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ABSTRACT

Lightly loaded structures constructed on expansive soils are often subjected to severe distress

subsequent to construction, as a result of changes in the pore-water pressures in the soil. The

structures most commonly damaged are roadways, airport runways, small buildings,

irrigation canals, spillway structures and all near ground surface structures associated with

infrastructure development. Changes in the pore-water pressure can occur as a result of

variations in climate, change in depth to the water table, water uptake by vegetation, removal

ofvegetation or the excessive watering of a lawn.

An analytical tool for the prediction of heave is extremely valuable to geotechnical

engineers. There has been little advancement in the development of such a tool for solving

engineering problems. There does not appear to be a computer program that has been written

and widely accepted for solving this problem. It is important that such an analytical tool be

developed and that it be developed for both one- and two-dimensional problems.

The primary objective of this research study is to apply the general theory of

consolidation/swelling for unsaturated soils to provide a reliable, practical technique for the

prediction of one-, two- or three-dimensional volume change associated with unsaturated,

expansive soils. The void ratio constitutive surface of an unsaturated, expansive soil was

estimated from volume change indices obtained from conventional oedometer tests.

Mathematical equations, which can be applied over a wide range of stress conditions, are

proposed to describe the constitutive surfaces for both soil structure and water phase. The

elastic parameter functions that are required for the volume change analysis are calculated

from the constitutive surfaces with an assumed value ofPoisson's ratio.

The solutions to the volume change problems associated with an unsaturated,

expansive soil are obtained using both an uncoupled and a coupled approach. In the

uncoupled approach, the continuity equation for the water phase and the equilibrium

equations are solved independently. Uncoupled solutions are obtained using a partial

differential equation solver, called FlexPDE. In the coupled approach, the continuity equation

and the equilibrium equations are solved simultaneously. Coupled solutions are obtained

using a finite element program, called COUPSO. The examples presented in this study

represent typical volume change problems that are often encountered in engineering practice

(i.e., influence of vegetation on light engineering structures, water leakage under floor slab,
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and infiltration of water from ground surface). The results of the analyses appeared to be

reasonable and in accordance with anticipated behaviour. The research results also showed

that the answers from uncoupled solutions compared well with those from the coupled

solutions. It is suggested that uncoupled solutions are adequate for the analysis of most

volume change predictions for unsaturated, expansive soils.
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CHAPTERl

Introduction

1.1 General

An expansive soil is generally unsaturated due to desiccation, and contains clay

minerals that swell when wetted and shrink when dried. Expansive soils are present in

many parts of the world, particularly in semi-arid areas.

Lightly loaded structures constructed on expansive soils are often subjected to

severe distress subsequent to construction, as a result of changes in the pore-water

pressures in the soil. The structures most commonly damaged are roadways, airport

runways, small buildings, irrigation canals, spillway structures and all near ground

surface structures associated with infrastructure development. Changes in the pore

water pressure can occur as a result of variations in climate, change in depth to the

water table, water uptake by vegetation, removal of vegetation or the exceSSIve

watering of a lawn.

Damage to light structures caused by expansive soils has been recorded in

most countries in the world. In the United States, costs associated with damage to all

types of structures built on expansive soils are estimated to be in the orfer of $7

billion per year (Krohn and Slosson, 1980). This amount is greater than the combined

damage from natural disasters such as floods, hurricanes, earthquakes, and tornadoes

(Jones and Holtz, 1973). Expansive soils have been called the hidden disaster

(Snethen, 1986). While expansive soils do not cause loss of life, the economical loss

in the United States makes it the most costly natural hazard. About 60 percent of all

houses in the United States suffer minor damage from expansive soils. About 10

percent experience significant damage, some beyond repair. In Canada, the volume
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changing clay subsoil constitutes the most costly natural hazard to buildings on

shallow foundations (Hamilton, 1977).

The problems associated with expansive soils have been specially addressed

in many international and regional conferences. There were three Symposiums on

Expansive Clays (from 1957 to 1960), seven International Conferences on Expansive

Soils (from 1965 to 1992), three International Conferences on Unsaturated Soils

(from 1995 to 2002) and many other regional conferences. The research literature

shows that the prediction of heave associated with the wetting of an expansive soil

has received more attention than any other problem involving unsaturated soils

(Fredlund, 2000).

A world-wide interest in research on expansive soils in the last four decades

has resulted in numerous methods being proposed for the prediction of heave. The

heave prediction methods are based either on one-dimensional oedometer test results

or on direct matric suction measurements (Fredlund and Rahardjo, 1993). Although

an analytical tool for the prediction of heave is extremely important, there has been

little advancement in the development of such a tool for solving engineering

problems. There does not appear to be a computer program that has been written and

widely accepted for this problem. It is important that such an analytical tool be

developed and that it be developed for both one- and two-dimensional problems.

Difficulties associated with the prediction of volume change in an unsaturated,

expansive soil present several issues. These issues include the characterization of the

soil properties that are required for two- or three-dimensional problems and a

computing tool that can handle the highly non-linear nature of an unsaturated,

expansive soil. The geotechnical community is still waiting for satisfactory analytical

tools to address the expansive soil problem.

1.2 Objective and scopes

The intent of this research study is to use the general theory of unsaturated soils to

provide a reliable, practical technique for the prediction of one-, two- or three

dimensional volume change associated with unsaturated, expansive soils. The

objectives of this research study are as follows:
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1. To summarize and further study an uncoupled model for the prediction of

volume change in expansive soils (i.e., an extension of the study presented by

Hung, 2000).

2. To estimate the void ratio constitutive surface from volume change indices.

3. To study the use of soil property functions that can be applied over a wide

range of stress conditions for volume change and water content change

prediction.

4. To develop a coupled model for the prediction of volume change in expansive

soils based on the theory of swelling for an unsaturated soil.

5. To simulate typical volume change problems associated with expansive soils

in engineering practice using both uncoupled and coupled approaches.

The scope of this research study is limited to a theoretical study associated

with past case histories and example problems. The soil properties used in the

analysis are based on results found in the literature or are predicted from other

volume-mass properties measured in other studies at the University of Saskatchewan.

The study considers the volume change due to changes in matric suction and applied

load; effects of temperature, electric potential or osmotic suction changes in the soils

are not considered.

1.3 Outline of the thesis

This thesis is organized into eight chapters. Chapter 1, "Introduction", presents the

need for this research study, the objectives and scope of the research study, and the

outline of the thesis.

Chapter 2, "Literature Review", contains three parts. The first part presents a

brief review of stress state variables, constitutive relationships, and flow laws for an

unsaturated, expansive soil. The second part reviews the solutions to one-dimensional

swelling of expansive soils. The Fredlund et al. (1980) method for the prediction of

heave is presented to serve as a background and the terminology is set forth for the

later chapters, which deal with equations for the void ratio constitutive surface. The

third part presents the development of uncoupled and coupled solutions of volume

change associated with expansive soils.

3



Chapter 3, "Formulation Theory for the Swelling Process in an Expansive

Soil", presents the physical relationships required for three-dimensional swelling

formulations and the development of coupled equations for the simulation of three

dimensional swelling problems. Formulations for two-dimensional (Le., plane strain)

conditions are derived with the assumption that a continuous air phase is maintained

at atmospheric pressure. Soil properties required for a swelling analysis and details

related to an uncoupled analysis are presented. The finite element formulation of the

coupled equations is derived for a plane strain problem.

Chapter 4, "Theory of Constitutive Surfaces", includes three parts. The first

part presents estimations of void ratio surface from swelling indices. The second part

contains the existing equations and proposes a new equation for the void ratio

constitutive surface. Solutions to the low net normal stress and matric suction range

are also presented in this part. The third part presents the soil property

characterization for Regina clay. The elasticity parameters are calculated from the

constitutive surfaces for soil structure and water phase using an assumed value for

Poisson's ratio.

Chapter 5, "Research Program", presents the computer programs and contains

an outline of the research program undertaken to illustrate the uncoupled and coupled

approaches for volume change predictions associated with expansive soils. Four two

dimensional example problems are presented. The first two examples, which are

associated with the problem of water uptake by trees, are analysed using the

uncoupled approach. The other two examples, which are associated with the leakage

of water below a floor slab and the infiltration of water from ground surface, are

analysed using both uncoupled and coupled approaches. Each example problem and

the soil properties used in the analysis are described. A sensitivity study with respect

to the assumed value of Poisson's ratio is presented.

Chapter 6, "Presentation of the Results", contains the results of the analyses

corresponding to the research program presented in Chapter 5. Uncoupled solutions

of the example problems are obtained using a general-purpose partial differential

equation solver, called FlexPDE. Coupled solutions of the example problems are

obtained using a finite element computer program, called COUPSO.
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Chapter 7, "Discussions of the Results", contains the discussions of the results

presented in Chapter 6. Uncoupled and coupled solutions for the third and fourth

example problems are compared.

Chapter 8, "Conclusions and Recommendations", contains a summary of the

findings of this research study and proposes several recommendations related to the

analysis and potential future studies.

Four Appendices are included to provide supplementary information to the

thesis. Appendix A presents the comparison of the coupled solutions obtained using

various finite element meshes for Examples 3 and 4. Appendix B presents additional

results of the uncoupled analysis of Example 3. Appendix C presents additional

results of uncoupled analysis of Example 4. Appendix D discusses the issues

associated with the numerical errors of a finite element solution and presents how

some of the numerical results presented in this study have been validated.
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CHAPTER 2

Literature Review

2.1 General

Unsaturated soils can generally be divided into two groups with respect to volume

change; namely, expansive soils and collapsible soils. Volume change is a result of a

change in matric suction for both groups of soils (Le., when the soil is wetted).

Expansive soils increase in volume when wetted while collapsible soils decrease in

volume when wetted. The theory of unsaturated soil behaviour is required for the

study of either expansive soils or collapsible soils. The historical development of a

general volume change theory for unsaturated soils has been presented by Ho, 1988;

Rahardjo, 1990; Fredlund and Rahardjo, 1993; Shuai, 1996; and Pereira, 1996.

Hung (2000) presented a summary of methods for the prediction of heave and

reviewed uncoupled and coupled solutions of consolidation/swelling problems in

unsaturated soils. The development of methods and computer models for

saturated/unsaturated seepage and stress analysis was also reviewed.

This chapter presents a brief review of stress state variables, constitutive

relationships, and flow laws for unsaturated soils. Soil properties required in the

constitutive relationships are examined. Relationships between the coefficients of

volume change and elasticity parameters are presented and related to different loading

conditions. The elasticity parameters for the soil structure constitutive surface can be

calculated from conventional oedometer test results. Analytical solutions to one

dimensional heave of expansive soils are reviewed. The development of uncoupled

and coupled solutions of volume change associated with expansive soils is also

presented.
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2.2 Stress state variables and constitutive relationships

The behaviour of unsaturated soils can be explained using the general theory of

unsaturated soils, through the use of stress state variables, the constitutive

relationships for soil structure and water phase and flow laws for the fluids (Fredlund

and Rahardjo, 1993).

2.2.1 Stress state variables

A single stress state variable controlling the behaviour of a saturated soil is the

effective stress (Terzaghi, 1936). The effective normal stresses, denoted as (J", can be

written as follows:

where:

(J" = ((J' - uw)

(J' = total normal stresses, and

Uw = pore-water pressure.

(2.1)

The use of Terzaghi' s effective stress state variable has been well accepted

and experimentally verified for saturated soils (Rendulic, 1936; Bishop and Eldin,

1950; Laughton, 1955; Skempton, 1961). There have been attempts to extend the

effective stress equation for unsaturated soils. Bishop (1959) defined the stress state

in the form of an equation by including the pore-air pressure and a soil property:

(2.2)

where:

Ua = pore-air pressure, and

X = a parameter related to the degree of saturation of soils (called

Bishop's parameter).

The magnitude of Bishop's parameter is equal to 1 for saturated soils and zero

for dry soils, but depends on factors such as soil structure, drying and wetting cycles,

and stress history (Bishop, 1960).
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Bishop's effective equation (Eq. 2.2) has been questioned by several

researchers. It was suggested that Bishop's equation did not provide an adequate

relationship between volume change and effective stress for most soils, particularly

those below a critical degree of saturation (Jennings and Burland, 1962). The

equation could be used more accurately for shear strength behaviour than for volume

change (Bishop and Blight, 1963). It was also observed that Bishop's parameter, %,

when determined for volume change behaviour differed from that when determined

for shear strength (Morgenstern, 1979).

Several other effective stress equations have been proposed for unsaturated

soils (Aitchison, 1961; Jennings, 1961; Richards, 1967; Aitchison, 1973). All

equations incorporate a soil parameter in order to form a single-value stress variable.

Experiments have demonstrated that the effective stress equation is not single-valued.

Rather, there is a dependence on the stress path followed (Fredlund and Rahardjo,

1993).

Many researchers suggested that more than one stress state variable should be

used to describe the behaviour of unsaturated soils (Coleman, 1962; Burland, 1965,

Matyas and Radhakrishna, 1968; Barden et aI., 1969; Brackley, 1971; Fredlund and

Morgenstern, 1977).

Fredlund and Morgenstern (1977) proposed that the constitutive behaviour of

unsaturated soils be described using two independent stress state variables; namely,

net normal stress, (a - ucJ, and matric suction, (ua - uw). The validity of these stress

state variables has been experimentally tested (Fredlund, 1973) and have now become

well accepted. The use of independent stress state variables has produced a more

meaningful description of unsaturated soil behaviour, and forms the basis for the

formulations of shear strength and volume change problems for unsaturated soils

(Fredlund and Rahardjo, 1993).

2.2.2 Constitutive relationships

Volume change constitutive relationships relate the stress state variables to the

deformation variables of a continuum through the use of elasticity parameters.

Several constitutive relationships have been proposed for volume change of
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unsaturated soils (Terzaghi, 1936; Biot, 1941; Bishop, 1959; Coleman, 1962; Bishop

and Blight, 1963; Matyas and Radhakrishna, 1968; Barden et aI., 1969; Aitchison et

aI., 1973, Fredlund and Morgenstern, 1976; Mitchell and Avalle, 1984; Llorett and

Alonso, 1985; Ho, 1988; Fredlund and Rahardjo, 1993). The proposed constitutive

relationships have been presented in the form of mathematical equations and/or

presented graphically. In general, two constitutive relationships are presented to

describe the volume change associated with an unsaturated soil; one relationship for

the soil structure (in terms of void ratio or volumetric strain) and another for the water

phase (in terms of degree of saturation or water content). These relationships are

expressed in terms of the total stress, G', pore-air pressure, Ua, and pore-water

pressure, Uw • The constitutive relationships for unsaturated soils should be expressed

using two independent stress state variables. The constitutive relationships proposed

by Fredlund and Morgenstern (1976) appeared to be satisfactory to explain the

behaviour of unsaturated soils.

An unsaturated soil is considered as a four-phase mixture (Fredlund, 1979),

with two phases that come to equilibrium under applied stress (Le., soil particle and

contractile skin) and two phases that flow under applied pressure (i.e., the air and the

water). The total volume change of the soil element must be equal to the sum of

volume changes associated with each phase. If the soil particles are assumed

incompressible and the volume change of the contractile skin assumed internal to the

element, the continuity requirement for an element of unsaturated soil reduces to

(Fredlund and Morgenstern, 1976):

where:

~VV ~Vw ~Va
--=--+--
Vo Vo Vo

Vo = initial overall volume of an unsaturated soil element,

Vv = volume of soil voids,

Vw = volume of water in the element, and

Va = volume of air in the element.
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In order to describe completely the volume change in an unsaturated soil, the

volume changes associated with any two of the three above variables must be

measured or predicted, while the third can be computed. In practice, the overall and

water volume changes are usually measured, while the air volume change is

calculated.

Using Cartesian coordinate system and referencing deformation to an

elemental volume, the deformation variable associated with total volume change can

be written as the sum of the normal strains as follows:

(2.4)

where:

&v = volumetric strain, and

ex, By, &z = normal strain components in X-, y-, and z-directions, respectively.

(Note: x- is used for the horizontal direction andy- is used for the

vertical direction).

Assuming infinitesimal deformations, the same elemental volume can be used

for the measurement of water volume change (Fredlund, 1973). The deformation

variable associated with the water phase is defined as L1V,jVo.

2.2.2.1 Soil structure constitutive relationship

The constitutive relationships for an unsaturated soil can be formulated as an

extension of the equations used for saturated soil, using two independent stress state

variables. These relationships can be presented in various forms such as elasticity

form and compressibility form.

In elasticity form, the soil structure constitutive relations associated with the

normal strains in the X-, y-, and z-directions are as follows (Fredlund and

Morgenstern, 1976; Fredlund, 1979):

(2.5)
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(2.6)

(2.7)

where:

E = elasticity parameter for the soil structure with respect to a change

in the net normal stress, (a - uaJ, and

H = elasticity parameter for the soil structure with respect to a change

in matric suction, (ua - uw).

The constitutive equations associated with the shear deformations are:

(2.8)

(2.9)

(2.10)

where:

Txy = shear stress on the x-plane in the y-direction (Le., Txy = Tyx),

Tyz = shear stress on the y-plane in the z-direction (i.e., Tyz = Tzy),

Tzx = shear stress on the z-plane in the x-direction (Le., Tzx = Txz), and

G = shear modulus.

The constitutive equations can also be applied to situations where the stress

versus strain relationships are non-linear. An incremental procedure using small

increments of stress and strain can be used to apply the linear elasticity formulation to

a non-linear stress versus strain curve. The non-linear stress versus strain curve is

assumed to be linear within each stress and strain increment. The elasticity
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parameters, E and H, may vary in magnitude from one increment to another. The soil

structure constitutive relations associated with the normal strains can be written in an

incremental form as follows:

d(a - u) II ( ) d(u - u )dB = x a _ ~ d a + a _ 2u + a w
x E E y z a H

d(a - u) II d(u - u )
dB = y a _ ~d(a + a _ 2u ) + a w

y E E x z a H

d(a - u) II ( ) d(u - u )dB", = z a _ ~ d a + a _ 2u + a w
~ E EX yaH

(2.11 )

(2.12)

(2.13)

A change in the volumetric strain of the soil for each increment, d&v, can be

obtained by summing the changes in normal strains in the X-, y-, and z-directions:

where:

dBv = dBx + dBy + dBz

d&v = change in volumetric strain for each stress increment.

(2.14)

Substituting Eqs. (2.11), (2.12), and (2.13) into Eq. (2.14) gIves the

volumetric strain for the particular loading increment of the general three

dimensional loading conditions:

(2.15)

where:

amean = mean total normal stress [Le., (ax+ay+aJI3].

Fredlund and Rahardjo (1993) presented the constitutive relationship for soil

structure in a compressibility form for the general, three-dimensional loading

conditions:
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where:

(2.16)

= 3(1- 2J.1}
E

coefficient of volume change with respect to a

change in net normal stress, and

= !-, coefficient of volume change with respect to a change in
H

matric suction.

These constitutive equations have been experimentally tested for uniqueness

near a point (Fredlund and Morgenstern, 1976) and for uniqueness when larger stress

increments are used (Matyas and Radhakrishna, 1968; Barden et al., 1969). The

results indicate uniqueness as long as the deformation conditions are monotonic. The

unloading constitutive relationship for soil structure is presented graphically in the

form of constitutive surface in Fig. 2.1.a.

1J.Vy
6y=--

Vo

a. soil structure

e _1J.Vw
w- Vo

b. water phase

Figure 2.1 Constitutive surfaces for soil struc1ture and water phase of an unsaturated soil

The constitutive relationship for soil structure can be plotted with respect to

the logarithm of the stress state variables. The relationship of void ratio versus

logarithm of effective stress is well established for saturated soils. The compression

13



of a saturated soil consists of two distinct stages, the recompression (or rebound) and

virgin compression (Terzaghi and Peck, 1967). The virgin compression curve and

rebound curve can be linearized on a semi-logarithmic scale, the rebound curves are

approximately parallel to one another (Lambe and Whitman, 1969) (i.e., the slope of

the rebound curves is independent of the maximum past pressure). This relationship

becomes void ratio versus net normal stress when the pore-water pressure is zero.

Figure 2.2 shows these linear relationships as typical results of a one-dimensional

constant volume and free swell tests on Regina clay specimens. Linear relationships

of vertical strain (swelling) and the logarithm of decreasing effective stress are also

shown in Fig. 2.3 for Arizona clay.

-e-Specimen 11I-2C-(CV)

0.8 •. {3 •• Specimen IV-2C-(CV)

1.2

1.1 GI.

0 1.0
~
L:l
'0
>

0.9

[3•• - _. - _ ••••• - -8·. ".

'1:1.••

.~.

10 100

Load (kPa)

1000 10000

Figure 2.2 Void ratio versus pressure curve for loading and unloading
portions of the curves for Regina clay (after Gilchrist, 1963)

An expansive soil is compressed due to suction increase (i.e., desiccation) and

rebound due to suction decrease (i.e., wetting). The void ratio versus suction also

consists of a recompression and a virgin compression portion. The virgin

compression branch and the rebound curves are essentially linear on a semi

logarithmic scale (Fredlund, 1964). The semi-logarithmic plot of soil structure

constitutive surface for an unsaturated soil is linear on the extreme planes over a

relatively large stress range (Ro, 1988). The linear relationship ofvertical strain to the

14



logarithm of matric suction under a constant applied total stress is presented in Fig.

2.4 for both the drying and wetting paths of Athelstone Park clay. The slope of the

void ratio versus logarithm of stress state variables are called volume change indices.

Fredlund and Rahardjo (1993) presented the soil structure constitutive relationship as

a semi-logarithm surface. Figure 2.5 presents hypothesised unloading constitutive

surface for the soil structure using a semi-logarithmic scale.

20

~nd Sample depth (m) Si (%)

¢ 16.8 91.3

15
0 16.8 98.6

~ A 14.0 98.3
~ 0 14.0 98.0
c:
.~

1;)
10

13
t:
~

5

10 100

Effective stress (kPa)
1000

Figure 2.3 Relationship between vertical strain and logarithm of effective stress for the
swelling portion for Arizona clay (Holtz and Gibbs, 1956)

15 ,.-------------------------,

1000

Change
in total stress

500

LEGEND

-4- - Increasing suction (at ov= 12 kPa)
-i3- Decreasing suction (at av = 67 kPa)

10

-15 '--- l.- ..L.-__'---_--L-_-'------'-_L..--....--

100

-10

Matric suction (kPa)

Figure 2.4 Relationship between vertical strain and logarithm of matric suction for the
loading and unloading of Athelstone Park clay (Richards et aI., 1984)
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Figure 2.5 Hypothesised void ratio semi-logarithmic constitutive
surface for an expansive soil (Fredlund and Rahardjo, 1993)

2.2.2.2 Water phase constitutive relationship

Fredlund and Rahardjo (1993) formulated the water phase constitutive relationship

using a semi-empirical approach based on a linear combination of the stress state

variables. In an elasticity form, the constitutive equation can be written as follows:

(2.17)

where:

Ew = water volumetric parameter associated with a change in the net

normal stress, and

Hw = water volumetric parameter associated with a change in matric

suction.

Using a compressibility form, the constitutive relationship for water phase can

be written as follows:

(2.18)
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where:

= .J.-., coefficient of volume change with respect to a change in
Ew

net normal stress, and

= _1_, coefficient of volume change with respect to a change in
Hw

matric suction.

The unloading constitutive relationship for water phase is presented

graphically in the form of constitutive surface in Fig. 2.1 b. It should be noted that the

above equations do not represent a mathematical form for the entire constitutive

surface. Rather, the equations represent the mathematical form that appears near a

single stress point on the constitutive surfaces. Mathematical equations to represent

the entire constitutive surfaces for an unsaturated soil is still a topic of ongoing

research (M. Fredlund, 2000).

2.2.2.3 Relationships of the coefficients of volume change and elasticity

parameters for different loading conditions

The constitutive relationships can be written to accommodate specific loading

conditions such as Ko-Ioading and plane strain loading (Fredlund and Rahardjo,

1993). The coefficients of volume change for any loading condition can be related to

the coefficients of volume change for the general, three-dimensional loading

condition and therefore to the basic elasticity parameters, E, H, and J..L. Using the

notation for changes in stress state variables presented in Table 2.1, and the

definitions of the coefficients of volume change presented in Table 2.2, the

relationship between the coefficients of volume change and elasticity parameters can

be written as showed in Table 2.3.
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d"d'ffihT bla e 2,1 C ange in stress state variables for di erent loa mg con Itlons
Loading First stress state variable Second stress state variable

Three-dimensional (3D) d(amean - uaJ d(ua- Uw)3D

Ko-Ioading (lD) d(av - uaJ d(ua- Uw)lD

Plane strain (2D) d(aave - uaJ d(ua- Uw)2D

Note: amean = (ax + oy + aJ/3; aave = (ax + oy)/2

d"d'fi d'ffiT bla e 2,2 Defimtion of the coefficients of volume change or 1 erent loa mg con Itlons
Loading Soil structure Water phase

Three-dimensional (3D)
s d£v w dVw IVom1 = m1 =

d (a mean - U a) d(O'mean - U a)

mS
-

d£v w dVw IVa
m2 =2 -

d(ua - U w )3D d(ua - U w )3D

Ko-Ioading (ID) s dey w dVw IVom - m1- lD =
I-ID - d( _ ) d(O'y -ua)O'y ua

s dey w dVw IVo
m2- 1D = m2- lD =

d(ua -Uw)lD d(ua -Uw)lD

Plane strain (2D) s d(£x +£y) w dVw IVo
ml - 2D = ml - 2D =

d(O'ave -ua) d(O'ave -ua)

s d(£x +£y) w dVw IVo
m2- 2D =m2- 2D = d(ua -uw )2Dd(ua-uw )2D

Note: dEy = dEvfor Ko-Ioading; d(Ex + By) = dEv for plane strain loading

Table 2,3 provides the relationships for the coefficients of volume change and

the elasticity parameters for different loading conditions. The coefficients obtained

from one loading condition can be converted to other loading conditions through the

use of these basic relationships (Fredlund and Rahardjo, 1993).

s 3(1- p) s 3 s
m = m = m

I (1 + p) l-lD 2(1 +p) 1-2D
(2.19)

s 3(1- p) s 3 s
m = m = m

2 (1 +p) 2-lD 2(1 + p) 2-2D
(2.20)

w 3(1- p) w 3 w
m = m = m

I (1 + p) I-lD 2(1 +p) 1-2D
(2.21)
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(2.22)

Table 2.3 Relationship between the coefficients of volume change and the fundamental
elasticity parameters (after Fredlund and Rahardjo, 1993)

Loading Soil structure Water phase
Three-dimensional (3D) m{ = 3 (1-2p) w 3m =-

E 1 E
w

s 3 w 1m =-
2 H m =-

2 H
w

Ko-Ioading (lD) s (1+p)(1-2p) w (1+ p)
m1- 1D = ml- lD =

E(l- p) Ew(l- p)

s (l+p) w 1 2(E / H)
m2- 1D = m ---

H(l-p) 2-lD - H E (1- )
w w P

Plane strain (2D) s 2(1+p)(1-2p) w 2(1 + p)
ml - 2D = ml- 2D =

E Ew
s 2(1 + p)

w 1 (E/ H)
m2- 2D = m2- 2D =--

H H w Ew

Table 2.4 presents the calculation of elasticity parameters from the

coefficients of volume change with respect to different loading conditions. It is

important to note that five fundamental elasticity parameters are required in the

constitutive equations (i.e., E, H, Ew, Hw, and p). However, there are only four

coefficients of volume change obtained from the two constitutive surfaces (i.e., m{,

m;, m;, and m;). Poisson's ratio must be measured or assumed in order to convert

the coefficients of volume change for different loading conditions to the fundamental

elasticity parameters.
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Table 2.4 Relationship between the fundamental elasticity parameters and the coefficients of
I hvo ume c ange

Loading Soil structure Water phase
Three-dimensional E = 3 (l-2p) 3

(3D) E =-
mS w w

I m1

3 1
H=- H=-

mS w w
2 m2

Ko-Ioading (lD) E = (1 + p)(1- 2p) E = (1 + p)
(1- p )m;_lD w (1- J.l)m':'-lD

H=
(1 + p)

H (w 2 (1-2,u) m~ Wr
(1- P)m~_lD

- m + m
w - 2-lD 3 (1- p) m; 1

Plane strain (2D) E = 2(1 + p)(1- 2p) E =
2(1 + p)

S W w
ml - 2D ml - 2D

H = 2(1+ p)
H =(m W + (l-2,u) m~ m WrS

m2-2D w 2-2D 3 S Iml

Table 2.5 presents the constitutive equations for the soil structure written with

the use of the coefficients of volume change for three-dimensional loading (Le., m!

and m~).

"I tru tuft .fT bl 2 5 D"ffi t £a e I eren ormso cons I utlve equatIons or SOl s c re
Loading Equations

Three-dimensional dev = m;d(O'mean -ua)+m;d(ua -uw)3D
(3D)

Ko-Ioading (lD) dev =m!_JDd(O'y -ua)+m;_JDd(ua -uw)JD

l(l+p) S l(l+p) S

dev = mJd(O'y -ua) + m2d(ua -Uw)JD
3(1-p) 3(1-p)

dev = m!d (0'mean - Ua) + m;d (Ua - Uw)3D
Plane strain (2D) dev = m;_2Dd ( O'ave - ua) + m;_2Dd(Ua - Uw)2D

2(1 + p) S 2(1+ p) S

dev = mJd(O'ave -ua)+ m2d(ua -Uw)2D
3 3

dev = m;d(O'mean -ua)+m;d(ua -uw)3D
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2.2.2.4 Volume change indices for various loading conditions

Volume change indices are slopes of the void ratio versus logarithm of stress state

variables. Table 2.6 defines the volume change indices for various loading paths.

. d·hT hI 2 6 D fi·f f 1a e e 1111 IOn 0 vo ume c ange III Ices
Loading Volume change index with Volume change index with

respect to net normal stress respect to matric suction
Three-dimensional (3D) C = de C = de -

t d logea mean - Ua) m dlog(ua -Uw)3D

Ko-Ioading (ID) de de
Ct - lD = Cm-lD =

dlog(ay - ua) d log(ua - uw)lD
Plane strain (2D) de de

Ct - 2D = Cm-2D =
dlog(aave -ua) dlog(ua - Uw)2D

Based on the constitutive relations presented in Table 2.5, the following

relations can be obtained along the constant matric suction plane and the constant net

normal stress plane for the soil structure constitutive surface:

(2.23)

(2.24)

Equations (2.23) and (2.24) allow the following relations for the non-zero net

normal stress plane and the matric suction plane with respect to different loading

conditions:

d[log(crrnean - ua)] = d[log(crave - ua)] = d[log(cry - ua)] (2.25)

(2.26)

Substituting Eqs. (2.25) and (2.26) into the relationships presented in Table

2.6, the following relationships can be written.
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(2.27)

Cm- lD =Cm- 2D =Cm (2.28)

The volume change indices with respect to net normal stress, and with respect

to matric suction are theoretically the same for the above mentioned loading

conditions. The volume change index obtained from isotropic loading has been

shown to be experimentally the same as that obtained from Ko-loading (Graham,

1997). Figure 2.6 presents the swelling versus logarithm of confining pressure from

oedometer and triaxial swell tests for AI-Ghatt shale. It can be seen that the data from

both the triaxial and oedometer tests are approximately fitted by a straight line. The

volumetric swell curve measured from triaxal test is essentially parallel to the vertical

swell curve measured from oedometer test.

25
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Figure 2.6 Relationship between volumetric swell and confining pressure from
oedometer and triaxial swell test (AI-Shamrani and AI-Mhaidib, 2000)
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2.2.2.5 Sign conventions

Fredlund and Rahardjo (1993) suggested a sign convention for the coefficients of

volume change and elasticity parameters. A positive change in the state variable (i.e.,

deformation or stress) refers to an increase in the state variable, whereas a negative

change indicates a decrease in the state variable. The signs of the fundamental

elasticity parameters, E, H, Ew, and Hw, are determined by the sign of the deformation

state variables and the stress state variables. For an expansive soil, all the coefficients

of volume change (i.e., m;, m;, mt, and m;), volume change indices (i.e., Ct and

Cm), and elasticity parameters (i.e., E, H, Ew, H..v) will have negative signs, while

Poisson's ratio, p is assumed to have a positive sign. The volume change for an

expansive soil increases with decreasing net normal stress or matric suction. The

values of the coefficients of volume change, elasticity parameters, and volume change

indices are often presented as absolute magnitudes, without a minus sign.

