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ABSTRACT

In this thesis, motivated by modelling polymers, the topological entanglement com-
plexity of systems of two self-avoiding polygons (2SAPs), stretched polygons and
systems of self-avoiding walks (SSAWs) in a tubular sublattice of Z?* are investigated.
In particular, knotting and linking probabilities are used to measure a polygon’s self-
entanglement and its entanglement with other polygons respectively. For the case
of 2SAPs, it is established that the homological linking probability goes to one at
least as fast as 1 — O(n~'/2) and that the topological linking probability goes to one
exponentially rapidly as n, the size of the 2SAP, goes to infinity. For the case of
stretched polygons, used to model ring polymers under the influence of an external
force f, it is shown that, no matter the strength or direction of the external force,
the knotting probability goes to one exponentially as n, the size of the polygon, goes
to infinity. Associating a two-component link to each stretched polygon, it is also
proved that the topological linking probability goes to unity exponentially fast as
n — oo. Furthermore, a set of entangled chains confined to a tube is modelled by a
system of self- and mutually avoiding walks (SSAW). It is shown that there exists a
positive number 7 such that the probability that an SSAW of size n has entanglement
complexity (EC), as defined in this thesis, greater than yn approaches one exponen-
tially as n — oo. It is also established that EC of an SSAW is bounded above by a
linear function of its size. Using a transfer-matrix approach, the asymptotic form of
the free energy for the SSAW model is also obtained and the average edge-density
for span m SSAWSs is proved to approach a constant as m — oo. Hence, it is shown
that EC is a “good” measure of entanglement complexity for dense polymer systems
modelled by SSAWSs, in particular, because EC increases linearly with system size,

as the size of the system goes to infinity.
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CHAPTER 1

INTRODUCTION

Long ring (linear) polymers have been modelled mathematically by self-avoiding
polygons (walks) in lattices [55]. A self-avoiding walk (SAW) is a path on a lattice
that does not visit the same site more than once. Similarly, a self-avoiding polygon
(SAP) is a closed undirected path on a lattice which does not intersect itself. Simple
examples of lattices are hypercubic lattices such as the square and simple cubic
lattice, with which we are mainly concerned in this thesis. For any integer number
d > 2, the hypercubic lattice Z¢ consists of all the integer points in R?, as vertices,
and all the unit length edges joining two integer points in R, A polymer is a molecule
consisting of several small units called monomers joined together by chemical bonds.
The number of monomers which bond to a monomer represents the functionality of
the monomer. A polymer which is composed of a string of bonded monomers, all
of which have functionality two is referred to as a ring polymer. In the SAP lattice
model of a ring polymer, each n-step self-avoiding polygon (or walk) represents a
possible polymer conformation, and the self-avoidance represents that there is an
excluded volume around each monomer. Let ¢, represent the number of n-edge
SAWs in Z3 starting at the origin. Let also p, denote the number of n-edge SAPs
in Z3 (up to translation). The asymptotic behaviour of ¢, (p,) is of interest to
mathematicians, in particular, because there is no exact formula for ¢, or p,. In
1954 Hammersley [18] proved that

k= lim n'logc,, (1.0.1)

n—oo

called the connective constant for Z3, exists and is finite. A similar statement has

also been proved by Hammersley for self-avoiding polygons in Z3, i.e. it has been



proved that

Kk, = lim n 'logp, 1.0.2
P gp 9

the connective constant for SAPs in Z3, exists and is exactly equal to x [19)].
Polymers in solution are highly flexible objects which can assume many different
configurations. These configurations can result in self-entanglement or entangle-
ment with other polymer molecules. Measurement of entanglements is important
to chemists, physicists and molecular biologists since it is believed that the entan-
glement complexity of polymers is related to their crystallization behaviour [17]
and rheological properties [14] and is important in understanding cellular processes
(replication, transcription, etc) involving biopolymers such as DNA [56, 60, 61]. In
particular, if a ring closure reaction occurs, the entanglement can appear as knots or
links in a solution of ring polymer molecules. In this case, the topology of any knot or
link (i.e. knot or link type) produced cannot change without breaking chemical bonds
in the polymer [42]. For investigating the topological entanglement of such polymer
solutions, so-called “good” measures for characterizing a polymer’s topological en-
tanglement with other polymer molecules are needed. Generally speaking, a good
measure of topological entanglement should have the property that the larger the
size of a random polymer system and the more complex its topology, the greater the
topological entanglement [50]. For instance, knotting probability was proved, using
a lattice model of polymers, to be a good measure of topological self-entanglement
[55]. In this thesis, we consider lattice models of polymers confined to tubes and
investigate their topological entanglement. We will rigorously show that the mea-
sures used here, which are based on “linking”, are good measures for characterizing
topological entanglement between lattice polymers. We will investigate the topolog-
ical entanglement of polymer systems modelled by a set of self-avoiding polygons (or
walks) confined to a tube (a sublattice of the simple cubic lattice Z*). The models
which are considered in this thesis are systems of two self-avoiding polygons (2SAPs),
stretched polygons, loops and systems of self-avoiding walks (SSAWs). We will focus
on measures based on linking, such as linking probability and one we refer to as the

entanglement complexity (EC), in order to characterize the topological entanglement



of these models.

As mentioned before, the measures used in this thesis are based on the topological
concept of linking. To explain the measures further, we first review the following
topological terminology. Note that the definitions presented here are informal and
the precise definitions are given in Chapter 3. Any simple closed curve in R? is called
a knot. Two knots K; and K, are said to have the same knot type if R? can be
continuously deformed such that K7 is taken into K5 (as will be explained in Chapter
3, mathematically this means that K; and K, are ambient isotopic). In particular,
K is said to be unknotted if R? can be continuously deformed such that K is taken
into the unit circle (i.e. K is ambient isotopic to S'). Otherwise K is said to be
knotted [7]. Knots in closed polymer chains are significant to physicists, chemists
and molecular biologists. For instance, knots in closed circular DNA give information
about the mechanism of enzyme action on DNA molecules [60, 61]. Knots have been
detected in circular DNA and determined by electron microscopy [8, 62], then the
knotting probability has been measured experimentally [47]. In addition to numerical
investigations of knotting probabilities and knot distributions [23, 29, 35, 59] of self-
avoiding polygons, some rigorous results are known. In particular, it has been proved
that all but exponentially few sufficiently long self-avoiding polygons are knotted and
thus the probability of knotting of lattice polygons approaches one as the size of a
polygon goes to infinity [43, 55]. A “pattern theorem” due to Kesten [28] for self-

avoiding walks was a key ingredient to this proof.

Polymers are often confined to restricted spaces; for instance the presence of some
large molecules in the cell-nucleus confines the nuclear DNA to a reduced space, with
corresponding effects on the topological properties of the DNA. The effects of such
geometrical constraints on the knot probability of ring polymers, modelled by self-
avoiding polygons in Z3, have been investigated by restricting the polygons to a
tube. An (NN, M)-tube is a sublattice of Z* bounded by the four planes y = 0,
y= N, z=0and z = M. Note that in this thesis we will be mainly concerned with
lattice objects confined to a tube. It has been proved rigorously that the probability

of knotting for a polygon confined to a tube also approaches one exponentially as



the length of the polygon goes to infinity [49]. In a tube, SAPs and SAWs have
different asymptotic properties, in the sense that the connective constant for SAPs
is not the same as that for SAWs anymore. Instead it is strictly less than the
connective constant for SAWs [49]; this means that asymptotically the number of
SAPs and SAWs behave differently. So, unlike the situation for SAPs and SAWs in
73, in this case a pattern theorem for SAWs does not necessarily work for SAPs. An
appropriate pattern theorem for SAPs in a tube has been established and used to
compute the probability of knotting as n — oo [51]. More details on SAWs and SAPs
and their respective asymptotic behaviour are reviewed in Chapter 2. In particular,
the existence proof of the connective constant and pattern theorems for SAWs and

SAPs in Z3 as well as tubes are reviewed.

Polygonal self-entanglements have been investigated using knotting probability
[25, 42]. One can ask similar questions regarding the topological entanglement of two
ring polymers. A pair of polygons in a lattice can be considered as a two-component
link, which is defined to be a disjoint union of two knots. Roughly speaking, similar
to the case for knots, two links L; and L, are said to have the same link type if R?
can be continuously deformed such that L; is carried to L,. We say two disjoint
knots K; and K, are topologically unlinked (splittable) if R® can be continuously
deformed such that K7 and K5 are carried to a pair of knots which are separated by
a two-dimensional plane. On the other hand, K; and K, are said to be homologically
unlinked if K; bounds an orientable surface which is disjoint from K,. One way to
determine whether a two-component link L is homologically linked is by calculating
the linking number and showing that it is non-zero [7] (note that the precise definition
of linking number is given in Chapter 3). Chapter 3 provides background information
about knots and links and reviews some previous works on the knotting and linking

probability of SAPs in Z3 as well as tubes.

The topological entanglement of two ring ploymers, modelled by a pair of self-
avoiding polygons, has been measured by investigating the linking probability of
the polygon pairs [39, 58]. In Chapter 4 of this thesis, in particular, the following

question is addressed: under what conditions are all but exponentially few sufficiently
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long pairs of self-avoiding polygons linked? For pairs of mutually avoiding n-edge
self-avoiding polygons in Z* where each polygon is constrained to be unknotted and
where the two polygons are constrained to form a non-splittable link, it has been
shown [52] that the number of embeddings grows exponentially with n and that
the exponential growth rate is independent of the link type. If the two polygons
are constrained to have a pair of edges, one from each polygon, which are within
a fixed distance from each other, we use arguments similar to those of Orlandini et
al [39] and Soteros et al [52] to establish that the exponential growth rate of the
number of topologically linked polygon pairs (up to translation) is equal to that
of the number of topologically unlinked polygon pairs. We prove this statement in
Chapter 3 of the thesis. So, unlike the situation with knotting, we cannot say that all
but exponentially few sufficiently long pairs of self-avoiding polygons are linked, even
with this distance constraint. It is possible (although not proved) that the linking
probability goes to one as n goes to infinity, but it will not go to one exponentially

rapidly.

