero will be greater. For the Saskatchewan system, a special 

solenoid design will be needed to cause the field to drop to zero in a 

distance less than a Larmor period. It is hoped that an iron return path 

for the magnetic flux, placed at the end of the solenoid,will accomplish 

this. 
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5.2 Use of a short, high-field solenoid followed by a low-field 
solenoid down the remaining length of the accelerator 

Another method of confining the positron beam which is superior 

to the method outlined in Section 5.1 is to follow the high-field solenoid 

by a low-field solenoid down the remaining length of the accelerator tube. 

This method of beam confinement was first suggested by Varian Associates 

(1962b). The high-field solenoid has a length such that particles of the 

design energy spiral through a half Larmor period in the field B
1

; (Refer 

8, ~, 

\ ...... --(DEAL FIELD 
\ 
\ 
\ 
I 

\ 
\ 

l 

~AcTUAL FIELD 
\ 

' 

to Fig. 5.2.1). It is assumed that 

the transition between field B
1 

and 

B
2 

is abrupt. This abrupt transition 

is an ideal case and careful design 

will be needed for the actual system 

to closely approach the ideal case. 

This can probably best be achieved 

by placing an iron disc, with a hole 

drilled to let the beam pass, concen-
Fig. 5.2.1 The longitudinal field 
configuration proposed by Varian tric with the accelerator axis and 
Associates (1962b) for confining 

a positron beam. between the two longitudinal fields. 

It is necessary at this point to specify the size and shape of 

the region in phase space that it is desired that the output beam occupy. 

From Section 3.5 we know that particles leaving the low-field solenoid 

have the ~ component of the transverse momentum reduced to zero in the 

fringing field, while the r component of the transverse momentum is un-

changed. Thus, the phase space diagram just beyond the exit of the low-

field solenoid will have the general shape shown in Fig. 3.6.2 (which is 

reproduced here). In Fig. 3.6.2, xis the Cartesian coordinate in the 
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plane normal to the accelerator axis, and p is the conjugate momentum. 
X 

Fig. 3.6.2 Phase space dis
tribution for a system of 

charged particles leaving a 
longitudinal magnetic field. 

It will be shown in Chapter 6 that 

the parameters x = 0.5 em, om 

p = 0.3 m c unit represent an output 
om o 

beam that can be conducted, using a 

reasonable amount of equipment, to 

the experimental areas. We shall use 

these values as the design values for 

systems to be discussed in this section. 

Since an input energy of 2 MeV 

(total energy) gives-the smallest 

spread in output energy for a reasonable spread in input energy and input 

phase (refer to Fig. 4.2.1), we shall choose our design energy to be 2 MeV. 

In crossing from field B
1 

to field B
2

, the particles suffer a loss in the 

cp component of the transverse momentum. The ratio of this momentum 

component in field B
2

, (pcp)
2

, to its value in field (ptp)l is, from Section 

3.5 

(pcp)2 

(ptp)l 

and the ratio of the transverse momenta is given by 

where 
U' 

cp = 1T (_!_) 
2 u. 

1 

(3.5.19) 

(3.5.24) 

(3.5.16) 

Since we have chosen a design energy of 2 MeV, Eq. (3.5.16) becomes 

(5.2.1) 
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Now, in SPction 3 .. 5 we showed that ina cylindrically symmetrical 

magnetic field, the canonical momentum conjugate to the~ coordinate is 

a constant of motion. This resulted in the equation 

PCfJ r [p~ + e~J = Const (3.5.10) 

For charged particles whose orbits intersect the axis of symmetry, this 

equation reduces to 

P = - eA 
CfJ cp (3.5.11) 

As a consequence of this result, particles whose orbits intersect the axis 

of symmetry in field B
1

, also intersect the axis of symmetry in field B
2

• 

In Section 3.3 we showed that the relationship, for positrons 

or electrons, between the transverse momentum (m c units) and the radius 
0 

of curvature of the orbit (em) is given by 

p.l. = 5.87 BP (3.3.7) 

2 
where B is the applied longitudinal magnetic field (Wb/m ). Therefore, 

a positron, or electron, whose canonical momentum satisfies Eq. (3.5.11), 

has a radius of curvature in field B
2 

given by 

(p.L) 2 

5.87 B
2 

for P2 in em, (p.l ) 2 in m
0 

c units and B2 in Wb/m
2

• 

(5.2.2) 

Now we have specified above that the maximum value of (p~) 2 is 

to be 0.3 m c unit, and the maximum value of 2P is to be 0.5 em. 
0 

Substituting these values into Eq. (5.2.2) we obtain 

We shall use the value 

2 
0.204 Wb/m 

2 
B = 0.2 Wb/m 

2 

Once we have specified the desired solid angle of acceptance 
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at the design energy (2 MeV), we can determine the required value of B
1

• 

Since for particles of the design energy, p = 0 at the abrupt transition 
r 

from field B
1 

to field B
2

, we saw in Section 3.5 that 

= (3.5.20) 

Combining this result with 

= 5.87 BP (3 .. 3.7) 

we see that P
2 

= P
1 

for particles of the design energy. We have specified 

that the maximum value of 2P
2 

is to be 0.5 em. The other equations necessary 

to calculate the solid angle of acceptance at the design energy, as a 

function of the applied magnetic field,are, from Section 3 .. 3, 

sin e = 
i 

p2 = y2 - 1 

o i = 2TI c 1 - cos e i J 

(3.3.8) 

(3 .. 3.4) 

where~. is the maximum value of 6 .. We have tabulated values of. B
1 

for 
1 1 

various values of ~- in Table 5.2.1. 
1 

e. 
1 

10° 

15° 

20° 

25° 

30° 

Table 5.2.1 
Values of B

1 
as a function of the maximum accepted injection 

angle for 2JMeV positrons (total energy) and maximum orbital 
radius of curvature P = 0.25 em. 

2 
B . 

oi 
2 

(sr) B
1 

(Wb/m ) -for B2 = 0.2 Wb/m 
Bl 

0.0942 0.447 0.447 

0.214 0.667 0.300 

0.376 0.882 0.217 

0 .. 590 1.089 0.184 

0.842 1.289 0.155 

2 
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The ratio of (p~) 2 to (p~) 1 for particles of any energy is, from 

Section 3.5, 

(p.J.. )2 B 
sin2 cp}~ = [1 - [1 - (2)2] 

(pJ..) 1 Bl 
(3.5.24) 

180° 
where cp= u. 

1 
(5.2.1) 

for 2 MeV particles. We can use this result to calculate the solid 

angle of acceptance for particles with energies different from the 

design energy of 2 MeV. Since the maximum allowed value of (p~) 2 has 

been specified as 0.3 m
0

c unit, the maximum allowed value of (p~)l is 

given by 

(5.2.3) 

Therefore, the maximum allowed value of e. ' denoted by e. , is given by 
1 1 

sin ~i = ----------~0-·~~~----------
p.t 1 - [I - (2) 

2] sin2 cp}~ 
1 B1 

(5.2.4) 

where pi is the momentum (m
0

c units) of the particle at input. At the 

design energy of 2 MeV, cp = %, ei = (@~,and Eq. (5.2.4) reduces to 

sin e ~ = _.;;;.o...;.•.;;;.:
p' (2) 

i B
1 

so Eq. (5.2.4) can be written in the form 

(5.2.5) 

(5.2.6) 
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or 

sin Gi p' 1 i (5.2.7) 
sin ®' B i pi 

{1 + [(_!)2 - 1] 
2 tp}! cos 

B2 

In Fig. 5.2.2 we have plotted the solid angle of acceptance 

2 
( ()i) as a function of energy for B

2 
= 0.2 Wb/m , and B1 taking the 

2 values 0.9, 1.1 and 1.3 Wb/m • It can be seen that the solid angle of 

acceptance at the design energy increases with increasing B1 , while the 

B 
width of the curves is a rather insensitive function of the Bl ratio. 

2 

The integrated solid angles of acceptance obtained by numerical integration 

of these curves are given in Table 5.2.2 for the three cases considered. 

Table 5.2.2 
The integrated solid angle of acceptance 
for the field configuration of Fig. 5.2.1 

with B2 = 0.2 Wb/m2. 

2 B
1 

(Wb/m ) 

0.9 

1.1 

1.3 

J .O.i dU (MeV· sr) 

o. 32 

0.40 

0.48 

From these results it can be seen that in theory the highest 

practical field should be used for B
1

• However, as discussed in Section 

5.1, particles injected at large angles to the forward direction will 

not be accelerated to the same energy as particles injected on axis. 

These particles will not represent a useful contribution to the final 

positron beam, since a reasonably monoenergetic beam is desired. We 

shall choose e. = 30°. 
1 
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Fig. 5.2.2 The solid angle of acceptance for the field con
figuration of Fig. 5.2.1. The curve parameters are values of 

B1 , with B2 = 0.2 Wb/m2. 
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In Section 5.1 we discussed the use of a short, high-field 

solenoid with no following low-field solenoid. The design decided on 

was B = 0.65 Wb/m, which yielded an integrated solid angle of 

acceptance of 0.085 MeV-sr. This integrated solid angle of acceptance 

is a factor of 5.5 smaller than the result for the design decided on in 

this section. 

In Section 4.4 we discussed the behaviour of initially out-of-

phase particles passing through the zero phase position with no applied 

axial magnetic field. We can now discuss this problem of the particle 

passing through the z~ro phase position with an applied axial field of 

2 
0.2 Wb/m . Let us consider the case of 20 MeV electrons incident on the 

positron converter, with the resulting positrons being accepted at a 

0 
phase angle of 110 • The electrons which do not produce positrons in 

0 
the converter will enter the accelerator also with a phase angle of 110 , 

which is in the decelerating region for electrons. 

The energy of the electron at the zero phase position (~ 0) 

can be obtained from the result given in Section 4.1 

y (4.1.11) 

where y=Y-~ (4.1.12) 

with Y the electron energy in m c2 units and a the dimensionless field 
0 

strength parameter defined in Eq. (4.1.5). We shall use the value a= 1.43. 

(This value corresponds to an earlier field configuration, but the con-

elusions drawn in this section are not sensitive to the value of a chosen.) 

Now, for high energy particles, the result 

(4.1.12) 

reduces to S!t 1 
y 2Y (5.2.8) 
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With the parameters given above, Eq~ (4.1.11) yields y 0.319 at ~ = o. 

Using the inverse of Eq~ (4~1~11) 

1 + 2 y = y 
2y 

(5.2.9) 

and the result from Section 3~3 

(3.3.4) 

where p is the momentum in m c units, andy is the energy in m c
2 

units, 
0 0 

we obtain for the electron we are considering (U = 20 MeV, A = + 110°), 
0 0 

Y = 1.720 and p = 1.40. Since we have specified that the beam handling 

system is to transmit particles with transverse momenta up to a maximum 

of 0.3 m c units, we calculate that the minimum longitudinal component 
0 

of momentum at the zero phase position is 

.l = [1.96 - 0.09] 2 = 1.367 (m c units) 
0 

Now from Eq. (3.2.2) 

and from Eq. (3.2.3) 

so 

-p= ....L= 
m c 

0 

Y = _u_-
2-

m c 
0 

1 

where pis the momentum (m c unit s) 
0 

Y is the total (m c 2 
units) energy 

0 

and 
., 

is the ratio of the electron velocity 

of light. 

to the velocity 

(5.2.10) 
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In cylindrical coordinates (r, cp, z), Eq. (5.2.10) becomes 

With the values p11 

p = y ~ 
r r 

Pep = y 13cp 

p = y 13 
z z 

= p = 1.367, Y = 1.720, Eq. (5.2.13) yields 
z 

(5.2.11) 

(5.2.12) 

(5.2.13) 

S = 0.794. At the maximum distance from the axis of symmetry of the z 

particle in its spiralling motion, pr = 0, Pep= p~, so at this point a 

particle with p~ = 0.3 has, from Eq. (5.2.12), Scp = 0.1742. 

For electrons, the force acting due to the accelerator fields 

alone is, from Section 3.1, 

(3.1.12) 

At A= 0, this force acts radially outward. The force acting on the 

electron due to the applied longitudinal field B is, from Eq. (3.1.11), 
z 

given by 

F = e v B r cp z (5.2.14) 

We are going to calculate the ratio of the magnitudes of these two forces 

at the maximum distance of the particle from the axis of symmetry. At 

this point, the force of Eq. (5.2.14) acts radially inward, opposing the 

force of Eq. (3.1.12). We shall denote the force of Eq. (3.1.12) by Fd, 

and the force of Eq. (5.2.14) by Ff. From Eq. (3.1.12) and Eq. (5.2.14) 

the result is 

Fd = E (TTr) cos A (1 .. 13 z) o A. 
(5.2.15) 

Ff scp c B z 

Considering those electrons whose transverse motion corresponds 

to the specified maximum values for the beam handling system, using A= 0, 



- 92 -

r = 0.5 em, A= 10.5 em, ~~ = 0.1742, ~z = 0.794, E
0 

= 6.96 MV/m, 

2 
Bz = 0.2 Wb/m , we have that the ratio of the defocussing to the focussing 

force as given by Eq. (5.2.15) is 

Fd = 0.03 

Since the defocussing force is such a small fraction of the 

focussing force, we may expect most of the electrons which pass through 

the positron converter to remain bound in the accelerator. We must 

repeat here our conclusion of Section 4.4 that the positron beam will 

have to be bent by a magnetic field to clear it of electrons before it 

can be used for experiments. 