2.2.2.6 Calculation of the elasticity parameters for the soil structure

The coefficients of volume change can be obtained from the constitutive surfaces

(Fig. 2.1 and Table 2.2). The coefficients of volume change can then be used to

calculate the elasticity parameters (Table 2.4).

Hung (2000) calculated the elasticity parameter functions, E and H, from

volume change indices, Ct (from net normal stress plane) and Cm (from matric suction

plane), respectively. The coefficient of volume change is first calculated by

converting the volume change index from semi-logarithmic plot into the arithmetic

plot. The elasticity parameters are then calculated from the coefficient of volume

change as shown in Table 2.4. These elasticity parameters then are applied for the

entire constitutive surface. The elasticity parameter, E, can be expressed as a function

of volume change index with respect to net normal stress, Ct, initial void ratio and

Poisson's ratio. The elasticity parameter, H, can be expressed as a function of the

volume change index with respect to matric suction, Cm, initial void ratio and

Poisson's ratio. The equations for these elasticity parameters can be written for

general three-dimensional loading conditions as follows:
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E = 6.908(1- 2Ji)(1 + eo) ( _)
a mean U a

Ct

(2.29)

H= 6.908(l+eo)(u -u )
Caw

m

(2.30)
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Figure 2.7 Relationship between the elasticity parameter, E and net mean stress
for various values of swelling index (from Hung, 2000)

Figure 2.7 presents graphically the relationship between elasticity parameter,

E and net mean stress for various values of volume change index with a constant

value of Poisson's ratio. The elasticity parameter, E, increases with the increase of net

mean stress and the decrease of volume change index, Ct. Figure 2.8 shows the

variation of elasticity parameter, E and net mean stress for various values of

Poisson's ratio with a constant value of volume change index, Ct. The elasticity

parameter, E, increases with an increase in net mean stress and a decrease in

Poisson's ratio. The elasticity parameter, H, increases with an increasing value of

matric suction and a decreasing value of volume change index, Cm as shown in Fig.

2.9. Equations (2.29) and (2.30), and Figs. 2.7, 2.8 and 2.9 do not show the variation

in elasticity parameter, E, with matric suction, and the variation of elasticity
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parameter, H, with net normal stress. In addition, these equations are not valid when

net normal stress and matric suction approach zero. At small values of net normal

stress or matric suction, these parameters become mathematically small; resulting in

an unstable computation of the volume change problem or unreasonably large

deformation.

The elasticity parameters, E and H, can be related to mean net normal stress

(using m;); average net normal stress (using m;-2D); or vertical net normal stress

(using m;-ID) through the use ofEqs. 2.23 and 2.24.

1000750500250
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30
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::!E-W 20 ~l =0.4
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E
m
~

m
a.
Z' 10 ~l =0.45
'0
~
to
iIi

Net normal stress. (O"meau - u a), (kPa)

Figure 2.8 Relationship between the elasticity parameter, E and net
mean stress for various values of Poisson's ratio (from Hung, 2000)
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Figure 2.9 Relationship between the elasticity parameter, Hand matric suction
for various values of swelling index (from Hung, 2000)

2.2.3 Flow laws

In unsaturated soils, two phases are classified as fluids that can flow (Le., water phase

and air phase). Flow laws are required to relate the flow rate with driving potential

using appropriate coefficients.

2.2.3.1 Flow of water

The driving potential for the flow of water is hydraulic head (or total head). The

hydraulic head consists of the gravitational head and the pressure head.

(2.31)

where:

hw = hydraulic head,

y = elevation head,

Uw = pressure head,
Pwg

Pw = density of water, and

g = gravitational acceleration.
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The flow of water in a saturated/unsaturated soil system is commonly

described using Darcy's law (Buckingham, 1907; Richard, 1931; Childs and Collis

George, 1950; Freeze and Cherry, 1979). Darcy (1856) stated that the rate of water

flow through a soil mass was proportional to the hydraulic head gradient. Darcy's law

can be written for the y-direction in the Cartesian coordinate system as follows:

(2.32)

where:

= flow rate of water,

= coefficient ofpermeability with respect to water phase, and

= hydraulic head gradient in the y-direction.

The coefficient of permeability with respect to water phase is a measure of

space available for water to flow through the soil. The coefficient of permeability

depends upon the properties of the fluid and the properties of the porous medium.

The coefficient of permeability for a given unsaturated soil is a function of

degree of saturation and void ratio (Lloret and Alonso, 1980; Fredlund, 1981). For a

given saturated soil, the coefficient of permeability is a function of the void ratio

(Lambe and Whitman, 1969). In an unsaturated soil, the coefficient of permeability is

significantly affected by combined changes in the void ratio, e, and the degree of

saturation, S, of the soil (Fredlund and Rahardjo, 1993). The degree of saturation can

be written as a function of matric suction, and so the coefficient of permeability is

also written as function of the matric suction and void ratio. The coefficient of

permeability function can be directly measured, indirectly computed or estimated by

combining the soil-water characteristic curve and the saturated coefficient of

permeability. Many permeability functions have been proposed in the literature to

describe the coefficient of permeability of an unsaturated soil (e.g., Gardner, 1958;

Phillip, 1986; van Genuchten, 1980; Fredlund and Xing, 1994; Leong and Rahardjo,

1997).
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Gardner's coefficient of permeability equation (1958), as an example, IS

written as follows:

(2.33)

where:

ks = coefficient of permeability at saturation, which is a function of

void ratio,

a = constant inversely proportional to the breaking point of the

function, and

n = constant related to the slope of the function.

2.2.3.2 Flow of air

The driving potential for the flow of air in the continuous air phase is a concentration

or pressure gradient. Since the elevation gradient has a negligible effect, the pressure

gradient is most commonly considered as the only driving potential for the air phase

(Fredlund and Rahardjo, 1993).

Flow of air through an unsaturated soil IS commonly described using a

modified form of Fick's law.

J =-D* aua
a a By

where:

Ja mass rate of air flowing across a unit area of the soil,

D; = Daa[Pa(l- S)n]/ aua, coefficient of transmission,

Da = transmission constant for air flow through a soil,

Pa = air density related to the absolute air pressure,

n porosity of the soil, and

aua / By = pore-air pressure head gradient in the y-direction.
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Similar to the coefficient of permeability with respect to water phase, the

coefficient of permeability for the air phase is a function of the fluid (Le., air) and soil

volume-mass properties. However, unlike water, air properties can no longer be

considered as constants. Density and viscosity of air are functions of the absolute air

pressure.

Bear (1972) and Barden and Pavlakis (1971) showed that the coefficient of

permeability to air remains significantly greater (i.e., five to seven orders of

magnitude) than that to water phase for almost all water contents (Fig. 2.10).
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Figure 2.10 Water and air coefficients of permeability. a) Typical relative permeability curve
(Bear, 1972); b) Coefficient of permeability with respect to air phase, ka, and water phase, kw

versus water content for Westwater soil (Barden and PavJakis, 1971)

Rahardjo and Fredlund (1995) presented an experimental verification for the

theory of consolidation for unsaturated soils. The experimental study was limited to

the one-dimensional case. Soil properties such as coefficient of consolidation,

coefficient of permeability, and coefficients of volume change used during the

simulations were assumed to be constants for a single test. The excess pore-air

pressure was found to dissipate rapidly when the air-phase was continuous. This

finding agreed with research results from Madedor (1967) and Barden (1974). The

present study will assume that the air phase is continuous and at atmospheric
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pressure; therefore, air-flow is not a relevant process and no further developments on

the coefficient of permeability for the air phase are considered.

2.3 Solutions to one-dimensional heave of expansive soils

The techniques available for the prediction of heave can be divided into two main

groups. The first group is associated with the heave prediction methods that are based

on matric suction measurement. The second group is associated with the heave

prediction methods that are based on one-dimensional oedometer test results.

2.3.1 Heave prediction methods based on matric suction measurements

The volume of an expansive soil decreases as soil suction increases and increases as

soil suction decreases. Several methods of heave prediction have been proposed. In

general, these methods are different in the definition of the slope of the relationship

between void ratio (or vertical strain) and the logarithm of soil suction.

Richards (1967) predicted water content changes in soils from water content

versus soil suction curves obtained from laboratory tests. The equilibrium suction,

determined from correlation between equilibrium soil suction and climatic index, is

used to estimate the final water content condition. The soil volume change is

predicted on the assumption that the volume change is equal to the volume of water

taken up by the soil. The soil volume change is calculated as follows:

where:

~V ~wGs
-=----
V IOO+w;Gs

L1w = change in water content,

Gs = specific gravity, and

Wi initial water content.

(2.35)

The strain, &f/H, is calculated by assuming equal volume changes in the

vertical and horizontal directions as follows:
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where:

t:Jl 1 ~V 1 ~wGs
-=--=
H 3 V 3100+wi Gs

H = thickness of the soil layer.

(2.36)

Aitchison and Woodburn (1969) presented a method for prediction of heave,

called the Australian method, which required the use of initial load and soil suction

values and predicted final load and soil suction. The testing procedure for this

approach involves the use of a modified oedometer, in which applied load and soil

suction can be measured. The data are plotted to provide the strain versus soil suction

relationship for various loads. Lytton (1977) defined the slope of this curve as the

suction compression index or swelling index, Yh as follows:

where:

~v

VYh=---

!Og(~ J

LtV/V = volumetric strain, and

hfi hi = final and initial soil suction.

(2.37)

Once the suction swelling index is determined, the heave can be predicted

based on initial and final conditions as follows:

(2.38)

McKeen (1976) proposed the same procedure based on the suction

compression index; however, the initial conditions from suction tests are determined

using the filter paper procedure.
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Aitchison and Martin (1973) proposed the use of instability index, I~, to

relate vertical swell or shrinkage to change in soil suction:

where:

.. £
I = v

p ~logh

£v = vertical strain.

(2.39)

Johnson (1977) suggested the calculation of the volume change index, CT (i.e.,

slope of the void ratio versus logarithm of soil suction) as follows:

where:

C = aGs

T 100B
(2.40)

a = compressibility factor, i.e., the fraction of applied pressure that

was effective in altering the pore water pressure (0 < a < 1), and

B = slope of the soil suction versus water content relationship.

Snethen (1980) used the soil suction versus water content relationship for the

prediction of heave. The data are plotted on a pF scale and a straight-line

approximation for the water content range of interest is represented as follows:

where:

logh~ = A -Bw

h~ soil suction without surcharge pressure, and

A, B constants (i.e., y intercept and slope, respectively).

(2.41)

The heave of an expansive soil profile IS estimated using soil suction

relationship as follows:

(2.42)
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where:

Cr = swelling index (i.e., aG/1 OOB),

a compressibility factor,

he! = final soil suction,

a.r = final applied pressure,

eo = initial void ratio, and

Wo = initial water content.

Several procedures have been developed for the measurement of above

volume change index and the instability index (Fargher and Stevens, 1973; Pile and

McInnes, 1984; Mitchell and Avalle, 1984; Fredlund and Rahardjo, 1993; Cokca and

Birand, 2000). However, for the purpose of brevity, these procedures will not be

presented in this study.

McKeen (1992) included a lateral restraint factor, the effects of changes in

total suction and confining stress into the equation for prediction ofheave.

(2.43)

where:

L1h = total suction change,

Ch = suction compression index,

1 = lateral restraint factor (0.5 <1< 0.8 for clays), and

s = load effect coefficient (typically, S = 0.9).

The suction compression index, Ch in McKeen (1992) equation is measured

using the CLOD test. McKeen (1992) presented an empirical relationship for this

index as follows:

where:

Ch = -o.02673(~)-0.388704

L1w = change in soil water content.
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Perko et al. (2000) suggested the following relationship for the McKeen's

(1992) suction compression index for the Denver area:

(2.45)

where:

PL = plastic limit (%),

F = weight percent passing the No. 200 sieve, and

e void ratio.

2.3.2 Heave prediction methods based on one-dimensional oedometer test

results

Heave prediction methods based on one-dimensional oedometer test are the most

commonly used. In the oedometer methods, soil suction measurements are not

required. Some of these methods are briefly reviewed in this suction.

Jennings and Knight (1957) presented the double oedometer method, which is

based on the results of two oedometer tests, namely, a free-swell oedometer test and a

natural water content test. The specimens are initially subjected to a token load of 1

kPa. No water is added to the oedometer pot during the natural water content test. To

compute heave, the two void ratio versus logarithm of pressure curves are adjusted

until the virgin compression curves matched. The change in void ratio was

determined from the increased pressure caused by an increase in water content. The

predicted heave was generally satisfactory since the method of analysing the data

appeared to compensate for the effects of sampling disturbance (Fredlund and

Rahardjo, 1993).

Sampson et al. (1965) proposed a testing procedure similar to the double

oedometer method. One sample is inundated at constant volume and then allowed to

swell after load removal. The second sample is loaded to in-situ overburden pressure,
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inundated, and allowed to swell at this pressure. The results of the two tests account

for overburden removal and increase in water content or decrease in suction.

Sullivan and McClelland (1969) presented a method, called a constant volume

oedometer test. An undisturbed sample is loaded to in-situ conditions, then allowed

access to water and held at constant volume. The swelling pressure is measured, the

sample is then unloaded and allowed to swell by decreasing the loads in small

increments to some minimum value. The change in void ratio is determined from the

void ratio versus logarithm of pressure curve using the initial and final pressure

condition.

Smith (1973) presented the direct model method for the prediction of heave.

The method is based on a free-swell oedometer test on undisturbed samples. The

specimens are subjected to the overburden pressure (or the load that would exist at

the end of construction) and allowed free access to water. The predicted heave is

generally significantly below the actual heave experienced in the field. The under

estimation of heave appeared to be primarily due to a lack of consideration of

disturbance which had been experienced by the soil during sampling (Fredlund and

Rahardjo, 1993).

The Navy method (1971) involved testing of undisturbed samples under

various surcharge pressures representing the overburden and structural load. These

results are used to plot a depth versus percent swell curve, the area under this curve

represents the total swell. The plot of total swell (i.e., the area under the above curve)

versus depth was constructed to predict the heave for a given cut or depth. Komomik

et aI., (1969) presented a similar procedure for determining surface heave. The

procedure, however, requires the estimation of the equilibrium soil suction. The

samples are tested at pressures equal to overburden plus an additional surcharge equal

to the equilibrium soil suction. The swell versus depth curves are plotted from these

results and applied in the same manner. Wong and Yong (1973) proposed the same

procedure with the exception that the additional surcharge is equal to the pore

pressure at hydrostatic conditions.
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Fredlund et al. (1980) presented a method for the prediction of heave that

makes use of the fundamentals of volume change theory for an unsaturated soil. The

details of this method are presented in the following section.

2.3.3 Fredlund et al. (1980) formulation for one-dimensional heave

The Fredlund et al. (1980) method is based on the results of constant volume

oedometer tests performed on undisturbed samples. The basic data required from the

laboratory test are the rebound modulus and the swelling pressure. The data should be

corrected for the effects of compressibility of the apparatus prior to its interpretation.

The testing procedure is presented below.

The specimens are placed in an oedometer apparatus with an initial load

approximately equal to the existing overburden load (or a token load may also be

used). After initial dial readings are taken, the specimen is immersed in water. As the

specimen attempts to swell, an increased load is applied to the soil in order to

maintain its initial volume. At some point the specimen has no further tendency to

swell under the applied load; this applied load is called the (uncorrected) swelling

pressure of the soil, Ps.

The specimen is then loaded (with a doubling of the applied pressure) up to

approximately 1700 kPa. The specimen is subsequently rebounded in double

increments to a token load. The rebound portion of the oedometer test data, plotted on

a semi-logarithmic form, is essentially a straight line. The slope of this line is defined

as a swelling index, Cs• The (uncorrected) swelling pressure must be corrected for

sampling disturbance (Fredlund, 1983). A graphical procedure similar to

Casagrande's construction for sample disturbance was also proposed (Fig. 2.11).

The test is run on samples from different layers to account for the reduction of

heave with depth. The (corrected) swelling pressure obtained from the test is a

measure of the in situ stress state of the soil. It consists of the overburden pressure

plus the matric suction equivalent. The initial matric suction is represented as matric

suction equivalent.

The actual stress path followed in the test can be visualized on a three

dimensional plot using the stress state variables as abscissas. An idealized
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interpretation of the constant volume oedometer test results is presented in Fig. 2.12.

It is assumed that sampling does not produce disturbance to the soil.

Corrected

I
'swelling
i pressure, P~

----+---

Uncorrected
swelling
pressure, Ps

1

Consolidation and
rebound curves
adjusted for
compressibility
of aparatus

log (0- - ua)

Figure 2.11 Construction procedure to correct for the effect
of sampling disturbance (from Fredlund, 1987)

Void ratio, e

Rebound

(ua - uw) field

Sampling

Matric suction

Figure 2.12 Ideal interpretation ofthe "constant volume" oedometer test
(from Fredlund et aI., 1980)
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The final pore-water pressures can be assumed to be one of the following

cases (Fredlund, 1979):

i) The water will rise to some elevation near or at the soil surface, which

will result in a hydrostatic pore-water pressure distribution.

ii) Pore-water pressure is constant and atmospheric or zero gauge with

depth. This is an unsteady state, but it might result if water is made

available from the soil surface.

iii) The pore-water pressure profile is slightly negative. This type of

distribution would be a function of the soil type and climatic

conditions on the building placed on the ground surface.

The total heave formulation will be presented with the initial and final stress

states projected onto the net normal stress plane. The results from a one-dimensional

oedometer test are plotted on a semi-logarithmic scale and the slope of the plot is

used in the formulation of total heave (Fig. 2.13). A measure of the in situ stress state

is represented by the corrected vertical swelling pressure of the soil, which is

determined in a one-dimensional oedometer under Ko-Ioading conditions. As a result,

only the vertical heave is predicted.

log (0- - ua)
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curve---
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Individual layer, hi
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I
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~
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Figure 2.13 Principle ofcalculation for one-dimensional heave
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ratio:

The heave in an individual soil layer can be written in term of changes in void

where:

Ah. =h.~
I 11 + eo

Ahi = heave in a layer,

hi thickness of the layer under consideration,

Ae = change in void ratio, (Le., ef- eo)

eo = initial void ratio, and

ef = final void ratio.

(2.46)

as:

The equation for the rebound portion of the oedometer test data can be written

where:

(2.47)

Cs = swelling index (Note: the slope is negative but the soil property,

Cs, is recorded as a positive number),

Pf = final stress state, and

Po = initial stress state.

The initial stress state, Po, is the sum of the overburden pressure and the

matric suction transferred to the total stress plane (i.e., matric suction equivalent).

The initial stress state is always equal to the "corrected" swelling pressure.

(2.48)

where:

O"v = original overburden pressure, and
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(Ua-Uw)e = matric suction equivalent.

The final stress state, Pj, must account for total stress changes and the final

pore-water pressure conditions.

(2.49)

where:

ACT = change in total stress due to excavation or placement of fill, and

Uwj = estimated final pore-water pressure.

The heave in a layer in strata can be written as:

(2.50)

The total heave, Ah, is the sum of the heaves computed for each layer.

(2.51 )

2.4 Uncoupled and coupled solutions of swelling of expansive soils

Corapcioglou (1984) conducted a survey of various models used for the study of land

subsidence due to the withdrawal of fluids from underlying aquifers. The models

based on Terzaghi's effective stress principle (for saturated soils) were subdivided

into two basic approaches. One approach stems from Biot's theory, where a

simultaneous solution is sought for the pore-water pressure and for strains in the soil

structure. This solution is called a "coupled" solution. In the second approach

Terzaghi's theory is implemented in a two-step procedure. First, the pore-water

pressure distribution is obtained either by solving a fluid flow equation in a two- or

three-dimensional domain, or from field measurements. Settlement is then calculated

assuming one-dimensional consolidation. The flow equation is usually derived by
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assuming a constant total stress and only vertical displacement. These assumptions

results in an uncoupling between the flow equation (i.e., continuity) and the

equilibrium equations, and the solution obtained is called an "uncoupled" solution.

The mechanics of volume change in an unsaturated, expansive soil are

complex. Several physical processes are involved, and each process depends upon

other processes. These interactive processes can be listed as stress-defonnation, water

flow, air flow, heat flow, electrical flow and chemical flow. In addition, soil

properties associated with unsaturated soils are highly non-linear. This study

considers only two processes; namely, stress-deformation and water flow. The

mechanical equilibrium equation governs the stress-defonnation process, while water

continuity equation governs the water flow process. A rigorous solution of the

volume change in expansive soils requires that both the equilibrium equation and

continuity equation be considered. Approximate solution can be obtained by

considering the two processes independently and an uncoupled solution is obtained in

this approach. This study will make use of both approaches and attempt to provide an

evaluation of the merits of each approach.

Several researchers (Lloret and Alonso, 1980; Alonso et aI., 1988; Alonso et

aI., 1999; Navarro and Alonso, 2000; Vulliet and Laloui, 2001) have been involved in

the solution of coupled processes associated with unsaturated soils. In this section,

only those associated with uncoupled and coupled processes between stress

equilibrium and water continuity in soils for the purpose of volume change prediction

will be reviewed.

2.4.1 Uncoupled approach to water flow and deformation of an unsaturated

soil

Richards (1984) studied the status of computer programs which model the physical

behaviour of soils, including unsaturated expansive clays. Two individual programs

were developed to independently analyse the two physical processes relevant to the

problem. One program analysed the load-deformation behaviour and the other

program analysed the changes of soil suction due to water flow as a result of changes

of load and displacements throughout the region. Non-linear behaviours of the
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material properties for both water flow and deformation were modelled using

incremental analyses. Application of the program to expansive soils problems was

presented for the case of a suction controlled consolidation test on red clay from

Griffith.

Rees and Thomas (1993) proposed an uncoupled model for the simulation of

one-dimensional seasonal ground movement. It was assumed that soil was

homogeneous, the soil-water characteristic curve was non-hysteretic, and pore-air

pressure was atmospheric. The method required the solution of the unsaturated

seepage equation for space-time variations of pore-water pressure. Then the

variations of pore-water pressure were related to the volumetric deformation. Three

soil properties required for the analysis are: the coefficient of permeability; the soil

water characteristic curve; and the relationship between volumetric strain and suction.

Dinh (1996) presented a one-dimensional uncoupled formulation and solution

for vertical movements in expansive soils. A finite element computer program, called

CONEXI was developed to predict soil suction distribution in a soil column. Soil

suction was predicted by solving a moisture diffusion equation. Displacements were

then calculated from the changes in soil suction. The result of an oedometer test on

swelling soil from Darling Downs, Australia was simulated using the CONEXI

program.

Hung (2000) presented an uncoupled solution of one- and two-dimensional

volume change problems associated with expansive soils. The proposed method made

use of the finite element method with elasticity parameter functions (i.e., elasticity

parameter of the soil structure with respect to net normal stress, E and elasticity

parameter of the soil structure with respect to matric suction, H). The elasticity

parameter functions were calculated from conventional oedometer test results with an

assumed value of Poison's ratio. The theoretical formulation of the method was based

on the general theory of volume change for an unsaturated soil. The matric suction

conditions in a soil were predicted by performing a transient saturated-unsaturated

seepage analysis. The deformations due to changes in net normal stress and matric

suction were predicted by performing a stress-deformation analysis. Solutions of both

seepage and stress-deformation problems were obtained using a general-purpose
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partial differential equation solver, called PDEase2D. Several typical examples and

case histories were analysed for one-dimensional heave. Five two-dimensional

examples covering typical volume change problems associated with unsaturated,

expansive soils were analysed and discussed. The examples represented typical

conditions encountered in engineering practice such as deformation due to loading,

unloading, wetting, drying, and both loading and wetting.

2.4.2 Coupled approach to seepage and deformation of an unsaturated soil

Biot (1941) proposed three-dimensional coupled equations to analyze the

consolidation process for a special case of an unsaturated soil. The soil was assumed

to be an isotropic and linear elastic material, and water in the pores was assumed to

be incompressible. The derivations were based on the assumption that air bubbles

within the pore water were occluded during the consolidation process. Two

constitutive relationships were proposed in order to completely describe the

deformation state of the soil. One constitutive relationship was formulated for the soil

structure, and the other was for the water phase. Two stress state variables were used

in the formulations. Therefore, four volumetric deformation coefficients were used to

link the stress state variables and the deformation state variables.

Dakshanamurthy et al. (1984) presented a coupled, two-phase flow, three

dimensional consolidation theory for unsaturated porous media. The coupled

equations were derived based on the assumption that the air phase is continuous. Two

independent stress tensors are used to describe the stress state for an unsaturated soil

(i.e., three-dimensional). Several other assumptions used in the derivation were

similar to those proposed by Tezarghi (1943) and Biot (1941). These can be

summarized as follows: i) material is isotropic, ii) reversibility of stress-strain

relations, iii) linearity of stress-strain relations, iv) small strains, v) pore-water is

incompressible, vi) coefficients of water and air phase are functions of the volume

mass soil properties during the consolidation process, vii) the effect of air diffusing

through water, air dissolving in the water phase and the movement of water vapor are

ignored. The application of the consolidation theory was illustrated for a one

dimensional case. The change in pore-air and pore-water pressures was computed by
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solving the continuity equations for the water phase and the air phase simultaneously,

then the overall (Le., soil structure) volume change was obtained from the equilibrium

equation. Normally, the coupling of stress-deformation and continuity has no

relevance for one-dimensional cases; however, the non-linearity in the formulation

does not allow the coupling to "fall out" for the unsaturated soil case.

Dinh (1996) formulated coupled equations for one- and two-dimensional

volume change analysis with the use of Bishop's (1959) equation for effective stress

for expansive soils. A computer program, called CONEX2 was developed to analyse

one- and two-dimensional swelling and shrinkage behaviour of soils. Soil suction was

assumed a driving force for water flow. Several parameters such as the coefficient of

water storage, the elastic modulus, E, Poisson's ratio, )1, and the coefficient of

expansion were assumed constants. The multiplying factor of soil suction in Bishop's

effective equation, X, was updated for each time step of the analysis from previously

calculated degree of saturation. Simulation of one-dimensional cyclic swelling

shrinkage behaviour of Darling Downs black soil in Australia was presented.

Pereira and Fredlund (1997) developed a computer program, called COUPSO,

to solve the coupled equations for the consolidation of unsaturated, collapsing soils.

The formulations were based on the equilibrium equation, the constitutive equations

for unsaturated soils and the continuity equation for the water phase. The void ratio

and degree of saturation constitutive surfaces were mathematically and

experimentally defined and the elasticity parameters were obtained by differentiating

the constitutive surfaces. Poisson's ratio was estimated from triaxial and oedometer

test results. The program was used to simulate the behaviour of collapsing soil in an

earth dam during saturation.

Shuai and Fredlund (1997) simplified the coupled equations to the one

dimensional case and developed a computer program, called SWELL to analyse

volume change behaviour of an unsaturated, expansive soil during the swelling

process. The formulations were based on the equilibrium equation, the constitutive

equations for unsaturated soils and the continuity equation for the water phase. The

program could accommodate various boundary conditions and simulate various stress
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paths followed in different tests on expanSIve soils using oedometer apparatus.

Results from free swell, constant volume, and loaded swell oedometer tests on

compacted Regina clay were simulated.

Wong et al. (1998) implemented coupled equations into finite element codes,

namely SEEP/Wand SIGMAIW to allow two-dimensional analysis associated with

the consolidation and swell of unsaturated soils. However, the programs do not allow

the description of elasticity parameters, E and Ew, as functions of net normal stress.

As well, the code has not been extensively verified.

The author is not aware that a comprehensive coupled solution of two and

three-dimensional volume change problems in expansive soils has been published to

date.

2.5 Summary of the literature review

The general theory of consolidation (or swelling) of unsaturated soils is required to

describe volume change of expansive soils. Elasticity parameters required for soil

structure constitutive relationship (i.e., E and H) can be calculated from conventional

oedometer test results, which are obtained from extreme planes of the constitutive

surface (i.e., volume change indices) assuming a value of Poisson's ratio. Because

the elasticity parameter E (or H) is calculated from one constant suction (or net

normal stress) plane and then applied for entire constitutive surface, the elasticity

parameter E is independent of matric suction and elasticity parameter H is

independent of net normal stress. These elasticity parameters are a function of both

stress state variables. In addition, the elasticity parameters presented are not be valid

when net normal stress and matrix suction approaches zero. At small values of net

normal stress or zero suction, these parameters become small which results in an

unstable solution to volume change problems or the prediction of unreasonably large

deformations. This research study suggests that the volume change indices be used to

estimate the entire void ratio surface, and the elasticity parameters can be obtained by

differentiating the void ratio surface with an assumption for the value of Poisson's

ratio.
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For volume change problems associated with expansive soils in engineering

practice, the air phase can be assumed to be continuous and at atmospheric pressure.

The solution of swelling problems associated with unsaturated, expansive

soils can be obtained either by using an uncoupled approach or a coupled approach.

Because soil properties associated with expansive soils are non-linear, coupled

solutions are difficult to obtain. Present coupled solutions are limited to one

dimensional problems and include assumptions for the simplification of the soil

properties. A comprehensive coupled solution of two and three-dimensional volume

change problems in expansive soils does not appear to have been published to date. A

coupled, two-dimensional solution is presented in this study. The coupled solution

will then be used for comparison with uncoupled solution.
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CHAPTER 3

Formulation Theory for the Swelling Process in an Expansive

Soil

3.1 General

A rigorous formulation of two- and three-dimensional swelling problems associated

with unsaturated, expansive soils requires that the continuity equations for the water

phase and air phase be coupled with the equilibrium equations. Transient flow of air

and/or water changes the stress state in soils. Consequently, soil structure deforms in

response to the changes in stress state and comes to a new equilibrium state. The

associated deformations alter the space available for the flow of air and water,

resulting in new hydraulic properties for the soil. These changes make the transient

processes of air and water flow highly non-linear. The interdependence of air and

water flow and the deformation process can be demonstrated through the coupling of

the basic equations of physics (Le., equilibrium equation, water continuity equation

and air continuity equation) that are expressed in term of field variables (Le.,

displacements and pore fluid pressures). These equations are called coupled equations

(Biot, 1941; Dakshanamurthy et aI., 1984; Fredlund and Rahardjo, 1993; Pereira,

1996) and can be derived as the theory of consolidation and swelling for unsaturated

soils.

The development of coupled equations for the simulation of three

dimensional swelling problems are first presented in a general form where continuity

conditions are considered for both continuous air and water phases. Formulations for

two-dimensional (plane-strain) conditions are then derived assuming that the
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continuous air phase remains at atmospheric pressure (Le., Ua = 0). A finite element

formulation of the coupled equations is presented in the last section.

The coupled and uncoupled formulations are derived based on the following

assumptions; namely, 1) the air phase is continuous, 2) soil is isotropic, nonlinear and

elastic, 3) strains are small, 4) pore-water is incompressible, and 5) the effects of air

diffusing through water, air dissolving in the water, and the movement of water vapor

are negligible.

Solutions to the transient swelling soil equations can be obtained either by

using a coupled approach or an uncoupled approach. The assumptions used for the

numerical solutions associated with each approach are presented later in this chapter.

The soil properties and physical relations required to analyse the problem are

presented in this chapter. The void ratio can be computed from the swelling indices

associated with the swelling portion of the constitutive surface.

3.2 Physical relationships required for three-dimensional swelling soil

formulations

The displacement vector, U, pore-air pressure, Ua, and pore-water pressure, uw, are

used as primary variables for the flow-deformation problem. For the general three

dimensional case, there are five primary variables (Le., three variables are

displacements in three directions, pore-air pressure, and pore-water pressure) that

correspond to five field equations (Le., three equilibrium equations for three

directions, one equation for air continuity and one equation for water continuity).

3.2.1 Strain-displacement relations

Let us consider a three-dimensional field with x, y, and z as the rectangular Cartesian

coordinates (i.e., x- for horizontal direction, y- for vertical direction) with Ui being

components of the displacement vector (i.e., u, v and w for the X-, y- and z-directions,

respectively). The components of strain tensor for the soil structure, cy', are written in

term of displacements as follows:

1
c .. =-(u .. +u .. )

IJ 2 I,} },I
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The normal strains can be designated as Gx, By, and Gz for the X-, y- and z

directions, respectively. For infinitesimal deformations, volumetric strain, &v, is the

sum of the normal strain components.

aUj au av 8w
&v =-=-+-+-=& +& +&ax; ax 8y az x y ::

3.2.2 Constitutive relationships and flow laws

(3.2)

The constitutive relations for the soil structure and water phase, and flow laws for the

air and water phases required for the formulation of coupled equations associated

with unsaturated, expansive soils were presented in Chapter 2. These relations are

summarized using indicial notation for the formulation of the three-dimensional

coupled equations for the swelling process. The stress state of an unsaturated soil can

be written in terms of two independent stress tensors; namely, the net normal stress

tensor, (aij -Uabijo) , and matric suction tensor, (ua -Uw)bij.