Tesi et al [58] investigated the same question for pairs of mutually avoiding self-
avoiding polygons confined to tubes and came to the same conclusion. In a tube, as
in Z3, even if two edges, with one from each polygon, are forced to be close, the rest of
each polygon has a considerable amount of freedom so that their centres of mass can
be very far apart. In Chapter 4 of this thesis we consider a much more severe distance
constraint. The two polygons are constrained in such a way that (roughly speaking)
each edge of one polygon is forced to be “close” to some edge of the other polygon. In
this case one might expect that for large enough values of n the two polygons would
be linked with high probability. Herein, we consider a system of two self-avoiding
polygons (2SAP) confined to a lattice tube with dimensions (co x N x M) with
an added constraint that forces each edge of one polygon to be close to some edge
of the other polygon and prove theoretical results about the rate that the linking
probabilities (both homologically and topologically) go to 1. Specifically we consider
a pair of mutually avoiding self-avoiding polygons each confined to and spanning a

tube. Such a pair is referred to as a System of two Self-avoiding Polygons (2SAP)
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and n is used to denote the total number of edges in the pair. We establish that the
homological linking probability goes to one at least as fast as 1 — O(n~'/?) and that
the topological linking probability goes to one exponentially rapidly. Furthermore
we prove for this model that the linking number grows (with probability one) faster
than any function that is o(y/n); i.e. for any function f(n) = o(y/n), there exists
A > 0 such that as n — oo the probability that |Lk(wy,ws)| > f(n), with (w1, ws)

the component polygons of an n-edge 2SAP, satisfies

A 1
B(Lk(wr @)l 2 f(n)) =1~ —=+ o( ). (1.0.3)
where Lk(wy,ws) represents the linking number of (w;,ws). Hence
lim P(|Lk(wi,ws)| > f(n)) = 1. (1.0.4)

n—oo

Note that here, given a pair of functions f(n) and g(n), we write f(n) = O(g(n)) if
there exist constants A and B, and a positive integer N such that Ag(n) < f(n) <
Bg(n) for any n > N, and write f(n) = o(g(n)) if lim,_ % = 0. We also show
that the linking number cannot grow faster than linearly in n because of the tube

constraint; i.e. there exist constants a and b such that for any n-edge 2SAP
|Lk(wy,ws)| < an + b. (1.0.5)

We give a simple example to show that the upper bound in equation 1.0.5 for 2SAPs
can be realized.

A polymer’s topological entanglement may be affected by being subject to some
external forces. One important question in this regard is: How does the topological
entanglement change when a polymer is compressed or stretched under the influence
of an external force f? In Janse van Rensburg et al 2008 [27], a ring polymer confined
between two parallel walls (planes) and pulled by an external force in the direction
perpendicular to the wall is modelled by a lattice polygon subjected to an applied
force f along the z-direction of the lattice and perpendicular to the walls, a so-called
stretched polygon. This model explains the situation where a ring polymer, such as

circular DNA, is subject to a force in the presence of a topoisomerase which mediates
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strand passages and may change the knot type of the polymer. In [27], a pattern
theorem is proved for lattice polygons in the presence of any sufficiently large applied
force f > 0. This theorem is then used to examine the incidence of entanglements
such as knotting when the polygons are influenced by a large force. Here, in Chapter
5 of this thesis, we add the tube confinement constraint to this model and address
similar questions for polygons confined to a tube. Unlike the situation for polygons
in Z3, in a tube, polygons under the influence of the external force f do not have
much freedom and must stay inside the tube. In particular, the tube constraint will
allow us to prove the pattern theorem for any arbitrary value of f, not just for large
values of f. We also prove a pattern theorem for loops (an undirected self-avoiding
walk in which both endpoints have the same z-coordinate). Furthermore, in addition
to investigating the knotting probability, we associate a two-component link to each
polygon (loop) in a tube and examine the incidence of topological linking when the
polygon (loop) is under the influence of a force f. Specifically, for any f, we prove
that both the knotting and topological linking probabilities go to one exponentially
as the number of edges tends to infinity. Using a transfer-matrix approach, we also
determine the asymptotic form of the free energy for stretched polygons. We use
this to show that, the average span per edge of a randomly chosen n-edge stretched
polygon approaches a positive constant as n — oo and is non-decreasing in f almost
everywhere. We also establish that the average number of occurrences per edge of
a tight trefoil SAP configuration (precisely defined in Section 5.4) in any n-edge
stretched polygon approaches a positive constant (independent of n but dependent

on f)asn — oo.

Another area of interest for polymer chemists is characterizing entanglements for
polymers in dense systems such as melts [40, 41]. Most results about entanglement
complexity of polymers in melts are obtained using numerical studies [13, 40, 41].
However, at least one open question still remains: What is the best measure for
characterizing the entanglement complexity of polymers in dense systems and how
does this measure depend on wvarious properties of the system? It is difficult to

find the “best” measure for this purpose but we can at least look for a “good”

7



measure. This is discussed in Chapter 6 of this thesis. One way to characterize this
entanglement complexity, proposed by Orlandini et al in 2000 [41], is as follows. A
polymer melt is considered as a set of entangled chains, modelled by a set of self- and
mutually avoiding walks. Fixing the chain conformations, imagine cutting a cube
or tube out of the system. The conformations of the parts of the chains which are
in the interior of the cube or tube are considered. Using the simple cubic lattice
model, they investigate this numerically by studying a number of self- and mutually
avoiding walks confined to a cube. For each pair of self-avoiding walks, joining the
two ends (vertices of degree one) of each walk outside the cube, a two-component
link is formed. And they take the sum of the absolute value of the linking numbers,
over all the possible SAW pairs, as a measure of the entanglement complexity (EC)
of this polymer system. Then the properties of the complete melt can be inferred by
investigating the properties of these chains in cubes.

In order to investigate Orlandini et al’s proposal further we address the problem
of the entanglement complexity of a polymer system modelled by a system of self-
avoiding walks (SSAW) (the precise definition is given in Chapter 6). The goal is to
build a theoretical framework that will allow us to apply the available mathematical
techniques towards developing and understanding the Orlandini et al 2004 model

and answering the following questions:

How does the entanglement complexity change with respect to the total number

of monomers in the system?

e How does the entanglement complexity change with respect to the span of the

system along the tube?

e How does the entanglement complexity change with respect to the number of

chains in the system?

e How does the entanglement complexity change with respect to the system’s

density?

e How does the entanglement complexity change with respect to the size of the



tube to which the polymers are confined?

e How does the total number of monomers, the span, the number of chains, the

density and the size of the tube depend on each other?

Specifically, in Chapter 6 we investigate, under some constraints, the entanglement
complexity of several self- and mutually avoiding walks confined to an (N, M)-tube.
We rigorously prove that the entanglement complexity (EC), as measured in [41], of
a polymer system with “size” n (size of an SSAW G can be measured by the number
of edges (f(G,3)), span (f(G, 1)) or the number of degree one vertices (f(G,2))) is
asymptotically (with probability one) bounded below by a linear function of n; i.e.
there exists a positive number v such that the probability that a polymer system of
size n has entanglement complexity greater than yn approaches 1 as n goes to infin-
ity. This supports the idea that EC is a good measure of topological entanglement
in polymer systems modelled by SSAWs. It is also shown that the entanglement
complexity of SSAWs of size n is bounded above by a linear function of n. Further-
more, measuring size by the number of edges, for N > 2 and M > 2, the connective
constant for SSAWs in an (N, M)-tube is compared with the connective constant
for self-avoiding walks in an (N — 2, M — 2)-tube and is shown to be strictly greater
than that for SAWs. Given Y3 = [z,y,2]7, for j = 1,2,3, let X#/(Y3) be a random
variable taking its values from the set of SSAWs with size n = f(G, j) (in C}) and
with the probability distribution

IO YFG2) LG

]P)(X#J(YE’)) = G) - Z#j(N M YE),) ) (106)

where

ZIF(N,M,Ys) = ) al @Dyl (62,069, (1.0.7)
GeC}:

Ultimately, based on our theoretical results on the SSAW model we will conclude that
the following statements (equations) show how EC depends on various properties of
SSAWSs such as the number of edges, span and the number of degree one vertices

and also indicate how these properties are related to each other:



e There exists yv#1(Y3) > 0 such that the probability that the EC of a randomly
chosen span n SSAW X#1(Y3) is bounded below by 7#!(Y3)n and bounded

above by o' (N, M)a(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(v#1(Ys)n < EC(X#H(Y3)) < d' (N, M)a(N, M)n) =

n—oo

lim [1 — e (L¥s)ntoln)] —

n—~oo

1,  (1.0.8)
where
a(N, M) = (1/2)(M + 2N + D)[(N + 1)(4N — 2) + (9/2)(4N — 3)]  (1.0.9)
and
a'(N,M)=2N(M+1)+2M(N + 1)+ (M + 1)(N + 1). (1.0.10)

In other words, as the span of SSAWSs increases one expects EC to be bounded

linearly in the span with probability one.