5.3 Use of a short, high-field solenoid followed by a low-field solenoid 
down part of the remaining length of the accelerator 

Since placing the 0.2 Wb/m2 field down the entire length of the 

accelerator will be quite expensive, it is of practical importance to 

calculate the effect of placing this field down only part of the accel-

erator. We shall consider the case of placing the low-field solenoid 

along only the first positron accelerating section. At the end of the 

2 0.2 Wb/m solenoid the phase space 

P-x. ( M0 C unit) 

-0.3 

X.(cm) 

Fig. 5.3.1 The phase space 
distibrution at the exit of 

the low-field solenoid. 

distribution will have the form 

illustrated in Fig. 5.3.1. At the 

end of the accelerator, with the low-

field solenoid extending only to the 

end of the first accelerator·section, 

the phase space distribution will 

have a form similar to that shown in 

Fig. 5.3.2. This form can be cal-

culated using the theory of Section 3.6. 
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/ 

Fig. 5.3.2 The phase space 
distribution at the exit of 

the accelerator. 

We wish to calculate the 

fraction of the area of the phase 

space ellipse of Fig. 5.3.2 that 

lies outside the aperture of the 

accelerator. This calculation 

for the general case is carried 

out in Appendix VI. The phase 

space distribution is first 

expressed in terms of the new 

coordinates X and P, such that the ellipse assumes an upright form in 

X - P space. The theory for this is developed in Section 3.6. 
equation of the 

the/phase space ellipse in the form 

and with the parameters 

'¥ 1 [ -1 B 
CJ =- tan 

A -2 

A 
2 

'¥ + B '¥ sin '¥ + c sin 
2 

'¥ a= cos cos 

A sin 
2 

'¥ - B cos '¥ sin v + c 2 v c = cos 

X = r 
1 m sec v 

With 

(3.6.22) 

(3.6.28) 

(3.6.30) 

(3.6.31) 

(5.3.1) 

where r is the radius of the accelerator aperture, it is shown in 
m 

Appendix VI that the fraction of the phase space ellipse contained within 

the limits - r < x < + r is given by 
m m 

F = ~ [x Ia' (1 - aX2)! + sin-1 (X
1 
~ )] 

TT 1 '1..... 1 (5.3.2) 

Let us consider a numerical example. Positrons injected with 

0 total energy 2 MeV, phase angle+ 120 arrive at the end of the first 
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positron accelerating section with an energy of 39.8 MeV, and arrive at 

the end of the third positron accelerating section with an energy of 

115.5 MeV. (Refer to Section 4.2.) The parameter ~ was defined in 

Section 3.6 by the equation 

where 

1 = ~ ln (1 + Tlz) 
yo 

11 = 
eE 

0 

2 
m c 

0 

(3.6.9) 

(3.6.6) 

~ -1 Using the value •1 = 0.1472 em , which corresponds to the average value 

along the accelerator, we have 

n 1 1 (115. 5) = 7 24 em 
l = 0.1472 n 39.8 • 

We showed in Section 3.6 that the maximum value of x in the 

phase space distribution is given by 

2 
X 

m 
x2 + 12 

om 
(3.6.15) 

In our present example we have from the above parameters, x = 2.23 em 
m 

Since.the accelerator aperture is 2 em diameter, we see that some of the 

positrons in this phase space distribution would strike the accelerator 

discs before reaching the end of the accelerator. 

The equation of the phase space distribution after the beam 

has travelled a "distance" 1 from the position where the distribution 

was initially upright, is from Section 3.6 

2 
X 

2 
X om 

(3.6.14) 

Using x
0

m = 0.5 em, pxom = 0.3 m
0

c unit, l = 7.24 em, we obtain for 

Eq • ( 3 • 6 • 14 ) 

2 2 
4.00 x - 57.9 xpx + 221 px = 1 (5.3.3) 
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so A= 4.00, B 57.9' c 221, 

* 
0 

7.45 ' a 0.21, c- 224, 

xl 1.008. 

As a check on the accuracy of these calculations, note that ac = 47.0, 

while from Liouville's theorem we expect a value of _2_...;;;1;_2_ = 44. 44 

xom porn 

(refer to Eq. (3.6.32)). Thus, our calculations are accurate to about 

5%. Substituting these results into Eq. (5.3.2) we obtain F = 0.56. 

Therefore, we see that if the low-field solenoid is terminated 

at the end of the first positron accelerating section, about half of the 

useful beam will be lost before it reaches the end of the accelerator. 

(This conclusion is based on the assumption of a uniform distribution 

of representative points in phase space, which seems a reasonable 

assumption to make.) 

A similar calculation could be carried out for the case of the 

low-field solenoid being terminated at the end of the second positron 

accelerating section. However, it should be kept in mind that positrons 

will not always be accelerated using maximum field -- if lower energy 

positrons are desired they can be injected so as to ride the accelerating 

wave below peak field. Other methods of producing lower than maximum 

by 
energy positrons are I reducing the input microwave power or by introducing 

a phase shift in the power to the third positron accelerating section so 

that particles are decelerated in this section. These methods will all 

result in increasing the value of 1 as calculated by Eq. (3.6.9). There-

fore, if the low-field solenoid is terminated before the end of the 

accelerator, the system will exhibit the undesirable feature of 

having the useful yield decrease as the output energy is decreased. It 
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seems clear that if the low-field solenoid is to be terminated before 

the end of the accelerator, the position of termination should be based 

on calculations using the lowest planned positron energy. 

5.4 The use of guadrupoles to confine the positron beam within 
the accelerator 

An important question is whether or not quadrupoles should be 

used to confine the beam within the accelerator aperture. It is necessary 

to note at the outset that in order to fit around the linac tube the 

quadrupoles will have to be of large aperture, (about 8 inches in diameter). 

Therefore, these quadrupoles will be expensive and require high power. 

Fig. 5.4.1 The area occupied in 
coordinate-momentum phas.e space 

by the positron beam at the 
output of the first positron 
accelerating section. The 
momentum, p , is measured in 
m c units; xthe coordinate, x, 

0 . 1s measured in em. 

Let us consider the system of 

Section 5.3 -- the high-field solenoid 

followed by the low-field solenoid 

down the remainder of the first positron 

accelerating section. The phase space 

distribution at the end of the low-

field solenoid is shown in Fig. 5.4.1. 

Let us consider the case where the 

positrons are injected into the first 

section·with an energy of 2 MeV and a 

0 phase angle of 120 with respect to the 

travelling wave. From Fig.4.2.1 and 

Fig. 4.2.5 we see that these positrons 

leave the first section with an energy 

0 of about 38 MeV and a phase angle of 89 • 

From Section 3.6 we have the results 

(3.6.15) 
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1 = 1 ln (1 + Tlz) 
iT y i 

x is the maximum value of the transverse Cartesian 
m 

coordinate x (em) 

x is the initial value of x (em) om m 

pxom is the initial maximum value of the momentum, px' 

conjugate to the coordinate x (m c units) 
0 

eE 
0 

2 
m c 

0 

-1 0.15 em (See Section 5.1) 

z is the longitudinal distance from the entrance 

of the accelerator (em) 

(3.6.9) 

and Yi is the initial total energy of the particle (m
0

c
2 

units). 

Using these equations we calculate that the positron beam will have 

expanded to the limit of the accelerator aperture (1 em radius) in a 

"distance" of 

1 = [1 - 0.25]! = 2.89 em 
0.09 

or a physical distance ,..of 

Y. n 
z = t [ exp <Tll) - 1J = 2.69 m 

This distance represents roughly half the length of an accelerator 

section. 

We now calculate the required parameters of the quadrupole 

pair to produce a phase space distribution which is skewed to the left. 

Let us locate the quadrupole pair at a "distance" 1 = 2.80 em from 

the exit of the first accelerating section. This is a physical distance 

of 2.58 m down the tube. At this point the energy is given approximately 
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by 

Y = Y. + ~z = 74.3 + 0.15 (258) = 113.1 m c
2 

unit 
1 0 

It is shown in Appendix V that a condition for the phase space ellipse 

to be skewed to the left (W < 0) was that the center-to-center separation 

of the individual quadrupoles, t, must be greater than the value calculated 

from the equation 

f 
t = --------------------2 

i,y + xom Y 
f --2-Tf 

pxom 

.... 1 

With the parameters already calculated, Eq. (3.6.34) becomes 

f t = -~--
429 - 1 

f 

(3.6.34) 

(5.4.1) 

(Note that f is measured in em in these equations.) For f = 100 em , 

Eq. (5.4.2) indicates that the center-to-center separation must be greater 

than 31.4 em. We shall use the value t = 40 em. 

The question immediately arises as to whether f = 100 em, t = 40 em 

represents a practical design for an 8 inch aperture quadrupole pair. The 

relevant equations from Appendix IV are 

and 

with 

whete 

oB = _!_ __y_ 
BP ox 

f is the focal length of the quadrupole 

L is the effective length of the quadrupole (the length 

of the pole faces plus a small term to account for 

fringe fields) 

(5.4.3) 

(5.4.4) 

(5.4.5) 
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and BP is the "magnetic rigidity" of the charged particle 

as calculated from the equation 

BP = 
p.l 

5.87 

forB in Wb/m
2

, Pin~ and p.l in m
0

c units. 

(3.3.7) 

Let us make the individual quadrupoles 10 em long. Then, for 

the case we are considering 

1 = 100 (10) 
k2 

and for particles of energy of 113 m c units 
0 

BP = 5
1.18~ = 19.25 (Wb/m

2
) em 

so the field gradient necessary is 

oB 
~ = 19.25 x 10-3 (Wb/m

2
)/em 

= 192.5 Gauss/em= 489 Gauss/in 

Field gradients as large as 2000 Gauss/in in 8 inch aperture quadrupoles 

are available commercially. Therefore, our chosen parameters are realistic. 

We now must calculate the phase space transformation accomplished 

by 1= 2.80 em, f = 100 em and t = 40 em. Using the equations of Section 

3.6 we obtain 

from Eq. (3.6.23) A= 2.33 

from Eq. (3.6.24) B = 3.82 

from Eq. (3.6.25) c = 20.53 

from Eq. (3.6.28) 'It = - 5°56' 

Note as a check that from these figures, AC -
B 2 

(2) = 44.0, which is 1% 

below the actual value of 44.44 obtained from Eq. (3.6.33). The new 

values of x and p are om xom 
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1 
x

0
m = ~ = 0.656 

[ A J! 
AC - (!!)

2 

2 

0.230 

The "distance", 1 , needed for the ellipse to become upright is, from 

Eq • ( 3 • 6 • 15) 

2 1 = [1.0 - (0.656) ]! 
(0.230)

2 
3.29 em 

and the "distance" for the ellipse to again have the maximum value of 

x equal to the machine aperture is 

1 = 2 (3.29) = 6.58 em 

Rearranging the terms in Eq. (3.6.9) we obtain 

1= * ln [.!!...] 
u. (5.4.6) 

1 

where u. is the 
1 

total energy (MeV) at z = 0 

and u is the total energy (MeV) at a distance z down 

the accelerator. 

Now from Fig. 4.2.7 we see that the energy at output of the positrons we 

are considering is 115 MeV, so the "distance" from the end of the first 

positron accelerating section to the end of the accelerator is given by 

n 1 [ 115 J 
~ = 0.15 ln (0.511)(113) 4.59 em 

Since the phase space ellipse at output has not skewed to the extent 

where x is equal to, or greater than, the radius of the accelerator 
m 

aperture, we see that only the one quadrupole pair is needed for the case 

we are considering. 

If these calculations were repeated using f = - 100 em -- the 

first quadrupole defocussing rather than focussing -- slightly different 
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results would be obtained. Rather than carry out this calculation, we 

shall pass on to the case of positrons leaving the first section of the 

accelerator with an energy of 38 MeV and experiencing no further accel

eration. In this case, 1 is calculated from the equation 

1= z 
yi 

(3.6.13) 

Let us again locate a quadrupole pair a "distance" 1 = 2.80 em from 

the end of the first accelerating section. From Eq. (3.6.13) this is a 

physical distance of 

= 2.80 (38) = 2 08 
z 0.511 • m 

From Eq. (3.6.34) we calculate that the minimum value of t is given by 

t = f 

282 - 1 
f 

(5.4.7) 

For f = 100 em this minimum value of t is 55 em, and for f = 75 em we 

obtain a minimum value oft of 27.2 em. We shall use the values f = 75 em, 

t = 40 em. 

Using the equations of Section 3.6 we obtain 

from Eq. (3.6.23) A = 3.22 

from Eq. (3.6.24) B = 4.76 

from Eq. (3.6.25) c = 15.93 

from Eq. (3.6.28) 

B 2 Note as a check that AC- (2) = 45.7, which is close enough for these 

purposes to the actual value 44.44. 