3.2.2.1 Constitutive relationships for an unsaturated soil

The soil structure constitutive relationship

The constitutive relationship for the soil structure can be written in an

incremental elasticity form as follows (Fredlund and Rahardjo, 1993):

(3.3)

aij =

bij

E =

where:

components of the total stress tensor for the soil structure,

the Kronecker delta,

elasticity parameter for the soil structure with respect to a change

in the net normal stress, and

H = elasticity parameter for the soil structure with respect to a change

in matric suction.
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Equation (3.3) can be used to write the equation for volumetric strain in a

compressibility form as follows:

where:

(3.4)

a mean

1 ax +ay +a~= - a kk = .. mean net total stress
3 3

3(1-2p)m; = E ,coefficient of volume change with respect to a

change in net normal stress, and

m; = ~. coefficient of volume change with respect to a change in

matric suction.

Equation (3.3) can also be rearranged as a stress-strain equation rather than a

strain-stress equation as follows:

E j.iE E/H
d(a .. - o ..u ) =--dE.. + O..dEkk - o.d(u - u ) (3.5)

IJ IJ a 1+ Jl IJ (1 + Jl)(1- 2Jl) 1J (1- 2Jl) IJ a w

From Eq. (3.4), the mean net normal stress can be expressed as a function of

volumetric strain and matric suction, as follows:

where:

E
d(a - u ) = dE - R,l(U - U )

mean a 3(1- 2p) v jJU a w

f3 = m; = E/ H
m{ (1- 2p)
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The water phase constitutive relationship

The water phase constitutive relationship can presented in an incremental

elasticity form as follows (Fredlund and Rahardjo, 1993):

where:

dVw 1 1
-=-d(a-- -3u )+-d(u -u )V; E /I a Haw

o w w

(3.7)

Ew = water volumetric modulus associated with a change in the net

normal stress, and

Hw = water volumetric modulus associated with a change in matric

suction.

Equation (3.7) can also be written in compressibility form as follows:

where:

(3.8)

= ...!..-, coefficient of volume change with respect to a change in
Ew

net normal stress, and

= _1_, coefficient of volume change with respect to a change in
Hw

matric suction.

Using Eq. (3.6) for mean net normal stress, Eq. (3.8) becomes:

where:

(3.9)

/3w1 = m;, or in the elasticity form, Em: (1- 2.u)Ew
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fJw2 w m~m; . th I .. J: 1 3E
= m2 - , or In e e astIcIty lorm, - - -----

mi5 Hw (1- 2p)EwH

The air phase constitutive relationship

The continuity requirement for an element of unsaturated soil [i.e., dVv = dVw

+ dVa in Eq. (2.3)] allows the volume change of air phase be computed from the

volume change of soil structure and volume change of water phase. The air phase

constitutive relationship can be presented in the elasticity forms as follows (Fredlund

and Rahardjo, 1993):

where:

dVa 1 1
-=-d(a.. -3u )+-d(u -u )V. E II a Haw

o a a

(3.1 0)

Ea = air volumetric modulus associated with change in net normal

stress, and

Ha = air volumetric modulus associated with change in matric suction.

Equation (3.10) is written in compressibility form as follows:

where:

(3.11)

m; = ~,coefficient of air volume change associated with change in
Ea

net normal stress, and

m; = _1_, coefficient of air volume change associated with change in
H a

matric suction.

Using Eq. (3.6) for mean net normal stress, Eq. (3.11) becomes:

52



where:

(3.12)

Pal

Pa2

m~ ,or in the elasticity form, E
ml (1- 2p)Ea

a m;m; . hi" ~ 1 3E
= m2 - -- , or In tee astlclty lorm, - - -----mt H a (l-2p)Ea H

Because of the continuity requirement for ali element of unsaturated soil (i.e.,

dVv = dVw+ dVa in Eq. 2.3), the parameters Pal and Pa2 are related to Pwl and Pw2 as

follows:

Pwl + Pal = 1

Pw2 + Pa2 = 0

Equation (3.12) can be written using parameters Pwl and Pw2 as follows:

3.2.2.2 Flow laws

(3.13)

(3.14)

(3.15)

The air and water phases both require a flow law. Darcy's law can be used for the

water phase and Fick's law can be used for the air phase.

Flow of water

Darcy's law relates the water flow rate to the hydraulic head (Le., pressure

head plus elevation head) as follows:

(3.16)

where:

Vwi = Darcy's flux in i-direction,
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kwi, = hydraulic conductivity in i-directions,

Pw = density ofwater,

g = gravitational acceleration, and

y = elevation.

The flow of air

Fick's law relates the mass rate of air with pore-air pressure as follows:

J. =-D* auo
01 0 ax.

I

where:

Jai = mass rate of air in i-direction, and

D; = coefficient of transmision for air phase.

3.2.3 Basic equation of physics

(3.17)

A rigorous formulation to describe the swelling behaviour of an unsaturated,

expansive soil requires the coupling of the following system of equations (Fredlund

and Rahardjo, 1993): i) static equilibrium of the soil medium; ii) the water phase

continuity equation; and iii) the air phase continuity equation. These equations will be

presented for a referential elemental volume.

3.2.3.1 Equilibrium equations

The equations of overall static equilibrium for an unsaturated soil can be written as

follows:

where

aij,j +b j =0

OJ} = components of the net total stress tensor, and

bi = components of the body force vector.
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3.2.3.2 Water continuity equation

The water continuity equation for an unsaturated soil can be written as follows

(Freeze and Cherry, 1979):

where:

n = porosity

S = degree of saturation

Pw = water density

n a. a. a k h d· dv = -I +-J +- ,t e Ivergence operator, anax By az

Vw v~i + v~j + v~k, Darcy's flux.

(3.19)

Water is commonly considered incompressible in geotechnical engineering

practice (Le., water density is a constant) and Eq. (3.19) can be written as follows:

where:

a(nS) V . ( ) =0+ V wat

Or

a(Bw) + V . (v ) =0
at II'

~v = nS, volumetric water content.

(3.20)

(3.21)

With the assumption that deformations are infinitesimal, Eq. (3.21) becomes:

where:

Vw = current water volume in the referential element, and

Vo = referential volume of the element.
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3.2.3.3 Air continuity equation

Fredlund and Rahardjo (1993) presented the air continuity equation as follows:

aat [Pa n(l - S)] + V . (Ja ) =0

where:

Pa = density of air, and

Ja = mass flow rate of air.

(3.23)

With the assumption that deformations are infinitesimal, Eq. (3.23) becomes:

where:

Ma = PaVa, mass of air in the soil element, and

Va n(l - S) Vo, the air volume in the soil element.

Equation (3.23) can be written in an expanded form as follows:

(3.24)

(3.25)

The air phase is a highly compressible medium and its density is a function of

the air pressure. Assuming that air behaves as an ideal gas, the equation for air

density can be written as follows:

where:

Wa = molecular mass of air,

R = universal (molar) gas constant,

T = absolute temperature,

ua = absolute pore-air pressure (i.e., ua = Ua + Uatm ),
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Ua = gauge-pore-air pressure, and

uatm = atmospheric pressure (i.e., 101 kPa).

Equation (3.24) can be rearranged as follows:

(3.27)

3.2.4 The formulation of general three-dimensional governing partial

differential equations for the swelling process

The water phase continuity equation, the air phase continuity equation, and the

equilibrium equation can be expressed in terms of displacements and pore fluid

pressures. These governing partial differential equations are obtained by substituting

strain-displacement relations into the constitutive relationships, and then substituting

constitutive relationships or flow laws into the basic equations of physics.

3.2.4.1 The governing partial differential equation for water phase

The governing equation for the water phase can be obtained by substituting the time

derivative of the water phase constitutive equation [Eq. (3.9)] and Darcy's law [Eq.

(3.16)] into the water phase continuity equation [Eq. (3.22)]:

where:

P aEv + P a(ua -uw) V .[kwV(UyWw + yJ] =0
wI at w2 at

m~ E
PwI = m; = (1- 2p)E

w
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3.2.4.2 The governing partial differential equation for air phase

The governing equation for the air phase can be obtained from the time derivative of

the air phase constitutive equation [Eq. (3.12)] and Fick's law [Eq. (3.17)] into the air

phase continuity equation [Eq. (3.27)]:

(3.29)

where:

m~ E
Pal = m; = (1- 2,u)Ea

P
a m;m; 1 3£

a2 =m2 - -s- = H - (1- 2 )E H
ml w ,u a

3.2.4.3 The governing partial differential equations for soil structure

equilibrium

Substituting the strain-displacement relation [Eq. (3.1)] and the stress-strain

relationship [Eq. (3.5)] into the equilibrium equation [Eq. (3.18)] gives the following

governing equations (Le., three equations for X-, y- and z-directions):

(3.30)

where:

m; E/H
P= m; = (1- 2,u)

a2 a2 a2

V2 =-2+-2+-2 ' the Laplace operatorax Oy az

au; au av aw
& =-=-+-+-

v ax; ax Oy az
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G= E
2(1 + f.J)

A rigorous solution of the three-dimensional swelling problem requires that

Eqs. (3.28), (3.29) and (3.30) be solved simultaneously. It is beyond the scope of this

thesis to obtain such a three-dimensional coupled solution. Rather, only coupled

solutions for two-dimensional problems are presented.

3.3 Formulations for plane strain analysis of swelling

Many geotechnical problems can be simplified to a two-dimensional form using the

concept of plane strain loading. Let x be the horizontal direction and y be vertical

direction, strains are considered only in the xy-plane, while strain in the z-direction is

assumed to be negligible (i.e., dcz = 0). The volumetric strain can be written as

follow:

dcv =dcx +dcy

The net normal stress corresponding to zero strain in the z-direction is:

(3.31 )

(3.32)

3.3.1 Strain-displacement relations

Let u and v be displacements in the x- and y-direction, respectively. The strain vector

for infinitesimal deformation can be written as follows:

sJ::)=
ly~

au
ax
av
By

au av
-+-
By ax
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3.3.2 Constitutive relationships and flow law

The constitutive relationships for soil structure and water phase, and Darcy's law are

presented for two-dimensional conditions. Assuming that air phase is continuous and

atmospheric, the Fick's law for air flow is no longer required.

3.3.2.1 Constitutive relationships

The constitutive relationships for plane strain conditions can be written by

substituting Eq. (3.32) into the constitutive relationships for general three

dimensional conditions [Le., Eq. (3.3) for soil structure and Eq. (3.7) for water

phase].

The soil structure constitutive relationship for plane strain conditions can be

written as follows:

(3.34)

where:

(jT [o"x, 0")'1 rxy]

mT
= [1,1,0]

D= E
(1 + ,u)(1- 2,u)

[
1]D = E 1

S (l-2,u)H °

(1- ,u)

,u

°

,u
(1- ,u)

°
°
°I-2p

2

The volumetric strain equation can be written as follows:

(3.35)

where:
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s 2(1 +p)(l- 2p)
mI- 2D =

E

s 2(1 +p)
m2- 2D =

H

From Eq. 3.35, the net average stress can be expressed as a function of

volumetric strain and matric suction.

where:

E
d(a -u) = de -f3d(u -u )

ave a 2(1 +p)(l- 2p) v a W

fJ= E/H
(1- 2p)

(3.36)

The water phase constitutive relationship for plane strain conditions can be

written as follows:

where:

W 2(1 + p)
mI - 2D =---

Ew

1 E

Using Eq. 3.36 for mean net normal stress, Equation 3.37 becomes:

where:

E
fJwI = (1- 2p)Ew
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1 3E
fJw2 = H - (1- 2 )E H

w J.l w

3.3.2.2 Flow law

The Darcy's law, for the case where the x- and y-coordinates are the same as the

direction of the major and minor coefficients of permeability, can be written as

follows:

where:

3.3.3 Basic equation of physics

The water continuity equation, Eq. (3.22), is presented below:

(3.39)

(3.40)

The equilibrium equations, Eq. (3.18), for two-dimensional conditions can be

written as follows:

8,xy 8ay
--+--+b =0ax By y
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3.3.4 Governing partial differential equations for plane strain swelling

The governing partial differential equations can be derived for plane strain loading

conditions in terms of displacements (i.e., horizontal displacement, u, and vertical

displacement, v), pore-water pressure, Uw and pore-air pressure, Ua as follows.

The governing equation for water phase (i.e., seepage) is as follows:

Pwl asv +Pw2 a(ua -uw
) =~(k~~(~+yJJ+~(k~ ~(~+yJJ (3.42)at at ax ax Pwg By By Pwg

The governing equation for stress-deformation in the x-direction is as follows:

~(c au +c 8vJ+c ~(au +8vJ-d a(ua -uw ) = 0ax II ax 12 By 33 By By ax S ax (3.43)

The governing equation for stress-deformation in the y-direction is as follows:

c ~(au +8vJ+~(c au +c 8vJ-d a(ua -uw ) +b =0 (3.44)
33 ax By ax By i2 ax 22 By S By Y

where:

(1-p)E
c -c ------.,;...---

II - 22 - (1 + J.1)(1-2p)

_ f.JE
Ci2 -

(1+p)(1-2p)

E
c ----

33 - 2(1 +p)

d = E
S (1-2p)H
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All the dependent variables are present in each of the coupled equations. The

soil properties associated with unsaturated soil in the coupled equations are functions

of the stress state in soils (i.e., net normal stress and the matric suction).

3.3.5 Characteristics common to coupled and uncoupled analyses

Let us assume that the air phase is continuous and at atmospheric pressure (Le., Ua =

0), Eqs. (3.42), (3.43), and (3.44) can be solved for three variables, U, v, and Uw'

Swelling is a time dependent problem involving non-linear soil properties and initial

conditions must be specified for both coupled and uncoupled approaches. The

parameters associated with plane strain coupled and uncoupled approaches are

presented in Table 3.1. In the coupled approach the water phase continuity (Le.,

seepage) equation and the equilibrium (Le., stress-deformation) equations are solved

simultaneously, the dynamic interdependence between the seepage and deformation

problems is fully considered. There are three dependent variables (i.e., u, v, and uw).

Except for Poisson's ratio, all other soil parameters (Le., E, H, Ew, Hw, and kw) are

considered to be functions of both net normal stress and matric suction. Boundary

conditions of both the water continuity equation (i.e., pore-water pressure and water

flux) and equilibrium equations (i.e., displacements and load) must be defined. The

results of the analysis are displacements and pore-water pressure with time. Induced

stresses and water fluxes can be obtained at any time during the transient process.

A coupled solution will be obtained through the use of the COUPSO program

as part of this research study. The finite element formulation of the coupled equations

[Eqs. (3.42), (3.43), and (3.44)] are implemented in the COUPSO program and

presented in Section 3.6.
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Table 3.1 S f led and led model f4 dO II' I ° d with °1

0'\
V\

. .
DESCRIPTION UNCOUPLED APPROACH COUPLED APPROACH

SEEPAGE MODEL STRESS-STRAIN MODEL
Governing PDE(s) Water continuity equation Stress equilibrium equations Stress equilibrium equations

Water continuity equation
Computer program FlexPDE FlexPDE COUPSO
Dependent variables Pore-water pressure, Uw Horizontal displacement, u Horizontal displacement, U

Vertical displacement, v Vertical displacement, v
Pore-water pressure, Uw

Initial conditions (O'mean - ua)j ( 0'mean - ua)j ( 0'mean - ua)j
(ua- Uw)i (ua- Uw)i (ua- Uw)i

Soil properties as constants f..l f..l f..l
E, H at [(O'mean - Ua)i; (ua- uw)il

Soil properties as functions Ew= fn(Ua- uw) at (O'mean - ua)j E = fn(O'mean - ua) at (ua- Uw)i E = fn[(O'mean - ua), (ua- uw)]
Hw= fn(ua- uw) at (O'mean - Ua)i H = fn(O'mean - ua) at (ua- uw)j H = fn[(O'mean - ua), (ua- uw)]
kw= kw(ua- uw) at (O'mean - Ua)i Ew= fn(O'mean - ua), (ua- uw)]

Hw= fn[(O'mean - ua), (ua- uw)]
kw= fn[(O'mean - ua), (ua- uw)]

Boundary conditions (valued) Pore-water pressure, Uw Displacement, u, v Displacement, u, v
Pore-water pressure

Boundary conditions (natural) Water flux, q Applied load Applied load
Water flux

Output Pore-water pressure, Uw Displacements, u, v Displacements, u, v
Resulting stresses Pore-water pressure, Uw

Resulting stresses
Volumetric water content

Analysis for A change in time, ~t A change in suction, ~uw A change in time, ~t



3.4 Soil properties required for swelling analysis (for both coupled and

uncoupled cases)

Soil properties required for swelling analysis of an unsaturated, expansive soil are

shown in Fig. 3.1.

1) Poisson's ratio, J1

2) Elasticity parameter for the soil structure with respect to net nonnal stress, E

3) Elasticity parameter for the soil structure with respect to matric suction, H

4) Elasticity parameter for the water phase with respect to net nonnal stress, Ew

5) Elasticity parameter for the water phase with respect to matric suction, Hw

6) Coefficient ofpenneability, ~v.

r------------------------ -------------------------------
Soil structu re Water phase

Void ratio,eDegree of satu ration I S

Volumetric wate r co ntent lew ksat

I

I
I
I

-----------------------~

I
I-------------------------------

Figure 3.1 Soil property functions required for volume change analysis
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All the above soil properties are known to be functions of both net normal

stress and matric suction. Assuming a value of Poisson's ratio, the elasticity

parameters, E, H, Ew, Hw, can be calculated from the coefficient of volume change,

m; ,m; ,mt ,m;, respectively from various loading conditions (Table 2.4). The

coefficients of volume change, m;, m;, can be obtained by differentiating the

constitutive surface for the soil structure. The coefficients of volume change,

mt ,m;, can be obtained by differentiating the constitutive surface for the water

phase (Table 2.2).

The constitutive surfaces can be obtained directly through a laboratory

program or estimated from other soil properties. Procedures for the laboratory tests

were presented in Ho (1988); Fredlund and Rahardjo (1993) and Shuai (1996). Ho

(1988) also presented the possible relationship among these coefficients of volume

changes, and therefore the relationship among the elasticity parameters.

The constitutive surface for the soil structure can be estimated from the

volume change indices, initial void ratio, swelling pressure and assumed Poisson's

ratio in this study (Figure 3.1). The estimation of void ratio surface from volume

change indices is presented in the next chapter.

Volumetric strain can be calculated from a change in void ratio assuming a

constant referential volume as follows:

where:

de
de =--

v 1+ eo

eo = initial (i.e., referential) void ratio of the soil

de = a change in void ratio.

(3.45)

From Eq. (3.45) and Table 2.2, the coefficients of volume change for soil

structure can be written as a function of void ratio as follows:

(3.46)
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(3.47)

Volumetric water content can be expressed in terms of degree of saturation

and void ratio as follows:

f} _ dVw _ Se
w --V;-l+e (3.48)

From Eq. (3.48), Table 2.2, and the assumption of small strain, the

coefficients of volume change for water phase can be written as functions of void

ratio and degree of saturation as follows:

(3.49)

(3.50)

The coefficient of permeability function, kw, can be estimated from the

saturated coefficient ofpermeability and the soil-water characteristic curve (Le., from

volumetric water content constitutive surface).

3.5 Details related to an uncoupled analysis

In the uncoupled approach, the water phase continuity (i.e., seepage) equation is

solved separately from the equilibrium (Le., stress-deformation) equations. The

interdependence of the equations is made in an iterative manner where the flow

portion of the formulation is solved for a given time period and the resultant pore

water pressure changes are used as input in a deformation analysis. In turn, volume

changes and induced stresses from the deformation analysis are used in the

computation of the soil properties for the next time period in the seepage analysis.
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The involvement of dependent variables and a ~umber of non-linear soil

properties are separated into two analyses; namely, a seepage analysis and a stress

deformation analysis. For seepage analyses, the dependent variable is pore-water

pressure (or hydraulic head). At each given time period, the elasticity parameters, E

and H, for soil structure are calculated at the initial conditions of current period, and

assumed to remain unchanged over the current time increment. Net normal stress is

assumed to be unchanged in the seepage analysis; therefore, the elasticity parameters,

Ew and Hw, for water phase and coefficient of permeability, kw, are functions of only·

matric suction, rather than both matric suction and net normal stress. Boundary

conditions for seepage can be either pore-water pressure (or hydraulic head) type or

water flux type. The results of the seepage analysis provide the development of pore

water pressure and water flux with time in the time period considered; therefore,

changes in pore-water pressure can be obtained. These changes in pore-water

pressure are then used in the stress-deformation analysis.

For a stress-deformation analysis, dependent variables are horizontal

displacement, U, and vertical displacement, v. In addition to Poisson's ratio, only two

elasticity parameters, E and H, for soil structure need to be described as functions of

matric suction at unchanged initial net normal stress. The elasticity parameters, Ew

and Hw, for water phase and coefficient of permeability, kw, are no longer needed for

stress deformation analysis. Boundary conditions for the stress-deformation analyses

can be of the displacement type or load type. Results of the stress-deformation

analysis provide the displacements and induced stresses due to applied boundary

conditions and changes in pore-water pressure.

The uncoupled solutions are obtained through the use of the general partial

equation solver, FlexPDE.

Solutions using the uncoupled approach depend on the magnitude of chosen

time periods for seepage analysis. Short time periods allow the stress state in the soils

and the soil properties to be described more accurately with time and result in more

accurate pore-water pressures and displacements.

The seepage analysis can be analysed without accounting for changes in net

normal stress for the whole time considered. Pore-water pressure profiles at any
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specified time during the transient process obtained from the seepage analysis are

then used to estimate changes in matric suctions for the stress-deformation analysis.

In this case, the seepage equation [Le., Eq. (3.42)] has the following form:

(3.51)

It should be noted that with the use of Eq. (3.51), soil volume change and

induced stresses are assumed to be negligible. The soil water characteristic curve can

be used to represent the whole water phase constitutive surface. The volume change

analysis presented in Hung (2000) considered Eq. (3.51) for matric suction

prediction.

3.6 Finite element formulation of the coupled equations for plane strain

problem

The problem must be discretized in terms of both space and time. The spatial

discretization is considered first by using the Galerkin's weighted residual method.

Then the time discretization is performed using a two-level finite difference technique

(Pereira, 1996).

3.6.1 Spatial discretization

The primary unknowns of the problem are time dependent displacements, U, v, pore

water pressure, uw, and pore-air pressure, Ua• These unknowns can be approximated in

the domain of the problem at any specific time as follows:

m

U == L~jUj =~ii
j=l

n

Uw == L¢jUwj = ~iiw
j=l

n

ua == L¢jUaj =~iia
j=l
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where:

<I> = [<I>} <1>2 ••• <I>m ]

- - [1 01]<l>j = rPj 0

u = [u vY

<I> = [rP} rP2 ... rPn ]

J = index for node number

m = number of nodal points for displacements

n = number ofnodal points for pore-fluid pressures

rPj shape function for displacements

rPj shape function for pore-fluid pressures (i.e., uwand ua)

Uj
= nodal value of the horizontal displacement

vj
= nodal value of the vertical displacement

UWj
= nodal value of the pore water pressure

uaj
= nodal value of the pore air pressure

The strain-displacement relations can be written in matrix form as follows:

where:

£=Lu

£ = [ex

a
ax

L= 0

a
By

o
a
By
a

Ox
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From Eqs. (3.52) and (3.55), the strain vector can be approximated from nodal

displacements as follows:

where:

m

t =LB jiij =Bii
j=1

arPj
0ax

B =Lw. = 0
arPj

J J By
arPj arPj
By ax

(3.56)

3.6.1.1 Spatial discretization for the equilibrium equation

Let n be a domain of a problem with boundary surface 8. The boundary surface S

consists of two parts, 8 j and 82. Assume that displacements, u, are acting on 8 j , and

stresses, 'ts, are acting on 82, the equilibrium equations for any arbitrary virtual

compatible displacement, 8u (8u = 0 on 8j), can be written as follows:

where:

J&TadO - J8uTbdO - J8uT
T sd8 = 0

n n S2

bT = [bx1 by], the body force vector.

(3.57)

Since swelling is a transient process, the equilibrium equation must be valid

for any incremental deformation (i.e., time step). Equation (3.57) can be written in the

incremental, time-derivative form as follows:

(3.58)

Equations (3.52) and (3.56) can be rewritten as follows:
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(3.59)

(3.60)

Substituting Eqs. (3.59) and (3.60) into Eq. (3.58) gives:

(3.61)

The first term ofEq. (3.61) can be rewritten as follows:

(3.62)

Substituting the strain-nodal displacement relationship, Eq. (3.56) into the

constitutive relationship, Eq. (3.34), then substituting Eqs. (3.34), (3.62) and the

approximation equations for pore-fluid pressures, Eqs. (3.53), (3.54) into Eq. (3.61)

gives the following equation:

(3.63)

The primary unknown variables, ii, iia , and iiw are the vectors of nodal

values at specific time. Rearranging Eq. (3.63) gives:

au JBTDBdQ+ auw JBTD,CIldil + aUa JBT(m-D,)cDd11=
at n at n at n

JcD Tab dQ+ JcD TOr, dS
n at S2 at
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Equation (3.64) can be written in the matrix form as follows:

(3.65)

where:

U, uo ' and Uw = time derivative of the primary unknowns

[DK] = fBTDBdQ, the soil structure stiffness matrix
n

[CW] = JBTDs<J>dQ, the stiffness matrix related to water phase coupling
n

[CAl = fBT[m - Ds]<J>dQ, the stiffness matrix related to air phase
n

{F}

coupling

= fliT ab dQ + J<J> T 8TsdS, the load vector related to body
n at S2 at

forces and external stresses.

For the swelling problem under consideration, pore air pressure is assumed to

be at atmospheric condition (Le., uoequals to zero), Eq. (3.65) becomes:

(3.66)

3.6.1.2 Spatial discretization for the water phase continuity equation

The constitutive relationship for water phase and Darcy's law for water flow in an

unsaturated soil are written as follows:

(3.67)

(3.68)

where:
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The water phase continuity equation is written as follows:

a(Bw) + V . (v ) = 0at w
(3.69)

Let n be a domain of a problem with boundary surface S. Boundary surface, S

consists of two parts, S~ andS;. Pore water pressure and water flux are acting

exclusively on the surfaces S; and S; as follows:

where:

U w = fPw at surfaceS~

v w • n = A, at surfaceS;

n = unit vector normal to the boundary

fPw = pore water pressure acting on S ~

(3.70)

(3.71)

Integrating the water phase continuity equation, Eq. (3.69) by using

Galerkin's weighted residual method results in the following equation:

(3.72)

Using the following identity:

(3.73)

Equation (3.72) becomes:

(3.74)
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Applying the divergence theorem to the second term of Equation (3.74)

results the following equation:

(3.75)

Splitting the boundary term into two parts (i.e., S; and S;) and applying the

natural boundary condition for S; gives the following equation:

(3.76)

By choosing the <I> which gives t!1{x,y) equal to zero on boundary S;, Eq.

(3.76) can be simplified as follows:

(3.77)

Applying Darcy's law to the second term ofEq. (3.77), we have

Using the strain-displacement relationship and approximations uSIng the

shape functions:

(3.79)

Substituting Eq. (3.79) into Eq. (3.78), neglecting the air phase term, gives
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oil fp WTmTBdO - oil\I' fp WTwdO +ot n wi ot n 211'

f(VW)T (_I_kwVWU
JI

, + kwVY)dO + fet>T AdS = 0
n Pwg i

2

Rearranging Eq. (3.80) gives

(3.80)

U f(VW)T (_I_k VW)dO + OU fp w TmTBdO - oUw fp w TwdO
W II' a wi ot 211'

n Pwg t n n (3.81)

= - f(VW)T (k wVY)dQ - fW TAdS
n s~

In matrix form, the water continuity equation can be written as:

(3.82)

where:

[HW] = JCVt1»T(_l-k wVt1>}n, the coefficient ofpermeability matrix
n Pwg

[WK] = JPwl t1>TmTBdQ, the mass matrix related to soil structure coupling
n

[TW] = ffi2w t1>Tt1>dQ, the mass matrix
n

[FW] = - J(Vt1» T (k wVY)dQ - Jt1> T AdS, vector related to the gravity
n s;

forces and unit flux across boundary portion S;.

3.6.1.3 Finite element equations of the system of coupled equations

By neglecting the air phase, the system of coupled equations can be written as

follows:

[DK]U + [CW]Uw = {F}
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[HW]{uw}+ [WK]{u}- [TWl{uw} = {FW}

In a condensed form, this system can be simplified as follows:

[A]{w}+ [B]{w} ={T}

where:

[B]=[DK CW]
WK -TW

{w}=[~]

3.6.2 Time discretization

(3.84)

(3.85)

The transient analysis can be performed by using a finite difference discretization.

For a linear problem the matrixes [A] and [B] and force vector {T} are constants with

respect to time. For unsaturated soils, these matrices are nonlinear and dependent on

the stress state variables and/or soil properties.

Let () be a family of approximation that approximates a weighted average of

the time derivative of the unknown variables at two consecutive time steps. The

system of differential equations (3.85) can be evaluated at time (I + (}L1I) as follows:

(3.86)
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A linear variation of the vector of unknown variables (Le., w) in time

increment between t and t + BLJt is as follows:

(3.87)

The time derivative of the vector of unknown variables is expressed in the

following form:

{Ow} = {W}I+6t - {wt
at 1+061 I1t

Substituting Eqs. (3.87) and (3.88) into Eq. (3.86) gives:

(e[ALIl\t + ~t [8LIl\t ){W}t+1l\t =

{T},."', - ((1 - e1A],.1l\t - ~ [8],.1l\t )w},

Rearranging Eq. (3.89) we obtain:

(I1t B[A]1+061 + [B]1+&t Xw}1+&1 =
I1t{T}1+0L\t - (I1t(l- BXA1+061 - [B1+&1 XW}t

(3.88)

(3.89)

(3.90)

The matrices [A]t+ef1t ,[B]t+9f1t and the vector {Th+ef1t , depend on the

unknowns and must be approximated as follows:

(3.91)

(3.92)

(3.93)
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A direct iteration procedure is used for solving the nonlinear Eq. (3.90) as

follows:

(3.94)

where:

i = the last iteration number

[c] = lL\tO[A];+8M + [B ];+8M J

{r} = {L\t{T };+8ill -lL\t(l- O)[A];+8ill - [B ];+Oill KW}t }

The iterative process stops when a previously defined accuracy is reached.

The chosen time interval plays a fundamental role in the rate of convergence.

Equation (3.94) can be written in a global form as follows:

(3.95)

where:

[AG] = [L\tO[A ]t+8ill + [Blr+&t]

{FG} = {L\t{T lr+&t - [L\t(l- O)[Al+oM - [BIt+8ill HwIt }

3.7 Summary of the formulation theory for the swelling process in an

expansive soil

The swelling theory has been presented for an unsaturated, expansive soil. General

three-dimensional coupled equations were derived for a continuous air phase and a

water phase. The system of three-dimensional coupled equations includes three

equilibrium equations corresponding to three directions of the Cartesian coordinate

system, one continuity equation for the water phase and one continuity equation for

the air phase. This system of equations can be solved for five dependent variables,

three displacements correspond to three directions of the Cartesian coordinate system,

80



pore-water pressure and pore-air pressure. All the soil properties associated with

expansive soils are dependent on the stress state of the soil (i.e., net normal stress and

matric suction). Solutions to the three-dimensional case is considered to be beyond

the scope of this study.

Most practical swelling problems involve a continuous atmospheric air phase,

and therefore the continuity equation for air phase can be ignored. Swelling behaviour

can be described through the coupling of two physical processes; seepage and stress

deformation. For the plane strain loading condition, displacement in z-direction is

restricted. The dependent variables for swelling problem in two-dimensions are the

displacement u in the x-direction, displacement v in the y-direction and pore-water

pressure, Uw' Corresponding to three dependent variables are three governing

equations, two equations are stress-deformation equations and the third equation is

the seepage equation. Coupled solutions can be obtained by solving the seepage

equation and the stress-deformation simultaneously. An uncoupled solution can be

obtained by solving the seepage equation separately from the stress-deformation

equation.