We also show that the limit inferior of the average EC of span m SSAWs per

span is bounded below by a positive constant, i.e.

lim inf By (EC(Xﬁl(Y?))))

m— oo m

> . (1.0.11)

e There exists 7#3(Y3) > 0 such that the probability that the EC of a randomly
chosen n-edge SSAW X7#3(Y3) is bounded below by 7#3(Y3)n and bounded

above by a(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(y#3(Ys)n < EC(X73(Ys)) < a(N, M)n) = lim [1 — e~ G¥)ntoln] — 1,
(1.0.12)
In other words, as the number of edges of SSAWSs increases one expects EC to

be bounded linearly in the number of edges with probability one.

e There exists €' (Y3) > 0 such that the probability that the number of degree

one vertices of a randomly chosen span n SSAW X7#1(Y3) is bounded below by

10



eﬁl(Yg)n and bounded above by (N, M)n goes to one exponentially rapidly

as n — o0, i.e.

lim P(3(Ya)n < f(XFH(3),2) < o' (N, M)n) = lim [1—e™@"0:230mret)] = 1,
(1.0.13)

In other words, as the span of SSAWSs increases one expects the number of

degree one vertices (the number of disjoint walks) to be bounded linearly in

the span with probability one.

There exists 5 (Y3) > 0 such that the probability that the number of edges of
a randomly chosen span n SSAW X#!(Y3) is bounded below by €% (Y3)n and

bounded above by a'(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(}'(Ya)n < f(XFH(Y3),3) < o' (N, M)n) = lim [1—e™"(:33mtt] = 1,

(1.0.14)
In other words, as the span of SSAWSs increases one expects the number of
edges to be bounded linearly in the span with probability one.

Using the transfer-matrix method, we also establish that the average number

By (f(X2' (¥3),3))

of edges per unit volume of a randomly chosen span m SSAW, Y ,

approaches a positive constant as m — oo and is non-decreasing in z almost
everywhere. However, it still needs further investigation to see how EC changes

with respect to Y3.

There exists %,?(Y3) > 0 such that the probability that span of a randomly
chosen SSAW X#3(Y3) with n edges is bounded below by €% (Y3)n and bounded

above by 2n goes to one exponentially rapidly as n — oo; i.e.

lim P(e}°(Ya)n < f(X73(Y3),1) < 2n) = lim [1 — e~ GLYsIntolm] — 1
(1.0.15)
In other words, as the number of edges of SSAWSs increases one expects the

span to be bounded linearly in the number of edges with probability one.

There exists ¢%,?(Y3) > 0 such that the probability that the number of degree

one vertices of a randomly chosen SSAW X7#3(Y3) with n edges is bounded

11



below by eﬁ?’ (Y3)n and bounded above by 2n goes to one exponentially rapidly

as n — 00; i.e.

lim P(e}(Ya)n < f(XF*(¥3),2) < 2n) = lim [1 — e @2mre] = 1,
(1.0.16)
In other words, as the number of edges of SSAWs increases one expects the
number of degree one vertices (the number of disjoint walks) to be bounded

linearly in the number of edges with probability one.

Furthermore, we obtain the asymptotic form of the free energy for the SSAW
model. We also investigate p(IN, M;¢€), the growth constant for SSAWs with limiting

€

~170 s a function of €. We establish the existence of this function and

edge-density
show that it is a continuous and concave function of € and is differentiable almost
everywhere in (€min, €maz). However, in order to see how EC changes in terms of
the density, we still need to know more about p(IN, M;e). In particular, proving a
pattern theorem for this function may lead to some results regarding the connection

between EC and the density.
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CHAPTER 2

THE LATTICE MODEL OF SAWS AND SAPS

In this chapter the lattice model and the lattice objects under investigation, such
as SAWs and SAPs, are introduced. The existence of the connective constant for
these lattice objects in Z3 is reviewed in Section 2.1. In Section 2.2, the extension of
these results to the case where SAWs and SAPs are confined to a tube is reviewed
[49].

A “Pattern theorem” is the key for investigating the knotting and linking prob-
ability of lattice polygons. Kestern’s pattern theorem for SAWs in Z3, [28], and
pattern theorems for SAPs and SAWSs in tubes are reviewed in sections 2.3 and 2.4
respectively. There have been different approaches towards proving pattern theo-
rems for SAWs and SAPs. Here, in particular, we present in Section 2.5 the so
called pattern insertion approach which was first introduced in [33, 53]. The pattern
insertion strategy will later be employed to obtain pattern theorems for the lattice
objects under consideration in the next chapters, i.e. 2SAPs, SSAWs and stretched
polygons. Furthermore, in Section 2.6, a transfer-matrix argument, similar to that
presented in [51], is established. This will allow us to investigate the asymptotic

behaviour of SSAWs and stretched polygons in the next chapters.

2.1 The Connective Constant for SAWs (SAPs)
in 73

In this section definitions of the simple cubic lattice, Z3, a self-avoiding walk and

a self-avoiding polygon are reviewed. Some arguments regarding the existence of
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the connective constant for these lattice objects are also discussed; note that graph
theory is used for the definitions.

The three dimensional integer lattice is defined to be the infinite graph embedded
in R? with vertex set Z* and edge set F(Z?) = {{u,v}| u,v € Z3, |u—v| = 1},
where |u — v| is the Euclidean distance between u and v. Note that in this thesis by
a “subgraph” of Z3 we mean an embedding of a graph in Z3. An n-edge self-avoiding
polygon (SAP) is an n-edge connected subgraph of Z* with each vertex having degree
two; note that n > 4. An n-step self-avoiding walk (SAW) w in Z? is a sequence of
distinct vertices

W = Ug, Uq, vy Up—1, Un (2.1.1)

such that u; € Z3, for i = 0,...,n, and for each i = 0,...,n — 1 the directed edge
(ui, uiy 1) joins two nearest neighbour vertices in Z3, i.e. |u; — u;1] = 1. up and u,
are called respectively the starting point and end point of w. If the direction of a
SAW is ignored then it is called an undirected self-avoiding walk; in other words,
an undirected self-avoiding walk (USAW) is a finite connected subgraph of Z3 which
has exactly two vertices with degree one and every other vertex with degree two.
Examples of SAWs and SAPs are illustrated in Figure 2.1. Let 7, j and k be the
unit vectors in R? along the x-axis, y-axis and z-axis respectively. For convenience,
we will sometimes refer to w according to its starting point ug and the sequence of
steps of unit length which form the walk, for example the SAW in Figure 2.1 (a) is
(2%,3!%,%, —2k, i, —k, 1,3k, i, k, —1) starting at ug = (0,0,0). We will also refer to a
self-avoiding walk (self-avoiding polygon) as a walk (polygon) for short.

In the following two paragraphs some necessary definitions and terminology are
reviewed for any general finite subgraph of Z3. However, we will frequently use these
definitions specifically for the lattice objects of interest such as SAPs, 2SAPs and
SSAWs. Lexicographical order on vertices of Z?3 is defined as follows. For any pair of
vertices u := (ay,as, az) and v := (by, by, b3) in Z3, we say u < v lezicographically if
and only if there exists an integer 1 < k < 3 such that a; = b; forany 1 <i <k —1
and ay, < b,. Given any finite subgraph G of Z?, let V(G) C Z* and FE(G) C E(Z?)

represent the set of vertices and edges of G respectively. v, (v¢) is said to be the
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(a) An example of a 17-edge SAW (b) An example of a 26-edge SAP in Z2.

(2%, 3k, 1, —2k, 1, —k,1, 3k, 1, k, —%) starting  at
() in ZQ.

Figure 2.1: Examples of SAWs and SAPs in Z2.

bottom (top) vertez of G if it is the lexicographically smallest (largest) vertex amongst
all the vertices in V/(G). e, = {vp, v} (e = {vt,v}) is said to be the bottom (top) edge
of G if v is the lexicographically smallest (largest) vertex amongst all the vertices
in V(G) \ {w} (V(G) \ {v:}) that are connected by an edge to v, (v;). Let x =
(x = x5) be the plane which contains the lexicographically smallest (largest) vertex
of G, ie. vy (vy). © = a1 (¥ = xy) is called the left-most plane (right-most plane) of
G and bg := 19 — 7 is said to be the span of G.

Similarly, a bottom (top) edge can be defined for any set of edges, F, from Z>.
ey = {vp, v} € E (e = {v,v} € E) is said to be the bottom (top) edge of E if and
only if v, (v;) is the lexicographically smallest (largest) vertex amongst all the end
vertices of the edges in F and v is the lexicographically smallest (largest) vertex
amongst all the vertices that are connected by an edge in E to v, (v;). Note that the
bottom (top) edge of a given finite graph G is the bottom (top) edge of E(G), the
set of edges in G. An edge e € F is said to be a horizontal edge (vertical edge) if it
is parallel to the y-axis (z-axis). The cartesian coordinates of a vertex v = (z,y, z)
are represented respectively by x(v), y(v) and z(v) unless otherwise stated.

Let ¢, and p, be, respectively, the number of n-step SAWs starting at the origin
and n-edge SAPs (up to translation) in Z*. For example, ¢; = 6, ¢y = 30, c3 = 150,
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cy = 726 and py = 3, pg = 22, pg = 207. These are known up to n = 30 for SAWSs
and n = 32 for SAPs [5]. The quantity

Kn = n""logc, (2.1.2)

represents the entropy per monomer for the SAW model of a linear polymer, and
the limit (as n — oo) of this quantity, £ := lim, ., &,, has been proved to exist
[18]. This entropy reflects the conformational freedom of the polymer. & is also
known as the connective constant for SAWs in Z? [18]. A numerical estimate for x
is log(4.68404) ~ 1.54416 [5, Table 14].

Because a similar approach will be later used to show the existence of the connec-
tive constant for some other lattice objects such as 2SAPs and SSAWSs introduced
in the next chapters, we discuss next a strategy for the proof of the existence of
the connective constant for SAWs. We start with reviewing some definitions and
properties related to sequences of real numbers, i.e. {a,}>°, where a, € R for any
n € N.