The new values of x and p are om xom 

x 0 m = ~ = 0.558 
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0.265 

The phase space ellipse will have attained the upright form a "distance", 

! , given by 

2 1 = [1.0 - (0.558) ]! 
(0.265)

2 3.13 em 

and the next quadrupole pair will be needed a "distance", l, , of 6, 26 em 

from the first quadrupole pair. This is a physical distance of 466 em, 

or a distance of 6.74 m from the end of the first positron accelerating 

section. We see from the above calculation that the beam will be able 

to traverse the remaining 3.92 m of the accelerator without needing a 

further quadrupole pair. 

For design purposes we would repeat these calculations using 

f = - 75 em -- the first quadrupole defocussing rather than focussing. 

However, the above calculations are sufficient to enable us to draw the 

following conclusion: if it is desired to subject the positron beam to 

accelerations varying from zero to the maximum possible in the second and 

third accelerating sections two sets of quadrupole pairs will be needed. 

These quadrupole pairs would be expensive due to their large aperture 

(about 8 inch diameter) and the high power that would be required (probably 

about 1 KW). A detailed study would be needed to see if this system would 

prove more economical than the design suggested in Section 5.2 -- placing 

a 0.2 Wb/m
2 

solenoid down the entire length of the accelerator. 

It should also be kept in mind that it will be desired to have 

positrons of output energy below 40 MeV. This means not subjecting 

positrons to the full accelerating field in the first positron accelerating 

section or else decelerating them in subsequent sections. To transmit 
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such a low energy beam without acceleration through the second and third 

positron accelerating sections would require more quadrupole pairs than 

the two sets suggested by the above calculations. 

5.5 The expected yield if a design energy other than 2 MeV is used 

We have chosen the desired input energy of the positrons to the 

first accelerating section to be 2 MeV on the basis that this energy gives 

the minimum energy spread at output for a reasonable spread in input phase 

and input energy. We should now examine our choice of design energy to 

see if some other design energy would produce sufficiently greater numbers 

of positrons to outweigh the advantage of the small output energy spread 

from 2 MeV positrons. We shall consider first the system outlined in 

Section 5.2. 

Since we are not interested in extreme accuracy in these cal-

culations, we can carry out the comparison in the following manner. Let 

n'. .. 

n'· .:!..!::..~. 

2 

Fig. 5.5.1 A solid angle of 
acceptance vs input energy curve 

for a system of the type discussed 
in Section 5.2. The approximation 
to the curve that will be assumed 
in this section is represented by 

the dotted lines. 

us approximate the actual CJ. vs U 
1 0 

curve by a triangular area with apex 

at(().) and with each side passing 
1 max 

through one of the half height points. 

(See Fig. 5.5.1). 

For accurate calculations we 

would calculate (). from the equation 
1 

= 2'll [ 1 - cos8.] 
1 

(3.3.11) 

where we would calculate Gi from the 

equation 

sin e' = 
i 

0.3 (5.2.5) 
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for particles of the design energy, and for particles of other energies 

from 
sin (@ p' 

1 i i 
e· = sin pi B 

2 cp}! i 
[1 + [(_1.)2 - 1] cos 

B2 

(5.2.7) 

u~ 

cp= !I. (_!.) 
2 u. where (3.5.16) 

1 

In these formulae 

oi is the solid angle of acceptance (steradian) 

e. is the maximum value of the injection angle for 
1 

the positron to be accepted 

ui is the initial total energy of the positron (MeV) 

pi is the initial value of the positron momentum (m c unit) 
0 

B
1 

and B2 are the two values of the constant applied 

longitudinal magnetic field (Wb/m
2

) (Refer to Fig. 5.2.1.) 

and the primes refer to values at the design energy (2 MeV). 

For these calculations we shall make the approximation that 

~ Bl 
sin ~i 5!£ 8i, and using i3 = 6. 5, which corresponds to the design decided 

2 
on in Section 5.2, we have 

01• TT e~ (5.5.1) 

e~ = 
1.95 
p' 

i 
(5.5.2) 

so ni = 11.93 

( ')2 pi 

(5.5.3) 

~ p' 
1 i 

e~ = pi [ 1 + 41.25 cos2 cp}! 1 

and (5.5.4) 

' We shall make the further approximation that the energy at 0.5(). 
u' ou! 1 

i 1 
is close enough to Ui_ that U 5:!! 1 - U' , where 5Ui_ = Ui - Ui_ 

i i 
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Since 

6p' 6U! 
i ]. we see that 

= p' 
i 

U' 
i 

so 
p! ou~ 

]. 
S!t1 

]. -
pi U' 

1 

Now 
U' 6U' 

tn = !!. { _i) 5!' !!. [ 1 - i J 
.,.. 2 u 2 "'{j7"" 

i 1 

so 
6U! OU' 

[
TT l. J $IS !!. __ 1 

cos tp 5!:' sin 2 U: 2 U, 
]. 1 

If 
6U' 

!!. __ 1 << 1 
2 U' 

1 

Therefore, Eq. {5.5.4) becomes 

~e:= 
i 

6U' 
1 1-

U' 
i 

From Eq. ( 5 • 5 • 1) n i ~ e~ , so 

6U' 
1-2-

1 
U' 

i 
oul 2 

1 + 101.8 ('"ij'"t) 

1 

At Q
1 

= 0. 5 n '
1 

, Eq. ( 5 • 5 • 11) becomes 

(3.3.1) 

(5.5.5) 

(5.5.6) 

(5.5.7) 

(5.5.8) 

(5.5.9) 

(5.5.10) 

(5.5.11) 

(5.5.12) 
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Solving Eq. (5.5.12), we get for !)i = 0.5 r1i, 

6U' 
_i = - 0.12 
U' 

i 
and 

6U' 
_i= 
U' 

i 
0.08. 

We can check the accuracy of the above procedures by comparing 

the results obtained with this method with the results obtained in 

Section 5. 2 for a design energy of 2 MeV. At U i = 2 MeV, Pi = 3. 78 m
0 

c units. 

and from Eqs. (5.5.1) and (5.5.2) we obtain 

I 

At 0. 5 .() . we ohtain the energ.y values 
]. 

and 

ui = 2.0 0.12 (2.0) = 1.76 MeV 

U. = 2.0 + 0.08 (2.0) = 2.16 MeV 
]. 

We compare the results of the approximate calculations and the exact 

calculations from Section 5.2 in Table 5.5.1. 

Table 5.5.1 
A comparison of exact and approximate methods 
of calculation for the system of Section 5.2. 

Exact Approximate 
Calculations Calculations 

q (MeV.sr) 0.842 0.836 

1.775 1.76 
u. (MeV) at 0. 5 Oi 

l. 
2.175 2,16 

Full width at half 
0.40 0.40 height (MeV) 

J Qi dUi (MeV .sr) 0.337 0.48 

It can be seen that the agreement is quite good, except for 

the value of the integrated solid angle which is high by 28%. However, 
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since for all-design energies a reasonable fraction of the area under 

the actual curve is excluded from the area under the approximate curve, 

(refer to Fig. 5.5.1) the approximate value of the integrated solid 

angle will be low for all design energies, and we may expect the variation 

of the error in J n i dUi to be quite a bit smaller than the error itself. 

Ratios of integrated solid angles of acceptance should be accurate to 

about 10%, which is sufficient for these purposes. 

We have calculated values of J .(Ji dU i for various values of 

U! and the results are plotted in Fig. 5.5.2, normalized to unity at 
l. 

2 MeV. We have also plotted the value of F(v) (defined in Eq. 2.1.1) 

for an incident electron energy of 20 MeV (refer to Section 2 .1), with 

this curve normalized to unity at 6. 0 MeV. The product of F(V) J D i dU i 

is also plotted, normalized to unity at 2 MeV. (Note that the positron 

yield is proportional to J F(a) (1. dU., not F(a) J Q. dU., but the 
l. l. l. l. 

latter value is accurate enough for the purpose of this calculation.) 

It can be seen from Fig. 5.5.2 that we would expect an increase in the 

number of positrons accepted as the design energy is decreased. Since 

for design energies below 2 MeV the output energy is a quite sensitive 

function of the input energy (refer to Fig. 4.2.1) we see that 2 MeV 

represents the optimum design energy. 

However, we have not taken into account the variation of the 

positron yield with Eji. We need to know the ratio of the yield in a 

cone of half angle ~i to the yield that would be calculated by multi

plying the central yield by the solid angle of acceptance. As was 

mentioned earlier (see Section 2.1) insufficient information is available 

on the variation of positron yield as a function of the angle from the 

forward direction to enable us to draw any conclusions. 
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Fig. 5.5.2 The parameters of the system of Section 5.2 as a function of the design energy. 
The function F(v), the positron yield as a function of positron energy, is defined by 
Eq. (2.1.1), and is normalized t9 unity at 6 MeV. The other curves are normalized to unity 
at 2 MeV. The curve labelled"Q. "is the solid angle of acceptance at the design energy U~, 
the curve labelled "JO.dU." is tfie integrated solid angle of acceptance for a design energy 
u~, and the curve labellea'~(v)~idU1"is the product of the respective two curves. 
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A similar analysis could be carried out for the system of 

Section 5.1. By making the same type of assumption as above we would 
oU! 

]. 
calculate two values of ----U, at 0.5 Cl! which would be independent of U!. 

i ]. ]. 

Therefore, since ()! is given by the same equations as for the system 
]. ou' 

of Section 5.2, and for U; independent of Ui, the normalized 
i 

F(~) J !1i dUi curve of Fig. 5.5.2 will remain unchanged, and our con-

elusions above will remain valid for this system -- a design energy of 

2 MeV is indicated unless the fall-off of positron yield with ei is 

great enough to require slightly higher design energies. 
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CHAPTER 6 

HANDLING OF THE IUSITIDN BEAM BEYOND THE ACCELERATOR 

We are unable at this stage to propose a definite plan for 

transferring the positron beam from the output of the accelerator to the 

experimental areas. Since the parameters of the positron beam at the 

output to the accelerator are determined by the choice of the magnetic 

confining system (as discussed in Chapter 5), and this choice initially 

will be dictated by the amount of money available for the project, we 

cannot design a beam handling system until we have some idea of the 

project's budget. Also, the location of the beam handling quadrupoles 

is not determined solely by beam optics. On the beam tube will be 

located collimators and elements of the vacu~m system. Quadrupoles will 

have to be located in spaces free from these obstructions. 

One question which can be answered at this stage is whether 

or not the electron beam handling system will be adequate for the positron 

beam. Referring to Table 1.1 we see that this system will be designed 

to handle an electron beam 1 em diameter with a maximum total divergence 

of 10-
3 radian at 15 MeV. The phase space diagram of this beam is plotted 

in Fig. 6.1. This diagram can be compared with the phase space diagram 

of Section 5.1 (refer to Fig. 5.1.3) in which the area occupied in phase 

space is 0.16 m c-cm and with the system of Section 5.2 (refer to Fig. 
0 

3.6.2 with x = 0.5 em, om P - 0.3 m c unit) in which the area occupied xom- o 

in phase space is 0.462 m C•cm. We see that the elements of the electron 
0 

beam handling system will not alone be adequate to handle the positron 

beam. Additional quadrupole pairs will be needed. 

Let us consider the positron confining system of Section 5.2. 

For this system the initial parameters of the output phase space ellipse 
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(refer to Fig. 3.6.2) are x = 0.5 em, om 

P = 0.3 m c units. We shall attempt 
xom o 

to estimate the number of quadrupole 

pairs needed to transmit this positron 
rn 

X,o beam 30 m ( ,.._ 100' ) • The relevant 

theory has been developed in Section 3.6 

and Appendix V. Since for a field-

Fig. 6.1 The phase space diagram 
free region (~ = 0) f~ l, where 1 

y 

for the electron beam at the output is the distance travelled measured 
of the accelerator, where x is a 
typical Cartesian coordinat~ in the in the particle's reference frame 
transverse plane, and p is the 

conjugate momentSm. (refer to Eq. 3.6.13),we shall do 

our calculations for y = 40 (U r-..J 20 MeV) rather than for higher energies. 

Using the result from Section 3.6 

(3.6.15) 

where x is the radius of the beam tube (3.2 em) we calculate that the 
m 

first quadrupole pair will be needed a "distance" 1 from the output of 

the accelerator, where 

n 2 2 
~ = [(3.2) - (0.5) ]! = 10.5 em 

(0.3)
2 

or a physical distance, from Eq. (3.6.13), of 

z = 10.5 (40) = 420 em 

Let us consider locating a quadrupole pair with individual 

quadrupoles of focal length 100 em, and a center-to-center separation 

of 40 em, at a distance of 400 em from the output of the machine. Carry-

ing through the calculations as indicated in Section 3.6 we find that the 

new distribution in phase space is characterized by x = 1.50 em om 
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p = 0.1 m c units. Using Eq. (3.6.15) we calculate that the second xom o 

quadrupole pair is needed at a "distance" 

2 2 
[(3.2) - (1.5) ]~ 

(0.1)
2 

28.7 em 

or a physical distance 

z = 28.7 ( 40) 1148 em 

from the first quadrupole pair. 