The elasticity parameters are calculated from the volume change coefficients,

which are obtained by differentiating the constitutive surfaces. The void ratio surface

can be estimated from swelling indices with respect to net normal stress and matric

suction; however, the void ratio is represented as a set of generated data points. A

mathematical equation is needed to describe the void ratio surface.
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CHAPTER 4

Theory ofConstitutive Surfaces

4.1 General

The research study presented in this chapter includes three parts. The first part

presents the estimation of the void ratio surface from swelling indices. The second

part reviews proposed equations for the void ratio constitutive surface and presents

the suggested solutions for the characterization of the surface in the low net normal

stress range and the low soil suction range. The proposed mathematical functions can

be used to describe the constitutive relations associated with soil structure and water

phase of an unsaturated, swelling soil. The third part makes use of the newly

proposed functions to characterise the soil data for Regina clay. The elasticity

parameters required when performing uncoupled and coupled swelling analyses in the

next chapters are calculated and graphically presented in this chapter.

4.2 Estimation of void ratio constitutive surface from swelling indices

The application of the swelling theory presented in Chapter 3 requires the

measurement or estimation of the elasticity parameter functions. The elasticity

parameter function can be calculated from the volume change coefficients and

indices. The test procedures and equipment required for the measurement of the

volume change coefficients and indices were presented by Fredlund and Rahardjo

(1993). Tests to define the entire constitutive surface are time consuming and involve

demanding laboratory procedures. Chapter 2 presented the calculation of the elasticity

parameter functions for the soil structure from volume change indices. The suggested

elasticity parameter function, E, did not change with changes in matric suction and
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elasticity parameter function, H, did not change with changes in net normal stress.

The variation of these elasticity parameters with both stress state variables were not

considered.

Research results in this study suggest that the swelling indices obtained from

extreme planes (Le., net normal stress plane and matric suction plane) can be used to

estimate the void ratio surface, and then the elasticity parameters are calculated from

the estimated void ratio surface. This approach allows the elasticity parameters to be

described as functions of both stress state variables. For most practical problems,

approximate volume change coefficients should be adequate for analysis. The

procedure to approximate the coefficient of volume change will be useful in the

implementation of unsaturated soil mechanics into standard geotechnical engineering

practice (Fredlund, 1999).

The following soil data are required for the estimation of the void ratio

constitutive surface using this approach:

1) swelling index with respect to net normal stress, Cs,

2) swelling index with respect to matric suction, Cm,

3) initial void ratio, eo, and

4) swelling pressure, Ps'

The following assumptions associated with the void ratio constitutive surface

are used:

1) a linear relationship of void ratio versus logarithm of net normal stress

at an extreme net normal stress plane (suction equal to b),

2) a linear relationship of void ratio versus logarithm of matric suction at

an extreme suction plane (net normal stress equal to a),

3) the void ratio versus logarithm of net normal stress and void ratio

versus logarithm of matric suction converge at net normal stress equal

to a and suction equal to b, and

4) a constant void ratio plane intersects the void ratio constitutive surface

as a straight line.
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N Ss
log(ua - Uw)

log(cr- Ua)

Figure 4.1 Linear relationship between void ratio and logarithm
of stress state variables at extreme planes

Figure 4.1 illustrates the first, second and third assumptions. These

assumptions are reasonable and well accepted (Ho, 1988; Fredlund and Rahardjo,

1993). The swelling pressures, Ps obtained at different suctions are not the same;

however, at low suction, the difference is essentially negligible. The last assumption

is presented in Fig. 4.2.

e

Ss

Figure 4.2 Relationship between net normal stress and matric suction at constant void ratio
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The assumption of a linear relationship between net normal stress and matric

suction at constant void ratio in an arithmetic scale is supported by the work of

Escario (1969) (Fig. 4.3) and Matyas (1969) (Fig. 4.4). Figure 4.3 shows that the

constant volume lines are essentially linear on an arithmetic scale. The same lines are

asymptotic curves on a logarithmic scale. The shape of these lines suggests the form

of the void ratio surface in a three-dimensional plot.

Remolded Madrid clay

Legend "td (kN/m3) w j (%) wf (%) Sj(%) Sf(%) Ps-max (kPa)

c 15.4 4.7 27.1 15.8 101.0 484
0 15.4 11.0 26.3 41.2 98.6 388
¢ 15.6 16.6 27.8 63.6 106.0 244

Matric suction, kPa
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Figure 4.3 Cross sections ofvoid ratio surfaces plotted on arithmetic scale and logarithmic
scale for a remoulded Madrid clay (modified from Escario, 1969)
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400 <> Bearpaw 35.1 94.8
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IJ. Winnipeg 3.1 98.9

500

Figure 4.4 Matric suction versus isotropic net normal stress at
constant void ratio (modified from Matyas, 1969)

The void ratio at a net normal stress equal to G, and a matric suction equal to

b, can be calculated either from net normal stress plane or matric suction plane.

(4.1)

(4.2)

where:

Ps, Ss = swelling pressure and swelling suction as shown in Fig. 4.1

G, b > 0; Cs < Cm < 0; and Ps < Ss.

Equations (4.1) and (4.2) give:

(4.3)

Swelling suction can be estimated from Eq. (4.3) as follows:
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(4.4)

Let us assume that e is the void ratio at a net normal stress equal to X, and a

matric suction equal to Y. The change in void ratio (Fig. 4.2) can be written as:

L1e = e -eo (4.5)

From the net normal stress plane at a matric suction equal to b, the change in

void ratio can be expressed as follows:

M
L1e =C log

s p
s

Therefore:

Lie

where: a <M<Ps

(4.6)

(4.7)

From matric suction plane at a net normal stress equal to a, a change in void

ratio can be written as follows:

N
L1e =C log

m S
s

Therefore:

Lie

where: b < N < Ss
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From a constant void ratio plane at a void ratio equal to e, the following

relationship can be obtained:

N -b Y -b
=

M-a M-X

Rearranging Eq. (4.10) gives:

N-b
Y= (M-X)+b

M-a

(4.10)

(4.11)

Substituting Eqs. (4.4), (4.5), (4.7), and (4.9) into Eq. (4.11) gives the

relationship among net normal stress X, matric suction Yand void ratio, e:

b[(~f x 10 '~:. -1](f~ x 10 e~:o - X)
Y= +b

P xlO Cs -as

Equation (4.12) can be rewritten as follows:

(4.12)

(4.13)

Equation (4.13) allows the calculation of matric suction corresponding to void

ratio and net normal stress, or calculation of net normal stress from void ratio and

matric suction. Equation (4.13) cannot be used to estimate void ratio directly from net

normal stress and matric suction.

Net normal stress and matric suction in Eqs. (4.12) and (4.13) can be

determined from one-dimensional loading (i.e., (oy - ucJ and (ua - uw)) or isotropic
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loading (i.e., (G'mean - ucJ and (ua - uw)). While the swelling indices are essentially the

same for both loading conditions, appropriate values ofa and b must be used.

A set of void ratio data can be generated from Eq. (4.13). The data generated

are in the range of net normal stress from a to Ps, the range of suction from b to Ss,

and the range of void ratio from eo to e(a,b). The use of this equation to estimate the

void ratio surface is presented in the next part of this chapter.

A mathematical equation is needed to describe the void ratio surface. This

equation will be used to fit experimental data or data generated from swelling indices

[i.e., data generated from Eq. (4.13)]. Proposed equations for the void ratio surface

will be presented in the next part.

4.3 Equations for the void ratio surface of an unsaturated soil

This section provides a review of the proposed equations for the constitutive surfaces

of an unsaturated soil, presents a solution for low net normal stress and soil suction,

and proposes a new equation for the description of the void ratio constitutive surface.

4.3.1 Review of equations for the void ratio constitutive relationship

It has become common practice in unsaturated soil mechanics to use mathematical

equations to describe the variation in soil properties with respect to changes in the

stress state of a soil. These mathematical equations can be divided into two groups.

The first group includes those equations that are capable of representing the shape of

the soil property function. These equations are determined for any specific soil under

specific testing conditions by best-fitting to measured data. The equations contain

fitting parameters that need to be determined. Examples of these equations include

the equations proposed to best-fit the properties of soils related to the water phase

such as the soil-water characteristic curve (SWCC) and the coefficient of

permeability functions. These equations are flexible and can be used to describe the

entire range of soil properties. The Fredlund and Xing (1994) equation, along with a

correction factor, can be used for the SWCC with soil suctions varying up to a

limiting value of 106 kPa.
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The second group includes equations that use other soil properties as

parameters in the equation. Examples include the equations for shear strength (i.e.,

using cohesion and angle of shearing resistance) and volume changes (i.e., using

volume change indices). The parameters in these equations often have clearer

physical meaning; however, these equations might not be suitable to describe the

entire range of stress states. The equation for shear strength may not be valid at low

stress conditions or high suctions. The equation commonly proposed for void rati~

using volume change index cannot be used at low stress conditions and soil suctions.

These equations need to be modified to provide greater flexibility in order to best-fit

measured data.

Soil properties for an unsaturated soil are known to be functions of both stress

state variables (i.e., net normal stress and matric suction). Often, the equations have

been proposed to relate a soil property to only one stress state variable. These

equations can be expanded to be functions of both stress state variables provided the

properties can be evaluated. This section reviews mathematical equations that can be

used to describe the constitutive surfaces associated with an unsaturated, swelling

soil. Emphasis is placed on the equation representing the relationship between void

ratio and stress state.

Terzaghi (1925) and Casagrande (1936) noted that the virgin compression

curve of the void ratio versus logarithm of effective stress [i.e., (0-- uw)] is essentially

a straight line. The equation for the virgin compression portion of void ratio can be

written as follows for a saturated soil:

(4.14)

where:

eo = initial void ratio,

Cc = volume change index for the virgin compression curve, and

0-p = preconsolidation pressure.
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Similar equations can be written for the rebound curve (Le., unloading

reloading curve). Equation (4.14) is illustrated graphically in Fig. 4.5. Equation (4.14)

has the following form:

e = a+blog(a) (4.15)

where:

a = designation of the stress state, and

a, b = constants (i.e., fitting parameters).

1
Preconsolidation
pressure
cr'p

Virgin
compression
curve ----

Rebound

curve7
Cs

'-------""'~

log (0-')

Figure 4.5 Relationship between void ratio and logarithm of effective stress

Fredlund (1979) suggested that the void ratio constitutive surface for an

unsaturated soil could be linearized over a wide range of stress changes using the

logarithm of the stress state variables. The void ratio under any set of stress

conditions is written as follows:

(4.16)

Similarly, the water content under any set of stress condition is written as

follows:

(4.17)
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where:

eo = initial void ratio,

C, = volume change index with respect to net normal stress,

Cm = volume change index with respect to matric suction,

(a - Ua)0 = initial net normal stress,

(ua - uw)o = initial matric suction,

Wo = initial water content,

D, = water content index with respect to net normal stress, and

Dm = water content index with respect to matric suction.

Equations (4.16) and (4.17) have the following form:

e = a +blog(a -ua ) +clog(ua - uw )

where: G, b, and c are constants (Le., fitting parameters).

(4.18)

An illustration of Eq. (4.18) is presented graphically in Fig. 4.6. This figure

suggests that the void ratio surface is planar on a semi-logarithmic scale.

Figure 4.6 Schematic illustration ofthe void ratio surface proposed by Fredlund (1979)
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Lloret and Alonso (1985) studied a number of mathematical equations (Table

4.1) for the description of the volume change constitutive surface of unsaturated soils

subjected to confined or isotropic compression. The equations were used to best-fit

experimental results on different soil types, and the optimum equations were selected

on the basis of minimum fitting errors. The following conclusions were drawn for

the void ratio and degree of saturation constitutive surfaces.

Table 4.1 Functions used for constitutive surface approximation (Lloret and Alonso, 1985)

Case Function

1 e
=a+b(O'-ua)+c(ua-uw)

Sr

2 e
=a +biogeO' - Ua) +C(Ua - Uw)

Sr

3 e
=a + b(O' -Ua) +CIog(ua - Uw)

Sr

4 e
=a+blog(O'-ua)+cIog(ua -Uw)

Sr

5 e
=a+b(O'-ua)+C(Ua -uw)+d(O'-ua)(Ua -Uw)

Sr

6 e
=a +b 10g(0' - Ua) + C(Ua - Uw) +dIog(O' - Ua)(Ua - Uw)

Sr

7 e
=a + b(O' - Ua ) +Clog(ua - Uw) + d(O' - ua)log(ua - Uw)

Sr

8 e
=a+blog(O'-ua)+clog(ua -uw)+dlog(O'-ua)log(ua -Uw)

Sr

9 ( eb(.w-'.) - e -b(·w-'.) J
Sr = a - b( _) -b( _ ) (c + d(0' - Ua))e Ua Uw + e Ua Uw

10 Sr = a -11- exp(- b(ua - Uw)~lc + d(O' - ua)1
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For a limited range in the total external stress, Lloret and Alonso (1985)

suggested that a suitable analytical expression for the void ratio constitutive surface

IS:

(4.19)

If the range of significant stress variation is large, a more suitable equation for

the void ratio surface is given by (Lloret and Alonso, 1985):

(4.20)

Either of the following two equations are suggested to describe the degree of

saturation constitutive surface.

(

eb(Ua-UII ) - e-b(Ua-U",) J
S=a- c+d a-ub(u -u ) -b(u -u) ( ( a))e a '" +e a II'

where: a, b, c, and d are constants (Le., fitting parameters).

Constant
void ratio
contours

(4.21)

(4.22)

Figure 4.7 Schematic illustration of the void ratio surface
proposed by Lloret and Alonso (1985)
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The schematic illustrations ofEq. (4.20) and (4.21) are presented in Figs. 4.7

and 4.8, respectively. The constitutive curves on extreme planes are essentially linear

on the semi-logarithmic scale (Ho and Fredlund, 1988). Figure 4.7 suggests that the

void ratio surface on semi-logarithmic scale is curved; the surface appears to be a

quarter section of the convex surface of a vertical cone. The degree of saturation

surface on an arithmetic plot appears to be a continuous warping surface, with a linear

curve on the net normal stress plane, and exponential curve on the matric suction

plane.

1.0
Degree of
saturation, S

Figure 4.8 Schematic illustration of the degree of saturation surface
proposed by Lloret and Alonso (1985)

Ho (1988) assumed a linear relation between net normal stress and matric

suction at constant void ratio (Le., the same assumption made in this study for the

void ratio surface). The void ratio surface was approximated in semi-logarithmic plot

by three planes, namely planes 1, II, and III. The three planes converge at a void ratio

ordinate corresponding to nominal values of the stress state variables (i.e., logea - Ua)

= 0 and log(ua - Uw) = 0). Plane I is perpendicular to the void ratio versus logea-ua)

plane. Plane III is perpendicular to the void ratio versus log(ua - uw) plane. Plane II

represents a transition zone between planes I and III. Plane II intersects both the void

ratio versus log(a- ua) plane and void ratio versus log(ua - uw) plane. The graphical
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illustration of the approximated void ratio surface for swelling portion is presented in

Fig. 4.9.

log(ua- uw)

Figure 4.9 Void ratio surface proposed by Ho (1988) for unloading conditions

The equations describing planes I, II, and III can be written as follows:

where:

eo initial void ratio,

( 0- - Ua)0 = initial net normal stress,

(U a - Uw)o = initial matric suction,

(4.23)

Cs = slope of the intersection line of plane I with the void ratio versus

log(o--uaJ plane,
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Cm = slope of the intersection line of plane III with the void ratio

versus log(ua-uw} plane,

C~ slope of the intersection line ofplane II with the void ratio versus

log(O'-uaJ plane, and

C~ = slope of the intersection line ofplane II with the void ratio versus

log(ua-uw} plane.

Pereira (1996) used a five-parameter logistic function to fit the test results on

a collapsing soil. The equation of void ratio versus matric suction was written as a

five-parameter logistic function as follows:

(4.24)

where:

eu = initial void ratio,

ef = final void ratio,

a = the symmetry parameter which makes the logistic function

asymmetric,

b slope parameter, and

c = matric suction value at the inflection point.

Mathematical equations for void ratio should be developed for relationships

between the parameters eu, efi a, b, and c and net normal stress, (0'- ucJ.

M. Fredlund (2000) proposed a four-parameter equation that can be used to

represent an overconsolidated soil that contains both a recompression curve and a

virgin compression branch. The equation of void ratio as a function of stress was

written as follow:
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(4.25)

where:

eo = initial void ratio,

Cr = volume change index for the recompression curve,

Cc = volume change index for the virgin compression curve,

Ps = swelling pressure, and

ap = preconsolidation pressure.

Equation (4.25) has the following form for particular soil suction:

(4.26)

where: G, h, C, d, and fare constants (Le., fitting parameters) at a constant suction.

M. Fredlund (2000) also suggested a three-parameter equation for the

compression curve. It was noted that the shape of the compression curve is similar to

the shape of the soil-water characteristic curve. The Fredlund and Xing (1994)

equation for the soil-water characteristic curve was modified to provide mathematical

representation for the compression curve. The original Fredlund and Xing (1994)

equation for volumetric water content is written as follows:

(4.27)

where:

Os = saturated volumetric water content,

a fitting parameter closely related to the air entry value for the soil,

n = fitting parameter related to the maximum slope of the curve,

m = fitting parameter related to the curvature of the slope,
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lj/r = constant parameter used to adjust lower portion ofcurve, and

C(fJ/J = correcting function defined as

C(lj/) =

The Fredlund and Xing equation (1994) can be written for void ratio versus

the applied total stress relationship with the correction function [i.e., C(fJ/J] equal to 1.

(4.28)

where:

eo = initial void ratio,

a = fitting parameter closely related to the preconsolidation pressure

for the soil,

n = fitting parameter related to the maxImum slope of the

compression curve,

m = fitting parameter related to the shape of the curve.

Equation (4.28) takes the following form:

a
(4.29)

where: a, b, c, and d are constants (i.e., fitting parameters) at a constant matric

suction.
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4.3.2 Low stress and zero suction problem

The low stress and zero suction problems occur when the elastic moduli are

calculated from the swelling index, Cs, or other volume change indices. The problem

is illustrated in Fig. 4.10. At extreme planes, the relationships between void ratio and

the logarithm of net normal stress or matric suction are essentially linear (Fig. 4.10a).

When the semi-log relationship is converted to an arithmetic plot (i.e., void ratio

versus net normal stress or matric suction), void ratio tends to increase to infinity as

the stress state variable approaches zero (Fig. 4.1 Ob). Therefore, the calculated elastic

modulus with respect to changes in net normal stress, E, becomes small (and

approaches zero) at low net normal stresses [Fig. 4.l0c and Eq. (2.29)]. The elastic

modulus with respect to a change in matric suction, H, become small at low matric

suction (or equal to zereo) when suction equals zero (Fig. 4.l0.c and Eq. 2.30). These

unrealistically small values of elastic moduli at low net normal stress and matric

suction result in an unstable solution in numerical modelling. As well, the solutions

produce unreasonably large deformations.

A part of this study is to find a procedure that can adequately describe the

void ratio at low net normal stresses and matric suctions. The procedure should

involve the use of a mathematical equation. This equation should be able to

adequately describe the void ratio in the low net normal stress range and low matric

suction range. In addition, this equation should be continuous, smooth, physically

reasonable, and differentiable over the entire range of net normal stresses and matric

suctions.

The equation can then be used to fit a set of measured data or data calculated

from the swelling index or swelling indices. This approach is illustrated in Fig. 4.11.

Figure 4.11 shows that unrealistically large values of void ratio at low net normal

stresses and matric suctions need to be avoided.
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Figure 4.10 Illustration of the problem associated with
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Figure 4.11 Proposed procedure to solve the low net normal stress and suction problem

4.3.3 Proposed equation for void ratio constitutive relation

A mathematical equation is proposed to represent the void ratio constitutive surface.

The equation is derived based on the method of heave prediction proposed by

Fredlund et al. (1980) and the assumption of a linear relationship between net normal

stress and matric suction on a constant void ratio plane.

The Fredlund et al. (1980) heave formulation was presented in Section 2.3.3.

The method assumes a stress path that can be projected onto the net normal stress
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plane (Fig. 4.12). The total heave stress path follows the rebound curve on the net

normal stress plane from the initial stress state to the final stress state.

(4.30)

where:

Pf = final stress state, and

Ps = initial stress state (i.e., swelling pressure).

Figure 4.12 Stress paths followed in Fredlund et ai. (1980) heave formulation
during the wetting of a soil (modified from Fredlund et aI., 1980)

The stress state in net normal stress plane, Pe, can be formulated as the sum of

the net normal stress and the matric suction equivalent as follows (Fredlund et aI.,

1980):

(4.31)

Lets ; be the slope of the net normal stress versus matric suction line at

constant void ratio. Equation (4.31) can then be visualised on Fig. 4.13 as follows:
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(4.32)

Matric suction equivalent

(Us - uw)e = ~ (us - Uw)

(Ua - Uw)a
0,...----------------.,......---.

(cr - ua ) - - - - - - - - - - - - - - - - -

Figure 4.13 Illustration ofthe matric suction equivalent
and determination of stress state, Pe

Substituting Eq. (4.32) into Eq. (4.30), the following equation can be written

for any predetermined stress state:

(4.33)

Equation (4.33) can be rewritten as follows:

(4.34)

Equation (4.34) suggests the following form for the void ratio function:

(4.35)

where: a, b, and c are fitting parameters with a > 0; b < 0; and c >0.
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To allow the description of void ratio at zero net nonnal stress and matric

suction [Le., (0' - ua) = (ua - uw) = 0], Eq. (4.35) can be modified as follows:

(4.36)

A number of functions of this type [i.e., having the fonn of Eqs. (4.30) and (4.36)]

can be proposed to provide a better fit of void ratio constitutive surface. These

functions are listed in Table 4.2. It can be noted that parameter a is the value of void

ratio at zero net nonnal stress and matric suction. The parameters c, d, f, and g will

take non-negative values to satisfy the logarithmic equation. A higher number of

fitting parameters will increase the degree of approximation of the equation (Le.,

better fit), but the physical interpretation of the parameters is rapidly lost (Lloret and

Alonso, 1985). The proposed equations in Table 4.2 are evaluated to detennine the

optimal equation to be used for the swelling analysis in this study. The tenn Unsat is

used to describe the functional relationship between void ratio (or water content) and

the stress state.

Table 4.2 Proposed functions for void ratio surface approximation

ID Function Number of fitting
parameters

Unsat-l e =a +b 10g[1 + (0' - ua ) + c(ua - uw )] 3

Unsat-2 e =a+blog[l+c(a-ua )+(ua -uw )] 3

Unsat-3 e =a +b 10g[1 + c(a - ua ) +d(u a - U w )] 4

Unsat-4
bl [1+(a-Ua)+C(Ua-Uw)]

5
e =a+ og

1+ d(a - ua ) + f(u a - uw )

Unsat-5
bI [I + c(a - Ua) + (ua - Uw) ]

5
e =a+ og

1+ d(a - Ua ) + f(u a - Uw )

Unsat-6
bl [1+C(a-Ua)+d(Ua -Uw)]

6
e =a+ og

1+ f(a -Ua ) + g(Ua - U w )
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4.3.4 Evaluation of equations for constitutive surfaces

A soil data for Regina clay (Shuai, 1996) was used to evaluate the proposed equations

for void ratio surface. The experimental data are obtained under Ko-loading

conditions. Two data sets can be presented for the void ratio constitutive surface. The

first data set is generated from swelling indices of Regina clay by using the theory

presented in Section 4.2. This data set is obtained under wetting, unloading test

conditions. The second data set is the measured values, which are obtained under

wetting, loading test conditions. More details of the test program and experimental

data on Regina clay will be presented in Section 4.4.

The proposed equations for void ratio surface are also used to describe the

water phase volume change of Regina clay.

Several software programs can be used for fitting of equations to data points.

The programs used in this study are MathCAD, TableCurve, and SigmaPlot.

R2 criterion and Akaike Information Criterion (AIC) are used to evaluate the

mathematical equations. The AIC criterion takes into account the number of data

points, the sum of the weighted squared residuals, and the number of fitting

parameters. The value of R2 closest to 1 and the lowest value of AIC indicate the best

fit.
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4.3.4.1 Void ratio data generated from swelling indices of Regina clay

A set of void ratio data can be generated from the swelling indices, initial void ratio,

and swelling pressure for Regina clay using Eq. (4.13). The generated data are

presented graphically in semi-logarithmic scale and arithmetic scale in Fig. 4.14. The

following equations are considered: Fredlund (1979); Lloret and Alonso (1985); M.

Fredlund (2000); and the equations suggested in this study (i.e., Unsat functions).

Table 4.3 Best-fit results ofdifferent void ratio equations to generated void ratio data of
Regina clay

ID Function Fitting parameters

Fredlund e =a+blog(oo-ua)+clog(ua -uw ) a = 1.071 c = -0.024
(1979) b = -0.027

Lloret & e =a+blog(oo-ua)+clog(ua -uw ) a = 1.186 c = -0.083
Alonso

+dlog(oo-ua)log(ua -uw )
b = -0.091 d = 0.034

(1985)

M. Fredlund

e =a+bln[t+(~)2]+dl++(~ J] al = 1.205 c=O.OII
(2000) a2 = -5.2E-5 dl = 0.705

bl = -0.724 d2 = -0.287

where b2 = 0.292 f= 0.010

0= OJ + 02(Ua- uw)

b = bJ + b2ln(ua- uw)

d = dJ + d2ln(ua- uw)

Unsat-l e =a +blog[l + (a -ua) +c(ua -uw )] a = 1.186 c = 0.610

b = -0.092

Unsat-2 e =a+blog[l+c(oo-ua)+(ua -uw )] a = 1.203 c = 1.666

b = -0.091

Unsat-3 e =a+blog[l+c(oo-ua )+d(ua -Uw )] a = 1.352 c = 94.500

b = -0.089 d = 56.617

Unsat-4
b I [1+(CT - Ua) +c(Ua - U" ) ]

a = 1.205 d = 0.001
e =a+ og b = -0.105 f= 0.001

l+d(oo-ua )+ f(u a -Uw )

C = 0.711

Unsat-5
bl [l+C(CT-Ua )+(Ua -U,,)]

a = 1.217 d = 0.001
e =a+ og b = -0.102 f= 0.001

l+d(oo-ua )+ f(u a -uw )

c = 1.466

Unsat-6
b I [ 1+c(CT - Ua ) +d (Ua - U,,) ]

a = 1.350 d = 34.571
e =a+ og b = -0.095 f= 4.38e-4

1+ f(oo-u a )+ g(Ua -Uw )

C = 49.722 g = 8.22e-4
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The correlation between the void ratio data and the predicted void ratio using

Fredlund (1979) equation is presented in Fig. 4.15. The fitting results using Lloret

and Alonso (1985) are shown in Figs. 4.16 and 4.17. Figure 4.18 presents correlation

between the void ratio data and the predicted void ratio using M. Fredlund (2000)

equation. The fitting results using Unsat-l function, the simplest form of its type, are

shown in Figs. 4.19 and 4.20. The fitting results using Unsat-6 function, the most

general form of its type, are shown in Figs. 4.21 and 4.22.

1.2 r-------,-----~---____,.

0

~ 1.1...
"0 0'(5
>
"0
(I) 0u:c 0(I)... 1.0Q.

0.9
0.9 1.0 1.1 1.2

Void ratio data

Figure 4.15 Correlation between void ratio data and predicted
void ratio using Fredlund (1979) function for

generated void ratio data ofRegina clay
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Figure 4.16 Best-fit void ratio surface using Lloret & Alonso (1985)
function for generated void ratio data of Regina clay
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Figure 4.17 Correlation between void ratio data and predicted
void ratio using Lloret & Alonso (1985) function

for generated void ratio data of Regina clay

110



1.2

1.21.11.0
0.9

0.9

.2
1.110...

"C
.~ 0
"C
CLl

0U:s
CLl

1.0...a.

Void ratio data
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Statistical results of the proposed void ratio equations are presented in Table

4.4. Figure 4.23 presents comparison of different equations using the Ale criterion.

The comparison using R2 criterion is presented in Fig. 4.24. It can be seen that the

Unsat-6 function appears to provide a best fit to this set of data.

M. Fredlund (2000)

L10ret and Alonso (1985)

Unsat-6

Unsat-5

Unsat-4

Unsat-3

Unsat-2

Unsat-1

Fredlund (1979)

I

I

I

I

I
I

I

I
o -50 -100 -150 -200 -250 -300 -350

Aikaike Information Criterion

Figure 4.23 Aikaike Information Criterion for generated data of void ratio surface
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Figure 4.24 It criterion for generated data of void ratio surface

Table 4.4 Statistical results of different void ratio equations for generated void ratio data of
Regina clay

ID Number of fitting R2 AIC*
parameters

Fredlund (1979) 3 0.5299 -102

Lloret & Alonso (1985) 4 0.9469 -174

M. Fredlund (2000) 8 0.9622 -179

Unsat-1 3 0.9890 -228

Unsat-2 3 0.9916 -241

Unsat-3 4 0.9955 -262

Unsat-4 4 0.9949 -258

Unsat-5 4 0.9958 -265

Unsat-6 6 0.9979 -288

* Akaike Information Criterion

Figure 4.25 presents a semi-logarithmic plot of void ratio surface described by

Unsat-6 function. The shapes of void ratio versus logarithm of matric suction at

constant net normal stress, and void ratio versus logarithm of net normal at constant

stress matric suction can be visualised. The curves of net normal stress versus matric

suction at constant void ratio in the logarithmic scale are also presented.
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Figure 4.25 Illustration of generated void ratio surface
using Unsat-6 function for Regina clay

4.3.4.2 Measured void ratio data of Regina clay

The measured data of void ratio constitutive surface obtained from Shuai (1996) are

presented graphically on semi-logarithmic scale and an arithmetic scale in Figs. 4.26a

and 4.26b, respectively. The data contain both the recompression portion and the

virgin compression portion of the void ratio surface with respect to net normal stress.

The following functions are considered for analysis: Lloret and Alonso

(1985); Fredlund and Xing (1994), Pereira and Fredlund (1996), M. Fredlund (2000)

functions, and the Unsat-6 function. Functions that originally presented the equations

as functions of only one stress state variable have been extended to describe the

function with respect to the second stress state variable.

Fitting results for different void ratio equations, for measured data on Regina

clay are presented in Table 4.5.
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Table 4.5 Fitting parameter results of different void ratio equations for measured void ratio
data of Regina clay

ID Function Fitting parameters

Lloret & e =a + b log(O' - ua)+ C log(ua - uw ) a = 1.256 c = -0.109
Alonso

+dlog(O' - ua)log(ua - uw )
h = -0.099 d = 0.036

(1985)

Fredlund & a al = -0.035
Xing (1994) e=

{1{exP(l)+(;nr
a2 = 1.184

hI = 70.887

h2= 0.059

where: CI = 1.308

0= a1ln[l + (ua- uw)] + a2 C2 = 104.203

b =b
i
[exp(l)r2 (Ua -Uw )

C3 = 2.831

C4 = 0.945

c=
c i dl = 2.63E-3

{In[eXP(l)+(~rJr d2= -0.113

d3= 0.277

d = dlua- uw )2+ d2(ua- uw) + d3

Pereira & e -e al = 0.901 b i = 4.94E-3
Fredlund

e = e. +[l+C~a :~w)r] a2 = 1.94E-3 b2= 0.727
(1996)

fl = 1.180 CI = 1.36E-5

f2= -0.364 C2 = 0.746

where: f3= 214.173 C3 = 64.264

eu = 01 + 02ln(1 +a) f4= -1.121

ef=jj +12/(1+(a!.h!-I)

b=b1a+b2

c=c1d+C2a + c3

M. Fredlund

e = a+bln(t+(~)']+dl++(~ J] al = 1.176 CI = -4.24E-5
(2000) a2 = -0.028 C2 = 0.032

hI = -1.75E-5 C3 = 0.540

where: b2= 1.17E-3 C4 = 42.310

a = a1 + a2(ua- uw) b3= -0.056 dl = 1.06E-8

b = b1(ua-uw )2+ b2(ua-uw) + b3 d2= -7.47E-6

c = clua- uw )3+ C2(Ua- uw)2 + C3 (ua- uw) d3= -6.93E-5

+C4 f= -1.08E-8

d = d1(ua- uw )2+ d2(Ua - Uw) + d3

Unsat-6
bl [1 +C(O" -Ua)+d(ua-Uw)] a = 1.183 d= 0.045

e =a+ og b = -0.283 f=O1+ /(0' - Ua) + g(Ua - Uw )

C= 0.015 g = 5.34E-3
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Figure 4.26 Measured data of void ratio surface for Regina clay (from Shuai, 1996)
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The best-fit results using the Lloret and Alonso (1985) function are presented

in Figs. 4.27, 4.28, 4.29, and 4.30. The Lloret and Alonso (1985) function, with four

fitting parameters, can not describe this set of experimental data adequately,

especially at low range of matric suction and net normal stress.