A sequence {a,}5°, is said to be sub-additive (super-additive) if for any n € N
and m € N,

A < Gn + A (Gnpm > An + Q). (2.1.3)
Similarly, a sequence {a, }°° is said to be sub-multiplicative (super-multiplicative) if
for any n € N and m € N,

pm < Al (Qpgm = Qpley). (2.1.4)

The following lemma is a standard result and is the main ingredient used for the
proof of the existence of the connective constant for SAWs in Z3. A proof of this

lemma is given in [32, Lemma 1.2.2].

Lemma 2.1.1. Let {a,}°, be a sub-additive sequence of real numbers, then

Qn

lim — 2.1.5
bl (215)
exists in [—oo,00) and

lim 2% = inf 22 (2.1.6)

n—oo N n>1 n
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Moreover, if the sequence {%}7° | is bounded below then the limit lim, .o ** is a
finite number.
Note that the sequence {a,}3%, is super-additive if and only if the sequence

{—a,}52, is sub-additive. Thus, the following result is an immediate consequence of

Lemma 2.1.1.

Lemma 2.1.2. Let {a,}°, be a super-additive sequence of real numbers, then

Qn

lim — 2.1.7
b 21.7)
exists in (—oo, 00| and
lim < = supa—n. (2.1.8)
n—oo M n>1 n

a

Moreover, if the sequence {%}°, is bounded above then the limit lim, . %

n=1 5 a

finite number.

Note that the sequence {a,}>; of real positive numbers is sub-multiplicative
(super-multiplicative) if and only if the sequence {loga,}°, is sub-additive (super-
additive). Hence, the following result is a generalization of Lemma 2.1.2 which will
be used for showing the existence of the connective constant for some lattice objects

discussed in the next chapters.

Lemma 2.1.3 (Wilker and Whittington 1979 [64]). Suppose {a,}?2, is a non-
decreasing sequence of positive numbers such that {n~'loga,}°°, is bounded above
and Gy f(m) > anam for some positive function f which satisfies im,, oo m="f(m) =
1. Then the limit lim,_. n~‘loga, exists and is finite.

The following lemma will be also used later, in Section 6.6, to show that the
super-additive sequence of real numbers associated to some lattice objects is bounded
above.

Lemma 2.1.4 (Madras et al 1988 [34]). For positive rational numbers a and b such

that a > b,

n—oo

lim " log (‘bm) = aloga — blogh — (a — b) log(a — b). (2.1.9)
i
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In order to prove the existence of the connective constant for SAWs we need to
show that the sequence {log ¢, }22 ; is sub-additive, or equivalently show that {c,}>
is sub-multiplicative. The concatenation argument for SAWs, introduced below, will
be used to prove the super-multiplicative property of {¢,}5° .

Let w! and w? be two SAWSs in Z3, where

1,1 1 1 1 1
W= U, Uy, Uy ey Uy, Uy (2.1.10)
and
2._ 2 2 2 2 2
W 1= UG, UL, Uy eey Uiy U (2.1.11)

The concatenation of w? to w!, w! o w?, is the (n + m)-step walk

W = Ug, UL, Uy -y Un g1, Untoms (2.1.12)

where
up = U, k=0,..,n, (2.1.13)
U, :uiﬂtu%kfn) —ug, E=n+1 ..,n+m. (2.1.14)

Note that w := w! o w? is not necessarily a self-avoiding walk. However, due to the
construction, it is self-avoiding for the initial n steps and the final m steps. Figure
2.2 shows an example of concatenating two self-avoiding walks in Z2. Note that
many of the results presented in this section hold also for Z¢, d > 2, but here we will
focus on d = 3 except that sometimes for illustration Z? will be used.

The existence of the connective constant for SAWSs is now a result of the above

concatenation argument and Lemma 2.1.1.

Theorem 2.1.5 (Hammersley and Morton 1954 [18]). The following limit exists and
18 finite.

k= lim n'logc,. (2.1.15)

n—oo
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U
2
U% Ug
A 4 5 <
U, U, =Ug
1 * —
L
w' w? W
(a) The SAWs w! and w? in Z2. (b) The walk w := w! o w? in Z2.

Figure 2.2: An example of the concatenation of two SAWs w' and w?

in Z? which results in the walk w := w! o w? that is not a self-avoiding

walk.
Proof. The concatenation process for SAWs in Z? implies that the product c,c,
is equal to the number of elements in the set of (n 4+ m)-step walks which are
self-avoiding for the initial n steps and the final m steps, but are not necessarily

self-avoiding walks. Moreover, every (n + m)-step SAW can be obtained by the

concatenation of an m-step SAW to an n-step SAW. Hence
Crnim < CnCm, (2.1.16)

i.e. the sequence {c¢,}5°, is sub-multiplicative. Taking logarithms in this inequality
results in

log ¢yim < log e, + log ¢y, (2.1.17)

which shows that the sequence {logc,}32, is sub-additive. By Lemma 2.1.1, this
proves that lim,,_,., n~*log ¢, < oo; however this limit cannot equal —oo since ¢, > 1,

for any n > 1, implies that 5% > (. O
n

An n-step bridge is an n-step self-avoiding walk w := wq, uq, ..., 4y_1, u,, Wwhose

vertices satisfy the inequality
x(ug) < z(u;) < x(uy,) (2.1.18)
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for 1 <1i <n [32]. Let b, denote the number of n-step bridges starting at the origin
in Z3. The following theorem holds.

Theorem 2.1.6 (Hammersley and Welsh 1961 [20]).

Kp = K (2.1.19)
where
Ky = lim n~'logb, (2.1.20)

is the connective constant for bridges in Z3.

A similar statement has also been proved for SAPs in Z3. It has been proved

that the connective constant for SAPs exists and is exactly equal to x:

Theorem 2.1.7 (Hammersley 1961 [19]).

lim n~'logp, = k, (2.1.21)

n—oo

where the limit is taken over all the non-zero values of p,; i.e. n > 4 and even.

The strategy for the proof of the existence of the connective constant for SAPs is
similar to that presented in Theorem 2.1.5 for SAWs. In fact, the proof results from
introducing an appropriate concatenation argument for SAPs in Z* which then leads
to the super-multiplicative property for the sequence {£:}>°,. Given an n-edge
polygon (G; and an m-edge polygon (G2, the concatenation of these two polygons
G := (1 0 (, is defined as follows (as an example see Figure 2.3). Note first that the
top edge of Gy, e; = {vy, v} (v is the top vertex of G1), and the bottom edge of G,
ey, each lie in a 2-dimensional space perpendicular to the x-axis. So e; (ep) is either
a horizontal edge or a vertical edge. Translate and rotate (if necessary) the polygon
G5 about the x-axis so that its bottom edge is parallel to the top edge of G; and
its bottom vertex satisfies z(v,) = x(v) + 1, y(v) = y(v) and 2(vy) = 2(v). Then
remove the top edge of G; and the bottom edge of G2 and add back two edges to join

the two polygons into a single new polygon. Note that if originally e; and e, were
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parallel then G5 only needs to be translated and not rotated. Otherwise, G5 has to
be rotated first and then concatenated to G;. So there are two distinct choices for
Gy, G' and G”, where G" is a rotated version of G’ and G; o G’ = G; o G”. Thus,
two distinct polygons G’ and G” result in the same concatenated polygon and hence

there are p,,/2 choices for G and p,, choices for G;. Therefore,

PrPm/2 < Pptm (2.1.22)

which implies that the sequence {%&*}72, is super-multiplicative.

G, G, G

(a) The 14-edge polygon G and the 16-edge poly-  (b) The 30-edge polygon G = G1 o G5 in Z2.
gon G5 in Z2.

Figure 2.3: An example of concatenating two polygons in Z2. Note
that in Z? no rotations are required.

2.2 The Connective Constant for SAWs (SAPs)

in Tubes

In this section we will present some results regarding the connective constant for
SAWs and SAPs in a tube, considered as a sublattice of Z3, and discuss the effects
of the confinement to a tube on the asymptotic behaviour of SAWs and SAPs.

An (N, M)-tube, T(N, M), is the subgraph of Z* bounded by the planes y = 0,
y =N, z=0and z = M, ie. it is the subgraph induced by the vertex set
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{(z,y,2) € Z}| 0 <y < N, 0 < 2 < M}. SAPs (SAWs) behave differently in a
tube than in Z? in the sense that the connective constant for SAPs is no longer the
same as that for SAWs. Let ¢, (N, M) be the number of n-edge SAWs in an (N, M)-
tube (up to translation). Let also p, (N, M) be the number of n-edge SAPs confined
to an (N, M)-tube (up to z-translation); see Figure 2.4 for examples of SAWs and
SAPs in a tube. The proof of the existence of the connective constant for SAWs
and SAPs in a tube is also based on an appropriate concatenation argument. Note
that concatenations introduced for SAWs and SAPs in Z3 do not necessarily work
for SAWs and SAPs in a tube since the lattice objects are constrained to stay within

a tube. The following lemmas establish the existence of the connective constant for

SAWs and SAPs in T'(N, M).

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(a) An example of a 12-edge SAW in an (b) An example of a 16-edge SAP in
(N, M)-tube. Note that the end point of the an(N, M)-tube.
walk is marked by a large arrow.

Figure 2.4: Examples of SAWs and SAPs in a tube.