From these results, we see that we can obtain an estimate of 

the number of quadrupole pairs needed by assuming that the first quadru~ 

pole pair is located a "distance" £ = 10 em (a physical distance of 4 m) 

from the output of the machine, and that further quadrupole pairs are 

needed every 8 m (corresponding to ~ = 20 em). Thus, to transmit the 

20 MeV beam through a distance of 30 m, approximately 4 quadrupole pairs 

are needed. Not all these quadrupole pairs need be supplied especially 

for the positron beam -- the quadrupole pairs of the electron beam 

handling system can be used. 

For a lower energy beam, say 10 MeV, the above calculations 

indicate that ,.._ 9 quadrupole pairs will be needed to transmit the full 

beam. Careful design can probably reduce this figure somewhat. However, 

a quadrupole pair located every ~10' along the beam transport tube 

still represents a reasonable design. 

From these considerations we can conclude that x = 0.5 em, om 

p = 0.3 m c units,x p = 0.15, represent reasonable design xom o om xom 

parameters for the positron beam at the output to the accelerator. 
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CHAPTER 7 

CONCLUSIONS 

7.1 Expected useful positron yields 

As indicated in Section 2.1 there are numerous uncertainties 

involved in estimating positron yield from thick targets. The agreement 

among the various experimental investigations is not good, and the yield 

per unit solid angle at large angles from the forward direction has not 

been measured at all. It seems that increasing the target thickness 

from --0.2 r.l. to -1.0 r.l. increases the central yield by about a 

factor of two (refer to the results of Bernardini, et al, (1962)). 

MacGregor's (1961) analysis for yield at large angles to the forward 

direction (refer to Fig. 2.1.2) is quite rough, and was carried out for 

a relatively thin target of 0.3 r.l. In this section we shall assume 

that the central yield can be calculated by doubling the Katz and Lokan 

result (Eq. (2.1.1)) for a target thickness of 0.2 r.l. We shall also 

assume that the yield per unit solid angle is independent of the angle 

to the forward direction, and is equal to the central yield. 

From Table 1.1 we see that at the end of the first accelerator 

section we may expect 624 pulses/sec of 18.8 MeV electrons. The peak 

beam current expected is 270 rnA. The figure of 624 pulses/sec, each 

-4 pulse having a length of 1.0 ~sec, means a beam duty cycle of 6.24 x 10 • 

Therefore, the time-average electron current will be 170 ~A. 

Using Eq. (2.1.1), Fig. 2.1.1 and our assumption that the 

central yield for a 1.0 r.l. target is double the central yield for a 

0.2 r.l. target, we obtain a central yield of 2 MeV positrons of 

d
2
N 5 

_;;.......;...;....._ =: 2 (4.7 X 10- )(18.8)(2.9)(0.2)(0.8) 
dU+ d.O 
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For the magnet system suggested in Section 5.2 -- the short 

2 2 
solenoid of 1.3 Wb/m followed by a 0.2 Wb/m solenoid down the remain-

ing length of the accelerator -- we found the integrated solid angle of 

acceptance to be 0.48 MeV.sr. This means that we may expect a net 

conversion efficiency of ,._ 4 x 10-4 e + /e- or a useful yield from a 

170 ~A time average electron current of 0.07 ~A of positrons. For the 

2 
magnet system suggested in Section 5.1 -- the short solenoid of 0.65 Wb/m 

-- the integrated solid angle of acceptance was found to be 0.085 MeV.sr. 

From this system we should expect a net conversion efficiency of 

-4 +; - t 0.7 x 10 e e or a useful yield from a 170 ~A time average elec ron 

current of 0.01 ~A of positrons. These results are tabulated in Table 7.1. 

Table 7.1 
A comparison of the designs suggested in 

Section 5.1 and Section 5.2. 

Integrated solid angle of 
acceptance (MeV·sr) 

Net conversion efficiency (e+;e-) 

Net yield (time average) (~A) 

7.2 Discussion 

Design of 
Section 5.1 

0.085 

0 10-4 
.7 X 

0.01 

Design of 
Section 5.2 

0.48 

0.07 

The purpose of this work has been to discuss in general the 

problem of generating and accelerating positrons. This has included a 

discussion of experimental results by other workers, a discussion of the 

theory of magnetic beam confining and beam handling systems, and sufficient 
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calculations to indicate the properties of typical systems. No attempt 

is made at this time to present a firm design for the Saskatchewan 

system. The final design will be determined to a great extent by the 

funds available for the project. 

From the results of Bernardini et al (1962) we may expect an 

increase in positron yield by a factor ,......, 2 by increasing the target 

thickness from the value recommended by Katz and Lokan (1961) of 

0. 2 r .1. to """1.0 r .1. The optimum target thickness seems to lie in 

the region from 0.5 r.l. to 1.0 r.l. A high Z target material is 
-che resu ·i .· ~. o' 

definitely indicated. From/Katz and Lokan (1961) we may expect the 

maximum positron yield to occur at a positron energy~~ the incident 

electron energy, although the results of Aggson and Bernod (1962) and 

Bernardini et al (1962) indicate that the maximum yield occurs at 

lower positron energies. The yield as a function of the angle to the 

forward direction has not been measured. 

The equationsof motion given by D8me (1960) have been solved 

numerically using an IBM 1410 computer. The solution involved assuming 

that an accelerator section could be divided into constant field seg-

ments. A comparison with results obtained by Varian Associates (1963) 

and by J. Haimson (1963) using the exact field configuration show this 

assumption to be valid for the field configuration of the Saskatchewan 

machine. From the results of our computer program we obtain the result 

that for a reasonable spread in input energy and input phase the minimum 

output energy spread occurs for injection of positrons of 2 MeV total 

0 
energy at a phase relative to the travelling wave of + 120 • Using these 

injection parameters, and assuming an input energy spread of 0.4 MeV and 

an input phase spread of 20°, we shall obtain an output beam of energy 
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39.4 ± 0.5 MeV at the end of the first positron accelerating section and 

of energy 114.5 ± 1.0 MeV at the end of the third positron accelerating 

section. 

We have discussed in detail the motion of charged particles in 

electromagnetic fields. The motion of charged particles in slowly-varying 

magnetic fields has been studied and it is found that, unless an extremely 

wide energy acceptance is desired, this method of confining charged particle 

beams is inferior to the other methods discussed. These were the half 

Larrnor period solenoid proposed by Yount and Pine (1961) and the modifica

tion of this system, proposed by Varian Associates (1962b), by following 

this solenoid by a low-field solenoid down the remaining length of the 

accelerator. Various modifications of the latter system placing the 

low-field solenoid down only part of the accelerator, using quadrupole 

pairs -- have been discussed briefly. It has been found that if the low

field solenoid is terminated at the end of the first positron accelerating 

section about half the beam will be lost. This applies to a beam experi

encing full acceleration -- the performance will be somewhat worse for a 

lower energy beam. In this system beams of energy above 40 MeV can be 

confined by placing two quadrupole pairs at appropriate places along the 

accelerator. To transmit lower energy beams more quadrupole pairs would 

be needed. 

The motion of out-of-phase particles as they pass through the 

zero phase position has been studied in detail. For no applied longitudinal 

field it is found that the radial momentum gained due to the action of the 

accelerator fields is of the order of the radial momentum that will be 

transmitted through the accelerator. Therefore, we may expect most of 

such a beam to be lost. However, if an applied longitudinal field of 



- 117 -

0.2 Wb/m
2 

exists at the zero phase position on the accelerator, the 

defocussing force is only ~3% of the focussing force and we should 

expect most of such a beam to be confined within the accelerator aperture. 

In any case, before using a positron beam for experiments it should be 

deflected by a magnetic field to clear the beam of electrons. 

We found that for a system of the Yount and Pine (1962) type 

0.7 X 10- 4 e+/ewe should be able to obtain a net conversion efficiency of 

and a time average positron current of 0.01 ~A. For a system of the 

Varian (1962b) type we should be able to obtain a net conversion efficiency 

of 4 x 10-4 e+;e- and a time average positron current of 0.07 ~A. 



- 118 -

APPENDIX I 

DERIVATION OF THE EQUATIONS OF MOTION OF A CHARGED 

PARTICLE IN A UNIFORM STATIC ELECTROMAGNETIC FIELD 

--~----L-..---E 
________ ..,.._8 

Consider a particle of charge 

e, momentum p. , energy U. , injected 
1 1 

into a uniform, static electromag-

netic field, withE parallel to B. 

The angle of injection is 9 .• (Refer 
1 

to Fig. I.l.) The subsequent motion 

of this particle is governed by 

Eq. (3.2.1). (Note that MKSA units 
Fig. I.l Initial conditions for 

aparticle injected into the type 
of electromagnetic field con

sidered in this section. 

are being used.) 

--dP c- __ -J -=e E+vxB (3.2.1) 
dt 

We shall choose cylindrical coordinates (r, ~' z), and take the z direction 

along E. The non-zero components of Eq. (3.2.1) are 

d( A. ~ - ["' ~ ~] P + P ~ + P ~ ) = e v Be - v Be + Ee 
dt rer ~ ~ z z cp r r cp z 

(I.l) 

where e ~ and ~ are the unit vectors in the r, rn and z directions 
r' ~' z .,.. 

respectively. Using the properties of the unit vectors 

de = d~e 
r cp d~ = - dtne cp .,.. r de = o 

z 
(I.2) 

which can be obtained using a simple diagram, we obtain upon separating 

components 

p - p ~ = eBv (I.3) 
r cp cp 

p + p rc,O= - eBv (I. 4) 
cp r 

p = eE (I .. S) 
z 

where the dots over the symbols refer to differentiation with respect to 

time. 
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It is convenient to measure momentum in units of m c, and energy 
. 0 

2 
in units of m c • When using these units we shall denote momentum by the 

0 

symbol "p", and energy by the symbol "y". We then have 

pr p q, = e 
B - v 

~ m c ~ 0 

(I.6) 

pep + p cp= e 
B v r m c r 

0 

(I. 7) 

e 
E Pz = m c 

(I.8) 
0 

We shall assume that the particle is fully relativistic on 

vi 
injection, so that ~. Sii1 1, (where ~. = -) p. =:! y.. We shall also 

1 1 c 1 1 

assume that 9. << 1, so that (p ). ==: p., z 5!!! ~c ~c. With these 
1 z 1 1 

assumptions Eq. (I.8) becomes 

Integrating we obtain 

__!L_E~·- •£:ic= ~ 
m c - Y - z dz - c dz 

0 

(I.9) 

y = yi + eE2 z (I.lO) 
m c 

0 

We shall now consider Eq. (I.7). Referring to Eq. (3.2.2) 

and Eq. (3.2.3) we see that 

p v (I.ll) = y(-) 
c 

so that t 
(1.12) p = y(-) 

r c 

and p = !i (1.1:3) 
cp y c 

Substituting these results into the left side of Eq. (1.7) we obtain 

:r • t m p + p m = p + y -c r~ = p + -(y~) = 
~ r"' ~ .,.. cp r c 

(1.14) 
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Therefore, 

1 d 
(rp ) 

eB 
= --- v r dt cp m c r 

0 

(1.15) 

d (rp ) eB 
rdr or = -cp m c 

0 

(1.16) 

Integrating Eq. (1.16), and applying the initial conditions 

pep = 0, r = 0 at t = 0, we obtain 

Using Eq. (1.13), Eq. (1.17) becomes 

c9= 

and using Eq. (1.10), we have 

1 eB • 1 
2m y 

0 

1 eB 1 
~ = - 2 m -----=------

[ +~z] o yi 2 
m c 

0 

(1.17) 

(1.18) 

(1.19) 

dz 
Using the assumption that dt ~ c, we obtain on integrating 

Eq. (I .19) 
z 

cp = J 
z=o 

~ • dt • dz 
dt dz 

z 

J dz _. .... 1 . eB 
2 m c 

0 z=o + .eE 
yi --2 z 

m o 
0 

===-
Be 
2E ln [1 + (1.20) 

The negative sign in Eq. (1.20) is a consequence of assuming E parallel 

to B. If E had been assumed antiparallel to B, the right hand side of 

Eq. (1.20) would have been positive. 

Finally we shall consider Eq. (1.6). 



We have 

or from Eq. (I.l2) and Eq. (I.l3) 

d t 
- (y -) 
dt c 
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.2 
yr L= 

c 

Using Eq. (I.l8), Eq. (I.21) becomes 

or 

e 
m c 

0 

Bv 
~ 

(1.6) 

(I.21) 

(I. 22) 

(I .23) 

Multiplying both sides of Eq. (I.23) by r dt, we obtain 

m yrd (m yr) = - (eB)
2 

rdr 
0 0 2 

Integrating, and applying the initial conditions that r = O, 

y = y. at z = 0, we obtain 
1 

(m yr)
2 2 (eB)2 (m y.c9i) - -

0 0 1 2 

eB 
2cy.e. 2 - r2]! or yr = [< 1 1) 

2m eB 
0 

which can finally be written in the form 

Using the results 

--------~d~r-------= eB dt 
2cy.e. 2 [< 1 1) 

eB 

2m y 
0 

dt = dt dz • dz 
dz c 

= + eE y yi --2 z 
m c 

0 

and the standard integral (Dwight, 1961, #320.01) 

2 
r 

(I .24) 

t =- c e., 
1 

(I.25) 

(I.26) 

(I .27) 

(I.lO) 
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2'
X 

-1 (-X) sin 
a 

we obtain on integrating Eq. (1.27) 

But 

so 

sin-1 ( eBr ) 
2cy.e. 