The best-fit results using the Fredlund and Xing (1994) function are presented

in Figs. 4.31, 4.32, 4.33, and 4.34. The Fredlund and Xing (1994) equation, with

eleven fitting parameters, seems to be flexible, but it may need more experimental

data points for the fitting. The void ratio constitutive surface described by thi~

equation includes an unusual rise and drop of void ratio at about 10 kPa matric

suction.

The best-fit results using the Pereira and Fredlund (1996) function are

presented in Figs. 4.35, 4.36, 4.37, and 4.38. The Pereira and Fredlund (1996)

function, with eleven fitting parameters, appears to describe this set of experimental

data adequately.

The best-fit results using the M. Fredlund (2000) function are presented in

Figs. 4.39, 4.40, 4.41, and 4.42. The M. Fredlund (2000) function, with thirteen

fitting parameters, fits well to the experimental data, however, it does not describe the

void ratio correctly at low suction range (Le., under 50 kPa). More data points at low

suction range may be needed for the use of this equation.

The best-fit results using the Unsat-6 function are presented in Figs. 4.43,

4.44, 4.45, and 4.46. The Unsat-6 function, with six fitting parameters, appears to

perform well on this set of experimental data.

Statistical results on the proposed void ratio equations for measured data on

Regina clay are presented in Table 4.6. Figure 4.47 presents comparison of different

equations using the Ale criterion. The comparison using the R2 criterion is presented

in Fig. 4.48. The statistical results suggest that the Fredlund and Xing (1996) equation

and the M. Fredlund (2000) equation provide best fit to the experimental data.

However, by examining the entire constitutive surface described by these equations, it

is noted that these equations can not be used in this study. It is suggested that the

mathematical equation be evaluated not only by the statistical results of the fitting,

but also by observation on the entire range of stress state. Both Pereira and Fredlund

(1996) function and Unsat-6 function could be used to describe the void ratio

experimental data on Regina clay.
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using Fredlund and Xing (1994) function for Regina clay
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Table 4.6 Statistical results of different void ratio equations for measured void ratio data of
Regina clay

ID Number of fitting R2 AIC*
parameters

Lloret & Alonso (1985) 4 0.8355 -43

Fredlund & Xing (1994) 11 0.9932 -94

Pereira & Fredlund (1996) 11 0.9942 -82

M. Fredlund (2000) 13 0.9979 -93

Unsat-6 6 0.9779 -71

* Alkalke Information Criterion

4.3.4.3 Measured water content data of Regina clay

The measured data of water content constitutive surface obtained from Shuai (1996)

are presented graphically on a semi-logarithmic scale and arithmetic scale in Figs.

4.49a and 4.49b, respectively.

The following functions are considered: Fredlund and Xing (1994), Pereira

and Fredlund (1996) functions, and the Unsat-6 function. The Fredlund and Xing

(1994) and Pereira and Fredlund (1996) functions were originally presented as

functions of only one stress state variable, but have now been extended as a function

with fitting parameters for the second stress state variable.

Fitting parameter results for the different equations for measured water

content data of Regina clay are presented in Table 4.7. The best-fit results using the

Fredlund and Xing (1994) function are presented in Figs. 4.50 and 4.51. The best-fit

results using the Pereira and Fredlund (1996) function are presented in Figs. 4.52 and

4.53. The best-fit results using the Unsat-6 function are presented in Figs. 4.54 and

4.55. It can be seen that all of these function can be used to adequately describe the

water content constitutive surface for Regina clay. However, the Unsat-6 function has

the least number of fitting parameters, i.e., six fitting parameters.
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Statistical results of the proposed equations for measured water content data

on Regina clay are presented in Table 4.8. The Unsat-6 function is shown to provide

the best fit to the experimental data of water content on Regina clay.

Table 4.7 Fitting parameter results of different SWCC equations for Regina clay (measured
data)

ID Function Fitting parameters

Fredlund & a al = -2.70E-4 CI = 9.31E-4
Xing (1994) W=

{In[exp(l) +((u. ~Uw))'Jr a2=0.411 C2 = 0.337

b i = 0.035 d1 = -1.22E-3

b2= 4.754 d2= 0.638

where:

0= OjO'+ 02

b = bjO'+ b 2

C = cjO'+ C2

d = d ja+d2

Pereira & wI -wu
al = 1.29E-5 Cl = 0.094

Fredlund
w=w. + [1 + ((Ua :Uw))J

a2 = 0.242 C2 = 21.735
(1996)

f1 = -2.65E-4 d = 0.697

f2 = 00411
where:

W u = OJ a + 02

wf=jjO'+h

C = CjO'+ C2

Unsat-6 hI [1 +c(a-ua)+d(ua-uw)] a = 0.419 d = 0.250
W =0+ og b = -0.121 f= 6.83£-51+ I(a - ua ) + g(ua - uw )

C= 0.013 g = 0.010

Table 4.8 Statistical results of different SWCC equations for Regina clay

ID Number of fitting R2 AIC*
parameters

Fredlund & Xing (1994) 8 0.9977 -83

Pereira & Fredlund (1996) 7 0.9967 -80

Unsat-6 6 0.9983 -90

* Aikaike Information Criterion
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4.4 Soil property characterization for Regina clay

This section presents the soil property characterization for Regina clay. The

experimental data, the mathematical description of the experimental data and the

calculation ofelasticity parameter functions are presented.

4.4.1 Experimental data for Regina clay

Regina clay is a highly swelling post-glacial lake deposit. The Unified Classification

System places this soil in the class of inorganic clay of high plasticity. Soil properties

and the volume change behaviour of Regina clay have been previously studied

experimentally by numerous researchers. Significant contributions to understanding

the volume change behaviour of Regina clay include research studies undertaken by

Christiansen (1961), Gilchrist (1963), Fredlund (1964), Noble (1966), Lu (1969),

Krahn and Fredlund (1972), Shuai (1996), Fredlund and Rahardjo (1993), and Feng

et al. (1998).

Shuai (1996) performed a testing program on compacted Regina clay to study

the volume change behaviour of swelling soils during oedometer tests. The tests were

performed at the University of Saskatchewan, Saskatoon. These test results are used

for the calculation of elastic moduli, as well as the coefficients of permeability

required for the uncoupled and coupled analyses in this research study.
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Figure 4.56 Particle size distribution curve for Regina clay (Shuai, 1996)
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The particle size distribution curve for Regina clay is shown in Fig. 4.56. The

index properties, mineral composition, and cations in the pore-water are presented in

Table 4.9.

The test results include data for the soil structure constitutive surface, water

phase constitutive surface and the coefficient of permeability function. The

experimental results are presented in the following sections. More detail on the

testing program, testing equipment, test procedures, and test results can be found in

Shuai (1996).

based on ASTM D422 (1988)
b from Fredlund (1964)

Table 4.9 Index properties ofthe testing soil (Shuai, 1996)

Soil Regina clay

Location Regina, Sask., Canada

Atterberg limits LL = 69.9%

PL= 31.9%

PI = 38.0%

Grain size distribution a Sand: 2.2%,
(based on ASTM D422,

Silt: 32.90/0,
1988)

Clay: 64.9%

Unified Soil Classification CH, Inorganic clay of high plasticity
System

Standard compaction Maximum dry density: 14.01 kN/m3

Optimum water content: 28.5%

Mineralogical compositionb Montmorillonite: 20%,

(X-ray diffraction) Illite: 42%,

(of minus 2 f.J fraction) Kaolinite: 14%,

Mixed (12 A) mineral layer: 24%

Cations in pore-waterb Sodium: 1.05

(Saturation extract) Calcium: 3.16

(meq per 100g dry soil) Magnesium: 1.66

Potassium: 0.33
II
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4.4.1.1 Experimental data for soil-water characteristic curve and swelling

curve of Regina clay

The soil-water characteristic curve is required to define the coefficient of water

volume change and to predict the unsaturated coefficient of penneability function.

The soil-water characteristic curves were detennined using a pressure plate apparatus.

The results of tests that followed a wetting path are presented in Table 4.10 for both

unconfined swelling conditions and Koconfined swelling conditions.

eshI d £ h '1T hI 4 10 Ea e . xpenmenta ata or t e SOl -water c aractenstlc curv

Matric suction Gravimetric water content, w (%)

(kPa) Unconfined test Confined test

(ei = 0.949) (ei = 0.956)

575 26.12 26.20

485 26.56 26.35

415 26.75 26.48

350 27.06 26.70

280 27.52 27.00

210 28.33 27.42

140 29.19 27.97

65 30.64 29.18

30 32.90 30.48

12 - 32.09

0 38.45 37.35

The relationship between the void ratio and the water content at various

matric suctions was detennined using the shrinkage tests. Two specimens were tested

under Ko conditions, the tests followed a wetting path. The test results are presented

in Table 4.11.
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I' h'I d n h 'dT hI 4 11 Ea e . xpenmenta ata or t e VOl ratIo versus water content re atlons Ip

Test step Shrinkage test 1 Shrinkage test 2

Water content Void ratio Water content Void ratio

(%) (%)

0 26.17 0.964 26.13 0.973

1 26.59 0.978 26.67 0.995

2 27.37 0.999 28.49 1.029

3 28.93 1.016 30.71 1.062

4 31.31 1.049 34.79 1.103

5 33.80 1.073 36.87 1.118

6 35.37 1.085 38.15 1.120

7 36.81 1.099

8 38.06 1.102

4.4.1.2 Experimental data for soil structure and water phase constitutive

surfaces of Regina clay

The soil structure constitutive surface was determined from the measured values of

void ratio at various matric suctions and applied loads. Likewise, the water phase

constitutive surface was determined from the measured values of water content at

various matric suctions and applied loads. These values were determined using a free

swell oedometer test (ASTM Designation) and a series of constant suction

consolidation tests. From an initial stress state, each specimen was allowed to swell

and then it was consolidated under a constant matric suction. The void ratio and pore

water volume changes in the specimens were measured at various equilibrium states.

The stress paths followed during the series of tests are illustrated in Fig. 4.57.
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Figure 4.57 Stress path followed in the constant suction consolidation test

Table 4 12 Results of the constant suction consolidation tests

(Ua - uw), (kPa)

(oy- ua) 0 50 100 200 400

(kPa) e S (%) e S (%) e S (%) e S (%) e S(%)

Initial 0.955 77.17 0.955 77.38 0.955 77.40 0.954 77.03 0.952 77.53

1 1.162 - 1.053 81.16 1.021 79.74 0.988 - 0.958 77.49

6 1.159 - 1.053 81.16 1.020 79.79 0.986 - 0.957 77.60

25 1.144 - 1.052 81.21 1.018 79.87 0.984 - 0.955 77.76

50 1.118 - 1.047 81.44 1.014 79.99 0.981 - 0.952 78.00

100 1.074 - 1.034 82.03 1.004 80.53 0.974 - 0.947 78.30

200 1.011 - 1.004 83.46 0.982 81.93 0.959 - 0.937 78.95

300 0.967 - 0.978 84.81 0.962 83.02 0.945 - 0.926 79.40

Note: Initial values correspond to the initial stress states (see Fig. 4.57)

4.4.1.3 Experimental data for the coefficient of permeability of Regina clay

The coefficient of permeability function for Regina clay was predicted from the

saturated coefficient of permeability and the soil-water characteristic curve. The

saturated coefficients of permeability were determined using the falling head

permeability test (Shuai, 1996).
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Two specimens were tested for the saturated coefficient of permeability at

different applied loads. The relationship between the saturated coefficient of

permeability and void ratio is presented in Fig. 4.58 for both specimens. The results

show that there is essentially a unique relationship between the saturated coefficient

of permeability and void ratio. The saturated coefficient of permeability is also

essentially independent of the stress path.
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Figure 4.58 Saturated coefficient of permeability versus void ratio (Shuai, 1996)

4.4.2 Mathematical descriptions of the test data

The results of the evaluation of proposed functions presented in the previous section

suggests that the Unsat-6 function can be satisfactorily used to describe both soil

structure and water phase constitutive surface. The Unsat-6 function can be rewritten

as follows:

f() b 1 (
1+ ex + dyJx,y =a+ og ----
1+ fx+gy

(4.37)

where f(x,y) can be void ratio, gravimetric water content, volumetric water content or

degree of saturation, and x, y are net normal stress and matric suction, respectively.
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Parameter a represents a value of the function at x and y equal to zero. Parameters c,

d, f and g are non-negative constants.

The calculation of coefficients of volume change and the elasticity parameters

requires the derivatives of the constitutive equations for soil structure and water

phase. The derivatives ofEq. (4.37) are as follows:

~ f(x,y) =b[c(l+.fx+ gy)- f(l+cx+dy)]
ax (l + .fx +gy)(l +cx +dy)lo(10)

~ f(x,y) =b[d(1 + .fx + gy) - g(l +cx+dy)]
8y (l + .fx + gy)(l + cx +dy) 10(10)

(4.38)

(4.39)

The Unsat-6 function can be written for two-dimensional fitting (i.e., function

of only one stress state variable) as follows:

( I+CX)f(x)=a+blog --
l+dx

(4.40)

where f(x) can be void ratio, gravimetric water content, volumetric water content or

degree of saturation, and x can be net normal stress or matric suction. Parameter a

represents a value of the function at x equals to zero. Parameters c and d are non

negative constants.

Equation (4.37) is used to describe the void ratio and water content

constitutive surfaces. Equation (4.40) can be used to describe most of the constitutive

relations in two-dimensions for measured data on Regina clay.

Figure 4.59 presents the best-fit gravimetric water content versus matric

suction curve to measured data under both confined and unconfined tests followed a

wetting path.

The best-fit curve to the shrinkage test results under confined, wetting

condition is presented in Fig. 4.60. The following equation is used for void ratio

versus gravimetric water content:

142



c
e = a+bln(w)+--

In(w)
(4.41)

where:

a 2.808

b = 0.948

c = 0.756
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Figure 4.59 Best-fit gravimetric water content versus matric suction curve to measured data
(Shuai, 1996) under wetting conditions for Regina clay using Unsat-6 function

The volumetric water content and void ratio can be calculated from the test

results presented in Figs. 4.59 and 4.60 for confined, wetting condition. Figure 4.61

presents the best-fit curve to measured volumetric water content versus matric

suction. Figure 4.62 presents the best-fit curve to void ratio versus matric suction. It

can be seen that the linear relationship between void ratio and logarithmic of matric

suction is not valid at low soil suctions.
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Figure 4.60 Best-fit void ratio versus water content curve to measured
data (Shuai, 1996) under confined, wetting condition for Regina clay

Best-fit results of water content and void ratio versus matric suction for the

measured data for Regina clay using Unsat-6 function are presented in Table 4.13.

Table 4.13 Fitting parameter results of water content and void ratio versus matric suction for
Regina clay

Soil property Fitting parameters Figure

a b c d

SWCC, w, unconfined condition 0.3845 -0.0627 0.2446 9.76E-04 4.59

SWCC, w, confined condition 0.3735 -0.0425 1.3954 1.54E-03 4.59

SWCC, Ow, confined condition 0.5015 -0.047 1.7146 1.78E-03 4.61

Void ratio versus matric suction 1.1078 -0.0624 0.2936 4.80E-04 4.62

The best-fit equation to the oedometer test results (Le., tests OT1 and OT2)

are presented for all the loading, unloading, and reloading curves in Figs. 4.63 and

4.64. The compressibility of soils can be obtained by differentiating of these curves.

Figure 4.65 present the best-fit of Eq. (4.40) to measured data from constant suction

consolidation tests at various matric suctions. The fitting results for these curves are

presented in Table 4.14.
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4.4.3 Calculation of elasticity parameters from measured void ratio and

water content surfaces under Ko-Ioading conditions

The best-fit surface for measured void ratio data is presented graphically in Fig. 4.66.

Figures 4.67, 4.68, and 4.69 show the gravimetric water content, volumetric water

content, and degree of saturation surfaces for one-dimensional swelling conditions.

Soil properties are plotted with respect to the net vertical stress and matrlc suction

associated with one-dimensional wetting. The fitting results associated with these

constitutive surfaces are summarised in Table 4.15.
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Table 4.14 Fitting parameter results of oedometer and constant suction consolidation test
results for Regina clay

Test Suction Curves Parameters Figure

(kPa) a b c d

Load 1.1808 -1.6128 4.52E-03 1.57E-03

OT-l 0 Rebound 1.0732 -0.1148 0.0924 4.18E-03 4.63

Load 1.0708 -1.0867 1.88E-03 6.16E-04

Rebound 1.0203 -0.0922 0.1686 1.06E-04

OT-2 0 Load 0.96 0.9521 0.945 0 4.64

Rebound 0.9991 -0.1336 0.08 2.70E-03

CSCT-l 50 Load 1.0569 -16.3199 4.68E-05 0

Rebound 1.0306 -4.5774 0.0188 0.0181

CSCT-2 100 Load 1.0225 -19.7065 2.35E-05 0

Rebound 1.0014 -2.9187 0.0256 0.0247 4.65

CSCT-3 200 Load 0.9877 -16.2418 2.02E-05 0

Rebound 0.9747 -2.3071 0.018 0.0174

CSCT-4 400 Load 0.9577 -14.6335 1.83E-05 1.72E-06

Rebound 0.9453 -1.6035 0.0112 0.0108

Table 4.15 Fitting parameter results of constitutive surfaces for Regina clay

Surfaces Fitting parameters Figure

a b c d f g

Void ratio, e 1.1828 -0.2832 0.0147 0.0454 0 5.34E-03 4.66

Water content, W 0.4195 -0.1205 0.0129 0.2495 6.83E-05 0.0102 4.67

Water content, Ow 0.5443 -0.0844 0.0142 0.8321 7.05E-04 7.1OE-03 4.68

Degree of saturation, S 1 -0.0725 9.71E-03 11.7122 9.71E-03 7.07E-03 4.69

The coefficient of volume change associated with the soil structure and water

phase can be calculated by differentiating the constitutive surfaces (Table 2.2)

assuming that strains are small.
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(4.42)

(4.43)

(4.44)

(4.45)

where:

e = void ratio,

eo = initial void ratio, and

Ow = volumetric water content.

The coefficients of pore-water volume change can also be calculated from

void ratio surface and degree of saturation surface.

(4.46)

(4.47)

where:

S = degree of saturation.

Figures 4.70 and 4.71 graphically present the coefficients ofvolume change of

soil structure with respect to changes in net normal vertical stress and matric suction,

respectively, for one-dimensional swelling conditions. Figures 4.72 and 4.73 present

graphically the coefficients of water volume change with respect to changes in net

normal vertical stress and matric suction, respectively, for one-dimensional swelling

conditions.
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The coefficients of volume change, with an assumed value of Poisson's ratio,

can be used to calculate the elasticity parameters (Table 2.4).

E = (1 + ,u)(1- 2,u)

(1- ,u)mt-lD

H = (1 + ,u)
(1 - ,u)m;_lD

E = (1 + ,u)
w (1 - ,u)ml~lD

H (
w 2 (1- 2,u) m; wJ-I

= m + m
w 2-lD 3 (1-,u) mt 1

(4.48)

(4.49)

(4.50)

(4.51)

The elasticity parameter functions associated with soil structure, E and H, are

presented graphically in Figs. 4.74 and 4.75, respectively. Figures 4.76 and 4.77

present the elasticity parameter functions associated with water phase, Ew and Hw ,

respectively. Poisson's ratio was assumed to be a constant and equal to 0.4.

4.4.4 Calculation of elasticity parameters from measured void ratio and

water content surfaces under general three-dimensional loading conditions

Void ratio data associated with general three-dimensional swelling can be generated

from swelling indices for Regina clay [see section 4.2 and Eq. (4.13)]. Figure 4.78

presents a set of generated void ratios with an assumed Poisson's ratio equal to 0.4.

The best-fit surface to the void ratio data set is presented in Fig. 4.79. The degree of

saturation surface can be assumed for general three-dimensional swelling as showed

in Fig. 4.80.

The fitting results for the generated void ratio and degree of saturation

constitutive surfaces are shown in Table 4.16.
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Table 4.16 Fitting parameter results of general three-dimensional constitutive surfaces for
Regina clay

Constitutive surface Fitting parameters Figure

a b c d f g

Void ratio, e 1.2492 -0.0979 4.8240 4.3330 0.0009 0.0012 4.79

Degree of saturation, S 1.0000 -0.0725 0.0125 11.7265 0.0125 0.0071 4.80

The coefficient of volume change associated with soil structure and water

phase can be calculated for general three-dimensional swelling (Table 2.2) by

differentiating the constitutive surfaces assuming that strains are small.

158

(4.52)

(4.53)



(4.54)

(4.55)

The coefficients of volume change associated with the generated void ratio

data (Fig. 4.79) and assumed degree of saturation surface (Fig. 4.80) are presented in

Figs. 4.81, 4.82, 4.83, and 4.84.

The elasticity parameters can be calculated for general three-dimensional

swelling as follows (Table 2.4):

3
E =-w wm1

1
H =-w wm2

(4.56)

(4.57)

(4.58)

(4.59)

The elasticity parameter functions are presented graphically in Fig. 4.85, 4.86,

4.87, and 4.88.
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4.4.5 Coefficient of permeability function

The coefficient of permeability function is predicted from the saturated coefficient of

permeability and the soil-water characteristic curve. Shuai (1996) presented the

coefficient of permeability function for Regina clay using Gardner (1958) equation as

follows:

k = kwoe
b

(4.60)w

l+a( (u a -uw )J
Pwg

where:

kwo = 0.4xlO-8 mis,

e = void ratio,

b = 18.5,

a = 0.01, and

n = 1.1

The coefficient of permeability constitutive surface is presented graphically in

Fig. 4.89 for the void ratio surface shown in Fig. 4.79.
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Figure 4.89 Coefficient of permeability constitutive surface for Regina clay
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4.5 Summary of the theory of constitutive surfaces

Void ratio constitutive surface can be estimated from the swelling indices Cs and Cm,

initial void ratio; and swelling pressure. The following assumptions are made

regarding the void ratio constitutive surface: i) there is a linear relationship on the

void ratio versus logarithm of net normal stress plot at an extreme net normal stress

plane; ii) there is a linear relationship on void ratio versus logarithm of matric suction

plot at an extreme matric suction plane; iii) the void ratio constitutive surface

converges to a single point on the void ratio axis; and iv) constant void ratio plane

intersects the void ratio constitutive surface at a straight line.

The problem associated with void ratio in the range of low net normal stress

and low matric suction range can be solved. The solutions are obtained through the

use of a mathematical equation that is continuous, smooth, physically reasonable and

differentiable over the entire range of net normal stresses and matric suctions.

Mathematical equations that were originally presented as functions of only

one stress state variable have been extended to describe the function with respect to

second stress state variable. These equations appear to be adequate to describe the

void ratio constitutive surface; however, a large number of data points are required

because of the large number of the fitting parameters present in the modified equation

(i.e., 11 to 15 fitting parameters). Large number of fitting parameters also presents

difficulty in the fitting ofthe equation to the data points.

A mathematical equation is proposed in this study for the description of the

entire void ratio constitutive surface. The proposed equation can also be used to

describe the constitutive surface for water phase. The equation has been used

successfully to characterise the soil properties of Regina clay (Le., void ratio

constitutive surface, water content constitutive surface, degree of saturation

constitutive surface, SWCC, compression and rebound curves of oedometer test

results).

The elasticity parameters associated with unsaturated, expansive soils can be

calculated from the constitutive surfaces for the soil structure and for water phase

with assumed value of Poisson's ratio. Using the equation proposed in this study, the

elasticity parameters can also be calculated for the low range of net normal stress and

matric suction.
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CHAPTER 5

Research Program

5.1 General

Hung (2000) presented and verified an uncoupled method for one- and two

dimensional volume change analysis of unsaturated, expansive soils. Figure 5.1

shows the example problems and case histories that were analysed and discussed.

This study is a continuance and extension of the previous research presented by Hung

(2000).

This chapter presents the computer programs used for numerical analyses and

outlines the research program of this study. The research program is required for the

implementation of the swelling soil formulations presented in Chapter 3 and the

theory of constitutive surface presented in Chapter 4. The layout of the research

program is illustrated in Figure 5. 2. The research program involves three parts. Part

1 is a study of the effects of water uptake by trees to surrounding soils and to the

footings of a house using an uncoupled approach. Part 2 includes the uncoupled and

coupled solutions of two typical swelling problems (i.e., the leakage of water below

floor slab and the infiltration of water from ground surface). Part 3 studies the effect

of assumed Poisson's ratio on the coupled solutions.

The results of the research program, as well as the discussion of the results,

are presented in subsequent chapters.
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I ANALYZED PROBLEMS USING UNCOUPLED APPROACH I
H ONE-DIMENSIONAL PROBLEMS I
~ Examples I

Heave due to increase of pore-water pressure below
an impermeable cover

A part of swelling soil is excavated and replaced by inert soil I

Case Histories I
Slab-an-grade, Regina, Saskatchewan I

Eston School, Eston, Saskatchewan I

TWO-DIMENSIONAL PROBLEMS I

H Change in Net Normal Stress I
1----;\ Embankment construction on normally consolidated clay I

'-----;\ Excavation construction I
H Change in Matric Suction I

1----;: Infiltration at the ground surface I

'-----;\ Evaporation from ground surface I

y Changes in Both Net Normal Stress and Metric Suction I

'-----I: Deformation below a concrete floor slab I

Figure 5.1 Problems analysed using the uncoupled approach by Hung, 2000
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I RESEARCH PROGRAM I
Uncoupled solutions of the problem
ofwater uptake by plants

EXAMPLE 1
Influence of plants to surrounding soils

EXAMPLE 2
Influence of plants to the house footing

Uncoupled and coupled solutions of the
leakage and the infiltration problems

EXAMPLE 3
Leakage ofwater below floor slab

f- Uncoupled solutions

'- Coupled solution

EXAMPLE 4
Infiltration ofwater from ground surface

I- Uncoupled solutions

'- Coupled solution

Effect of Poisson's ratio to coupled solutions I

Example 3
Leakage ofwater below floor slab

Example 4
Infiltration ofwater from ground surface

Figure 5.2 Present research program outline for this thesis
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5.2 Computer programs

Several partial differential equation solvers have recently become available for

solving systems of non-linear partial differential equations using the finite element

method. These include FEMLAB, marketed by Comsol Inc., PDEase2D, marketed by

Macsyma Inc., and FlexPDE, marketed by PDE Solutions Inc. PDEase2D and

FlexPDE have been recently used at the University of Saskatchewan, Saskatoon. The

use of these programs is applied to the study of behaviour of unsaturated soils. Thieu

(1999) used PDEase2D to analyse saturated-unsaturated seepage problems. Hung

(2000) and Hung and Fredlund (2002) solved uncoupled heave problems using

PDEase2D and FlexPDE. Pentland (2000) used FlexPDE to solve problems of heat

transfer in unsaturated soils. Pham (2002) used FlexPDE for the study of the slope

stability problem. Verifications of the programs were presented in the research

studies mentioned above.

A general-purpose partial differential equation solver, FlexPDE, is used herein

for obtaining uncoupled solutions. A finite element computer program called

COUPSO, is used for obtaining coupled solutions of two-dimensional volume change

problems associated with unsaturated, expansive soils.

Attempts were made to use FlexPDE for coupled solutions. However, the

attempts were not successful because the elastic parameter functions with respect to

net nonnal stress cannot be handled automatically and the cross derivatives in

coupled equations cannot be defined.

A brief description of FlexPDE and COUPSO programs is presented in the

following sections.

5.2.1 Partial differential equation solver, FlexPDE

FlexPDE is a general-purpose computer program that can be used to solve systems of

first or second order partial differential equations in Cartesian or axi-symmetric two

dimensional geometry, or in three-dimensional Cartesian geometry. The system can

be steady-state or time-dependent. The equations can be linear or non-linear. Non

linear equations are solved by applying a modified Newton-Raphson iteration
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process. Boundary conditions can be specified as a dependent variable type or as the

derivative of a dependent variable type.

FlexPDE combines several modules to provide a problem solving system. A

script-editing module provides a text editing facility and a graphical domain preview.

A symbolic equation analyzer expands defined parameters and relations, performs

spatial differentiation, and symbolically applies integration by parts to reduce second

order terms to create Galerkin equations. These equations are then differentiated to

form the Jacobian matrix. A mesh generation module constructs a triangular finite

element mesh over a two-dimensional problem domain. A finite element numerical

analysis module selects an appropriate solution scheme for steady-state, time

dependent or eigenvalue problems, with separate procedures for linear and nonlinear

systems. The finite elements may be either quadratic or cubic. An error estimation

procedure measures the adequacy of the mesh and refines the mesh wherever the

error is large. The system iterates the mesh refinement for the solution until a user

defined error tolerance is achieved. A graphical output module accepts arbitrary

algebraic functions of the solution and plots contours, surface, vector or elevation

plots. A data export module writes text reports in several formats, including simple

tables and full finite element mesh data.

This software package has several special features that are of interest to

geotechnical engineers. Major features of the FlexPDE program include:

• AutoCAD style CAD input,

• automatic mesh generation and refinement,

• adaptive time step design and refinement,

• ensuring convergence when solving non-linear equations,

• allowing material properties to be input in a variety of forms, and

• input three-dimensional problems as surfaces and layers using survey

data.

More details on the FlexPDE program are presented in the FlexPDE reference

manual.
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5.2.2 Computer program, COUPSO

COUPSO program was developed by Pereira (1996) to solve a coupled problem of a

small earth dam associated with unsaturated, collapsing soils. The program

implements coupled equations presented in Section 3.6, which couples stress

equilibrium and water flow in unsaturated soils (Fredlund and Rahardjo, 1993). The

saturated condition of the soil is a special case of the general theory of unsaturated

soil. COUPSO uses the concept of incremental loading in order to simulate change~

that occur in the soils.

The COUPSO program uses two-dimensional nine-node finite elements.

Interpolation is performed by using Lagrange's polynomials. Integration is performed

by using Gauss-Legendre quadrature. The program has been changed to

accommodate a coupled analysis for volume change problems associated with

unsaturated, expansive soils in this study. A detailed description of the program and

its verification were presented in Pereira (1996).

5.3 Uncoupled solutions to the problem of water uptake by trees

The effects of water uptake by tree roots on lightly loaded structures are studied using

the uncoupled approach. A series of factors that influence the magnitude of damage

to engineering structures are analysed. These factors are water uptake rate, root zone

(e.g., the roots of trees), soil and groundwater conditions, foundation depth and the

distance from trees.

Two typical two-dimensional examples are analysed and discussed. The first

example, called Example 1, is associated with deformations in a soil profile due to

water being extracted from the root zone within a soil mass. The root zone is

simulated as a flux applied to the soil mass. The second example, called Example 2,

is associated with the settlement of a house caused by a line of trees growing close to

the house. Computer program FlexPDE is used for both the unsaturated seepage and

stress-deformation analyses associated with the uncoupled approach.

Soil properties are assumed as follows. The coefficient of permeability of the

soil is described using Gardner's (1958) equation with a saturated coefficient of

permeability equal to 5.79xl0-8 mls (i.e., 5 mm1day), and parameters a and n equal to
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0.001 and 2, respectively. The initial void ratio of the soil is equal to 1.0, the volume

change index with respect to matric suction, em, is equal to 0.2 and Poisson's ratio is

assumed to be 0.3.

The elastic modulus function, H, with respect to changes in suction for the

soil can be calculated from Eq. (2.30) for plane strain conditions.

H= 59.9 (ua - uw) (5.1)

The coefficient of permeability function and the elastic modulus function are

shown graphically in Fig. 5.3.
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Figure 5.3 Permeability function, lew and elastic modulus function, H, used
for Example No. 1 and Example No.2

5.3.1 Example 1: Influence of plants on surrounding soils

The first example problem is associated with the deformation that can be caused by a

line of trees. It is assumed that the trees are planted in a line at 5 m intervals. The

example considers a 10 m thick layer of clay soil (Fig. 5.4). The geometry of the

problem is symmetrical, and therefore, only half of the geometry needs to be

considered in the analysis.
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Figure 5.4 Illustration of the geometry and key variables for Example 1

The coefficient of permeability function and the elastic modulus function with

respect to changes in matric suction shown in Fig. 5.3 are used for analysis. These

functions are assumed to be independent of net normal stress in the soil profile for

Examples No.1 and No.2.

The initial matric suction is computed based on a hydrostatic condition with

an unchanged ground water table at the 15 m depth. This represents the water content

conditions in the soil during the winter when water uptake by the trees is low. It is

then assumed that one tree will extract 0.3 m3 of water per day in summer and

eventually steady state conditions are attained. A value for water uptake of 0.25 to 0.5

m3/day was suggested by Perpich et. al. (1965). The water uptake zone for the trees is

from the 1 m to 3 m depth, with the uptake rate decreasing linearly with depth. This

pattern of water uptake from the tree root zone was suggested by de long (2000).