Theorem 2.2.1 (Soteros and Whittington 1989 [49]). The following limit exists and
is finite:

k(N, M) = lim n 'logc,(N, M). (2.2.1)

n—oo

Theorem 2.2.2 (Soteros and Whittington 1989 [49]). Given (N, M) # (0,0), the

22



following limit exists and satisfies the following inequality:

kp(N, M) = lim n~'logp,(N, M) < k(N,M) = lim n 'logc,(N,M). (2.2.2)

n—oo n—oo

Let b,(N, M) denote the number of n-step bridges starting at the origin in
T(N,M). The following theorem shows that a similar result to Theorem 6.7 is

also satisfied in a tube.

Theorem 2.2.3 (Whittington 1983 [63]).

Kp(N, M) = (N, M) (2.2.3)
where
kp(N, M) = lim n~ ' logb, (N, M) (2.2.4)

is the connective constant for bridges in T (N, M).

2.3 Kesten’s Pattern Theorem for SAWs (SAPs)
in 73

Here we will introduce the concept of Kesten patterns and discuss Kesten’s pattern
theorem which will allow us to review results on the knotting probability of lattice
polygons in the next chapter.

Given any integer number d > 2, any (relatively short) self-avoiding walk in the
lattice Z? is called a SAW pattern. Given positive integer numbers m and n such
that m < n, let P be an m-edge SAW pattern (or equivalently a SAW) and w be an
n-edge SAW. We say the pattern P appears in the SAW w if w = wy o P o wsy for
some SAWs w; and wsy. Let ny > 0 (ny > 0) denote the number of edges in w; (ws)
then n = nj; +m+ns. Note that w; (wy) is also allowed to be an empty walk defined
as a single-vertex walk with no edge in it, i.e. n; = 0 (ny = 0). In particular, we

say P has occurred at the start (end) of w if wy (wq) is an empty walk, i.e. ny =0

23



(ng = 0). We also say P has occurred in the middle of w if both w; and wy are

non-empty walks (e.g. see Figure 2.5).

U Ug
w1
u,
u u
: 0 ® 0
U,
u; T U
,,,,,,,,, %
Wa P w? W, o Pow,
(a) The 2-step SAW w;, P and the 8-step (b) The SAW w = w; o P o wy resulted from
SAW ws. the concatenation of wy, P and ws.

Figure 2.5: An example of an occurrence of the pattern P in the
middle of a 14-step SAW.

A SAW pattern in Z? is called a Kesten Pattern if it appears at least three times
in a SAW in Z<¢, or equivalently appears in the middle of a SAW (e.g. see Figure
2.6 (a)). Three times occurrence of the pattern is needed to exclude those patterns
which can occur only at the start (end) of SAWSs; examples of such patterns for Z?
are illustrated in Figure 2.6 (b), (c¢) and (d).

Let ¢,(P) (c,(P)) be the number of n-step SAWs starting at the origin in Z?3
which contain (do not contain) the pattern P. The following pattern theorem for

SAWs is due to Kesten.

Theorem 2.3.1 (Kesten 1963 [28]). Let P be a Kesten pattern, then

r(P) <k, (2.3.1)
where
k(P) = lim n~'logc,(P). (2.3.2)
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Hence, for n sufficiently large, all but exponentially few SAWs contain the pattern
P.

By Theorem 2.1.7, the connective constant for SAPs in Z? is the same as that for
SAWs. Note also that every SAP with its bottom vertex fixed at the origin and its
bottom edge removed and an orientation added on the edges starting at the bottom
vertex results in a SAW starting at the origin. Therefore, Kesten’s pattern theorem

introduced in Theorem 2.3.1 also yields a pattern theorem for SAPs in Z3 [55].

Ug

2 2
U, Uy,

(b) P? is an example of a non-
Kesten pattern which cannot oc-
cur in the middle of any SAW;
note that this pattern also can-
not occur at the start or end of
any SAW other than itself.

(a) P!is an example of a Kesten
pattern in Z2.

3
U, Ug

4
P*: Uiy

P*: t

(c) P2 is an example of a non-
Kesten pattern which cannot oc-
cur in the middle of any SAW;
note that this pattern also can-
not occur at the end of any SAW
other than itself but it can occur
at the start of SAWs.

(d) P* is an example of a non-
Kesten pattern which cannot oc-
cur in the middle of any SAW;
note that this pattern also can-
not occur at the start of any SAW
other than itself but it can occur
at the end of SAWs.

Figure 2.6: Examples of Kesten and non-Kesten patterns in Z2.
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) |
(0,0,0) (b,0,0)

Figure 2.7: An example of a g pattern in 7°(0,6); b = 8.

2.4 Pattern Theorems for SAWs (SAPs) in Tubes

In this section we will present pattern theorems for SAWs and SAPs in a tube
T(N,M). In order to do this, we first need to introduce some special SAW patterns
in T(N, M), which will correspond to Kesten patterns in the lattice Z3.

Let Cy(N, M) be the set of SAWSs contained in Dy(N, M) = {(z,y,2) € Z* | 0 <
z<b 0<y<N,0<z< M} which have one endpoint at the origin and the
other at (b,0,0). For b > 0, any element of C,(N, M) is called a K, pattern (e.g. see
Figure 2.7). Let ¢, (N, M; P) denote the number of n-edge SAWs in T'(N, M) (up to

translation) which do not contain the pattern P. The following result holds.

Theorem 2.4.1 (Soteros and Whittington 1989 [49]). For any b > 0, let P be a K,

pattern, then

k(N, M; P) < k(N, M), (2.4.1)
where
k(N, M; P) = lim n 'logc,(N, M; P). (2.4.2)
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x=0 Xx=Db

Figure 2.8: An example of a Ky pattern in 7(0,6).

Unlike the situation for SAWs and SAPs in Z3, the pattern theorem for SAWs in
a tube cannot be used for SAPs in a tube. This is because the connective constant
for SAPs is different from that for SAWs in a tube. The required pattern theorem
for SAPs is introduced as follows.

Define P(N, M) to be the set of SAPs in an (N, M)-tube. Let P,(N,M) C
P(N, M) be the set of SAPs with left-most plane z = 0 and right-most plane z = b.
For any b > 0, a K, pattern is defined to be a configuration (including both occupied
and unoccupied edges) of any element of Py(N, M) with the edges in the x = 0 and
x = b planes excluded (e.g. see Figure 2.8). Let p,(N, M; P) denote the number (up
to z-translation) of n-edge SAPs in T'(N, M) which do not contain the pattern P.

Theorem 2.4.2 (Soteros 1998 [51]). For any integer b > 2 and any K, pattern P,

kp(N, M; P) < k,(N, M) < k(N, M), (2.4.3)
where
kp(N, M; P) = lim n~ ' logp,(N, M; P). (2.4.4)

(The last inequality in equation 2.4.4 follows from Theorem 2.2.2.)

The proof of this theorem in [51] relied on a transfer-matrix argument; an alter-

native proof is also given in [53]. The transfer-matrix and its main properties are
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introduced in Appendix A, and a similar argument to that given for the proof of
Theorem 2.4.2 in [51] will be later used to generalize the transfer-matrix argument

for certain types of clusters, including SSAWs and stretched polygons, in T'(N, M).

2.5 The Pattern Insertion Strategy

In this section the so called pattern insertion argument used to obtain pattern theo-
rems for certain types of clusters, such as SAPs, in an (N, M)-tube is reviewed from
[33, 53]. This strategy, in the next chapters, will then be employed to establish pat-
tern theorems for some lattice objects under consideration such as 2SAPs, SSAWs
and stretched polygons.

In order to obtain the required pattern theorem for clusters in tubes via [33,
Theorem 2.1], the cluster axioms (CA1), (CA2) and (CA4) of [33] must hold for any
cluster under investigation. These axioms are reviewed here as follows.

Cluster axiom (CA1) basically defines the types of clusters that can be considered.
For the purpose here, given any integers N > 0 and M > 0 let the lattice T' =
T(N,M). For each positive integer n, let C,, be the set of all clusters of size n.
Examples of “cluster” include SAPs, 2SAPs and SSAWs. Also examples of “size”

are the number of edges or the span of a cluster. Let
S*={ueR|T+u="T}, (2.5.1)
where T + u is the translation of T by the vector u € R3. Clearly for T = T'(N, M),
S*={uecR®|T(N,M)+u=T(N,M)} ={(x,0,0) | z € Z}. (2.5.2)

The following is the statement of (CA1) as presented in [33]:

(CA1): C, is a collection of finite subgraphs of T' that is invariant under trans-
lation (i.e., if G € C, and u € S*, then G+wu € C,,). The C,,’s are pairwise disjoint
(i.e., C, N Cp, = ) whenever n # m).

Before stating the cluster axiom (CA2) the definition of a weight function which

assigns positive weight to each cluster needs to be reviewed. Given C := J -, Cn,
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the weight function

wt : C'— (0, 00), (2.5.3)

is defined so that it is invariant under translation, i.e.
wt(G) = wt(G +u) for every u € S* and G € C. (2.5.4)

The cluster axiom (CA2), as given in [33], is as follows:
(CA2): For each positive integer k, there is a finite positive constant ~yy, with the
property that

Viwt«;) < wi(G') < pwt(G), (2.5.5)

whenever G and G' differ by at most k vertices and edges (i.e. whenever | E(G) A
EG)|+|V(G) aV(G)I<E).

Note that A here denotes a symmetric difference; i.e. for any pair of sets A and
B, AN B=(A\B)U(B\A). An example of a weight function satisfying (CA2) is
the constant function, i.e. wt(G) = 1 for any cluster G.

For each positive integer n, let C be the set of all clusters with size n whose
lexicographically smallest vertex is in the plane z = 0, i.e. x; = 0. Define C* =
U< Cr- Given any cluster G € C,,, note that x; € Z is such that the translation of
G along the z-axis, G+ (—x1,0,0), gives an element of C* i.e. G+ (—x1,0,0) € C.
For any finite set A C C, define

G(A) =D wt(G). (2.5.6)
GeA

In particular, let G, = G(C). Let also

3=

A = limsup(G,)».

n—~oo

(2.5.7)

The third cluster axiom is as follows:

(CA3): The limit lim,,_.o(Gyn)7 , called the growth constant for the clusters under
consideration, exists and is finite (and equals \).