]. ]. 

= Be 1 (.:i-) 
2E n yi 

Be (1 + eEz 
2) ~= - 2E ln 

y.m c 
]. 0 

Be 
ln (.::L) = - 2E yi 

2cy i ei 
sin r = - eB ~ 

(1.20) 

(1.29) 

(1.30) 

The negative sign on the right hand side of Eq. (1.30) is again a con-

sequence of assuming Eparallel to B instead of antiparallel. 

Collecting results we have 

y = yi 
+ eE --2- z (1.10) 

m c 
0 

Be ln [1 + eEz 
2] ~= - 2E 

(1.20) 
y.m c 

]. 0 

and 
2cyiei 

sin r = - cp eB 
(1.30) 

It is important to note that these results were obtained using the 

assumptions that the particle is fully relativistic on injection, so 

that ~. 5:!! 1, p. e y., and the assumption that e. << 1 so that 
]. ]. ]. ]. 

(p ) . ~ p., z .5!!i l'c Siiill£ c. z ]. ]. 

Returning to the symbols P and U for momentum and energy 

respectively, with 

and 2 
U = m c y 

0 

(3.3.2) 

(3.3.3) 
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our results become 

u = u. + eEz (1.31) 
l. 

Be 
(1 + eEz) cp= - 2E ln 

ui 
(1.32) 

2uiei 
sin r = - --- cp eBc 

(1.33) 

Similar results were obtained by Yount and Pine (1961). They 

obtained, using the present notation and units (MKSA) 

cp = Be ln (l + eEz) 
2E ui 

(1.34) 

and (1.35) 

The sign of r and cp is dependent on the assumption of either parallel 

(it B" > 0) or anti-parallel (E.l3' < 0) fields and. is therefore of no real 

significance. The modulus sign in Eq. (1.35) is incorrect, A polar 

graph of Eq. (1.35) would produce a figure-S pattern. A similar graph 

of Eq. (1.33) would trace out a circle. Since the particle actually 

spirals about a magnetic line of force, the latter curve is correct. 

For B = 0, E =I 0, Eq. (1.33) becomes indeterminate. If we 

expand sin cp in a Taylor series we have for Eq. (1.33) 

r = -
2
ui 9i [ 3 5 
eBc cp + terms in cp , cp , ••• J 

Using Eq. (1.32) we have 

2U.9. B E 3 5 
~. 1 

[- c + ~) + terms in B B r = - eBc 2E ln ( 1 U . ' ' 

Therefore, 

lim 
B-o 

l. 

u .ei E 
r = --1-- ln (1 + ~) 

eE ui 

... J 
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or for B = 0 
u .e. E 

r = 1 1 ln (1 + ~) 
eE U. 

(1.36) 
1 

ForB~ 0, E = 0, Eq. (1.32) becomes indeterminate. Expanding 

the natural logarithm in Eq. (1.32) we obtain 

Therefore 

or for E = 0 

Be [eEz + 2 E3 
~ = terms in E , , 

2E U. 
1 

~= 
eBcz 

2U. 
1 

•.. J 

(1.37) 

Since a necessary assumption to derive Eq. (1.32) and Eq. (1.33) is that 

z =:::: ct, Eq. (I. 37) becomes 
2 

~= 
eBc t 

2Ui 
(1.38) 

~= 
2 

or eBc 
dt 2U. 

(1.39) 
1 

Referring to Fig. 1.2 we 

see that 

r = 2p sin cp 

and a= 2cp 

so we have from Eq. 

uiei 
p = eBc 

and from Eq. (1.39) 
Fig. 1.2 Definition of para

meters for a particle spiralling 
in a uniform magnetic field. da 

dt 

These results are in agreement with Eq. (3.2.4) 

w = 
c 

2 
= ~ 

ui 

(1.33) 

(1.40) 

(1.41) 

(1.42) 

(1.43) 

(3.2.4) 
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pl. 

p = eB 

For the case where both E and B are zero, we use 

cp= ~ forE= 0 B =1 0. 
2Ui 

Therefore lim cp = 0, or cp = 0 for E = a-:::, o. 
a~o 

We obtain from Eq. (1.36) 

for E =1 0, B = 0 

u e 
E2 E3 r = __!_! [~ + tenns in ... 0 J 

eE ui 
, 

' 

Therefore lim r = eiz 
E---o 

or r = eiz, for E = B = 0 

(3.,2 .. 5) 

Eq .. (I. 37) 

This result is what would be expected for the motion of a relativistic 

charged particle in a field-free region. 
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APPENDIX II 

THE GENERAL fORM OF A STATIC, CYLINDRICALLY SYMMETRIC~L 

ELECTROMAGNETIC FIELD 

ln MKSA units, Maxwell's equations for an electromagnetic 

field are 

V·n== P true v ·'B == o 

o1> 
'Vx1f==j" +

true ot 

For static fields, in homogeneous, linear media with no space charge or 

space current, these equations become 

'V·E= 0 (II.l) 

'V X E= 0 (II.2) 

'V .-n- = 0 (II.3) 

'Vx~= 0 (II.4) 

The fields E and B can be expressed in terms of the potentials ~ and A 

by the equations 

(II.5) 

B'::::VxA' (II.6) 

In cylindrical coordinates (r, ~' z), the vector operations 

take the form 

('V~) = ~ r or 

('V~) = 1 21. 
~ r ocp 

_ 
1 

o 
1 

ov ov 
V.v == - ~ (rV ) +- ---i + ~ 

r or r r o~ oz 

(II.7) 

(II.S) 

(II.9) 

(II.lO) 
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ov 
('vxv) = r 

cp oz 

ov 
z 

or 

1 o ov 
('V X V) ;:: - [- ( rV ) - ___!.] 

z r or cp ocp 

(11.11) 

(11.12) 

(11.13) 

We shall now apply the condition of cylindrical symmetry to 

the field vectors. We have 

oE oE oE 
__!.- ___se - z 

0 = ocp - ocp ocp 
(II.l4) 

as oB oB r ~= z 
0 ocp = ocp ocp 

....,.. (II.l5) 

Let us consider the Efield. If we consider the line integral of E: 

around a circle with r and z both constant, we obtain 

§ E·dl = E (2rrr) (II .16) 
cp 

since from Eq. (II.l4) E is independent of cp. But using Stokes' 
cp 

theorem and Eq. (II.2) we obtain 

~ E".di = JS <'V x E) .aa = o 

Therefore, E = 0 
tp 

(II.l7) 

From Eq. (II.l) we find 

oE 
! ...£_ (r E ) + --.2. = 0 
r or r oz 
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or using Eq. (11.5) 

2 
! ~ (r 21) + 2.:]_ = 0 
r or or oz2 

(11.18) 

This result is in agreement with Sturrock (1955) p. 11. 

Eq. (1.18) can be solved as a power series in r if it is assumed 

that V(r, z) is known along the axis. Let 

V (0, z) = i'<z) (11.19) 

and assume 

(11.20) 

where c
1

, c
2

, c
3

, .•. are functions of z, but not of r. 

We have 

2 3 c"r + c"r + c"r 
1 2 3 + ... (11.21) 

where the primes denote differentiation with respect to z, 

! 21 = ! [ c + 2c
2

r + 3c r 2 + ] r or r 1 3 .•. (11.22) 

+ ... (11.23) 

Collecting Eqs. (11.21), (11.22) and (11.23), we have 

(11.24) 

Equating the coefficients of each power of r to zero, we have 

c = 0 1 c = 2 -! ~" 
c = 3 0 c = 4 

_!_~'''' 
64 

etc. 
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with all coefficients of odd powers of r equal to zero. Thus, any cylin

drically symmetrical, static electric field can be derived from a scalar 

potential in the fonn 

1 ' ' 2 1 lt:. ' ' ' ' r4 
\jr(r,z) = f- 4 f r + 64 I (11.25) 

This result agrees with Sturrock (1955), p. 11. 

We should investigate to see whether Eq. (11.25) is the most 

general form of the result. Let us write 

\jr(r,~,z) = ~ f (~) g (r,z) + h(~) 
n n n 

From Eq. (11.5) and Eq. (11.14) we obtain 

og (r,z) 
n 
or 

oE og (r,z) 
__!. - - ~ f' (~) no = 0 
o~ - n n r 

Therefore, all f (~) must be constants, which we can absorb into the 
n 

functions g (r,z). One form oft g (r,z) is given by Eq. (11.25). 
n n n 

From Eq. (11.5) and Eq. (11.17) we obtain 

E = - £t = - h! ( ~) = 0 
~ 0~ . 

Therefore, h(~) is also a constant. Since any scalar potential is 

arbitrary to an additive constant, we are free to choose :h (~) = 0. 

In general we may write 

\jr(r,z) = ~ g (r,z) 
n n 

Let us consider the B field. The three component equations 

of. .. Eq. (11.6) are 

Consider A in the form 
(,0 

B 
r 

B = 
~ 

B 
z 

oA 
r 

oz 

oA 
~ oz 

oA 
z 

ar 

1 [ 0 - ·- (r A ) r or ~ 

A~ (r,~,z) = ~ fn(~) gn(r,z) + h(~) 

(11.26) 

(11.27) 

(11.28) 

(11.29) 

For Eq. (11.15) to be valid we see that all f (~) must be constant. We 
n 

can absorb these constants into the functions g (r,z). Also we see from 
n 

Eqs. (11,26) to (11.28) that the three components of the B field are 

independent of the function h(~). Therefore, we may choose h(~) = 0, 
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and w.e may write 

A (r,z) = ~ g (r,z) cp n n 

Consider a line integral of B around a path defined by r and 

z both constant. We obtain by applying Stokes' theorem, Eq. (II.4) and 

Eq. (II.l5) 

Therefore, 

~ B·cll = B (2TTr) = ss ('V X B) ·dS = 0 cp 

B = 0 cp 

(II.30) 

(II.31) 

Consider a line integral of A along an arbitrary path in a 

plane defined by cp equal to a constant. By applying Stokes' theorem 

we obtain 

~ A.di-= ~ Ardr + ~ Azdz 

= JS <'V x A) .as = SJ "B·d8 

= JJ B ds = 0 cp 

Since the path of integration is arbitrary we must have 

~ Ardr = ~ Azdz = 0 (II.32) 

Therefore, A and A must either be zero or the gradients of scalar 
r z 

functions. Since the curl of the gradient of any function is zero, 

the transformation - -A' = A + 'VV (II.33) 

where V is an arbitrary scalar function, will have no effect on the 

magnetic field calculated using Eq. (II.6). For simplicity we choose 

A = A = 0 (I I. 34) 
r z 

With Acp independent of cp we have 

B - -r 

oA 
_J_ 
oz 

B 
z 

= !. ..£.. (r A ) r or cp 

Substituting these results into 

oB oB 
('V x B) = r z - 0 

cp oz - or -
we obtain 

(II.35) 

(II.36) 

(II.37) 

(II.38) 
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which is in agreement with Sturrock (1955) p.l9. 

Let us expand A (r, z) in a power series in r. We have cp 

(11.39) 

are functions of z only. Evaluating the terms 

in Eq. (11.38) we have 

1 oA cl 
- ~ - -- + 2c + 3c r .+ 4c r + r or - r 2 3 4 ••• 

A 
--i-2 -
r 

2 
c" + c"r + c"r + ••

0 1 2 

c 
0 

2 
r 

2 
- c - c r - c4r 

r 2 3 . 

where the primes denote differentiation with respect to z. Substituting 

these results into Eq. (11.38) we obtain 

+ . = 0 

Equating the individual coefficients to zero, we obtain 

c = c = c = 
0 2 4 

and higher order odd coefficients. 

= 0 

(11.40) 

(11.41) 

We can express c
1 

in terms of the value of the magnetic field 

on the axis. Combining Eq. (11.31) and Eq. (11.39) we obtain 
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B = ! _Q_ (rA ) 
z r or cp 

We shall use the notation 

B (0, z) = B(z) 
z 

At r = 0, Eq. (11.42) becomes 

so Eq. (II.39) becomes 

1 1 3 " 
Acp = 2 rB - 16 r B + ... 

where the primes denote differentiation with respect to z~ 

is in agreement with Sturrock (1955) p. 19. 

(II.31) 

(II.42) 

(II.43) 

(1I.44) 

(I I. 45) 

This result 

To summarize: any cylindrically symmetrical, static electro-

magnetic field can be written in the form 

where 

and 

~ 1~'' 2 1~"'' 4 ~ (r, z) = - - r + - r -4 64 

1 1 3 ,, 
A cp ( r , z) = 2 rB - 16 r 'B + 

E = - \7~ 

"lr=\7xA 

'lJ= ~(0, z) 

B = B (0, z) z 

(II.25) 

(I I. 45) 

(II.5) 

(II.6) 

(II.l9) 

(I I. 43) 
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APPENDIX I I I 

LIOUVILLE'S THEOREM 

It is commonly believed that Liouville's theorem is valid only 

for conservative dynamical systems, that is, systems for which the 

Hamiltonian function is a constant. (See Livingston and Blewett (1962) 

p. 118, and s. Penner (1961).) However, at least one author (Lanczos, 

1949, p. 178) states that the theorem is valid for all systems, not 

just conservative systems.* This matter is complicated by the fact that 

many authors derive Liouville's theorem for conservative systems without 

commenting on the validity of the derivation for non-conservative systems. 