Deformations in the soil profile due to water uptake by trees (Le., from initial to final

matric suction states) are predicted. The example is also analysed for various values

of volume change indices and water uptake rates.
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5.3.2 Example 2: Influence of plants on the footings of the houses

Example 2 simulates the settlement of a house caused by a row of trees growing close

to the house. This example is illustrated in Fig. 5.5. The house foundation is placed at

a 2 m depth in a clay soil layer that is 10 m thick. The line of trees is 4 m from the

house. The water uptake rate for the trees is 0.5 m3/day per tree and the water uptake

zone is from 1 m to 3 m depth. It is assumed that the groundwater table is unchanged

at 15 m below ground surface. A layer of 0.3 m thick of concrete with an elastip

modulus of 100,000 kPa is used to describe the foundation and basement walls of the

house. The soil properties are the same as those used in Example 1 (Fig. 5.3).

Detailed boundary conditions are presented in the next chapter.

0

2 eo =1.0- Cm =0.2
E

Root uptake 0.5 m3/day ~l = 0.3-... 4.r= k s=5 mm/day
C.
~ 6

8
Ground-water table -15 m

10

0 4 8 12 16 20
Distance from trees (m)

Figure 5.5 Illustration of the geometry and key variables for Example 2

A parametric analysis is also performed to study the influence of the depth of

the root zone, distance from the trees to the house, thickness of the expansive soil

layer and the rate of water uptake by tree to the house footing. The variables used in

this study are illustrated in Fig. 5.6. The root zone equal to 2 m (Le., Z = 2 m) was

assumed for all analyses. Various combinations of the parameters are presented in
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Table 5.1. Settlements at points A, B, and C for each combination of the parameters

are predicted. The variables shown in Fig. 5.6 are as follows:

D = distance from tree row to the house,

H = thickness of the swelling soil profile,

R = soil depth of water uptake,

F = depth of foundation,

Distance between trees in a row = 5 m,

Width of the house = 8 m, and

Swelling index with respect to matric suction, Cm = 0.07.

I 2I . fEb'bITa e 5.1 Vanous com Inations ofparameters for the ana YSIS 0 xampe
Case D H F R Water uptake

(m) (m) (m) (m) m3/day

1 4 10 0.3 2 0.5

2 4 10 0.3 2 0.3
3 4 10 0.3 2 0.1
4 4 lO 0.3 1 0.5
5 4 10 0.3 1 0.3
6 4 10 0.3 1 0.1

7 6 10 0.3 2 0.5

8 6 lO 0.3 2 0.3
9 6 10 0.3 2 0.1

10 6 10 0.3 1 0.5
11 6 10 0.3 1 0.3
12 6 10 0.3 1 0.1
13 4 6 0.3 1 0.5
14 4 8 0.3 1 0.5
15 4 12 0.3 1 0.5

16 4 10 0.3 3 0.5

17 10 10 0.3 1 0.5
18 4 10 0.6 1 0.5
19 4 10 1.0 1 0.5
20 4 10 2.0 1 0.5
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Figure 5.6 Illustrations of parameters for sensitivity study, Example 2

5.4 Uncoupled and coupled solutions of the leakage and the infiltration

problems

The objective of this part of the research program is to analyse volume change

problems associated with an unsaturated, swelling soil using two different approaches

(i.e., uncoupled and coupled approaches). This section presents another two

problems, one associated with the leakage of water under a flexible cover (i.e.,

Example 3), and the other problem is associated with water infiltration into a soil

mass (i.e., Example 4). These two example problems are analysed using both an

uncoupled and a coupled approach. The uncoupled solutions and coupled solutions

are then compared. Experimental data obtained from tests on compacted Regina clay

specimens are used for these examples.

Uncoupled solutions are obtained using the FlexPDE program, and coupled

solutions are obtained using the COUPSO program.

The soil properties used for the uncoupled and coupled analyses in this section

were shown in Chapter 4 for Regina clay. Fig. 4.79 presented the void ratio

constitutive surface, Fig. 4.80 presented the degree of saturation constitutive surface

and Fig. 4.89 showed the coefficient of permeability function. The void ratio
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constitutive surface was estimated from swelling indices and swelling pressures for

Regina clay. The void ratio constitutive surface and degree of saturation constitutive

surface were described using the mathematical equation suggested in this study [Le.,

Eq. (4.37)]. A Poisson's ratio equal to 0.4 was assumed. It was observed that the

assumed value of Poisson's ratio affects the results of two- and three-dimensional

volume change problems. However, the most realistic function for Poisson's ratio

was not a subject of this study. The elastic parameter functions, E, H, Ew, and Hw

were calculated from the constitutive surfaces and presented graphically in Figs. 4.85,

4.86, 4.87, and 4.88, respectively.

There are several approaches used in the uncoupled analysis. The differences

arise from the stress state used for the seepage and stress-deformation analyses. Four

types ofuncoupled analysis were used in this research study. The uncoupled solutions

obtained from these analyses are named as Des1, DeS2, DeS3, and DeS4. The

solution obtained using a coupled approach is named as es. The stress path followed

in each type of analysis is shown in Figs. 5.7 and 5.8 for the seepage and stress

deformation analyses, respectively. It should be noted that initial stress state may vary

from one type of uncoupled analysis to another, while boundary conditions remain

the same.

In the DeS1 uncoupled analysis, soil properties obtained for the extreme

plane are used for the entire constitutive surface. Therefore, net normal stress is not

considered for both the seepage and stress-deformation analysis. No volume change

and no changes in stress were assumed in the seepage analysis. A net mean stress of

0.78 kPa (at which the volume change index, em, was obtained) was used for the

DeS1 uncoupled analysis in this study.

In the DeS2 uncoupled analysis, the variation in the stress state in the soil

profile under initial stress state conditions was considered. Zero volume change and

no changes in net normal stress were assumed in the seepage analysis. No change in

net normal stress was considered in the stress-deformation analysis.

In the DeS3 uncoupled analysis, the assumptions related to the seepage

analysis are the same as those used in the DeS2 analysis; however, changes in net

normal stress are considered in the stress-deformation analysis.
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Figure 5.7 Stress path followed by various types of seepage analysis
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Figure 5.8 Stress path followed by various types of stress-defonnation analysis

In the UCS4 uncoupled analysis, the changes in volume and changes in net

normal stress are considered in both the seepage and stress-deformation analysis.

Variations in the stress state in the soil better reflect the stress state conditions in the

real problem (Le., in coupled analysis).
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The examples presented in this section are analysed using various types of

uncoupled analysis and the results are then compared with the coupled solutions.

5.4.1 Example 3: Leakage of water from below a floor slab

Example 3 considers the hypothetical case of a 5 m layer of swelling clay below a

flexible cover (Fig. 5.9). The initial matric suction is taken to be constant throughout

the depth and equal to 400 kPa. The initial stress conditions can be calculated using

the total stress theory assuming that the coefficient of earth pressure at-rest, Ko, is

equal to 0.67. It is assumed that a leaking water line produced zero pore-water

pressure under the cover. Deformation and matric suction profiles versus time were

computed.

Experimental data obtained from tests on compacted specimen of Regina clay

are used for the analysis.

Flexible cover

Bggina clay.

eo = 0.955
Cm = -0.080
Cs = -D.088
~L = 0.4

~- Leakage under the flexible cover

Unsat-6 equation for the void ratio sUrface
Unsat-6 equation for the degree of saturation surface
Gardner equation for the coefficient of permeability surface

4

5

o

1

E 2
.r:,-

Q.
Q) 3
o

o 5 10 15

Distance, m

Figure 5.9 Illustration of the geometry and key variables for Example 3

5.4.2 Example 4: Infiltration of water from ground surface

This example considers the hypothetical case of a 5 m deep deposit of swelling clay.

The surface is partially covered with a flexible cover (Fig. 5.10). The initial matric

suction in the soil mass is assumed to be constant and equal to 400 kPa. The

coefficient of earth pressure at-rest, Ko, is equal to 0.67 for the calculation of initial
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stress condition. The transient wetting process is introduced by imposing a water

infiltration rate equal to 2x10.8 mls at the uncovered portion of the ground surface.

Such a wetting condition simulates the water infiltration into the soil mass due to the

watering of a lawn or a light rain. The analysis is performed to track both the swelling

soil behaviour and matric suction changes as the transient wetting front advances into

the soil mass.

Experimental data obtained from tests on compacted specimens of Regina

clay are used for the analysis.

Infiltration, q =2x10-sm/s

Regina clay.

eo = 0.955
em=-0.080
Cs = -0.088
J.l = 0.4

111 111 111 1111111

Unsat-6 equation for the void ratio surface
Unsat-6 equation for the degree of saturation surface
Gardner equation for the coefficient of permeability surface

Flexible cover

4

5

o
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Figure 5.10 Illustration of the geometry and key variables for Example 4

5.5 Parametric study with respect to the assumed value of Poisson's ratio

for coupled solutions

As presented in Sections 2.2.2.3 and 4.4, the elasticity parameters are calculated from

the constitutive surfaces for the soil structure and water phase assuming a fixed value

of Posson' s ratio. This section is designed to study the effect of the assumed value of

Poisson's ratio on coupled solutions. Two example problems (i.e., Example 3 and
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Example 4) are analysed using a coupled approach for various values of Poisson's

ratio.

5.6 Summary of the research program

Two computer programs are used to analyse volume change associated with an

unsaturated, expansive soil. The FlexPDE program was used for both unsaturated

seepage and stress-deformation analyses as part of the uncoupled approach. The

COUPSO program was used for the coupled seepage and stress-deformation analysis.

The influence of water uptake by tree root system on surrounding soils and

the footings of the house was analysed using an uncoupled approach through

Example 1 and Example 2. The coefficient of permeability and the elastic parameter

with respect to changes in matric suction were assumed to be function of matric

suction (i.e., independent with net normal stress).

Example 3 and Example 4 were analysed by using both uncoupled and

coupled approaches. There are several types of uncoupled analyses. The differences

arise from the assumptions related to the stress path followed in the seepage analysis

and stress-deformation analysis in the uncoupled solutions. Soil properties presented

in Chapter 4 for Regina clay, with an assumed value for Poisson's ratio were used for

both examples.

The effect of the assumed value of Poisson's ratio was studied for coupled

solutions associated with Example 3 and Example 4.

The results of the analyses are presented in Chapter 6 and the discussion of

the results is presented in Chapter 7.
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CHAPTER 6

Presentation ofResults

6.1 General

This chapter presents the results of the research program outlined in chapter 5. The

research program of this study involves three parts. Part 1 study the effects of water

uptake by trees to surrounding soils and to the footings of the house using an

uncoupled approach. Part 2 includes the uncoupled and coupled solutions of two

typical swelling problems, i.e., the leakage of water below floor slab and the

infiltration of water from ground surface. Part 3 studies the effect of assumed

Poisson's ratio to coupled solutions.

Uncoupled solutions are obtained using FlexPDE program, and Coupled

solutions are obtained using COUPSO program. The errors associated with numerical

analyses and the validation of the results are presented in Appendix D.

The discussions and comparisons of the results are presented in the next

chapter.

6.2 Uncoupled solutions of the problem of water uptake by trees

The results of two example problems associated with water uptake by trees are

presented. The first example is associated with deformations in a soil profile due to

water being extracted from the root zone within a soil mass. The second example is

associated with the settlement of a house footing caused by a line of trees growing

close to the house. A series of factors that influence the magnitude of deformations

are analysed. The results of analyses presented in this section were obtained using

FlexPDE with an uncoupled approach.
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6.2.1 Example 1: Influence of plants to surrounding soils

This example was illustrated in Fig. 5.4. The permeability function, kw, and the

elastic parameter function, H, with respect to changes in matric suction were shown

in Fig. 5.3.

Figure 6.1 shows boundary conditions for seepage analysis. For initial suction

conditions, a-IS m total head was specified at the lower boundary and zero flux was

applied at the other boundaries. For final matric suction conditions, a -15 m total

head was specified at the lower boundary. A boundary outflow value was specified

along the left side of the soil domain at a depth from 1 m to 3 m and zero flux was

specified at other boundaries. The outflow value decreased linearly from 15 mm/day

at the 1 m depth to zero mm1day at the 3 m depth. This boundary condition represents

0.3 n13/day of water being extracted by one tree from the soil (i.e., 2 sides x 2 m depth

x 5 m wide x 15 mm1day = 0.3 m3/day).

The matric suction distributions in the soil at equilibrium are shown in Figs.

6.2 and 6.3 for initial and final conditions, respectively. The initial matric suction

varied from 147 kPa at ground surface to 49 kPa at the 10m depth. The final matric

suction varied from 260 kPa at tree root depth to 49 kPa at the 10m depth.

q=O

q=O

q=O

Initial condition, q =0
Final condition, q =15 mm/day
(Le .• 0.3 m3/day/tree)

q=O

'E-........- Root zone,
from 1-3 m depth

2

o

J::a.
Q) 6
o

E 4--

8

10
Ground water table =-15 m

o 4 8 12
Distance from trees (m)

16 20

Figure 6.1 Boundary conditions for seepage analysis, Example 1
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Figure 6.2 Distribution of initial matric suction (kPa), Examples 1 and 2
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Figure 6.3 Distribution of final matric suction (kPa), Example 1

The deformations in the soil profile due to water uptake by tree roots was then

predicted using the stress-deformation analysis. The boundary condition for the

stress-deformation analysis is shown in Fig. 6.4. The soil was free to move in the

vertical direction and fixed in horizontal direction at the left and right sides of the

domain. The lower boundary was fixed in both directions.
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Figure 6.4 Boundary conditions for stress-deformation analysis, Example 1

Figure 6.5 presents contours of vertical displacement in the soil for this

example, with the volume change index with respect to matric suction, em, equal to

0.2 and the tree-root uptake rate equal to 0.3 m3/day per tree. The ground movements

at various depths are shown in Fig. 6.6.
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Figure 6.5 Contours of vertical displacement (mm), Example 1
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Figure 6.6 Variation with depth of vertical displacement near a tree, Example 1

The example was also analysed for the case where the water uptake rate was

0.3 m3/day and the volume change index varied with overburden pressure in soils

(i.e., volume change index decreases linearly from 0.2 at ground surface to 0.05 at the

10 m depth). Contours of vertical displacement are presented in Fig. 6.7 for this case.

Figure 6.8 presents contours of settlement for the case of a volume change

index, em equal to 0.2 and a water uptake rate equal to 0.5 m3/day.
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Figure 6.7 Contours of vertical displacement (mm), Example 1. Volume change
index varies from 0.05 at 10m depth to 0.2 at surface
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Figure 6.8 Contours of vertical displacement (mm), Example 1. Water uptake is 0.5 m3/day

6.2.2 Example 2: Influence of plants on the house footing

This example is illustrated in Fig. 5.5. Soil properties are the same as those used in

Example 1 (Fig. 5.3). Matric suction conditions in the soil profile were obtained

through steady state unsaturated seepage analyses. Boundary conditions specified for

this example are shown in Fig. 6.9. The initial matric suction profile is the same as

that shown in Fig. 6.2. The final matric suction profile is shown in Fig. 6.10. Final

matric suctions varied from 409 kPa at tree root level to 49 kPa at the lower boundary

of the soil domain. The contours of changes in matric suction are presented in Fig.

6.11.

Figure 6.12 presents the boundary conditions for the stress-deformation

analysis associated with this example. A 0.3 m thick layer of concrete with an elastic

modulus of 100,000 kPa is used to describe the foundation and basement walls of the

house. The results of the stress-deformation analysis are shown in Figs. 6.13 and 6.14

as contours of horizontal displacement and contours of vertical displacement,

respectively.
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Figure 6.9 Boundary conditions for seepage analysis, Example 2
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Figure 6.10 Distribution of final matric suction (kPa), Example 2
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Figure 6.12 Boundary conditions for stress-deformation analysis, Example 2
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Figure 6.13 Contours of horizontal displacement (mm), Example 2

0

2-E- 4..c
+-'

-20 mmc.
~ 6

8 0
10

0 4 8 12 16 20
Distance from trees (m)

Figure 6.14 Contours of vertical displacement (mm), Example 2
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A parametric analysis was performed to study the influence of the depth of

root zone, distance from tree to the house, thickness of the expansive soil layer and

the rate of water uptake by tree to the house footing. The variables used in this study

are illustrated in Fig. 5.6. The root zone equal to 2 m (i.e., Z = 2 m) was assumed for

all analyses. Predicted settlements at points A, B, and C for various combinations of

the parameters are presented in Table 6.1.

Table 6.1 Predicted settlements at points A, B, and C for various boundary conditions,
Example 2

Case D H F R Water uptake Settlement (mm)

(m) (m) (m) (m) m3/day A B C

1 4 10 0.3 2 0.5 44 32 13

2 4 10 OJ 2 OJ 28 21 8

3 4 10 0.3 2 0.1 10 7 3

4 4 10 OJ 1 0.5 48 34 14

5 4 10 OJ 1 OJ 30 21 8

6 4 10 0.3 I 0.1 11 7 3

7 6 10 0.3 2 0.5 44 27 10

8 6 10 OJ 2 OJ 28 17 6

9 6 10 0.3 2 0.1 10 6 2

10 6 10 OJ 1 0.5 48 27 11

11 6 10 OJ 1 OJ 30 17 7

12 6 10 OJ 1 0.1 11 6 2

13 4 6 OJ 1 0.5 24 13 2

14 4 8 OJ 1 0.5 35 22 6

15 4 12 OJ 1 0.5 63 48 25

16 4 10 OJ 3 0.5 41 31 13

17 10 10 0.3 1 0.5 48 18 12

18 4 10 0.6 1 0.5 48 32 12

19 4 10 1.0 1 0.5 48 31 12

20 4 10 2.0 1 0.5 51 27 9
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6.3 Uncoupled and coupled solutions of leakage and infiltration problems

This section presents the uncoupled and coupled solutions of Example 3, (i.e., the

leakage problem) and Example 4 (i.e., the infiltration problem).

The soil properties used for the uncoupled and coupled analyses in this section

are shown in Fig. 4.79 for the void ratio constitutive surface, Fig. 4.80 for the degree

of saturation constitutive surface and Fig. 4.89 for the coefficient of permeability

function. The void ratio constitutive surface was estimated from swelling indices and

swelling pressures for Regina clay. A Poisson's ratio equal to 0.4 was assumed. The

elastic parameter functions, E, H, Ew, and Hw are presented graphically in Figs. 4.85,

4.86, 4.87, and 4.88, respectively. The initial stress state in the soil profile is shown in

Fig. 6.15 for both Example 3 and Example 4.

The examples presented in this section are analysed using various types of

uncoupled analysis and the results are then compared with the coupled solutions.
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Figure 6.15 Initial net nonnal stress state, matric suction state, and key variables,
Examples 3 and 4
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6.3.1 Example 3: Leakage of water below floor slab

The illustration of this problem is presented in Fig. 5.9. Four types of analysis were

used for this example, consisting of three uncoupled analyses, UeS2, UeS3, UeS4,

and one coupled analysis, es. The results obtained from the uncoupled analysis,

UeS4 and the coupled analysis, es are presented below. The results obtained from

uncoupled analyses, UeS2 and UeS3 are presented in Appendix B.

6.3.1.1 Uncoupled analysis, UCS4 for Example 3, leakage problem

In this analysis, volume change and induced net normal stress are considered in both

the seepage analysis and stress-deformation analysis. The rate of change in

volumetric strain and net normal stress is updated at the following elapsed times: 0.2

days, 0.5 days, 1 day, 2 days, 5 days, 9 days, 16 days, 25 days, 36 days, 56 days, 100

days and after that at each 50 day period.

Figure 6.16 shows boundary conditions for seepage analysis for this example.

The transient wetting process is induced by imposing a total head equal to zero under

the flexible cover, at the ground surface of the soil deposit. Flux equal to zero is

specified elsewhere on the boundary. The analysis is conducted to predict matric

suction changes with time as wetting front advances into the soil mass.

Flexible cover, h = 0

0
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E 2
q=O
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Q. <:\ !>CD 3C /\

4

5
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o
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q=O
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q=O

10

o
C

q=O

15

Figure 6.16 Boundary conditions for seepage analysis, Example 3, uncoupled solution
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Boundary conditions for stress-defonnation analysis of this example are

presented in Fig. 6.17. The soil was free to move in the vertical direction and fixed in

horizontal direction at the left and right sides of the domain. The lower boundary was

fixed in both directions.

Flexible cover

0

1

E 2
.c
"S-
eD

3c

4

5

0 5 10 15

Distance. m

Figure 6.17 Boundary conditions for stress-deformation analysis,
Examples 3 and 4, uncoupled solution

Figures 6.18 to 6.22 present the results obtained at day 56 after the wetting

commenced. The distribution of matric suction is presented in Fig. 6.18. Distributions

of horizontal and vertical displacement are presented in Figs. 6.19 and 6.20,

respectively. Distributions of horizontal and vertical strains are presented in Figs.

6.21 and 6.22, respectively.

Figures 6.23 to 6.27 present the results obtained at day 150 after the wetting

commenced. The distribution of matric suction is presented in Figs. 6.23.

Distributions of horizontal and vertical displacement at day 150 are presented in Figs.

6.24 and 6.25, respectively. Distributions of horizontal and vertical strains at day 150

are presented in Figs. 6.26 and 6.27, respectively.
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Figure 6.18 Distribution of matric suction at day 56, Example 3, uncoupled analysis UCS4
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Figure 6.19 Distribution of horizontal displacement at day 56, Example 3, uncoupled
analysis UCS4
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Figure 6.20 Distribution of vertical displacement at day 56, Example 3, uncoupled analysis
UCS4
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Figure 6.21 Distribution of horizontal strain at day 56, Example 3, uncoupled analysis UCS4
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Figure 6.22 Distribution of vertical strain at day 56, Example 3, uncoupled analysis UCS4
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Figure 6.23 Distribution of matric suction at day 150, Example 3, uncoupled analysis UCS4
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Figure 6.24 Distribution of horizontal displacement at day 150, Example 3, uncoupled
analysis UCS4

Distribution of vertical displacement at day 150, Example 3, uncoupled analysis
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Figure 6.26 Distribution of horizontal strain at day 150, Example 3, uncoupled analysis
UCS4
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Figure 6.27 Distribution of vertical strain at day 150, Example 3, uncoupled analysis UCS4

Change of matric suction with time for points A, B, and C in the soil mass is

presented in Fig. 6.28. Change of matric suction versus depth below the cover is

presented for various elapsed times in Fig. 6.29.

Figures 6.30 and 6.31 show the change of horizontal and vertical

displacement with time at points A, B, and C in the soil mass. Figure 6.32 shows the

change of heave at ground surface with time. Figure 6.33 presents the change of

heave below the cover versus depth with time.
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Figure 6.28 Change ofmatric suction with time for points A, B, and C,
Example 3, uncoupled analysis UCS4
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Figure 6.30 Change of horizontal displacement with time for points A, B, and C, Example 3,
uncoupled analysis UCS4
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Figure 6.33 Change of heave below the cover versus depth with time, Example 3, uncoupled
analysis UCS4

6.3.1.2 Coupled analysis, CS for Example 3, leakage problem

The boundary conditions for coupled analysis of this example are presented in Fig.

6.34. The transient wetting process is induced by imposing a total head equal to zero

at the ground surface of the soil deposit, under th~ flexible cover. Flux equal to zero

is specified elsewhere on the boundary. The soil was free to move in the vertical

direction and fixed in horizontal direction at the left and right sides of the domain.

The lower boundary was fixed in both directions.

The analysis is first performed for various finite element meshes. It is noted

that unchanged solutions can be obtained with the mesh of 75 nine-node quadrilateral

elements and 341 nodes. Comparisons of the results for days 100 and 200 obtained

from mesh 1 (60 elements), mesh 2 (75 elements) and mesh 3 (90 elements) are

presented in Appendix A for distributions of matric suction, horizontal displacement,

and vertical displacement, respectively. The comparisons of these results are also

presented numerically. A finite element mesh of75 elements and 341 nodes was used

for the coupled analysis of this example. The finite element mesh is shown in Fig.

6.34.
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Figure 6.34 Finite element mesh and boundary conditions, Example 3, coupled analysis

The analysis is conducted by tracking both the displacements and matric

suction changes as a function of time as the wetting front advances into the soil mass.

Figures 6.35 to 6.43 present the results obtained at day 56 after the wetting

commenced. Distribution of matric suction is presented in Fig. 6.35. Distributions of

horizontal and vertical stress are presented in Figs. 6.36 and 6.37, respectively.

Figures 6.38 and 6.39 present the distributions of void ratio and degree of saturation.

Distributions of horizontal and vertical displacement are presented in Figs. 6.40 and

6.41, respectively. Distributions of horizontal and vertical strains are presented in

Figs. 6.42 and 6.43, respectively.

Figures 6.44 to 6.52 present the results obtained at day 150 after the wetting

commenced. Distribution of matric suction is presented in Fig. 6.44. Distributions of

horizontal and vertical stress are presented in Figs. 6.45 and 6.46, respectively.

Figures 6.47 and 6.48 present the distributions of void ratio and degree of saturation.

Distributions of horizontal and vertical displacement are presented in Figs. 6.49 and

6.50, respectively. Distributions of horizontal and vertical strains are presented in

Figs. 6.51 and 6.52, respectively.

Figure 6.53 shows the change of matric suction with time for points A, B, and

C. The change of horizontal stress with time for points A, B, and C is presented in

Fig. 6.54. Figures 6.55 and 6.56 show the change of horizontal and vertical
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displacement with time at points A, B, and C in the soil mass. Figure 6.57 shows the

change of heave at ground surface with time. Figure 6.58 presents the change of

heave below the cover versus depth with time.
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Figure 6.35 Distribution of matric suction at day 56, Example 3, coupled solution
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Figure 6.36 Distribution of horizontal stress at day 56, Example 3, coupled solution

203



o

E 2
.s=
Q.

~ 3

4

5

---10 ------~---------
~------

-----~~--50 -------------

------------- 60
_____------------- 70

__-----80 kPa

o 5
Distance, m

10 15

Figure 6.3 7 Distribution of vertical stress at day 56, Example 3, coupled solution

o

E 2
.z=
ic 3

4

5

o

-0.980
0.975

~

5
Distance, m

10

0.955

~

15

Figure 6.38 Distribution ofvoid ratio at day 56, Example 3, coupled solution

o

E 2

io 3

4

5

o

lr88~)----08~

___ 0.82

0.80

(
5

Distance, m
10

~
0.78--

15

Figure 6.39 Distribution ofdegree of saturation at day 56, Example 3, coupled solution

204



o

E 2
.r!
1i.
~ 3

4

5

o 5
Distance. m

10 15

Figure 6.40 Distribution of horizontal displacement at day 56, Example 3, coupled solution
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Figure 6.41 Distribution of vertical displacement at day 56, Example 3, coupled solution

Figure 6.42 Distribution of horizontal strain at day 56, Example 3, coupled solution
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Figure 6.46 Distribution of vertical stress at day 150, Example 3, coupled solution

Figure 6.47 Distribution of void ratio at day 150, Example 3, coupled solution
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Figure 6.48 Distribution of degree of saturation at day 150, Example 3, coupled solution
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Figure 6.49 Distribution of horizontal displacement at day 150, Example 3, coupled solution
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Figure 6.50 Distribution of vertical displacement at day 150, Example 3, coupled solution
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Figure 6.51 Distribution of horizontal strain at day 150, Example 3, coupled solution
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Figure 6.52 Distribution of vertical strain at day 150, Example 3, coupled solution
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Figure 6.53 Change of matric suction with time for points A, B, and C, Example 3, coupled
solution
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Figure 6.57 Change of heave at ground surface with time, Example 3 coupled solution
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solution

6.3.2 Infiltration of water from ground surface

The illustration of this problem is presented in Fig. 5.10. The initial stress state in the

soil profile is shown in Fig. 6.15. Four types of analysis were used for this example,

consisting of three uncoupled analyses, VeS1, VeS2, VeS4, and one coupled

analysis, es. The results obtained from the uncoupled analysis, VeS4 and coupled

analysis, es are presented below. The results obtained from uncoupled analyses,

DeS1 and DeS2 are presented in Appendix e.

6.3.2.1 Uncoupled analysis, UCS4 for Example 4, infiltration problem

In this analysis, volume change and induced net normal stress are considered in both

seepage analysis and stress-deformation analysis. The rate of change in volumetric

strain and net normal stress is updated at the following elapsed times: 13 days, 33

days, 53 days, 93 days, 133 days, 175 days, and after that at each 100 day period.

Figure 6.59 shows boundary conditions for the seepage analysis for this

example. The transient wetting process is induced by imposing a water infiltration

rate equal to 2.0x10-8 m/s at the uncovered portion of the ground surface. A value of
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matric suction equal to 400 kPa is specified at lower boundary, zero flux is specified

on the other parts of the boundary.

Infiltration, q = 2.0x1 er8 m/s

Flexible cover, q = 0 11ttl 11t 111111 111 1111
0 -A
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Uw = -400 kPa
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Distance, m

Figure 6.59 Boundary conditions for seepage analysis, Example 4, uncoupled solution

Boundary conditions for the stress-deformation analysis of this example are

the same of those for Example 3 (i.e., Fig. 6.17). The soil is free to move in the

vertical direction and fixed in horizontal direction at the left and right sides of the

domain. The lower boundary is fixed in both directions.

Figures 6.60 to 6.64 present the results obtained at day 53 after the wetting

commenced. The distribution ofmatric suction is presented in Fig. 6.60. Distributions

of horizontal and vertical displacement are presented in Figs. 6.61 and 6.62,

respectively. Distributions of horizontal and vertical strains are presented in Figs.

6.63 and 6.64, respectively.

Figures 6.65 to 6.69 present the results obtained at day 175 after the wetting

commenced. The distribution of matric suction is presented in Fig. 6.65. Distributions

of horizontal and vertical displacement at day 150 are presented in Figs. 6.66 and

6.67, respectively. Distributions of horizontal and vertical strains at day 150 are

presented in Figs. 6.68 and 6.69, respectively.
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Change of matric suction with time for points A, B, and C in the soil mass is

presented in Fig. 6.70. Figures 6.71 shows the change of horizontal and vertical

displacement with time at points A, B, and C in the soil mass. Figure 6.72 shows the

change of heave at ground surface with time. Figure 6.73 presents the change of

heave below the cover versus depth with time. The zigzags appeared near the left and

right boundaries should be ignored because of the errors in the graphical processing

of results.

Figure 6.60 Distribution of matric suction at day 53, Example 4, uncoupled solution UCS4
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Figure 6.61 Distribution of horizontal displacement at day 53, Example 4, uncoupled
solution UCS4
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Figure 6.62 Distribution of vertical displacement at day 53, Example 4, uncoupled solution
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Figure 6.63 Distribution of horizontal strain at day 53, Example 4, uncoupled solution UCS4
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Figure 6.64 Distribution of vertical strain at day 53, Example 4, uncoupled solution UCS4
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Figure 6.65 Distribution of matric suction at day 175, Example 4, uncoupled solution UCS4
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Figure 6.66 Distribution of horizontal displacement at day 175, Example 4, uncoupled
solution UCS4
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Figure 6.67 Distribution of vertical displacement at day 175, Example 4, uncoupled solution
UCS4

216



15

0.0005 -------./

10

---- 0.0010---.........

o

5

__-0.0005

o

o

4

5

E 2
~

Q.

~ 3

Distance. m

Figure 6.68 Distribution of horizontal strain at day 175, Example 4, uncoupled solution
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Figure 6.69 Distribution of vertical strain at day 175, Example 4, uncoupled solution UCS4
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6.3.2.2 Coupled analysis, CS for Example 4, infiltration problem

The boundary conditions for the coupled analysis of this example are presented in

Fig. 6.74. The transient wetting process is induced by imposing a water infiltration

rate equal to 2.0xl0-8 mls at the uncovered portion of the ground surface. A value of

matric suction equal to 400 kPa is specified at lower boundary, zero flux is specified

on the other parts of the boundary. The soil is free to move in the vertical direction

and fixed in the horizontal direction at the left and right sides of the domain. The

lower boundary is fixed in both directions.
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Figure 6.74 Finite element mesh and boundary conditions, Example 4, coupled analysis

The analysis is first performed for various finite element meshes. It is noted

that unchaged solutions can be obtained with the mesh of 75 nine-node quadrilateral

elements and 341 nodes. Comparisons of the results at days 53 and 355 obtained from

mesh 1 (60 elements), mesh 2 (75 elements) and mesh 3 (90 elements) are presented

in Appendix A for distributions of matric suction, horizontal displacement, and

vertical displacement, respectively. The comparisons of these results are also

presented numerically. The finite element mesh of 75 elements and 341 nodes is used

for the coupled analysis of this example. The finite element mesh is shown in Fig.