Note that (CA3) is not required for proving the pattern theorem here. However,

if it holds, the connective constant for the clusters under consideration exists and is

finite.
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In order to state the cluster axiom (CA4), some definitions and terminology about
patterns need to be introduced. For a non-negative integer b, define Vj, to be the
subgraph of T(N, M) generated by the vertex set {(x,y,2) € Z> | 0 <z <b, 0 <
y < N, 0 < z < M}, this is an example of a section with span b of T (N, M).
We next define the meaning of the term pattern as in [53]. Given any non-negative
integer b, any subgraph of Vj, with at least one vertex in each of the planes x = 0
and x = b is referred to as a pattern with span b, or b-pattern for short. We say a
cluster G contains a b-pattern P if P is the subgraph of G' generated by the vertices
in Vp, i.e. GNV, = P, or if there exists a translate of V3, (V}, + (x,0,0)), such that
GN(Vy+ (2,0,0)) = P+ (z,0,0); in the latter case we say P occurs at (x,0,0) in
G. A b-pattern P is said to be a proper b-pattern (see [53]) with respect to C* if

i) there are infinitely many values of n such that P is contained in some cluster

3 *
in C, and

ii) there exists a cluster G in which P occurs at some ¢ € S* and such that

G\ (V, + t) still contains the left-most and right-most planes of G.

Condition (ii) is needed to exclude patterns which can only occur at the left-most or
the right-most plane of a cluster and nowhere else. A pattern P for which there exists
a cluster G having left-most plane z; = 0 and containing P at (0,0,0) is referred to
as a start pattern. If P is a start pattern for G, then P is said to occur at the start or
at the left-most plane of G. Similarly, a b-pattern P for which there exists a cluster
G having right-most plane xo = b and containing P at (0,0,0) is referred to as an
end pattern. If P is an end pattern for G, then P is said to occur at the end or at
the right-most plane of G.

The fourth cluster axiom says that any part of any cluster can be locally changed
to create an occurrence of some translate of a given proper pattern.

(CAA4): For every proper pattern P there exists an integer b > 0 and translation
vector b’ € S* such that: For every cluster G € C and every vertex v of G, there is
another cluster G' € C' and a translation vector t = t(v) € S* such that v € V,+b +t,
G’ contains P att, and G'\ (Vo +0 +t) =G\ (V, + b +1).
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Next we shall review the two tube axioms (TA1) and (TA2) which were introduced
in [53] specifically for applying the pattern insertion strategy to clusters in tubes.
In fact, it is shown in [53] that for clusters in tubes the cluster axiom (CA4) can be
replaced by the tube axioms (TA1) and (TA2).

The following are the tube axioms as introduced in [53]:

(TA1) (CONCAT): There exists a concatenation process for C inT = T (N, M)
and associated integers tp > 0, cp > 0 such that: Given Gy € C); and Gy € C}, with
spans by and by, concatenating Gy to the translate of Go, G + (t7 + b1,0,0), forms
G € C}yyep sSuch that GNVy, 1 = G1N Vi1 and GO (Vyy—1 + (tp +01+1,0,0)) =
Go N (Vy,_1 +(1,0,0)) (i.e. only the right-most plane of Gy and the left-most plane
of Go can be altered in the concatenation process).

(TA2) (CAPOFF): There ezists an integer mr > 0 such that: For any integer
b > 0 and any b-pattern (not necessarily proper) P that occurs at (0,0,0) in some
finite size cluster in C* with span s > b+ 1 (i.e. P occurs at the start of some
cluster but is not itself a cluster), there exists a cluster G € C* with span b+ mr
which also contains P at (0,0,0) (i.e. P is also at the start of G). Similarly, given
any b-pattern P’ that occurs at (s —b,0,0) in some finite size cluster in C* with span
s>b+1 (i.e. P’ occurs at the end of some cluster but is not itself a cluster), there
exists a cluster G' € C* with span b + mp which contains P" at (m7,0,0) (i.e. P’
also ends G').

(CONCAT) and (CAPOFF) together allow one to insert any proper pattern P
into an arbitrary cluster at an arbitrary location. Figure 2.9 illustrates an example
where proper 2SAP pattern P is inserted into 2SAP (G note that this procedure
will be explained in detail later when we discuss 2SAPs in Chapter 4. In particular
(CONCAT) and (CAPOFF) combined with (CA1l) and (CA2) immediately give us

the following proposition.

Proposition 2.5.1 (Soteros 2006 [53]). Given T'= T (N, M) and a set of clusters
C of T which satisfy (CA1) of [33] and (TA1) and (TA2), for every proper pattern

P there exists an integer b > 0 and translation vector b’ € S* such that:
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For every cluster G € C' and every vertex v of G, there is another cluster G' € C
and a translation vector t = t(v) € S* such that v € V, +V +t, G' contains P att,

and G'\ (Vo +V +1) = G\ (Vo + ' +1) (see Figure 2.9).

L P == P | =r=

CAPOFF | |

L & == & |

!
L & =l=c=l= 6 |

CONCAT |

I =r= |

Figure 2.9: For cluster G (top left) and proper pattern P (top right), a
sketch of the pattern insertion algorithm for Proposition 2.5.1 is shown:
cluster GG is broken into the start pattern P; and the end pattern P;.
Py and P, are capped off using (CAPOFF) to create clusters GG; and
Go. Then Gy, Gs (the cluster shown below P on right), and G5 are
concatenated using (CONCAT) to create a cluster which contains P.

Let C![< m, P] C C} denote the set of clusters in C} that contain at most m

translates of the pattern P. Then define

Ga<m,Pl= Y wi(G). (2.5.8)
GeC}[<m,P]

Theorem 2.5.2 (Madras 1999 [33]). Assume that Cluster Azioms (CA1), (CA2)

and (CA4) hold. Let P be a proper pattern. Then there exists an ep > 0 such that

lim sup(G,[< epn, P])7 < A, (2.5.9)

n—oo
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The following corollary is an immediate result of Proposition 2.5.1 and Theorem

2.5.2, and yields a pattern theorem for clusters in a tube.

Corollary 2.5.3 (Soteros 2006 [53]). Assume that Cluster Azioms (CA1), (CA2)
and Tube Azioms (TA1) and (TA2) hold. Let P be a proper pattern. Then there

exists an ep > 0 such that

lim sup(G,[< epn, P])% <A (2.5.10)

n—oo

2.6 Transfer-Matrix Results for Clusters in Tubes

In this section the transfer-matrix argument, used by Soteros [51] to prove a pattern
theorem for SAPs in a tube, is generalized to enable the exploration (in chapters
5 and 6) of the asymptotic behaviour of certain types of clusters such as stretched
polygons and SSAWSs in tubes. Given a positive integer t, a set of clusters C' and a

vector of variables Y = [y, ..., y;]7, let

t
Zo(NM:Y) =Y T (2.6.1)

GeCy j=1
be a partition function for clusters in C', where n represents the size of the clusters
in C and the d(G,j)’s are non-negative integers associated with a cluster G in C.
Note that “size” of a cluster can be measured in different ways; for example, it can
be measured by the number of edges or the span of the cluster. The d(G, j)’s also
can be defined as some quantities, such as the number of edges, the span or the
number of vertices with degree one, associated with a cluster G. The goal is to find
the asymptotic form of Z,(N, M;Y’) as n — oo.

An (N, M)-tube is equivalent to Z x H(N, M), where H(N, M) is the finite
subgraph of Z? induced by the vertex set {(y,z) € Z*|0 < y < N,0 < z < M},
and hence, in the terminology of [1], an (N, M)-tube is a one-dimensional lattice.

So an (N, M)-tube can also be considered as an alternating sequence of hinges and
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sections where for any i € Z the ith hinge H;(IN, M) is defined to be the subgraph
of the tube induced by the vertex set {(i,y,2) € Z*|0 <y < N,0 < z < M} and
the ith section, S;(N, M), is defined to be the set of edges which join H; (N, M) to
H;(N, M) in the tube.

Given a cluster G with left-most (right-most) plane x = 0 (z = m) in an (N, M)-
tube, a cluster configuration with span k (k-cluster config) of G' can be considered as
G’s configuration in a sublattice of the form H; (N, M) U S;(N, M) U H;(N, M) U
e U Sigk1(N, M) U Hiyg1 (N, M) for some 1 < i < m —k+ 1. We also say
the cluster config of span k corresponding to G’s configuration in H; (N, M) U
Si(N,M)UH;(N,M)U ..U S;—1(N, M) U Hy 11 (N, M) occurs at the ith section
of G. G’s configuration in such a sublattice of the tube consists of the sublattice
and a specific assignment of an ordering and labelling on the edges of G in the
sublattice. An appropriate ordering and labelling of the edges for SAPs (SSAWSs)
is considered and explained in detail in Chapter 5 (Chapter 6) so that a k-cluster
config at the ith section of GG is defined by not just the edges of G in the section
but also their labelling and relative ordering, according to the order on the edges
in G. Two k-cluster configs are considered equivalent if they have the same set of
occupied vertices and edges, and have the same labelling and relative ordering on
their edges. Note that ignoring the ordering and labelling on the edges of a k-cluster
config results in a k-pattern (as defined in Section 2.5). In fact, depending on the
ordering and labelling on a pattern’s edges, a pattern can correspond to more than
one distinct cluster configuration. The extra information on the edges is needed in
order to ensure that the Cluster Configuration Axiom, defined below, is satisfied.
Note that start, end and proper cluster configurations are also defined in the exact
same way that start, end and proper patterns were defined in the previous section.