(See, for example, Goldstein (1950) Chapter 8.) We shall examine Goldstein's 

proof, since the form in which he states the result is most convenient 

for our discussion. 

Firstly, assume a Hamiltonian of the general form H (q
1

, q2 , .•• 

qn' P1 , P2 , ••. Pn' t), where qi is a generalized coordinate and pi is the 

conjugate momentum. Goldstein shows that the integral 

(111.1) 

is an invariant under canonical transformations (transformations which 

leave the form of Hamilton's equations invariant). The integral is 

evaluated over an arbitrary two dimensional surface in phase space. The 

integral J 1 is the first in a series of integral invariants which are 

called the integral invariants of Poincare. The final integral of the 

series is 

(111.2) 

The integral J
1 

shows that the area of a two dimensional surface in 

phase space is an invariant under canonical transformations, while the 
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integral J shows that the volume in phase space is an invariant under a 
n 

canonical transformation. 

Under the assumption that the Hamiltonian is not an explicit 

function of time, Goldstein shows that the motion of a dynamical system 

can be described by an infinitesimal contact transformation generated by 

the Hamiltonian. However, we shall show that his proof is also valid 

if the Hamiltonian is an explicit function of time. We shall reproduce 

Goldstein's argument, removing the assumption of the Hamiltonian not 

being an explicit function of time. 

We wish to transform from the old set of coordinates (qi' pi) 

to the new set of coordinates (Qi' Pi) where 

(111.3) 

P. = p. + op. 
1 1 1 

(111.4) 

and Oqi and Opi are infinitesimal changes in qi and pi respectively. 

Let us consider the function 

F2 (q, P, t) = r qi Pi + e G (q, P, t) (111.5) 

where e is an infinitesimal parameter of the transformation. For a 

generating function of the type F
2 

we have 

Q. = oK 
pi = - oK 

1 oP. oQi 
1 

oF2 
pi = 

oqi 
(111.6) where 

Qi 

oF2 
= 

oPi 
(111.7) 

and K=H 
oF2 + --ot 

(111.8) 
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From Eqs. (III.4), (III.5) and (III.6) we have 

or 

Similarly, from Eqs. (III.3), (III.5) and (III.7), we have 

= oF 2 = q. + e oG 
Qi oP. 1 oP. 

1 1 

or 

Since 

and 

we have 

or retaining only first order infinitesimals 

Let us now consider 

G = H (q, p, t) 

and e = dt 

From Eq. (III.9) we have 

5p. 
1 

and from Eq. (III.ll) we have 

oH 
5q = dt - = qi9-t = dqi 

i opi 

(III.9) 

(III.lO) 

(III.ll) 

(III.l2) 

(III.l3) 

(III.l4) 

(III.l5) 
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Therefore, the coordinates and momenta at a time t + dt can 

be obtained from the coordinates and momenta at time t by an infinitesimal 

contact transfonnation. From the above discussion it can be seen that 

oH 
this result is valid for the case where ot =1 0, and not just for the 

oH "' case that Goldstein considers (0t = 0). Therefore, since the Poincare 

integrals are invariant under all infinitesimal contact transformations, 

they are invariant for all dynamical systems, conservative or non-

conservative. 

In classical statistical mechanics Liouville's theorem is 

usually stated in tenns of J of Eq. (111.2); however, for beam handling 
n 

calculations it is more convenient to state it in terms of J
1 

of Eq.(III.l). 

We then have that the area occupied in two dimensional phase space (with 

the two coordinates being a generalized coordinate q. and the conjugate 
1 

momentum p.) by the representative points of a dynamical system is in-
1 

variant with time. This is Liouville's theorem. 

The application of Liouville's theorem to beam handling cal-

CUlations is as follows. The action of magnetic systems, such as 

quadrupoles and bending magnets, is represented by a transformation of 

points in the (x , p ) plane to points in the (x, p ) plane, where x 
0 ~ X 

is a Cartesian coordinate in the plane normal to the direction of mean 

motion, p is the conjugate momentum and the zero subscripts denote 
X 

initial values. We expect from Liouville's theorem, and in each case 

it can be verified directly, that the transform~tion matrix, M, defined by 

has a detenninant of unity. This provides a very useful check against 

errors. 
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Note that the derivation of Liouville's theorem depends 

entirely on the fonnalism of Hamiltonian mechanics.. Since the equations 

of motion for relativistic systems can be expressed in Hamiltonian form 

(Panofsky and Phillips (1955) Chapter 23), Liouville's theorem is valid 

for relativistic systems. 

It will be useful to consider an example of a non-conservative 

system. Consider a system of charged particles spiralling about the 

z-axis in a spatially-uniform, but time-varying magnetic field. Let 

x and y be Cartesian coordinates in the plane nonnal to the z-axis, and 

let the initial values of the x-component of momentum lie in the range 

0 ~ P ~ P • Then the plot of representative points in P vs. x xo xom xo o 

space is as shown in Fig. III.l. At this point it is important to note 

that Liouville's theorem relates to plots in which the canonical momentum, 

not the physical momentum, is one of the coordinates of the phase space. 

Fig. III.l The region in phase 
space initially enclosed by a 
charged particle ·spiralling in a 
magnetic field. The coordinate x 
is a Cartesian coordinate in the 0 

plane nonnal to the magnet:i.c lines 
of force, and P is the conjugate 

XO 
momentum. 

It was stated in Section 

3.5 that the Lagrangian function 

for a particle in an electromagnetic 

field is given by 

L- -

+ eA..v.;.. e~ (3.5.8) 

and that the canonical mo~entum 

conjugate to coordinate q. is 
1 

P. 
1 

Th~refore, the canonical momentum 

conjugate to the coordinate x is 

p P + e A (III.l6) 
X X X 
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where P is the x component of the physical momentum. In all other 
X 

examples considered in this work, we are concerned with the form of the 

phase space ellipse in field-free space. In these cases we can apply 

Liouville's theorem to plots in P , x space, since for A= 0, P = P . 
X X X 

However, this is not the situation here. 

It is necessary to examine carefully the direction of all 

-quantities of interest to avoid difficulty with signs. Consider B 

directed along the positive z direction. Consideration of the direction 

of the v x B force indicates that the vector form of Eq. ( 3. 2. 4) is 

-(J.):::: - (III.l7) 

so for a particle with positive charge 

~= - PJ. (III.l8) 

From Appendix II we have the result that for a uniform field, tr, directed 

along the positive z axis, the vector potential A is given by 

A= ~ A = "a [ ~ r B] 
tp tp 

(II.45) 

Fig. III.2 Th~ direction of field 
vectors for a time-varying magnetic 

field. 

The electric field felt 

by a particle in a time-v~rying 

magnetic field is given by 

(Landau and Lifshitz, 1951, p. 45) 

- aA' 
E = -at 

so in this case 

E=- E e 
tp 

= - etp [! r ~~] 

(III.l9) 

(III.20) 

Where oE can be written in the 
~t 
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dB 
fonn since B is a function of time only. 

dt 

By referring to Fig. 111.2 we see that the canonical momentum 

conjugate to the Cartesian coordinate x can be written 

P=P+eA (111.16) 
X X X 

= [P~ - e A] sin ~ (111.21) 

Using p to represent the radius of curvature of the spiralling motion, 

where from Section 3.2, 
p.L 

p = eB 

we see that Eq. (111.21) can be written in the form 

P == ± [P - e A] Je
2 

-
X .J. p 

2' 
X 

Squaring both sides of Eq. 1III.22) we obtain the result 

so the phase space plot of Fig. III.l is in fact an ellipse. 

(3.2.5) 

(111.23) 

Initially the phase space plot can be represented by an 

ellipse with semi-axes 

(111.24) 

and 

X - p 
om o 

(111.25) 

with the area in phase space given by 

rr x P = rr p [ P. - e A] om xom o ~ o 
(111.26) 

From Eq. (11.45) we see that A , the value of the vector potential A 
0 

on the particle's orbit, is given by 

A 
0 

(111.27) 
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so Eq. (III.27) reduces to 

Ao = ~ Po (P )o (III.28) 

At time t the area in phase space enclosed by the representative curve 

is 

A=Ilpp 
2 

so the ratio of these two areas is 

pPJ.. 
----= 
p (~.L) 

0 0 

(III.29) 

(III.30) 

The momentum change due to the force acting on the particle 

is given by 

dJi_ _ ! e p dB = ! PJ. • dB 
dt - 2 dt 2 B dt (III.31) 

Integrating, we obtain 

(III.32) 

Therefore, Eq. (II I. 30) reduces to A = .A , and, as expected, Liouville's 
0 

theorem is valid for this case. 

It should be noted that a plot in P , x space would produce 
X 

an ellipse with semi-axes P~, p, whereas the plot inPx' x space 

produced an ellipse with semi-axes! P~, p. It can be seen from the 

above treatment that the area in P , x space enclosed by the representa
x 

tive curve is also conserved. However, this is not a direct result of 

Liouville's theorem. 
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APPENDIX IV 

QUADRUR>LE LENSES 

Since quadrupole lenses are beam handling elements which are 

discussed in this work, we shall collect here the information which is 

necessary to understand their application to the problems being con .... 

sidered. The material quoted here is obtained from Penner (1961). For 

further information the reader is referred to Livingston and Blewett 

(1962), Enge (1959) and Brechna (1961). 

A magnetic quadrupole lens is one in which the field is specified 

by the relations 

oB oB 
x _ _y__c t 

oy - - ox - ons 

B = 0 z 

(IV.l) 

(IV .2) 

where x and y are Cartesian coordinates in the plane transverse to the 

axis of the lens, and z is measured along the axis of the lens. It is 

useful to define the parameter 

where Bp is the "magnetic rigidity" of the particle. 

of Section 3.3, Bp is given-by 

Inc 
Bp = (_..2_) e P.l. 

(IV.3) 

From the results 

(3.3.5) 

where p..L is the component of momentum, measured in m
0 

c units, normal to 

the magnetic field lines. In this case, p is the z component of momentum • 
.1. 

Combining Eq. (IV.l) and Eq. (IV.3) we see that 

(IV.4) 

We shall consider that k2 > 0. 



- 140 -

The length of the magnetic field is given by the "effective 

length", L, which is the physical length of the pole faces plus a small 

additional length which takes into account the presence of fringing 

fields. 

With the paraxial approximation that :~~<< 1 and ;~  << 1 the 

equations of.motion of a charged particle are given by 

x= X cosh kL + l(~) sinh kL (IV.5) 
0 k dz o 

dx = x k sinh kL + (dx) cosh kL (IV.6) 
dz 0 dz o 

y = yo cos kL + .!. 
k 
(~) 
dz o 

sin kL (IV. 7) 

~=- y k sin kL + (~) cos kL (IV.S) 
dz 0 dz o 

where the zero subscripts refer to values at the entrance to the lens. 

It is apparent that the beam is focussed in the yz plane, and defocussed 

in the xz plane. 

The quadrupole magnet can be treated as a thick lens. (Thick 

lens parameters are defined in Jenkins and White (1957) Chapter 5.) 

These parameters for a quadrupole lens are ti, the distance from the 

entrance o·f the lens to the entrance principle plane; t , the distance 
e 

from the exit principle plane to the exit of the lens; and f, the focal 

length of the lens. For the focussing plane (yz plane) these parameters 

are 

and 

t = t ;:: 
i e 

1 - cos kL 
k sin kL 

.!. = k sin kL 
f 

In the defocussing plane (xz plane) these parameters are 

t = t = i e 
cosh kL - 1 

k sinh kL 

(IV.9) 

(IV .10) 

(IV.ll) 
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.!. - k sinh kL f- - (IV.l2) 

A lens may be considered a thin lens if the entrance and exit 

principle planes coincide. This condition is satisfied if k
2
L

2 << 1, 

and Eqs. (IV.9) to (IV.l2) become in the thin lens approximation 

(IV.l3) 

(IV.l4) 

in the converging (yz) plane, and 

t = t = !:!, [ 1 - _!_ k 2L
2 + ] c::::::.r L 

i e 2 12 • • • - 2 (IV.l5) 

(IV.l6) 

in the diverging (xz) plane. 

If two quadrupoles are placed close together, the combination, 

called a quadrupole pair, forms a thick lens. For the case where the 

individual quadrupoles can be considered as thin lenses, the transforma

tion from the coordinates x ,(dx) at the entrance to the first quadrupole, 
o dz o 

to the coordinates x, dx at the exit of the second quadrupole is given by 
dz 

where 

t 
1--

fl 1: ~) ((~:) 
f

2 
dz o 

t is the center-to-center separation of the individual 

quadrupoles 

and f 1 and f 2 are the focal lengths in the x~ planes of the 

first and second quadrupoles respectively. 