6.74.
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The analysis is conducted by tracking both the displacements and matric

suction changes as a function of time as the wetting front advances into the soil mass.

Figures 6.75 to 6.83 present the results obtained at day 53 after the wetting

commenced. The distribution of matric suction is presented in Fig. 6.75. Distributions

of horizontal and vertical stress are presented in Figs. 6.76 and 6.77, respectively.

Figures 6.78 and 6.79 present the distributions of void ratio and degree of saturation.

Distributions of horizontal and vertical displacement are presented in Figs. 6.80 and

6.81, respectively. Distributions of horizontal and vertical strains are presented iIi

Figs. 6.82 and 6.83, respectively.

Figures 6.84 to 6.92 present the results obtained at day 150 after the wetting

commenced. The distribution of matric suction is presented in Fig. 6.84. Distributions

of horizontal and vertical stress are presented in Figs. 6.85 and 6.86, respectively.

Figures 6.87 and 6.88 present the distributions of void ratio and degree of saturation.

Distributions of horizontal and vertical displacement are presented in Figs. 6.89 and

6.90, respectively. Distributions of horizontal and vertical strains are presented in

Figs. 6.91 and 6.92, respectively.

Figure 6.93 shows the change of matric suction with time for points A, B, and

C. The change of horizontal stress with time for points A, B, and C is presented in

Fig. 6.94. Figures 6.95 shows the change of vertical displacement with time at points

A, B, and C in the soil mass. Figure 6.96 shows the change of heave at ground

surface with time. Figure 6.97 presents the change of heave below the cover versus

depth with time.

Figure 6.75 Distribution ofmatric suction at day 53, Example 4, coupled solution
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Figure 6.76 Distribution of horizontal stress at day 53, Example 4, coupled solution
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Figure 6.77 Distribution of vertical stress at day 53, Example 4, coupled solution
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Figure 6.78 Distribution of void ratio at day 53, Example 4, coupled solution
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Figure 6.79 Distribution ofdegree of saturation at day 53, Example 4, coupled solution
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Figure 6.80 Distribution of horizontal displacement at day 53, Example 4, coupled solution

Figure 6.81 Distribution of vertical displacement at day 53, Example 4, coupled solution
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Figure 6.82 Distribution of horizontal strain at day 53, Example 4, coupled solution
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Figure 6.83 Distribution of vertical strain at day 53, Example 4, coupled solution
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Figure 6.84 Distribution of matric suction at day 175, Example 4, coupled solution
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Figure 6.85 Distribution of horizontal stress at day 175, Example 4, coupled solution
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Figure 6.86 Distribution of vertical stress at day 175, Example 4, coupled solution
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Figure 6.87 Distribution of void ratio at day 175, Example 4, coupled solution
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Figure 6.88 Distribution of degree of saturation at day 175, Example 4, coupled solution
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Figure 6.89 Distribution of horizontal displacement at day 175, Example 4, coupled solution
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Figure 6.90 Distribution of vertical displacement at day 175, Example 4, coupled solution
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Figure 6.91 Distribution of horizontal strain at day 175, Example 4, coupled solution
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Figure 6.92 Distribution ofvertical strain at day 175, Example 4, coupled solution
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solution
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Figure 6.96 Change of heave at ground surface with time, Example 4 coupled solution
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6.4 Parametric study with respect to the assumed value of Poisson's ratio

for coupled solutions

This section presents the effect of the assumed value of Poisson's ratio on coupled

solutions. Two example problems (i.e., Example 3 and Example 4) are analysed using

a coupled approach for various values ofPoisson's ratio.

6.4.1 Parametric study with respect to the assumed value of Poisson's ratio,

Example 3

Figure 6.98 presents the change of matric suction at point B for various values of

Poisson's ratio. Figure 6.99 presents the matric suction versus Poisson's ratio

relationship for various times. Figure 6.100 presents the change of horizontal

displacement at point B for various values of Poisson's ratio. Figure 6.101 presents

the horizontal displacement versus Poisson's ratio relationship for various times.

Figure 6.102 presents the change of vertical displacement at point B for various

values of Poisson's ratio. Figure 6.103 presents the vertical displacement versus

Poisson's ratio relationship for various times.
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Figure 6.98 Change ofmatric suction at point B for various values of Poisson's ratio,
Example 3, coupled solution
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Figure 6.103 Vertical displacement at point B versus Poisson's ratio for various elapsed time,
Example 3, coupled solution

6.4.2 Parametric study with respect to the assumed value of Poisson's ratio,

Example 4

Figure 6.104 presents the change of matric suction at point B for various values of

Poisson's ratio. Figure 6.1 05 presents the matric suction versus Poisson's ratio

relationship for various times. Figures 6.106 presents the relationship between

horizontal stress and Poisson's ratio obtained at day 175. Figures 6.107 presents the

relationship between vertical stress and Poisson's ratio obtained at day 175. Figure

6.108 presents the change of horizontal displacement at point B for various values of

Poisson's ratio. Figure 6.109 presents the horizontal displacement versus Poisson's

ratio relationship for various times. Figure 6.110 presents the change of vertical

displacement at point B for various values of Poisson's ratio. Figure 6.111 presents

the vertical displacement versus Poisson's ratio relationship for various times.
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6.5 Summary of the presentation of results

Volume change problems associated with unsaturated, expansive soils can be

analysed using both uncoupled and coupled approaches. The analysis results of four

example problems are presented. The discussion of the results will be presented in the

next chapter.
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CHAPTER 7

Discussions ofthe Results

7.1 General

This chapter presents a discussion of the results of analyses presented in Chapter 6.

The problem of water uptake by trees is discussed with respect to the uncoupled

solutions of two examples (i.e., Example 1 and Example 2) in section 7.2. The

problems associated with water leakage under a flexible cover (i.e., Example 3) and

water infiltration from ground surface (i.e., Example 4) are discussed for both

uncoupled solutions and coupled solutions in sections 7.3. Various types of

uncoupled analyses have been carried out for Examples 3 and 4. Section 7.3 also

presents the discussion on the agreement between uncoupled and coupled solutions

associated with each example. Section 7.4 discusses the effect of Poisson's ratio on

the coupled solutions for Examples 3 and 4. Section 7.5 summarizes the discussion of

the results of the analysis.

7.2 Uncoupled solutions to the problem of water uptake by trees

Jones and Holtz (1973) reported that a high cost of damage in the US was caused by

expansive soils. The loss figure was about $6000 million annually. About 200/0 of this

damage could be contributed to desiccation effects due to vegetation (Holtz, 1983).

Williams and Pidgeon (1983) reported that the removal of vegetation causes the most

significant change in the stress state of the soil, which exceeds any changes that may

be caused by building load or excavation for small structures. Ward (1953) suggested

that trees, which transpired large quantities of moisture, could damage building at

distances up to the height of the tree. The smallest tree at which a problem was noted
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was 250 nun in diameter. This indicated that only mature trees caused serious

problems. It was suggested that a deepening of the foundation from a traditional

depth of 1 to 1.5 m would considerably reduce the change of damage.

In Chicago, trees were found to be the predominant reason for desiccation and

shrinkage. Individual trees may lose from 0.25 to 0.50 m3 of water on a sunny day

(Perpich et aI., 1965). In general, when the soil suction approaches 1500 kPa, the

wilting point of the tree is attained and leaf growth stops (Kramer & Kozlowski,

1960). However, the value of soil suction imposed by trees has been measured

experimentally in the field and found to be up to 3000 kPa.

Ground movements due to trees, in excess of 150 nun were recorded in

expansive clays in Adelaide, Australia (Richards et aI., 1983). The ground

movements of about 150 nun associated with the removal of vegetation on expansive

clays in South Africa were recorded in many areas, and the most extensive heave

recorded was 374 nun in Kimberley (Williams and Pidgeon, 1983). In the UK,

vertical movements due to large trees are often on the order of 100 rom and can cause

serious damage to structures.

Root depth varies linearly with potential evapotranspiration for each type of

tree. The depth of root zone depends largely upon the soil type. The depth of root

zone was assumed in this study because the analysis was performed for a hypothetical

case, while no specific type of tree or soil type was assumed.

In this study, a linear variation in the extraction rate with depth was assumed.

This assumption was justified by Prasad (1988).

The magnitude of water uptake rate is not a constant, but varies throughout

the year as a function of environmental and plant factors (Kramer & Kozlowski,

1960). Environmental factors include the pressures in the water vapour of the

surrounding air, humidity of the surrounding air, temperature, light, wind, and supply

of water in the soil. This study assumed that water uptake rate was a constant to

illustrate methods of volume change analysis.
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7.2. 1 Example 1: Influence of trees on surrounding soils

The matric suction distributions in the soil at equilibrium are presented in Figs. 6.2

and 6.3 for initial and final conditions, respectively. The initial matric suction varied

from 147 kPa at ground surface to 49 kPa at the 10 m depth. The final matric suction

varied from 260 kPa at tree root to 49 kPa at the 10m depth. A maximum change in

matric suction was observed at the tree root level and the change in matric suction

decreased with distance from the tree.

Figure 6.5 presents contours of vertical displacement in the soil for this

example, with the volume change index with respect to matric suction equal to 0.2

and the tree-root uptake rate equal to 0.3 m3/day per tree. The ground movements at

various depths are shown in Fig. 6.6. It can be seen that the movements near the

ground surface were quite large within a horizontal distance of about 4 m from the

trees. The movements decreased rapidly with distance until a distance of 12 m. The

displacements also decreased rapidly with depth. The predicted displacements shown

in Fig. 6.6 have the same pattern of displacements as those monitored by Bozozuk

and Burn (1960). At ground surface, a value of settlement of 85 mm at the tree

location decreased to 40 mm at 8 m from the trees. At 4 m from the trees, a settlement

of 65 mm at ground surface decreased to 40 mm at the 3 m depth, and about 20 mm

at the 5 m depth.

Figure 6.7 presents the contours of vertical displacement for the case where

the water uptake rate was 0.3 m3/day and the volume change index varied with

overburden pressure in the soil (Le., volume change index decreases linearly from 0.2

at ground surface to 0.05 at the 10m depth). Most of the displacements take place

near ground surface. It can be seen that about 70% of total settlement occurred in the

top 4 m of the soil.

Figure 6.8 presents contours of settlement for the case with a volume change

index equal to 0.2 and a water uptake rate equal to 0.5 m3/day. About 12% more

settlement was obtained at tree location in comparison to the case when the water

uptake rate was 0.3 m3/day (Le., (102 - 85)/85 = 12%).
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7.2.2 Example 2: Influence of plants on the house footing

The distribution of final matric suction is presented in Fig. 6.10. Final matric suction

varied from 409 kPa at tree root to 49 kPa at lower boundary of the soil domain. The

contours of changes in matric suction are presented in Fig. 6.11. Most of suction

change took place in the soil portion close to the trees. The closer to the trees, the

larger the magnitude in the change in suction. Figure 6.11 also showed a similar

pattern of moisture deficit near the trees to that presented by Biddle (1983).

The results of stress-deformation analysis are presented in Figs. 6.13 and 6.14

as contours of horizontal displacement and contours of vertical displacement,

respectively. A maximum foundation settlement of 80 mm and a minimum settlement

of 25 mm was observed. A maximum settlement in the soil profile took place at tree

location and decreased with horizontal distance and depth.

Table 6.1 presents the results of the parametric study for this example. A

parametric study was performed with respect to the rate of water uptake, the distance

from tree row to the house, the thickness of the swelling soil profile, the soil depth of

water uptake, and the depth of foundation. Cases 1, 2, and 3 indicated that the

magnitude of settlement depended significantly upon the rate of water uptake. Cases

1, 7, 17 showed the dependence of the settlement of footings upon the distance from

trees. The effect of thickness of the swelling soil profile to magnitude of settlements

was shown in cases 13, 14, 15, and 16. Cases 1, 4 and 16 shows that settlements at

the monitoring points (i.e., points A, B, and C) decrease as the depth of water uptake

increases. Cases 18, 19, and 20 showed that the magnitude of settlement decreases

with increases in the depth of foundation.

The results of the analysis show that it is possible to combine an unsaturated

seepage analysis and a stress-deformation analysis to study the influence of

vegetation on light engineering structures. The magnitude of movements appears to

be reasonable when using the swelling index as input data.

7.3 Uncoupled and coupled solutions of leakage and infiltration problems

Figure 6.15 presents the initial stress state and matric suction conditions in the soil

profile for both Examples 3 and 4. The value of the coefficient of earth pressure at
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rest, Ko, was assumed to be 0.667. Initial matric suction of 400 kPa was assumed. The

initial stress state and initial values of the key variables presented in Fig. 6.15 are

used for all uncoupled and coupled analyses, for both Example 3 and Example 4 in

this study.

7.3.1 Example 3: Leakage of water below floor slab

The discussions are first presented for uncoupled solutions, followed by coupled

solutions and then there is a comparison of the uncoupled and coupled solutions.

7.3.1.1 Uncoupled solutions for Example 3, leakage problem

Uncoupled solutions, UeS2 and UeS3 are presented in Appendix e. Results of the

uncoupled solution, ueS4 are discussed in this suction.

The results of the uncoupled analysis, UeS4, are first discussed for two

elapsed times, at the 56th day and 150th day after the commencement of wetting.

Discussions are then presented for the change of matric suction, horizontal and

vertical displacement with time.

Figures 6.18 to 6.22 present the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain in the soil

profile at day 56. Immediately after wetting was introduced below the flexible cover,

water flowed downward and to the right of the soil domain. Matric suctions under the

cover reduced from 400 kPa to 50 kPa to a depth of 2 m, and less than 150 kPa to a

depth of 5 m. Soil displaced horizontally and vertically because of the decrease in

matric suction. Horizontal displacement decreased with depth, with a maximum value

of 24 mm at ground surface near to the cover. Horizontal displacements vanished at

the left and right boundaries because of the specified boundary conditions. About 70

mm of heave took place at the cover location. The horizontal strain pattern shown in

Fig. 6.21 indicated that at this moment, soil strained to the right in the left half of the

soil mass, and strained to the left in the other half of the soil mass. Most of the

vertical strain took place under the cover. The magnitude of vertical strain decreased

with depth and distance from the cover.
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Figures 6.23 to 6.27 present the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain in the soil

profile at day 150. At this time, matric suction below the cover reduced to less than

50 kPa. The wetting front reached the right end of the soil mass. Matric suction

varied from 0 to 300 kPa in the soil mass at this time. Cumulative horizontal and

vertical displacements had the same patterns as those at day 56; however, soil in the

right portion of the soil mass was pushed to the left as matric suction reduced

significantly in this portion. Maximum cumulative heave of 105 mm took place at the

centre of the cover. About 25 mm of heave could be observed at the far side of the

soil mass.

Figure 6.28 shows the change of matric suction with time for three monitoring

points (i.e., A, B, and C). It can be seen that point C might experience a temporary

increase in initial matric suction. Figure 6.29 presents the change of matric suction

versus depth with time. Matric suction below the cover reduced rapidly in the first 50

days. The soil under the cover reached complete saturation in about 350 days. The

rate of change in matric suction in the soil mass reduced with time. It should be noted

that a layer of soil immediately under the cover reached saturation right after the

wetting was introduced.

Figure 6.30 presents the change of horizontal displacement with time for the

monitoring points. It can be observed that the largest horizontal displacement took

place at the surface in the middle of the soil profile. The soil was pushed to the right

in the first 50 days, then gradually pushed back to the left. Maximum horizontal

displacement of about 20 mm was computed at point B. The horizontal displacement

reduced to less than 2 mm in the soil mass after 400 days of wetting.

Figure 6.31 presents the change of vertical displacement with time for the

monitoring points. Figure 6.32 shows the change of heave at ground surface with

time. Figure 6.33 presents the change of heave versus depth with time. The heave

pattern shown in these figures indicates that most of the heave below the cover

occurred in the first 100 days after wetting commenced. Most of the difference in

heave (about 65 mm) took place in the first 56 days. In the period from day 56 to day

150, heave increased gradually, with the same rate in the entire soil mass. After this
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period, heave developed faster in the right side of the soil mass. A maximum heave of

112 mm was predicted at day 350.

7.3.1.2 Coupled solutions for Example 3, leakage problem

The results of coupled analysis, CS, are first discussed for two elapsed times, at 56th

day and 150th day after the commencement of wetting. The discussions are then

presented for the change of matric suction, horizontal and vertical displacement with

times.

Figures 6.35 to 6.43 present the distributions of matric suction, horizontal

stress, vertical stress, void ratio, degree of saturation, horizontal displacement,

vertical displacement, horizontal strain, and vertical strain in the soil profile at day

56, respectively. Immediately after wetting was introduced below the flexible cover,

water flowed downward and to the right of the soil domain. Matric suction under the

cover reduced from 400 kPa to 50 kPa to the depth of 2 m. Matric suction below the

cover reduced to less than 150 kPa. There was a significant increase in horizontal

stress that could be observed near ground surface, especially under the cover. An

increase of about 60 kPa in the horizontal stress was predicted for the soil near

ground surface, where the soil had a high potential to swell. There were increases in

vertical stress because of the increase of the soil self-weight due to saturation, but

these changes were insignificant in comparison with the change in horizontal stress.

Most of the increases in void ratio and degree of saturation took place under

the cover, near ground surface. Corresponding to the changes in matric suction, soil

displaced horizontally and vertically. Horizontal displacement decreased with depth,

with maximum value of 24 mm at ground surface near to the cover. About 70 mm of

heave took place at the cover location. The horizontal strain pattern shown in Fig.

6.42 indicated that at this moment, soil strained to the right in the left half of the soil

mass, and strained to the left in the other half of the soil mass. Most of the vertical

strain took place under the cover and the magnitude of vertical strain decreased with

depth and distance from the cover.

Figures 6.44 to 6.52 present the distribution of matric suction, horizontal

stress, vertical stress, void ratio, degree of saturation, horizontal displacement,
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vertical displacement, horizontal strain, and vertical strain in the soil profile at day

150, respectively. At this time, matric suction below the cover reduced to less than 50

kPa. The wetting front reached the extreme ends of the soil mass. Matric suctions

varied from 0 to 300 kPa in the soil mass at this time. About 20 kPa of increase in

horizontal stress could be observed near ground surface from day 56 to day 150. The

horizontal stress varied from 65 to 125 kPa in the soil mass. Again, there were small

increases in vertical stress because of the increase of the soil self-weight due to

saturation, but these changes were insignificant in comparison with the change in

horizontal stress. The changes in vertical stress were small since the soil was free to

move in the vertical direction. Cumulative horizontal and vertical displacements had

the same patterns as those at day 56; however, soil in the right portion of the soil

mass was pushed to the left as matric suction reduced significantly in this portion.

Maximum cumulative heave of 105 mm took place at the centre of the cover. About

25 mm of heave could be observed at the far side of the soil mass.

Figure 6.53 shows the change ofmatric suction with time for three monitoring

points (Le., A, B, and C). Matric suctions below the cover reduced rapidly in the first

50 days. The soil directly below the cover reached complete saturation in about 300

days. The rate of change in matric suction in the soil mass reduced with time.

Figure 6.54 presents the change of horizontal stress with time for the

monitoring points. The horizontal stress increased rapidly in the first 50 days,

corresponding to the change in suction. The increase in horizontal stress was more

gradual in the right side of the soil mass. A total increase of about 80 kPa in the

horizontal stress was predicted.

Figure 6.55 presents the change of horizontal displacement with time for the

monitoring points. It can be observed that the largest horizontal displacement took

place at the surface in the middle of the soil profile. The soil was pushed to the right

in the first 50 days, then gradually pushed back to the left. Maximum horizontal

displacement of about 20 mm was computed at point B. The horizontal displacement

reduced to less than 2 mm in the soil mass after 400 days of wetting.

Figure 6.56 presents the change of vertical displacement with time for the

monitoring points. Figure 6.57 shows the change of heave at ground surface with
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time. Figure 6.58 presents the change of heave versus depth with time. The heave

pattern shown in these figures indicates that most of the heave below the cover

occurred in the first 100 days after wetting commenced. Most of the difference in

heave (about 65 mm) took place in the first 56 days. In the period from day 56 to day

150, heave increased gradually, at the same rate in the entire soil mass. After this

period, heave developed faster along the right side of the soil mass. A maximum

heave of 112 mm was predicted at day 350.

7.3.1.3 Comparison of the results for various types of analyses for Example

3, leakage problem

Figures 7.1 to 7.10 compare the results of the uncoupled solution, UCS4, and the

coupled solution, CS for two elapsed times (i.e., day 56 and day 150). The

comparisons are presented for the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain. Matric

suctions obtained from uncoupled analysis, UCS4, are higher than those obtained

from the coupled analysis, CS, below the cover, but the matric suctions are lower in

the right half of the soil mass (Figs. 7.1 and 7.6). The solutions compared well in

terms of horizontal displacement and horizontal strains. Vertical displacements

appear to be higher for the uncoupled solution and the differences decrease with

depth.
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Figures 7.11 to 7.13 compare the changes of matric suction, horizontal

displacement, and vertical displacement at a point in the soil mass for various types

of analyses. Figure 7.11 shows that water flowed faster in the uncoupled analyses,

when changes in stress and deformation were not considered in the seepage equation

(i.e., UeS2 and DeS3). The changes in matric suction at any elapsed time were over

predicted in these analyses, resulting in differences in horizontal and vertical

displacements. It should be noted that changes in stress were not considered in

solution UeS2, but were considered in solutions UeS3 and UeS4. Uncoupled

analyses in this study used the elastic parameters at a net normal stress that is lower

than the actual net normal stresses. The stiffness of an unsaturated, expansive soil

decreases with a decrease in net normal stress, resulting in the prediction of a larger

heave in the uncoupled analysis. The magnitude of the differences between

uncoupled and coupled solutions therefore depends on the differences in stress paths

followed in the uncoupled solutions. The uncoupled solution, UeS4 compares well

with the coupled solution, es.
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7.3.2 Example 4: Infiltration of water from ground surface

The discussions are first presented for uncoupled solutions, followed by coupled

solutions and then the comparison of uncoupled and coupled solutions.

7.3.2.1 Uncoupled solutions for Example 4, infiltration problem

Uncoupled solutions, DCS1 and UCS2 are presented in Appendix D. Results of the

uncoupled solution, UCS4 are discussed in this suction.

The results of the uncoupled analysis, DCS4 are first discussed for two

elapsed times, at the 53th day and 175th day after the commencement of wetting. The

discussions are then presented for the change of matric suction, horizontal and

vertical displacement with times.

Figures 6.60 to 6.64 present the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain in the soil

profile at day 53. Immediately after wetting was introduced into the soil from the

uncovered surface, water flowed downward and to the left of the soil domain. Matric

suction reduced to less than 100 kPa near ground surface. Most of the soil suction

changes occurred below the uncovered portion, where infiltration took place. The soil

was displaced horizontally and vertically because of the decrease in matric suction.

Horizontal displacements decreased with depth, with a maximum value of 13 mm at

ground surface near to the cover. About 34 nun of heave took place at the uncovered

location. The horizontal strain pattern shown in Fig. 6.63 indicated that at this

moment, soil strained to the left in the left half of the soil mass, and strained to the

right in the other half of the soil mass. Most of the vertical strain took place in the

uncovered portion of the soil mass, the magnitude of vertical strain decreased with

depth.

Figures 6.65 to 6.69 present the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain in the soil

profile at day 175. At this time, matric suction below the uncovered surface reduced

to less than 50 kPa. The wetting front reached the right end of the soil mass.

Cumulative horizontal and vertical displacements had the same patterns as those at

day 53. A maximum cumulative heave of 52 mm took place at the upper-right comer
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of the soil domain. About 12 mm of heave could be observed at the centre of the

cover.

Figure 6.70 shows the change of matric suction with time for three monitoring

points (i.e., A, B, and C). Matric suction below the cover reduced rapidly in the first

50 days. It can be noted that the matric suction in the soil mass has not stabilised in

the first 175 days; however, the rate of change in matric suction in the soil mass

reduced rapidly with time.

Figure 6.71 presents the change of vertical displacement with time for the

monitoring points. Most of the heave at the monitoring points occurred in the first

100 days after wetting commenced. Figure 6.72 shows the change of heave at ground

surface with time. Figure 6.73 presents the change of heave versus depth with time. A

maximum differential heave of about 30 mm might occur between the cover location

and the far point of the uncovered portion. A maximum heave of about 58 mm could

take place at the surface and heave would stop after about 400 days of infiltration.

7.3.2.2 Coupled solutions for Example 4, infiltration problem

The results of the coupled analysis, CS, are first discussed for two elapsed times, at

53th day and 175th day after the commencement of wetting. The discussions are then

presented for the change of matric suction, horizontal and vertical displacement with

times.

Figures 6.75 to 6.83 present the distributions of matric suction, horizontal

stress, vertical stress, void ratio, degree of saturation, horizontal displacement,

vertical displacement, horizontal strain, and vertical strain in the soil profile at day

53, respectively. Immediately after wetting was introduced below the uncovered

surface, water flowed downward and to the left of the soil domain. Matric suction

near the uncovered surface reduced to less than 100 kPa. There was a significant

increase in horizontal stress that could be observed near ground surface, especially

within the uncovered portion. An increase of about 60 kPa of horizontal stress was

predicted for the soil near ground surface, where the soil had a high potential to swell.

There were increases in vertical stress because of the increase of the soil self-weight

due to saturation, but these changes were insignificant in comparison with the change
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in horizontal stress. Most of the increases in void ratio and degree of saturation took

place within the uncovered portion, near to the ground surface, where infiltration took

place. Horizontal displacements decreased with depth, with a maximum value of 11

mm at ground surface near to the cover. About 33 mm of heave took place at the

uncovered location. The horizontal strain pattern shown in Fig. 6.82 indicated that at

this moment, soil strained to the left in the left half of the soil mass, and strained to

the right in the another half of the soil mass. Most of the vertical strain took place

under the uncovered portion and the magnitude of vertical strain decreased with

depth.

Figures 6.84 to 6.92 present the distribution of matric suction, horizontal

stress, vertical stress, void ratio, degree of saturation, horizontal displacement,

vertical displacement, horizontal strain, and vertical strain in the soil profile at day

175, respectively. At this time, matric suction near the uncovered surface reduced to

less than 50 kPa. The wetting front reached the left end of the soil mass. About 10

kPa of increase in horizontal stress could be observed near ground surface from day

53 to day 175. The horizontal stress varied from 55 to 74 kPa in the soil mass. Again,

there were small increases in vertical stress because of the increase of the soil self

weight due to saturation, but these changes were insignificant in comparison with the

change in horizontal stress. The changes in vertical stress were small since the soil

was free to move in the vertical direction. Cumulative horizontal and vertical

displacements had the same patterns as those at day 53. A maximum cumulative

heave of 52 mm took place at the uncovered surface. About 12 mm of heave could be

observed at the centre of the cover.

Figure 6.93 shows the change ofmatric suction with time for three monitoring

points (i.e., A, B, and C). Matric suction below the cover reduced rapidly in the first

50 days. The rate of change in matric suction in the soil mass reduced rapidly with

time.

Figure 6.94 presents the change of horizontal stress with time for the

monitoring points. Corresponding to the change in suction, the horizontal stress

increased rapidly in the first 50 days. Horizontal stress increased more near ground

surface, where the soil had higher swelling potential. A total increase of about 58 kPa
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in horizontal stress was predicted for point A. A total increase of about 20 kPa in

horizontal stress was observed for point C.

Figure 6.95 presents the change of vertical displacement with time for the

monitoring points. Figure 6.96 shows the change of heave at ground surface, with

time. Figure 6.97 presents the change of heave versus depth with time. A maximum

differential heave of about 30 rnm can occur between the cover location and the far

point of the uncovered portion. A maximum heave of about 58 rnm could take place

at the surface and heave would stop after about 400 days of infiltration.

7.3.2.3 Comparison of the results for various type of analysis for Example

4, infiltration problem

Figures 7.14 to 7.23 compare the results of the uncoupled solutions, UeSl, UeS2,

ueS4 and coupled solution, CS for two elapsed times, day 53 and day 175. The

comparisons are presented for the distribution of matric suction, horizontal

displacement, vertical displacement, horizontal strain, and vertical strain.
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Figures 7.24 and 7.25 compare the changes of matric suction and vertical

displacement at the monitoring points in the soil mass for various types of analysis.

The changes in matric suction at any elapsed time were over-predicted in the

uncoupled analyses, resulting In the differences in horizontal and vertical

displacements. Uncoupled analyses in this study used the elastic parameters at net

normal stress that are lower than the actual net normal stresses. The stiffness of an

unsaturated, expansive soil decreases with the decrease in net normal stress, resulting

in a larger amount of heave in uncoupled analyses. The magnitude of the differences

between uncoupled and coupled solutions, therefore, depends on the differences in

stress paths followed in the uncoupled solutions. The uncoupled solution, UCS4

appear to be the same as those of the coupled solution, CS.
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7.4 Parametric study with respect to the assumed value of Poisson's ratio

(for coupled solutions)

Poisson's ratio plays an important role in the volume change analysis in this study. It

must be noted that Poisson's ratio is not a constant for an unsaturated soil. Rather, it

is a function of the stress state in the soil (i.e., net nonnal stress and matric suction).

This study assumes a constant value of Poisson's ratio for the calculation of the other

elastic parameters (Le., E, H, Ew, and Hw). The assumed value of Poisson's ratio is

also used to convert the elasticity parameters from one loading condition to another.

Since the assumed value of Poisson's ratio affects the magnitudes of the elastic

parameters, it affects the amount of predicted matric suction, induced stresses and

predicted deformations. If Poisson's ratio is used to define the initial stress state in

soils, it will affect the results of the analysis because the initial conditions provide the

location of the starting point along the stress-strain curve in the non-linear problem.

A Poisson's ratio of 0.3 has been often used in numerical simulations of the

behaviour of unsaturated, collapsing soils (Miranda, 1988; Alonso et al., 1988; Lloret
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et aI., 1993). It was suggested that a Poisson's ratio equal to 0.3 might reflect the as

compacted condition of a loosely compacted embankment.

Pereira (1996) evaluated the value. of Poisson's ratio for saturated, collapsing

soils by using triaxial test results and oedometer test results. It was shown that

Poisson's ratio increased with increasing net mean stress. It was also assumed that

Poisson's ratio increased with decreasing in matric suction.

Schiffman et al. (1969) studied the Mandel-Cryer effect (Mandel, 1950, 1953;

Cryer, 1963) for two-dimensional consolidation of a saturated soil. The Mandel-Cryer

effect is characterised by an increase in the excess pore pressure at early times over

the initial excess pore pressure. It was noted that there was a significant variation in

the excess pore pressure behaviour with changes in Poisson's ratio. The magnitude of

the Mandel-Cryer effect is reduced with an increasing value of Poisson's ratio. The

Mandel-Cryer effect disappeared as Poisson's ratio approached 0.5. The lateral

distribution of excess pore pressure in a normally loaded half-plane was shown to be

more uniform as Poisson's ratio became larger. The higher the values of Poisson's

ratio, the more pronounced the effect ofpore pressure spreading.

Hwang et ale (1970) presented solutions to two-dimensional consolidation

problems by finite element methods. The effect of Poisson's ratio on time-settlement

was shown to be significant. Calculated settlement increased for decreased Poisson's

ratio. The calculated settlement was almost doubled when Poisson's ratio varied from

0.4 to O. The calculated settlements agreed well with those presented by Gibson et al.

(1970).

Lewis et al. (1991) analysed a coupled problem of a single aquifer pumped

from a fully penetrating well. Different sets of Young modulus, E, and Poisson's

ratio, 11, for the same coefficient of compressibility were used. The value of Poisson's

ratio varied from 0 to 0.4 for the analysis. It was noted that settlements increased

significantly for decreased Poisson's ratios. Excess pore-water pressure increased for

increased Poisson's ratio.
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Bowles (1996) stated that Poisson's ratio has little effect on the predicted

settlement, showing that the extreme range from 0 to 0.5 only produced a maximum

difference of25 percent.

This research study presents the effect of Poisson's ratio on coupled solutions

of the volume change problems (i.e., Examples 3 and 4).