Given k > 2, a set of clusters C' and three sets of k-cluster configurations II(k),
I1; (k) and IIy(k) corresponding to the proper, start and end k-cluster configs respec-
tively, define a digraph D) = (V}2, AY ¢?) as follows: Let the k-cluster configs in
II(k) U Tl (k) U Ily(k) be the vertices of the digraph, i.e.

Vi = I1(k) UL (k) UILy(k) = { P}, B3, .., Blyo - (2.6.2)
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An arc from Py to P} belongs to Aj if and only if the configuration of the k-cluster
config P on Hy(N, M) U Sy(N, M)U...USg(N, M) U Hy(N, M) is equivalent to the
configuration of the k-cluster config P on Ho(N, M)USy (N, M)U...US,_1(N, M)U
Hy_1(N,M). In this case the function ¢9 : A? — V2 x V)2 is one to one so for
simplicity we can represent any arc from P to P} by the ordered pair (P, P}).
II(k), I1;(k) and IIy(k) are then said to satisfy the Cluster Configuration Axiom if
the following holds:

Cluster Configuration Axiom: Given r > 1,1 < i; < |V for1 < j <,
consider a walk of the digraph with length v and of the form P}, P2 P> ... P} P,
where P} € 11, (k), P? € Iy(k) and ‘Pz(]) € (k) for 2 < j < r —1 (this is also
called a sequence of correctly connected k-cluster configs). DY has the property that
every such walk defines a span r + k — 1 cluster G € C* starting (ending) with the
cluster config Pg (Pg) and in which cluster config PZ? occurs at the jth section, for
j=2,...,7m—1. Moreover, any span r + k — 1 cluster G € C* starting with cluster
config PZ? and ending with cluster config P corresponds to a walk of length k of D}

as above.

Note that it is essential to define the cluster configs so that the above axiom is
satisfied. For example, in the case of SAPs in tubes, if no ordering or labelling is
assigned to the cluster configs’ edges then the above axiom does not hold. Figure
2.6 shows an example where a sequence of three correctly connected SAP 2-patterns
does not correspond to a SAP and instead leads to the construction of a pair of
polygons. Hence, the Cluster Configuration Axiom does not hold if SAP 2-patterns
are used without assigning additional labelling.

Each k-cluster config can be considered as a configuration of Hy(N, M)US; (N, M)
UH (N, M)U...UH_1(N, M)US,(N, M)UH,(N, M). Since these cluster configs are
contained in a finite subgraph of the lattice and the edges are ordered and labelled

in finitely many ways, there is a finite number of such cluster configs. Thus II(k),

1, (k) and TIy(k) are all finite sets. Hence, let

(k) = {P1, P, ..., B} (2.6.3)
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(a) A sequence of three SAP 2-patterns (b) The resulting cluster is a pair of SAPs
in 7(0, 6). not a single SAP.

Figure 2.10: An example of a sequence of correctly connected 2-SAP
configs which does not correspond to a SAP; instead it results in a pair
of polygons.

and

Ty (k) = {P{, P, ..., P, }- (2.6.5)

Given a set of clusters C, let a weight function wt, : C* — R[z| be given such
that
wt,(G) = (), (2.6.6)

where e(G) = n represents the size of the cluster G. Let the functions h : II(k) —
[0,00), h! : T (k) — [0,00) and h? : Ty(k) — [0,00) be given such that, for any

G € C with span m, wt,(G) can be written as

wts(G) —_ xe(G) — xh‘l (Pll1)+h2(Pll7ln_k+1 )+Z;i§k h(Pll) (267)

’

where P, € II(k) occurs at the ith section of G, for 2 <i <m—kand P, (P , )

is the start (end) cluster config for G. Furthermore, given a set of clusters C, let a

multi-variable weight function wt : C* — R[yy, ..., y;] be given such that

t
wt(G) = [T, (2.6.8)
j=1
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where d(G, j) is a non-negative integer associated with G, for 1 < j < t. Let the
multi-variable functions f : II(k) — [0,00)!, f: II;(k) — [0,00)" and f? : Iy(k) —
[0, 00)" be given such that, for any G € C with span m, wt(G) can be written as

t
PR SIS ()
Hy] (G5) _ H Y, 1/ g =2 Ji\ 7 (269)
7=1
where P, € II(k) occurs at the ith section of G, for 2 <i <m —k and P, (£ , )

is the start (end) cluster config for G. Note that f = (fi,..., fi), f* = (fl, .., f})
and f2 = (f%, ..., f2).

As an example, take C' to be the set of SAPs confined to an (N, M)-tube. Con-
sider e(G) (h*(P/")) to be the total number of edges in the SAP G (end cluster config
P!") and h(P;) (h'(P})) to be the number of edges in the first hinge and section of
P; (P!). Let t = 2 and fix the two cluster configs P, and P, in II(k). Then define
d(G,1) (d(G,2)) to be the number of occurrences of the cluster config P, (P,) in G.
Let also f;(P;) = 0;4, f} (P}) = 0;, and f7(P') = d;, for j = 1,2 and i = 1,2. Then
equations 2.6.7 and 2.6.9 are satisfied.

For convenience, for any 1 < i < [II(k)|, define e; = h(FP;) and, for any 1 <
i < IL(k)| (1 < i < |Ha(k)|), define € = hY(P) (e = h*(P/')). Also, for any
1 <i < |l(k)|, define D; = f(P;)" and d;(j) = f;(P;) thus D; = [di(1), ..., d;(t)]" is
a vector of non-negative integers associated to P; € II(k). For any 1 < i < |II;(k)|
(1 < i < (k). define also D! = FI(P)T (D = fA(P!)T) and di(j) = f}(P)
(di(j) = f;(P)) thus D} = [dj(1), ..., di(t)]" (D} = [d}(1),...,d}(t)]") is a vector of
non-negative integers associated to P/ € I1; (k) (P! € 1lx(k)).

Let

Zn(N,M;P,Y) Z Hy] (@), (2.6.10)
GeCx(P)J=

where C(P) C C7 is the set of those clusters in C* which do not contain the cluster
config P. Next we prove the following theorem which yields the asymptotic form of
Zn(N, M;Y) and leads to stronger results about the asymptotic properties of clusters
confined to an (N, M)-tube. Note that this result is a generalization of Theorem 6.1
in [51].
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Theorem 2.6.1. Given k > 2, a set of clusters C' in T(N, M) and three sets of k-
cluster configs I1(k), 111 (k) and Ily(k), suppose that the Cluster Configuration Aziom
and (CONCAT) hold for C. Let P be any k-cluster config in I1(k). Given weight
functions wty : C* — Rlz] and wt : C* — Rlyy,...,y], if there exist functions
h: (k) — [0,00), h' : TI;(k) — [0,00), h? : TIy(k) — [0,00), f : TI(k) — [0,00)",
1T (k) — [0,00) and f? : TIy(k) — [0,00)" such that equations 2.6.7 and 2.6.9

are satisfied, then there exist non-negative values xo(Y') and ay such that
Zn(N,M;Y) = ay (zo(Y) ™" 4+ o((z0(Y))™™) asn — oo. (2.6.11)

Moreover, there exist non-negative values To(Y) > xo(Y) and ay such that

Zy(N,M;P,Y) =ay(Zo(Y)) " +o((Zo(Y))™) asn — oc. (2.6.12)

Proof. Given k > 2, let Dy, = (Vj, Ay, ¢x) be the sub-digraph of DY (the digraph for
which the Cluster Configuration Axiom holds) induced by the set of vertices V} =
(k) = {P1, P, ..., Prgy } € V2. In addition, associate the weight z H§:1 y?"(j) to
each arc (P, P;) € Ag. The transfer matrix G(z,Y") = (¢;;(z,Y)) is then defined as

follows:

26 H;:1 yji(j) if (p“p]) c A,

9i(x,Y) = (2.6.13)

0 otherwise.
Define also the [II;(k)| x |TII(k)| matrix A(x,Y") as follows: For 1 < ¢ < |II1(k)]
and 1 < j < |II(k)|, if the configuration of the start cluster config P/ € II;(k) on
H{(N,M)USy(N,M)U...USk(N, M)U Hg(N, M) is equivalent to the configuration
of the proper cluster config P; € II(k) on Ho(N, M)US;(N,M)U...USp_1(N,M)U
Hy (N, M) then A;;(z,Y) = 2% H§'=1 yj;(j); otherwise A, ;(x,Y) = 0. Similarly,
define the [II(k)| x |IIy(k)| matrix B(z,Y") as follows: For 1 < ¢ < |II(k)| and
1 < j < |y(k)|, if the configuration of the proper cluster config P; € II(k) on
Hi(N,M)USy(N,M)U...USg(N,M)UH(N, M) is equivalent to the configuration
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of the end cluster config P’ € Ily(k) on Ho(N, M) U Si(N,M)U ..U Sk_1(N, M) U
Hi_1(N, M) then By ;(z,Y) = 2% [T'_, y"; otherwise By ;(x,Y) = 0.
Given r > 1, 1 <y < |II;(k)|, 1 <4, < |IIy(k)| and 1 <i; < |[II(k)| for 2 < j <

P, ., P!