One of the most useful systems of this type is the case 

(IV.l7) 
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- f 2 f (IV.l8) 

(IV.l9) 

For fully relativistic particles, with momentum measured in 

m c units 
0 

and Eq. (IV.l9) becomes 

pe:y 

dx 
P sy(-d) 

X Z 

1 - t 
f 

(IV.20) 

(IV.21) 

(IV .22) 

It is usually not possible to consider a quadrupole pair as a thin lens. 

To obtain a feeling for the order of magnitude involved we shall 

consider the following typical system. We wish to construct a quadrupole 

pair composed of individual quadrupoles each 10 em long with a center-to-

center separation of 20 em. The individual quadrupoles have focal length 

2 
of 50 em for electrons with energy of 200m c units. The focal length 

0 

of the quadrupole pair is, from Eq. (IV.l7) 

(IV.23) 

so we have for the case being considered 

F (50)
2 

-- 125 em 20 
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Using Eq. (IV.l4) we see that 

2 1 1 
k --- = 

- fL - (50) (10) 

Using Eq. (3.3.7) we can claculate Bp, obtaining 

PJ.. 200 __ 2 
Bp = -- = 34.7 (Wb/m )em 

5. 87 5. 87 

The required field gradient is from Eq. (IV.3) 

oBY = M:.1_ = 0 07 (Wb/m2 )/cm = 700 Gauss/em ox soo • 

This is an easily obtained field gradient. 
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APPENDIX V 

THE CALCULATION OF 'TifE TRANSFORMATION MATRIX FOR 

A DRIFT REGION FOLlOWED BY A QUADm.JIDLE PAIR 

Pxo Consider an initial phase 

Px.om space distribution in the form of 

Fig. V.l such that 

x,o 
(V.l) 

We wish to pass the beam through a 

drift space (no focussing or 

Fig. V.l The initial phase space 
distribution with x

0 
a Cartesian 

coordinate in the transverse plane 
and pxo the conjugate momentum. 

defocussing forces) and then through 

a quadrupole pair. From Section 3.6 

we have the results 

(3.6.21) 

where (3.6.11) 

t t 
-f y 

M2 = 
_Y.i 1 

f2 

(3.6.20) 

(3.6.9) 

Tl = eE 1 (em- ) 
2 (3.6.6) 

m c 
0 

f is the focal length of the individual quadrupoles (em) 
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t is the center-.to.,...center separation (em) 

and y is the particle energy (m c
2 

units) 
0 

Using these units, xis measured in em and px in m
0

c units. 

Multiplying the matrices... we have 

The inverse of M is 

Now 

so that 

and 

-1 
M = 

X = 
0 

1 - t 
f 

(V.2) 

(V.3) 

(V. 4) 

(V.5) 

(V.6) 

Substituting Eq. (V.5) and Eq. (V.6) !nto Eq. (V.l) we obtain 

an equation in the form 

~2 + Bxp + Cp
2 = 1 

X X 
(V. 7) 

where (V.S) 

~2 = - --1-- [1 - 1 (~ - 1)][1<1 - !) + !] 
2 f f f y 

X 
om 

(V.9) 
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Differentiating Eq. (V.7) with respect to p we have 
X 

2Ax dx + Bx + Bp dx + 2Cp = 0 
dp X dp X 

X X 

At the maximum value of x, denoted by x , we have 
m 

so Eq. (V.ll) becomes 

dx 
dp = 0 

X 

B p ::;: --X 
;x 2C 

and substituting into Eq. (V.7) we have the result 

2 c 
X::;:----

m AC - (,!!)2 
2 

By symmetry, the maximum value of pis given by 

(V.lO) 

(V.ll) 

(V.l2) 

(V.l3) 

(V.l4) 

(V.l5) 

It would be convenient to define new variables X and P such 

Fig. V.2 The new variables X and 
P obtained by rotating the old 
variables x and p through an 

X 
angle 'it. 

that Eq. (V.7) would t~ke the form 

(V.l6) 

By rotating the coordinates through 

an angle 'it we have 

(

x ):I;: (cos 'it- sin "')(X) (V.l7 ) 

p sin 'it cos 'it P 
X 

(refer to Fig. V.~) Substituting 

Eq. (V.l7) into Eq. (V.7) we obtain 
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2 [ 2 2 
X A cos W + B cos w sin v + c sin vJ 

[ (-2A v v 2 2 W)] + XP + 2C) cos sin + B (cos V - sin 

+ p2 [A . 2 v v sin v + c 
2 vJ = 1 (V.l8) s1n - B cos cos 

Since we want the coefficient of XP in Eq. (V.l8) to be equal to zero, 

we see that V must be given by 

tan 2'¥ = B 
A - C 

(V.l9) 

Using Eq. (V.l9), Eq. (V.7) can be put in the form of Eq. (V.l6) with 

2 2 
a = A cos V + B cos V sin V + C sin V (V.20) 

and c = A sin
2 

V - B cos V sin V + C cos
2 

V (V.21) 

Since, from Liouville's theorem, the area in phase space must 

remain constant under these transformations, we see that the coefficients 

a and c must satisfy 

1 ac = __ ...;;.._ __ (V.22) 

xom pxom 

Eq. (V.22) provides a useful check on numerical work. 

Now, since matrices M
1 

and M
2 

both have a determinant equal 

to unity (this follows from Liouville's theorem, and also can easily 

be verified directly) it follows that the matrix M = M2 M
1 

must also 

have a determinant equal to unity. Writing out this determinant we 

have from Eq. (V.3) 

[1 - ! (~ - 1)][1 - !] + Y! 
f f f f2 

(V. 23) 

We wish to evaluate the quantity AC - (~) 2 • Writing out 

the terms given by Eqs. (V.S) to (V.lO) we obtain 
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---~f 

(V .24) 

Since, from Eq. (V.23) the bracketed term is equal to unity, we have 

the result 

AC - (,!!)2 = 1 
2 2 2 

(V.25) 

xompxom 

It is desirable to have a condition to determine whether the 

phase space ellipse is skewed to the left (~ < 0) or to the right (~ > 0), 

,. ,. 
where we assume ~ lies in the region - 2 < ~ ~ 2· These two cases are 

illustrated in Fig. V.3 and Fig. V.4. 

Let us consider the right-skewed 

case (~ > 0) of Fig. V.3. Assuming 

the equation of the ellipse in the 

general form 

(V .7) 

we see that the coordinate x1 shown 

Fig. V.3 The phase space ellipse in Fig. V.3 is given by 
skewed to the right. 
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Let us consider the case of x > x
1

, 

Px > O, points which occupy the 

shaded region of Fig. V.3. Since A 

and C are always positive (refer to 

Eq. V.8 and Eq. V.lO), the points 

occupying this shaded area of Fig. V.3 

can satisfy Eq. (V.7) only if B < o. 

Therefore, the condition B < 0 is 
Fig. V.4 The phase space ellipse 
skewed to the left. the criterion for the ellipse to be 

skewed to the right. A similar argument yields the result that B > 0 

for an ellipse skewed to the left. (The case B = 0 corresponds, of 

course, to the case of~ = 0, the upright ellipse.) 

In the case of B = 0, we have from Eq, (V.l9) 

..L [1 t <Jr - 1) J[i(l 
t + 1] .....L (~) (1 - 1) (V.26) -- - -) = 2 f f y 2 f2 f X Pxom om 

We shall neglect t This assumption leads to only a small the - term. y 

error in most cases. For example, consider 1 = 2.8, t = 20 em, f = 100 em, 

y = 100. The l (1 - f> term equals 2. 24 while the ~ term equals 0. 2. 

Neglecting~ compared to 1<1 - f> leads in this case to a 10% error, 

which is acceptable for the purpose of the calculation. 

or 

By manipulation of Eq. (V.26) we obtain 

2 
1 _ !. [ £y _ x om ~ _ 

1
] 

t- f f 2 lf 
Pxom 

(V. 27) 

(V.28) 
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From Eq. (V.9) and Eq. (V.26) we see that to produce the desired ~ < 0 

condition (B > 0) we must lncrease t from the value given by the above 

pair of equations. 
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APPENDIX VI 

THE CALCULATION OF THE FRACTION OF THE PHASE SPACE ELLIPSE 

CONTAINED WITHIN A GIVEN APERTURE 

We wish to calculate 

the fraction of the area of the 

ellipse that is contained between 

the vertical lines - x
1 

and x1 

(refer to Fig. VI.l). Let the 

equation of the ellipse be written 

in the form 

Ax
2 + Bxp + Cp

2 
= 1 

X 
(VI.l) 

Fig. V~.l The phase space distri
bution and the parameters of the 
problem being considered in this 

If the coordinates are trans-

formed by the equation given in 
section. 

and if ~ is given by 

we showed in Appendix V that 

with A 
2 

~ a= cos 

and A sin 
2 

~ c = 

It is convenient to consider 

x, px space. 

Appendix V 

(cos~ sin ~ 

- sin ~)(X) 
cos ~ p 

B 
tan 2~ = A _ C 

the ellipse can be written 

a x2 2 + c p = 1 

+ ~ ~ + c 2 
~ B cos sin sin 

~ sin ~ + c 2 
~ - B cos cos 

in the 

the ellipse in X,P space, rather 

(V.l7) 

(V.l9) 

form 

(V.l6) 

( v. 20) 

(V.21) 

than 

Referring to Fig. VI.l we see that, by symmetry, the areas m 
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and q are equal, as are the areas nand p. Therefore, our problem has 

now been reduced to finding the 

shaded area A in Fig. VI • 2. We 

X 

have 

xl 

A= 4J PdX 

X=O 

and from Eq. (V.l6) 

Fig. VI.2 The phase space ellipse 
in X, P space. 

With the standard integral (Dwight, 1961, #350.01) 

lc 2 2
1 

2 -1 21 
X a X a X 

- x dx = --~------- + -- sin (-) 
2 2 a 

Eq. (VI.2) becomes 

The area of the entire ellipse is given by 

I 

A. =rrx P ... m m 

where X and P are defined in Fig. VI.2. m m 

From Eq. (V.l6) we have 

and 

1 
X = m .[8} 

1 
p = 
m JC' 

(VI.2) 

(VI.3) 

(VI. 4) 

(VI.5) 

(VI. 6) 

(VI. 7) 

(VI.8) 

(VI.9) 

(VI.lO) 
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so Eq. (VI.8) becomes 

(VI.ll) 

Therefore, the fraction of the area contained within the limits 

F-A- 2 
[Xl(a' (1 - aX

2)! -1 J (VI.l2) -a- 1i 1 
+ sin cx

1
.pr) 

where x1 = x1 sec '¥ (VI.l3) 

As a check, we note that when X = ! F = 1 {a , 1. 
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APPENDIX. VII 

THE OOLUTION OF THE'-IDNGITUUINAL EQUATIONS OF MOTION 

USING AN IBM 1410. COMPUTER 

It is desired to calculate the energy (U) and the phase (8.) 

of electrons at the end of a single linac section as a function of the 

input energy (U) and input phase(~). From Section 4.1 the relevant 
0 0 

equations for ~ constant and ~ = 1 are 
w 

s' (~) =~ 
41i 

-
2

-..;..;.
11
-- [sinh u + u cos ~co] 

• 3 A 
~ s1n u

00 

s = s'<~) - s'<~) 
0 

z s="-

Ci = 
eE A. 

0 

2 
m c 

0 

y = ~ [cos ~ - cos ~00] 

cos ~ = cos 8 
CX) 0 

2n 
-- y 

01 0 

y=y-~ 
tan ~ 

u 2 
tanh 2 = ~oo 

tan-
2 

The inverse of Eq. (4.1.12) is 

1 + y2 
y = -

2y 

and for y >> 1 we have from Eq. (4.1.12) 

(4.1.18) 

(4.1.20) 

(4.1.4) 

(4.1.5) 

(4.1.12) 

(4.1.15) 

(4.1.14) 

(4.1.19) 

(VII.l) 

(VII.2) 
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The actual accelerator field varies in a sawtooth manner 

along the length of the accelerator. For our computer program the 

field has been a:pproximated by three uniform field segments.... The field 

assumed is presented in Table 4.2.1, which is reproduced here. 

Table 4.2.1 
The assumed longitudinal field configuration of a 

section of the Saskatchewan Linear Electron Accelerator 

Segment Number 

1 

2 

3 

(Note: f... 0.105 m) 

Length 

3 A 
7 A 

38 A 

1.499 

1.528 

1.552 

The steps in the computer calculation are as follows. Being 

given the values of energy (U ) and phase (~ ) at the input to the first 
0 0 

section, we convert the energy tom c2 units and the phase angle to 
0 

radians. Using Eq. (4.1.12) we calculate y ; using Eq. (4.1.15) we 
0 

calculate cos~~ and test to see if !cos ~~~ < 1. If it is not, the 

particle is not bound to the travelling wave, and the computer goes on 

to calculate the next set of input data. For bound particles (noting 

that ~~ lies in the range - n ~ ~~ ~ 0) from cos ~~ we calculate ~~· 

We now wish to know the value of u . From Eq. ( 4 .1.19) we 
0 

u 
calculate the value of tanh ; , and using the identity (Dwight, 1961, 

#702) 

-1 1 (1 + X) tanh x = 2 ln 1 _ x (VII.3) 

we calculate u
0

• Note from Fig. 4.1.1 that ~~~~ > 18
0

1 (since the 
u 

largest value IAI can assume is ~~~~ ) so tanh ; is always less than 

unity. 
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Knowing u , ~ , ~ and the value of~ for the first segment, 
0 0 ClO 

we use Eq. (4.1.18) to calculate~'(~). Since the length of the first 
0 

t 
segment is known, we use Eq. (4.1.20) to calculate the value. of~ (~). 