7.4.1 Parametric stUdy with respect to the assumed value of Poisson's ratio

for Example 3, leakage problem

Figure 6.98 presents the change of matric suction at point B with time for various

values of Poisson's ratio. The higher the value for Poisson's ratio, the lower the

matric suctions that were predicted and the larger the changes in matric suction,

resulting in l~ger volume change. The rate of change of matric suction for various

Poisson's ratio is almost uniform after 20 days of wetting. Figure 6.99 shows the

relationship between matric suction and Poisson's ratio for various elapsed times.

Matric suction started to deviate with increases in Poisson's ratio after 5 days after

the wetting commenced. Matric suctions decreased more rapidly when Poisson's ratio

were larger than 0.45.

Figure 6.100 presents the change of horizontal displacement at point B with

time for various values of Poisson's ratio. Figure 6.101 shows the relationship

between horizontal displacement and Poisson's ratio for various elapsed times. It can

be seen that the magnitude of horizontal displacement increased for increases in

Poisson's ratio. Maximum changes in the predicted horizontal displacement took

place at 40 days after the wetting commenced. Horizontal displacement increased

more rapidly when Poisson's ratio was larger than 0.45.

Figure 6.102 presents the change of vertical displacement at point B with time

for various values of Poisson's ratio. Figure 6.103 shows the relationship between

vertical displacement and Poisson's ratio for various elapsed times. It can be seen that

the magnitude of vertical displacement increased for increased Poisson's ratio.

Vertical displacement increased more rapidly when Poisson's ratio was larger than

0.35.
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7.4.2 Parametric study with respect to the assumed value of Poisson's ratio

for Example 4, infiltration problem

Figure 6.104 presents the change of matric suction at point B with time for various

values of Poisson's ratio. Figure 6.105 shows the relationship between matric suction

and Poisson's ratio for various elapsed times. The higher the value for Poisson's

ratio, the lower the matric suctions that were predicted. Therefore, there was a larger

change in matric suction from the initial matric suction. Larger volume change can

therefore be expected. However, only small variations of the predicted matric

suctions with changes in Poisson's ratio were observed.

Figure 6.106 presents the relationship between the magnitude of horizontal

stress and Poisson's ratio for monitoring points A, B, and C. The horizontal stress

decreased for an increase in Poisson's ratio. Figure 6.107 presents the relationship

between the magnitude of vertical stress and Poisson's ratio for monitoring points A,

B, and C. It can be observed that vertical stress remained essential the same for

changes in Poisson's ratio.

Figure 6.108 presents the change of horizontal displacement at point B with

time for various values of Poisson's ratio. Figure 6.109 shows the relationship

between horizontal displacement and Poisson's ratio for various elapsed times. It can

be seen that the magnitude of horizontal displacement increased for an increase in

Poisson's ratio.

Figure 6.110 presents the change of vertical displacement at point B with time

for various values of Poisson's ratio. Figure 6.111 shows the relationship between

vertical displacement and Poisson's ratio for various elapsed times. It can be seen that

the magnitude of vertical displacement increased for an increase in Poisson's ratio.

Vertical displacements increased more rapidly when Poisson's ratio was larger than

0.4.

7.5 Summary of the discussion of the results

The analysis of the results suggests that it is possible to combine unsaturated seepage

and stress-deformation analyses to study the volume change behaviour of an

unsaturated, swelling soil. The examples presented in this study represent typical
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volume change problems that are often encountered in engineering practice (Le.,

influence of vegetation on light engineering structures, water leakage under floor

slab, infiltration of water from ground surface.)

Solutions to the volume change problems associated with unsaturated,

expansive soils can be obtained from either an uncoupled or a coupled analysis. There

are several types of uncoupled analyses. The differences are related to the

assumptions made regarding the stress path followed in the seepage analysis and the

stress-deformation analysis in the uncoupled solutions. Coupled analyses produced

generally smaller displacements when compared to uncoupled analyses. The

uncoupled solutions appeared to be identical with coupled solutions when changes in

stress and deformations were considered in both water flow analysis and stress

deformation analysis.

Taking into account the changes in stress and deformation in the water flow

analysis is a necessity in swelling soils when the soil is close to saturation (Le., at low

matric suction, Example 3, solutions DCS2 and DCS3). The effect of the changes in

stress and deformation appeared to be minimal when the soil is at higher matric

suction (i.e., Example 4, solutions DCS1 and DCS2).

Analyses carried out with different values of Poisson's ratio can lead to

significant differences in terms of the distributions of matric suction, stress, and

displacements.

The analyses presented in this study produced results that are physically

reasonable from a quantitative standpoint and in accordance with anticipated

behaviour.
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CHAPTER 8

Conclusions and Recommendations

8.1 Conclusions

The conclusions associated with this study are summarized under the following

headings: conclusions associated with the theory of constitutive surfaces, conclusions

associated with uncoupled and coupled solutions, conclusions associated with the

computer programs used in this study (Le., FlexPDE and COUPSO), and general

conclusions.

8.1.1 Theory of constitutive surfaces

1. Void ratio constitutive surface can be estimated from the following soil data:

i) swelling index with respect to net normal stress, Cs; ii) swelling index with

respect to matric suction, em; iii) initial void ratio; and iv) swelling pressure.

The following assumptions are made for the void ratio constitutive surface: i)

there is a linear relationship between void ratio and the logarithm of net

normal stress at an extreme net normal stress plane; ii) there is a linear

relationship between void ratio and the logarithm of matric suction at the

extreme matric suction plane; iii) the void ratio constitutive surface converges

to a single point on the void ratio axis; and iv) the constant void ratio plane

intersects the void ratio constitutive surface at a straight line.

2. The problem associated with the estimation of void ratio in the range of low

net normal stress and low matric suction range has been solved. The solutions

are obtained through the use of a mathematical equation that is continuous,
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smooth, physically reasonable and differentiable over the entire range of net

normal stresses and matric suctions.

3. Mathematical equations that were originally presented as functions of only

one stress state variable have been extended to form functions of both stress

state variables. These include: Fredlund and Xing (1994) equation, Pereira

and Fredlund (1996) equation, and M. Fredlund (2000) equation. These

equations appear to adequately describe the void ratio constitutive surface~

however, a large number of data points are required because of the large

number of the fitting parameters present in the modified equation (i.e., 11 to

15 fitting parameters). The large number of fitting parameters also presents a

difficulty in the fitting of the equation to the data points.

4. New mathematical equations have been proposed in this study for the

description of the entire void ratio constitutive surface. The proposed equation

can also be used to describe the constitutive surface for water phase. The

equations have been used successfully to characterise the soil properties of

Regina clay (Le., void ratio constitutive surface, water content constitutive

surface, degree of saturation constitutive surface, SWCC, compression and

rebound curves ofoedometer test results).

5. The elasticity parameters associated with unsaturated, expansive soils can be

calculated from the constitutive surfaces for the soil structure and water phase

with an assumed value of Poisson's ratio. Using the proposed equations in this

study, the elasticity parameters can also be calculated for the low range of net

nonnal stress and matric suction.

6. The use of the equations that suggested In this study has improved

convergence problems.

8.1.2 Uncoupled and coupled solutions

1. The analytical study showed that it is possible to combine unsaturated seepage

and stress-deformation analyses to study the volume change behaviour of an

unsaturated, swelling soil. The examples presented in this study represents

typical volume change problems that are often encountered in engineering
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practice (i.e., influence of vegetation on light engineering structures, water

leakage under floor slab, infiltration of water from ground surface).

2. Solutions to the volume change problems associated with unsaturated,

expansive soils can be obtained through either an uncoupled or a coupled

analysis. There are several types of uncoupled analyses. The differences arise

from the assumptions related to the stress path followed in the water flow

analysis and stress-deformation analysis in the uncoupled solutions. The

coupled analysis generally produces slightly smaller displacements when

compared to the uncoupled analyses.

3. It is necessary to take into account the changes in stress and deformation in

the water flow analysis in swelling soils when the soil is close to saturation,

(Le., at low matric suction) (Example 3, solutions DeS2 and DeS3). The

effect of the changes in stress and deformation appeared to be minimal when

the soil is at higher matnc suctions (Example 4, solutions DeS1 and DeS2).

4. Analyses carried out with different values of Poisson's ratio can lead to

significantly different answers in terms of the distributions of matric suction,

stress, and displacements.

5. The analyses presented in this study produced results that are qualitatively

reasonable and in accordance with anticipated behaviour.

6. The coupled seepage-deformation model provides a more ngorous

understanding of the swelling behavior of expansive soils.

8.1.3 Computer programs

1. FlexPDE solver forms a powerful computing tool for solving volume change

problems associated with an unsaturated, expansive soil. Special features of

FlexPDE, such as fully automated adaptive grid refinement, fully automated

time step refinement and automatic convergence control to satisfy maximum

required error, appear to be particularly valuable for solving highly non-linear

unsaturated soil problems.
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2. FlexPDE solver provides flexibility for the description of soil property

functions. Soil properties can be described as mathematical expressions of the

dependent .lriables and their derivatives.

3. Current version of FlexPDE cannot be used for coupled seepage and stress

deformation analysis. The elastic parameter functions with respect to net

normal stress cannot be handled automatically. The cross derivatives in

coupled equations cannot be defined.

4. The computer program, COUPSO is a potential tool that can be used to

perform fully coupled analyses associated with expansive soil behaviour.

8.1.4 General conclusions

1. The general theory of consolidation and swelling for unsaturated soils can be

applied to the analysis of volume change associated with unsaturated,

expansive soils.

2. Soil properties required to predict two- or three-dimensional behaviour of an

unsaturated, expansive soil under transient wetting include: i) the elasticity

parameter of the soil structure with respect to net normal stress, E; ii) the

elasticity parameter of the soil structure with respect to matric suction, H; iii)

the elasticity parameter of the water phase with respect to net normal stress,

Ew ; iv) the elasticity parameter of the water phase with respect to matric

suction, Hw; v) the Poisson's ratio, 11; and vi) the coefficient of permeability,

k. The soil properties are functions of both net normal stress and matric

suction. Numerical analysis conducted in this study assumed a constant value

of Poisson's ratio.

3. Swelling problems associated with unsaturated, expansIve soils can be

analysed using either an uncoupled approach or a coupled approach. Coupled

solutions appear to be difficult to obtain, in part, because of the non-linear soil

property functions. Uncoupled solutions can be more easily obtained than

coupled solutions because the soil property functions involved in each process

(i.e., water flow or stress-deformation process) are considered separately.
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4. The uncoupled and coupled solutions compared well for the example

problems presented in this research study.

5. The general-purpose partial differential equation solver, FlexPDE can be used

to analyse a wide range of volume change problems associated with an

unsaturated, expansive soil using an uncoupled approach.

6. The numerical computer program, COUPSO is a potential computing tool that

can be used to perform coupled analysis associated with expansive soil

behaviour.

8.2 Recommendations for future studies

Several recommendations for future studies can be made based on the results of this

study. The recommendations are made with respect to the equations for constitutive

relationships and with respect to the uncoupled and coupled solutions of volume

change problems associated with an unsaturated, expansive soil.

8.2.1 Equations for constitutive relationships

1. It is suggested that the constitutive relationships for both unsaturated and

saturated soils be described using a mathematical equation (as suggested in

this study). The use of mathematical equations appears to be superior to the

use of volume change indices. Using this approach, the experimental data for

both recompression and compression can be described in one equation, and it

is not necessary to assume a lower limit for each stress state variable. Soil

parameters such as volume change indices, coefficients of volume change,

and elasticity parameters can be obtained by differentiating the proposed

equation. These parameters can then be expressed as mathematical functions

of net normal stress and/or matric suction.

2. The equations suggested in this study for the constitutive surfaces have been

evaluated and verified for Regina clay. Evaluation of the proposed equations

on different soil types should be carried out.
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3. Uncoupled and coupled analyses should be carried out when using various

equations describing the constitutive surfaces. These analyses could determine

the sensitivity of different mathematical equations to the solutions obtained.

8.2.2 Uncoupled and coupled solutions

1. It is suggested that uncoupled solutions are adequate for the analysis of most

volume change problems involving unsaturated, expansive soils.

2. The uncoupled and coupled techniques presented in this study can be used to

study the cyclic heave-settlement problems. Realistic boundary conditions

associated with water flow equations must be described.

3. Three-dimensional volume change problems can be analyzed with FlexPDE

when using the uncoupled approach.

4. The effect of each soil property function on the solutions of water flow and

stress-deformation problems should be studied. The results of such analyses

may assist in the simplification of the soil property functions used in the

analyses.

5. It is suggested that FlexPDE be extended to accommodate coupled seepage,

stress-deformation analyses.

6. Coupled analyses can be performed to study the swelling pressures applied on

engineering structures such as retaining wall problems and foundations

associated with unsaturated, expansive soils. It is recommended that the

technique presented in this study be used for design and construction of light

structures constructed on expansive soils. Uplift pressure can also be

estimated.

7. This research study assumed an initial stress state for the soil. Solutions of

non-linear problems depend on the initial stress state. It is suggested that

further research should be carried out to study the coefficient of earth pressure

at-rest associated with an unsaturated, expansive soil.

8. The assessment of initial stresses in a swelling soil mass must be properly

defined to determine the initial position where each point will start its stress

path on the constitutive surfaces.

271



9. There is need for additional research on the possible value of the Poisson's

ratio for an unsaturated, expansive soil. It is anticipated that Poisson's ratio is

also a function ofnet normal stress and matric suction.

10. The computer program, COUPSO, has been used to. simulate volume change

problems associated with collapsing soils and expansive soils. A study should

be carried out to assess both heave and collapse behaviour of an unsaturated

soil.

11. The suggested uncoupled and coupled models in this study assumed that the

soil is isotropic, elastic and non-linear. The model should be extended to

cover an anisotropic and elasto-plastic behaviour of soils.

12. The uncoupled and coupled models should be verified against measured data

and field case histories.
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APPENDIX A

Comparison of the Coupled Solutions Obtained by Various Finite Element

Meshes for Examples 3 and 4
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Figure A.I 60-element finite element mesh (i.e., mesh I) for coupled analysis,
Examples 3 and 4
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Figure A.2 75-element finite element mesh (i.e., mesh 2)for coupled analysis,
Examples 3 and 4
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Table A. I Comparison of predicted results at ground surface at day 100 for different finite
element meshes, Example 3, coupled solution

Distance Matric suction Horizontal displacements Vertical displacements

(m) (kPa) (mm) (mm)

Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3

0.0 0 0 0 0 0 0 86.36 86.16 86.19

2.5 0 0 0 9.07 9.01 9.01 83.49 83.37 83.40

5.0 0 0 0 18.78 18.69 18.70 67.53 67.81 67.78

7.5 174.79 172.37 172.43 20.79 20.77 20.77 40.29 40.45 40.43

10.0 250.14 253.17 253.49 15.65 15.66 15.65 25.46 25.59 25.58

12.5 325.03 322.45 322.32 8.19 8.20 8.20 17.73 17.82 17.81

15.0 326.87 330.31 330.78 0 0 0 15.34 15.42 15.41

Table A.2 Comparison of predicted results at ground surface at day 200 for different finite
element meshes, Example 3, coupled solution

Distance Matric suction Horizontal displacements Vertical displacements

(m) (kPa) (mm) (mm)

Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3

0.0 0 0 0 0 0 0 99.05 98.83 98.86

2.5 0 0 0 5.57 5.52 5.52 96.47 96.33 96.36

5.0 0 0 0 11.16 11.08 11.09 81.86 82.08 82.06

7.5 117.82 116.31 116.31 14.12 14.08 14.09 56.70 56.84 56.82

10.0 167.48 169.45 169.70 11.40 11.38 11.38 42.17 42.29 42.28

12.5 220.52 218.73 218.63 6.19 6.18 6.18 34.23 34.33 34.31

15.0 222.22 224.35 224.71 0 0 0 31.70 31.80 31.79
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Table A.3 Comparison of predicted results at ground surface at day 53 for different finite
element meshes, Example 4, coupled solution

Distance Matric suction Horizontal displacements Vertical displacements

(m) (kPa) (mm) (mm)

Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3

0 377.96 377.60 377.49 0 0 0 6.02 6.02 6.02

2.5 342.51 342.63 342.68 -6.96 -6.96 -6.96 8.55 8.55 8.55

5.0 186.57 186.32 186.32 -12.02 -12.02 -12.02 18.01 18.02 18.02

7.5 88.32 88.47 88.45 -9.58 -9.58 -9.58 28.49 28.51 28.51

10.0 71.37 71.49 71.55 -5.64 -5.64 -5.64 32.62 32.64 32.64

12.5 66.26 66.29 66.26 -2.50 -2.50 -2.50 33.98 34.00 34.00

15.0 65.48 65.68 65.75 0 0 0 34.29 34.31 34.31

Table A.4 Comparison of predicted results at ground surface at day 355 for different finite
element meshes, Example 4, coupled solution

Distance Matric suction Horizontal displacements Vertical displacements

(m) (kPa) (mm) (mm)

Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3

0.0 310.08 309.80 309.71 0 0 0 12.71 12.71 12.71

2.5 271.79 271.88 271.92 -8.24 -8.24 -8.24 16.24 16.25 16.25

5.0 125.48 125.29 125.29 -14.25 -14.25 -14.25 28.99 29.00 29.00

7.5 35.00 35.17 35.15 -12.51 -12.51 -12.51 44.23 44.26 44.26

10.0 13.97 14.08 14.12 -8.14 -8.14 -8.14 51.78 51.81 51.81

12.5 5.72 5.82 5.78 -3.87 -3.86 -3.86 54.95 54.98 54.98

15.0 3.86 4.08 4.13 0 0 0 55.80 55.83 55.83
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APPENDIXB

More Results on Uncoupled Analyses of Example 3, Leakage Problem

B.l Uncoupled solution, UeS2 for Example 3, leakage problem

B.2 Uncoupled solution, UeS3 for Example 3, leakage problem
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8.1 Uncoupled analysis, UCS2 for Example 3, leakage problem
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Figure B.2 Distribution ofmatric suction at day 150,
Example 3, uncoupled analysis UCS2
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8.2 Uncoupled analysis, UCS3 for Example 3, leakage problem
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Figure B.2? Development of heave at ground surface with time, Example 3, uncoupled
analysis UCS3
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APPENDIXC

More Results on Uncoupled Analyses of Example 4, Infiltration Problem

C.I Uncoupled solution, UCS I for Example 4, infiltration problem

C.I Uncoupled solution, UCS2 for Example 4, infiltration problem
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C.1 Uncoupled analysis, UCS1 for Example 4, infiltration problem
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C.2 Uncoupled analysis, UCS2 for Example 4, infiltration problem
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Accuracy of the Numerical Solutions
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0.1 General

The finite element analysis of soil consolidation/swelling approximates pore-water

pressure and displacements in soils in time. The closeness between of the

approximation and the real behaviour of soils depends on the assumptions that forms

the basic of the mathematical model, the data set available and the numerical errors in

the solution of the mathematical model. The soil properties and their spatial

distributions (i.e., elasticity parameters including Poisson's ratio, the coefficient of

permeability, the soil-water characteristic curve,) are seldom known accurately and

completely. The stress state conditions (i.e., the value and distribution of net vertical

stress, the coefficient of earth pressure at rest, and pore-water pressure) are stress

history dependent and they are difficult to be quantified accurately. There are

limitations in the assessment of boundary conditions in space and time. The

numerical errors are due to the spatial and temporal discretization of the domain, the

round-off and truncation errors when system of equations is solved in computer, the

convergence criteria used and the description of boundary conditions.

This Appendix discusses the issues associated with the numerical errors of a

finite element solution and presents how some of the numerical results presented in

this study have been validated. In other words, the difficulties associated with

obtaining an accurate assessment of the soil properties and the boundary conditions

(i.e., the value of infiltration at ground surface) will not be presented.

0.2 The issues related to the accuracy of a finite element solution

"Accuracy of a numerical solution is a measure of the closeness between the

approximate solution and the exact solution" (Reddy, 1993). The following issues

related to the accuracy of a finite element solution are presented: mesh generation and

refinement, convergence, precision, round-off and truncation errors, boundary

conditions, automatic mesh refinement, incremental procedure, time steps and the

description of nonlinear functions. The computer programs (Le., FlexPDE and

eoupso) are also mentioned in the discussion.
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0.2.1 Mesh generation and refinement

The number, shape (Le., triangular or rectangular), type (i.e., linear, quadratic or

cubic), and density (i.e., mesh refinement) of elements used in a given problem

effects computational cost and accuracy of the solution.

Certain geometric shapes of elements may cause numerical ill-conditioning of

element matrices. Aspect ratio is also an important factor. Generally, bodies with high

aspect ratios are more ill-conditioned for numerical solution than bodies with an

aspect ratio of one. FlexPDE uses quadratic (six-node) and cubic (9-node) triangular

elements. The program tends to produce elements with aspect ratio of 1 in relatively

open area. Elements with large aspect ratio may appear in regions where closed

spaced boundaries exist (not in my problems), however, the maximum aspect ratio of

the element can be specified. The maximum aspect ratio of element used in the

analyses presented in this study is a default value (Le., equal 4). COUPSO uses

quadratic (nine-node) quadrilateral elements. The maximum aspect ratio of two was

used in the coupled analysis.

The accuracy of the finite element solution depends on the choice of the finite

element mesh. For example, if the selected mesh violates the symmetry of the

problem, the resulting solution will be less accurate than one obtained using a mesh

that agrees with the physical symmetry of the problem. A mesh is generated and

refined with consideration of the symmetries available in the problem and the

evaluation of the results obtained. The accuracy of a finite element solution increases

as the size of the finite elements get smaller or the order of the polynomial in the

approximation function increases (Zienkiewicz and Taylor, 1988). Fine mesh should

be generated in regions with high gradient of solution. The mesh can be refined by

making the mesh finer over parts or all of the body (i.e., h-refinement), making the

element order higher (Le., p-refinement), or making the mesh finer with higher order

element (i.e., hp-refinement). Mesh density requirements should be determined by

testing the solution for convergence. The refinement process is repeated globally or

locally in regions of steep gradients, until differences in solutions become small.
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0.2.2 Automatic mesh refinement

Automatic mesh refinement processes allow that specified accuracy can be achieved.

FlexPDE refines its mesh automatically based on an estimate of the errors in the

solution obtained using the current mesh. At the end of each solution phase, FlexPDE

measures the accuracy by comparing its calculated RMS error measured across all

elements with the specified error limit and the individual element errors with a

multiple of the specified error limit (default value is 10 times specified error limit). If

either the test of the RMS error or the test of the individual element errors fail,

FlexPDE subdivides all elements which error is greater than the specified error limit

and then repeat the solution phase. The accuracy of the solution can be checked by

plotting the derivative of dependent variable. The fluctuation appear in this plot is

minimized by using a smaller specified error limit. The specified error limit of 0.001

is adequate for the solution of both seepage and stress-deformation of the problems

presented in this study.

0.2.3 Convergence

"Convergence means the tendency of a numerical solution to a particular result as the

numerical error is reduced" (Baguley and Hose, 1994). The general solution has

converged when a subsequent run with a finer mesh does not alter the results. For

each time step in a transient analysis, the iteration process continues until the

specified tolerance is achieved (i.e., convergence for each time step).

The convergence of uncoupled solutions with a specified error limit (Le.,

seepage and stress-deformation) was checked automatically by FlexPDE (see section

D.2.8).

In COUPSO program, tolerances are the allowable maximum percentage

difference between two consecutive values (at nodes) for displacements "TOLD" and

pore-water pressure "TOLP". A small tolerance may result in excessive number of

iterations required to reach a solution, a big tolerance may result in false convergence,

thereby making the solution unrealistic. The coupled solutions of the problems

presented in this study were obtained with TOLD and TOLP vary from 0.01 to 0.05.

The convergence process in each time step can be watched while the program
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running. The errors of solution reported on screen were small and decreased

monotonically. The solutions were checked again by examining the displacement and

pore-water pressure profiles, the converged solution would be smooth and logical

while the non-converged solution would show a 'jerky' profile. The convergence of

coupled solutions was finally checked by comparing the solutions obtained from

three different meshes (Le., with 60, 75 and 90 nine-node elements, respectively).

0.2.4 Precision

The value of predicted or measured variables (Le., pore-water pressures and

displacements) can be precise without being accurate, and an accurate data may be

imprecise. The precision of the computer calculations has been greatly improved in

recent computers since many decimal digits of a number can be considered. The

reporting of predicted or measured displacements can be to the nearest one

thousandth of a centimetre, pore-water pressures to the nearest of one hundredth of

kPa. In many cases, the displacements are only known within a centimetre. For

example, a small change in Poisson's ratio will change the displacements by much

more than the precision of the predicted results indicates. The predicted

displacements were reported to one-thousandth of a centimetre in this study because

of the purpose of checking convergence of the solution and comparison between the

solutions.

0.2.5 Round-off errors and truncation error

When large systems of equations are being solved repeatedly, round-off error due to

numbers rounded-off to a finite number of digits can become a problem. Large value

of co-ordinates x, y (Le., big numbers) can lead to round-off error, the co-ordinates

should be used as close to zero as possible. Differences in elastic parameters and

differences in element size will also lead to round-off error. Round-off error will also

affect the convergence of the problem due to repeated additions and subtractions of

nodal co-ordinates. The numbering of nodes and elements affects the size of semi

bandwidth of the stiffness matrix therefore effects the time taken for solution and the

round-off errors.
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The volume change problems of an unsaturated, expansive soil involve highly

nonlinear properties, which results in a great number of computations. This tends to

make the solutions prone to error due to the accumulation of round-off errors in finite

precision calculations. However, these errors are small in this study since the

computer can carry an adequate number of significant digits.

0.2.6 Boundary conditions

The example problems presented In this study were assumed geometrically

symmetric and therefore only one half of the soil profile was analyzed. In

geotechnical practice, not many problems are completely geometrically symmetric,

but this assumption is acceptable in many cases. The horizontal and vertical extension

of the soil profile and boundary conditions to be specified must be evaluated properly

for a real problem. The lower limit must cover the entire of active zone.

In most cases, there are singular points on the boundary. These are points of

the mesh where both natural boundary conditions and essential boundary conditions

can be specified, or two different values of a primary variable.

The variation of boundary flux in time and space may require the refinement

of the finite element mesh where the flux is specified and the time steps for an

accurate solution. For example, in the problem of water uptake by trees, very fine

mesh is required at water uptake zone.

0.2.7 Incremental approach for stress-deformation analysis in uncoupled

solution using FlexPOE

An incremental procedure was used in FlexPDE for the calculation of displacement.

This procedure underestimates the displacements. The error associated with the

incremental procedure depends on the size of stress step used. Figure D.l shows the

typical relationship between errors and size of stress step (for suction change from

150 kPa to 50 kPa in Example 4, Infiltration). In all of the example problems, size of

stress step less than 2 kPa was used, the relative error produced from this approach

was less than 0.1 %.

325



Total heave

82.0 ,.-----r-----r------,------r 1.00

E
E 81.9 +-----+--.:.;:~--+-----t-----+ 0.80-"'C
.!:6 81.8 +-----+------+-......---+-----t- 0.60 e
~ ~
~ ~

~ ~

~ 81.7 0.40 ~m m
~ ~
~ ~

~ 81.6 0.20
I-

81.5 ~~-=====-_+_----4----_t_---_40.00

o 5 10 15 20

Size of stress step (kPa)

Figure D.l. Total heave and corresponding relative error versus size of stress step

0.2.8 Time steps

The solution accuracy is sensitive to the magnitude of the time step. If an analysis is

performed with a time step exceeding the critical time step (for a stable solution), the

errors resulting from numerical integration and from round-off can be large.

FlexPDE solves transient problems by a three-step approach. First, a half-step

solution estimates the values at the mid-step. Then a full-step estimates the values at

step end. Finally, a half-step advances from mid-step to end-step. The two

independent estimates of the end-step values allow the determination of the solution

error in time. The time step is controlled so that the RMS error is less than the

specified error limit. Default time scheme in FlexPDE (Le., Crank-Nicolson, B= 0.5)

is used in this study. For seepage analysis of Example 4, infiltration problem, with

specified error limit of 0.001 (about 0.1 kPa of pore-water pressure), the first time

step (also is the smallest) was 216 seconds (i.e., 0.0025 day), the last time step (the

biggest) was 86.09 days. Total number of time step was 31 for the duration of 375

days. The final mesh had 386 elements with 839 nodes. The RMS error was 4.482E

5, Max error was 1.961 E-4. The same solution was obtained when the specified error

limit was 0.00001, the first time step (the smallest) was 88 seconds (i.e., 0.001 day),

the last time step (the biggest) was 94.02 days. Total number of time step was 42 for
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the duration of 375 days. The final mesh has 386 elements with 839 nodes. The RMS

error was 4.470E-5, the max error was 1.954E-4.

When solving coupled problems using COUPSO, the same approach as

suggested in FlexPDE for choosing time steps was used. However, comparisons were

made for the vertical displacement at only one monitoring node (the maximum value)

and the resulting horizontal stress at one monitoring Gauss point. The actual time step

is selected if the two independent values of vertical displacement varied less than 3%

and values of resulting horizontal stress varied 50/0. For example 4, infiltration

problem, with the mesh of 75 elements and 341 nodes, the first (also is the smallest)

time step was 0.02 day, the largest time step was 5 days.

0.2.9 Description of nonlinear functions

The description of nonlinear soil properties functions is extremely important for the

convergence and the accuracy of solution. There are five soil property functions in

the coupled analysis of a volume change problem associated with an unsaturated,

expansive soil. They are functions of both stress state variables. The functions are

elasticity parameter functions, £, H, £W1 and HW1 and the coefficient of penneability

function, kw• The mathematical equations proposed in this study provide best fit to the

experimental data; therefore, improve the accuracy of the solution. The use of these

equations for the description of unsaturated soil property functions improved the

convergence of solution significantly.

0.3 Validation techniques

0.3.1 Uncoupled solutions using FlexPDE program

FlexPDE computer program was used for both unsaturated seepage and stress

defonnation analyses in the uncoupled approach. The program was validated by

comparing its solutions to the solutions of the other well-accepted geotechnical

software (i.e., Geoslope/W) and analytical solutions from literature. The validations

for two-dimensional seepage were presented in Thieu (1999) and Hung (2000), the

validations for stress-defonnation were presented in Hung (2000).
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The uncoupled results obtained using the method of heave analysis suggested

in this study were compared to analytical solutions and the measured data for two

case histories and two example problems. The comparisons were made only for one

dimensional problems and were presented in Hung (2000).

Three important checks were conducted for the uncoupled results. They are

the check for input data (i.e., the geometry data, the soil property functions, and the

boundary conditions), the adequacy of stress step (in incremental procedure), and the

adequacy of the specified error limit (for the mesh refinement and time step

refinement). The graphical output capability of FlexPDE allows these checks to be

performed visually by examining the plots of dependent variables, their derivatives

and the differences in the form of contours, elevation, and surface. The uncoupled

solutions obtained using FlexPDE compared well with the coupled solutions obtained

using the COUPSO program.

0.3.2 Coupled solutions using the COUPSO program

The Coupso computer program was validated by comparing its results with analytical

and numerical solutions from literature. The results were compared for consolidation

problems on saturated soils and presented in Pereira (1996). The problems for the

validation of the COUPSO program include one-dimensional problems and two

dimensional problems. One-dimensional problems include consolidation of a

homogeneous and saturated soil layer, consolidation of contiguous layers,

consolidation of a soil profile due to a time-varying load applied to the soil surface.

Two-dimensional problem was the analysis of a time versus settlement relationship

for a strip footing on a layer of finite thickness. Close agreements between the

COUPSO's solutions and closed form solutions (and/or numerical solution from

literature) were observed.

The coupled results were checked in several solution steps. It was checked for

the input data (Le., the geometry data, the soil property functions, the boundary

conditions) and the adequacy of the convergence criteria (tolerance for displacements

and pore-water pressure), time steps, and finite element mesh. The graphical results

were carefully examined and judged for the reasonableness. The validity of the
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idealization of boundary conditions was not validated because hypothetical problems

were analyzed.

The close agreement between uncoupled and coupled solutions, which were

obtained by using two different computer programs, suggested that both solutions

converged to the correct solution.

0.4 Concluding remarks

The hypothetical examples developed in this research study are for the purpose of the

illustration of the analysis procedures and the comparisons of the results for

uncoupled and coupled approaches. The solutions are empirically verified by

comparison of a series of results when the finite element mesh, time step and stress

step (in FlexPDE, using incremental procedure) are refined. The solutions of

uncoupled and coupled solutions are also verified by comparing to each other. For

problems encounters in geotechnical engineering practice, the numerical errors are

often small in comparison with the errors introduced from the assessment of soil

properties and boundary conditions.
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