Knowing~'(~) we can obtain the corresponding value of u 

from Eq. (4.1.18) by using an iterative procedure. We calculate the 

quantity 

A- -

assuming that ~ = ~ . 
ClO 

We solve the equation 

2 
01 

• 3 A 
S1n UClO ~ 

TT [ ~ ' ( ~ ) - 4TT J (VII.4) 

sinh u + u cos 8 = A (VII.5) 
ClO 

using the Newton-Raphson Method (Bulter and Kerr, 1962, p. 39). Using 

th th 
this method we calculate the (n+l) value of u from the n value of 

u using the formula 

= u 
n 

sinh un + un cos ~ClO - A 

cosh un + cos AQO 

The iteration is stopped when 

lun+l - unl < 6u 

where ou gives the desired precision in u. 

(VII.6) 

(VII.7) 

It is necessary at this stage to estimate the first value of 

u and to calculate the value of ou. Since sinh u is a well-behaved 

function, and contains no maxima or minima, we are safe in obtaining a 

first estimate of u by using a crude estimate of sinh u. A sufficiently 

good approximation (see Fig. VI.l) is 

sinh u -.... 3u (VII.8) 

and so our first estimate of u is 

A 
(VII. 9) = ul 3 + cos ~QO 
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Fig.VII.l Sinh u and the approxi
mation to sinh u used in the 

computer program. 

It is necessary at this 

stage to specify the accuracy of 

the calculations. We first esti-

mate that the energy at output 

will be U and that the allowable 
a 

error in output energy is 6U • 
a 

These two quantities are read in 

with each set of data. For most 

calculations U was taken to be 
a 

100 MeV, and 6U to be 0.01 MeV. 
a 

(The reason for doing it this way rather than specifying the accuracy 

in the program itself was that it was expected that the time required 

to do a calculation would be a strong function of the accuracy required. 

This turned out to be not the case due to the strong convergence of the 

Newton-Raphson Method -- approximately double the number of significant 

figures per iteration may be expected as the root is approached (Butler 

and Kerr, 1962, p. 41). However, by the time this was discovered, the 

program had been completely debugged, and it was decided not to change 

the program.) 

Now, for the accuracy calculations let us use Eq. (VII.2) 

y""' 1 
2y 

(VII.2) 

6y 
6y ~ 

a so 
a 2 2 

Ya 

The relationship between y and ~ is given by 

y ~TI [cos ~ - cos ~~] (4.1.12) 
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so we have 

(VII.ll) 

Let us assume sin A ~ sin AaJ (VII.l2) 

and considering all error terms, such as 6y, 6A, etc., to be positive 

we have from Eqs~(VII.lO) and(VII.ll) 

6 A 9:!!!! ___ TT.;...._ __ 

ay! lsin AaJI 

The relationship between u and A 

tan A 

tanh ~ = 2 
2 

6y 
a 

is 

A 
a;) 

tan 
2 

so 6u 

given 

where for 6A we use the value from Eq.(VII.l3). 

(VII.l3) 

by 

(4.1.19) 

(VII.l4) 

In Eq.(VIIol4) the value of u used is the first estimate 

obtained using Eq.(VII.9). Since for values of u > 3 the approximation 

of sinh u ,.._, 3u is extremely crude, the program tests to see if u 1 > 3. 

If it is, the term cosh
2 

u in Eq.(VII.l4) is set equal to 5.5 (cosh
2 

1.5 

= 5.52). This error calculation is carried out only once for a given 

interative calculation of u. 

It is necessary to ensure that the values of 6u and 6A do not 

lie beyond the precision of the computer. Originally the computer was 

run to a precision of eight decimal digits. The program tests to see 

if A (or u) is less than unity, and if it is, 6A (or 6u) is tested to 

-8 see if it is greater than 2 x 10 . If it is not, then 6A (or 6u) is 
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-8 set equal to 2 x 10 • If A (or u) is greater than unity, then 68 

(or 6u) must be greater than, or equal to, 2 x 10-7 . 

Tests of program precision using eight decimal digits indicated 

a lack of precision in the third decimal place of the output energy. 

(See Table VII.l) 

Table VII.l 
A test of program precision for computer carrying 

calculations to eight decimal digits. 

U (MeV) A U(MeV) 
0 0 

20.000 135.000° 14.643 

20.001 135.000° 14.647 

20.010 135.000° 14.643 

20.100 135.000° 14.747 

Therefore, it was decided to increase the precision to ten decimal digits. 

However, the minimum values of 6A (and 6u) were not changed correspon-

dingly. For all points calculated to date, the value of 68 (or 6u) 

never had to be increased to the allowed minimum. (There was a print-

out included in the program to indicate if this had been done.) 

Now knowing 6u and having a first estimate of u, Eq. (VII. 6) 

is iterated until Eq.(VII.7) is satisfied. Using the result of the 

8 
last iteration of u, we can solve Eq. (4.1.19) for tan 2' and hence 8. 

We then check to see if the relationship 

is satisfied, where 68 is given by Eq.(VII.l3). The first estimate of 

8 is taken to be 8~, while the second estimate is the result of the 

calculations described above. If Eq.(VII.l5) is not satisfied, the 
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last estimate of~ is substituted in Eq.(VII.4) and the above calcula-

tions repeated. In this case the first estimate of u is taken to be 

the last value calculated by the previous iterative procedure, and the 

error calculations are not repeated. This procedure is continued until 

Eq.(VII~l5) is satisfied. 

The remainder of the program is straightforward. Knowing ~' 

we calculate cos~' from Eq. (4.1.12) we calculate y, and from Eq.(VII.l) 

we calculate y. The units of yare converted to MeV, the units of ~and 

~~are converted to degrees, and the results are printed out. 

These calculations are repeated in sequence for the remaining 

two segments, with the output values of the previous segment being used 

for the input values of the next segment. If it is desired to carry the 

calculation through more than one section, provision is made for calcu-

lations to continue through one, or two, additional sections, with pro-

vision for phase changes between the sections. 

The actual FORTRAN program is given below. 

DIMENSION A(3) ,Z(3),DELS(2) 
A(l) = 1. 499 
A(2) 1.528 
A(3) 1.552 
Z(l) = 3. 
Z(2) 7. 
Z(3) 38. 

2 J=l 
CALL INPUT(GO,DELO,N,GA,DGA,DELS(l),DELS(2)) 
YO= GO- SQRTF( GO*GO -1.) 

3 I=1 
4 CDI= COSF(DEL0)-6.2831853*YO/A(I) 

IF( ABSF(CDI)-1.)6,105,105 
105 PRINT 5 

GO 'IO 2 
6 SDI= - SQRTF(l. ·- CDI*CDI) 

TDI= SDI/CDI 
THETA= ATANF(TDI) 
IF (THETA) 1006,1006,2006 

2006 DI= THETA - 3.1415927 
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GO 10 3006 
1006 DI=THETA 

CALL EDEL( DGA,GA,DI,A(I),SDI, DELDEL) 
HDI= . 5*DI 
CHDI= a>SF(HDI) 
SHDI= -SQRTF(1.- CHDI*CHDI) 
THDI= SHDI/CHDI 
C=A(I)*A(I)*(SDI**3)*.3183099 
CALL ZETAO (DELO ,C ,CDI ,ZPOO ,THDI) 
ZPD= Z ( I)+ ZPOO 
DEL=DI 
ASSIGN 10 TO KK 

9 AA=-C*(ZPD-DEL*.0795775) 
GO TO KK,(10 9 114) 

10 CALL ESTU (AA,CDI,U,DELU,CHDI,SHDI,DELDEL) 
ASSIGN 114 TO KK 

114 CALL CALCU( U,CDI,AA,DELU) 
HU= . 5*U 
EHU= EXPF(. 5*U) 
REIID= 1 • /EIID 
THHU= ( EliD- RElill ) / ( EHU +REHU) 
THD= THDI *THHU 
DELP= 2.*ATANF(THD) 
IF(ABS(DELP-DEL)- DELDEL)18,18,17 

17 DEL=DELP 
GO 'ID 9 

18 CD= a>SF(DELP) 
Y=.1591549*A(I)*(CD-CDI) 
GAMMA=.5*(Y*Y+1.)/Y 
YO=Y 
COO= CD 
DEL00=57.29578*DELP 
DII= 57 .29578*DI 
G00=.510976*GAMMA 
CALL OUTPUT ( I,GOO,DELOO,DII) 
IF (I-3) 20,21,21 

20 I=I+1 
DELO=DELP 
GO 'ID 4 

21 IF(J-N)22,23,23 
22 DELO= DELP +DELS(J) 

J=J+1 
GO 10 3 

23 GO 'ID 2 
END 

SUBROUTINE INPUT (GO ,DELO ,N ,GA,DGA,X,Y) 
DIMENSION DELSS(2) 

1 FORMAT(F7.3,F10.3,16,F6.0,F8.3,2F10.3) 
101 FORMAT(/1X,F7.3,F10.3,I6,F6.0,F8.3,2F10.3) 
201 READ 1,(GOO,DELOO,N,GAA,DGAA,DELSS(1),DELSS(2)) 

IF(N-10)102,24,102 
102 PRINT 101,(GOO,DELOO,N,GAA,DGAA,DELSS(1) ,DELSS(2)) 



N=N 
GO= GOO I 0 51097 6 
GA=GAAI o 51097 6 
DGA= DGAAI.510976 
DELO= DELOOI57.29578 
X= DELSS(1)I57.29578 
Y= DELSS(2)I57o29578 

301 RETURN 
24 PAUSE 

GO TO 201 
END 
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SUBROUTINE ZETAQ (DELO,C,CDI,ZPDO,THDI) 
HDO= • 5*DEID 
CHDO=COSF(HDO) 
SHDO=SINF(HDO) 
THHUO=SHDOICHDOITHDI 
UO=IDGF( ( 1. +THHUO) I ( 1. -THHUO)) 
EUO= EXPF (UO) 
SHU0=.5*(EU0-(1.IEUO)) 
ZPDO= DEL0*.0795775-(1.IC)*(SHUO+UO+CDI) 
RETURN 
END 

SUBROUTINE EDEL (DGA,GA,DI,A,SDI,DELDEL) 
606 FORMAT(10X,26H ACCURACY CHANGED IN DELTA) 

DELDEL=-3.1415927*DGAIAISDIIGAIGA 
IF(ABSF(DI)-1.)106,206,206 

106 IF(DELDEL-2.E-8)306,506,506 
306 DELDEL=2.E-8 

PRINT 606 
GO TO 506 

206 IF(DELDEL-2.E-7)706,506,506 
706 DELDEL=2.E-7 

PRINT 606 
506 RE'IURN 

END 

SUBROUTINE ESTU (AA,CDI,U,DELU,CHDI,SHDI,DELDEL) 
714 FORMAT(10X, 22H ACCURACY CHANGED IN U) 

U=AAI( 3. +CD I) 
IF(ABSF(U)-3.)12,13,13 

12 EHU= EXPF(. 5*U) 
C2HU=.25*((EHU+(1.IEHU))**2) 
GO TO 113 

13 C2HU= 5. 5 
113 IF(CHDI-2.E-8)213,14,14 
213 CHDI=2. E-8 

14 DELU= ABSF(C2HD*DELDELICHDIISHDI) 
IF(ABSF(U)-1.)214,314,314 

214 IF(DELU-2.E-8)414,614,614 
414 DELU=2. E-8 

PRINT 714 
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GO 'IO 614 
314 IF(DELU-2.E-7)514,614,614 
514 DELU=2. E-7 

PRINT 714 
614 REWRN 

END 

SUBOOUTINE CALCU(U ,CDI ,AA,DELU) 
814 EU=EXPF(U) 

REU=1./EU 
SliD=. 5*(EU -REU) 
CIID= .. 5*(EU+REU) 
UP.::: U- (SHU+U*CDI-AA) /(CIID+CDI) 
IF(ABSF(UP-U)-DELU)16,16,15 

15 U=UP 
GO 'IO 814 

16 U=UP 
RE'IURN 
END 

SUBOOUTINE OUTPUT (I , 000 , DELOO , D I I ) 
19 FORMAT(1X,3F10.3) 

119 FORMAT(33X,3F10.3) 
219 FORMAT(66X,3F10.3) 
319 FORMAT(99X,3F10.3) 

IF(I-2)419,519,619 
419 PRINT 19,(000,DELOO,DII) 

GO 'ID 919 
519 PRINT 119,(GOO,DELOO,DII) 

GO 'IO 919 
619 IF(I-3)919,719,819 
719 PRINT 219,(GOO,DELOO,DII) 

GO ID 919 
819 PRINT 319,(GOO,DELOO,DII) 
919 REWRN 

END 
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