lr—19 =~ 1p

r — 1, consider a sequence of r cluster configs of the form P/, F;,, P, ...,
such that A;, 4, (2,Y) #0,B;, _ ;. (2,Y) #0,and g; ;. (z,Y) #0for 2 < j <r—2.
Since the Cluster Configuration Axiom holds, this sequence defines a span r+k — 1
cluster, G, starting (ending) with cluster config P/ (F;") and in which cluster config
P;; occurs at the jth section, for j = 2,...,7—1. The weight associated to this cluster
n (A(z,Y)G(z,Y) " 'B(z,Y))

i1, 18

Lo el Tizd e, ﬁyj G+, D+Ei% () _ (o) H d(G). (2.6.14)
j=1
Also by the Cluster Configuration Axiom, any span r 4+ k — 1 cluster starting
with cluster config P/ and ending with cluster config P}’ can be decomposed into
a sequence of r cluster configs as above. Thus the generating function F(z,Y) =
> ons1 Zn(N, M;Y)z™ (summed over all the values of n for which Z, (N, M;Y') # 0)
satisfies the following:

T, (k) To (k)

Jun

k)

Az, Y)G(z,Y)"B(2,Y));;
=0 i=1 j:l
k) T2 (k)

Mg

F(z,Y) =

g5 >
B

1

(A(ZL‘, Y) (I - G(x’ Y))_IB(:L‘, Y))i,j

\g
(]

i=1 j=1
Ty (k) Tha (k) TI(k) TI(K)
~ [Aua(@ )T = G, ) oBoya, V)]

i=1 j=1 o=1 I=1

(2.6.15)
Note also that by Theorem A.0.2,
det((I — Y)) ol

(1= G(@,Y) o= — I~ Gla,Y))"0,) (2.6.16)

det(I — G(z,Y)) ’
where (A;o0,l) represents the matrix obtained by removing the ith row and oth
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column of a given matrix A. Thus

X Z Z [Aiﬁl(x,Y) det((I — G(z,Y)) ™0, Z)Bovj(x,Y)].

(2.6.17)

Given any x > 0, it can be shown that for any pair of proper cluster configs
P;, P; € TI(k) there exists an integer m such that (G(x,Y)™);; > 0 (to see this start
with a cluster in C' in which proper cluster config P; occurs and use (CONCAT)
to concatenate it to a cluster in C' in which proper cluster config P; occurs. This
yields a cluster in C' in which P; occurs at some section and cluster config P; occurs
at a later section. From this obtain a sequence of m correctly connected cluster
configs starting with cluster config P; and ending in cluster config P;). Thus, by
Theorem A.0.4, G(x,Y") is an irreducible and aperiodic matrix and Frobenius theory
(Theorem A.0.5) implies that: the spectral radius, p(x,Y), of G(z,Y) is a simple
root of det(A] —G(z,Y)); G(z,Y) has a strictly positive eigenvector associated with
p(x,Y); and p(x,Y) is the only eigenvalue of modulus p(x,Y). Since p(0,Y) = 0
and, by Theorem A.0.7, p(z,Y’) is an unbounded, increasing, continuous function
on [0, 00), hence there exists a unique z¢(Y") > 0 such that p(z(Y),Y) = 1. From

equation 2.6.17, F'(x,Y") has poles only when 3 has poles, that is, when 1

D S
det(I-G(z,Y)
is an eigenvalue of G(z,Y’). Thus based on the results and arguments of [1, Lemma
9 and Theorem 3| F'(z,Y) is analytic for |z| < 24(Y") and has one simple pole when

|z] = zo(Y), namely, z = z¢(Y). In particular, Theorem A.0.8 implies that as
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F.Y)= 3 ) i V) = G, Y) o Boy(a, Y)| =

(2.6.18)

where By = xo(Y )t G (2o(Y), Y)ny, and ny and ¢i- are, respectively, strictly positive
left and right eigenvectors of G(zy(Y'),Y) associated with p(zo(Y),Y) = 1 and
normalized so that ¢Fny = 1 (note that G’(z,Y) denotes the derivative of G(z,Y)
with respect to x). Thus, differentiating both sides of the above equation n times

with respect to x, dividing by n! and setting = 0 implies that
Zn(N, M;Y) = ay (20(Y))™" + o((20(Y))™") asn — o0, (2.6.19)

where

I, (k) To (k) TI(k) TI(k)

ay = 330 30 33 (Ao () ) i (v )E Bog(wo(Y), Y)] > 0. (2.6.20)

i=1 j=1 o=1 I=1

Let P € II(k) be a specific proper cluster config. Let also P represent the
label of cluster config P in II(k). Consider the generating function F(x,Y) =
> st Zn(N,M; P,Y)z". Then

%) Hl(kz IIo k‘)

Fz,Y) = > > > (4 G(z,Y)" B(x,Y ),
h=0 i=1 j=1
nl(mng() .

= Y =Gz, Y)) ' B(z,Y)); (2.6.21)

=1 3

I
—

where G(z,Y) is obtained from G(x,Y) by deleting its Pth row and column, and
A(z,Y) and B(x,Y) are defined as follows. If P ¢ TI;(k) (P ¢ TIy(k)), A(z,Y)
(B(x,Y)) is defined to be the matrix obtained from A(x,Y) (B(z,Y)) by deleting
its Pth column (row). Otherwise, A(z,Y) (B(x,Y)) is defined to be the matrix
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obtained from A(z,Y) (B(z,Y)) by deleting its Pth column (row) and lth row
(column) where [ satisfies P/ = P (P = P). The argument used after equation

2.6.18 applies again so that there exist Zo(Y) > 0 and &y > 0 such that
Zo(N, M; PY) = ay(Zo(Y)) ™" + o((Zo(Y))™) asn — oo (2.6.22)

and the spectral radius, p(zo(Y),Y), of G(Zo(Y),Y) equals 1. Now consider the
matrix Gp(z,Y) obtained from G(z,Y’) by replacing the Pth row and column by
a row and column of zeros. Then the spectral radius, pp(z,Y), of Gp(z,Y) equals
p(x,Y). Furthermore, Gp(z,Y) < G(z,Y) and at least one element of Gp(x,Y) is
strictly less than the corresponding element of G(x,Y"). Theorem A.0.7 then implies
that pp(z,Y) < p(z,Y) and hence for x = z¢(Y), pp(xo(Y),Y) < p(xo(Y),Y) =1
and therefore Zo(Y') > zo(Y). O

A function ¢ : C* — N U {0} is called an additive functional if, for any G € C*

with span m, ¥ (G) can be written as
W(G) =d(P))+d"(P}) Z W(P,), (2.6.23)

where 1(P,) is a non-negative integer associated with the proper cluster config P, €
[I(k) occurring at the ith section of G, for 2 < < m—Fk, and d'(Py,) (d"(P%,)) is also
a non-negative integer associated with the start (end) cluster config P (Py) for G
[1]. Note that ¢ (F,,) depends only on P, not on G. Let Ay(z,Y) be a II(k) x II(k)

matrix with (7, j)th elements

Moy = | PP Y) 0 #0 2621

0 otherwise

Define Ag(z,Y) to be a II; (k) x II(k) matrix with (4, j)th elements

d(P)A;(2,Y) it d(P!)#0
Al Y)(iyg) = T Y) A0 AE) £ (26.25)
0 otherwise |,

and Ap(z,Y) to be a II(k) x IIy(k) matrix with (4, j)th elements
d"(P)By;(z,Y) if d"(P) # 0

Ap(@,Y) (i) = | | (2.6.26)
0 otherwise
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Let X,, denote a random variable which takes clusters from C? at random with

probabilities determined by the partition function Z,(N, M;Y), i.e.
Ht d(ij)

=19 (2.6.27)

AN T )

Next, we investigate the asymptotic behaviour of the expected value of ¥(X,),

Ey(¢¥(X,)). Note that this result is a generalization of Theorem 7 in [1].

Theorem 2.6.2. Let ¢ be an additive functional. Let' Y = [y, ...,y:]", zo(Y), sy,
ny, G(x(Y),Y) and By be given as introduced in the proof of Theorem 2.6.1. Then

there exists a vy > 0 such that as n — oo

By ((X,)) = 1vn + O(1). (2.6.28)

Proof. Forany 1 <i <TI(k),1 < j <TIIj(k)and 1 <1 <Tly(k), let d;(t+1) = (P),
dj(t+1) = d'(P}) and d}(t + 1) = d"(P"). For any cluster G, let d(G,t+1) = ¥(G).
Define D} = [d;(1), ..., d;(t), d;(t + 1)]T, DIt = [di(1), ..., d\(t), di(t + 1)]T and D! =
[d!(1),...,d!(t),d!(t + 1)]T where D; = [d;(1),...,d;(t)], D} = [di(1),...,di(t)] and
D! = [d!(1),...,d!(t)]. Set Y = [Y,e*]", where y,41 = €°, i.e. s = Iny;y;. Define

G(z,Y;s) =Gz, Y1), A(x,Y;s) = A(x,Y') and B(z,Y;s) = B(x,Y'). Thus

G(z,Y;0) =G(z,Y), A(z,Y;0)=A(z,Y) and B(z,Y;0) = B(z,Y). (2.6.29)

Note that
%G(m(Y), Yis)|smo = Ap(2(Y),Y), (2.6.30)
D AG(Y), V190 = Aala(V). V) (2.6.31)
and
%B(:z:(Y), Y:8)|emo = Ap(z(Y), Y). (2.6.32)

Let also Aw = Aw(l‘o(Y),Y), A1 = AA(I'()(Y),Y) and A2 = AB(I'()(Y),Y)
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We have

t

1
By (e5¥)) = 7N T > (eer H (2.6.33)
me T gecy, j=1

Hence, we obtain

> By (e Z, (N, MY )"

n>1

sd(G,t+1) d(G.j) _
> D¢ Hy

n>1 GeCy

Z Z (z,Y;8) (I — G(z,Y;8)) ' B(x,Y;8)); =
=1 gj=1
11, (k) T2 (k) TI(k) 1

ZZZZ[AM;YS (1= G, Y35) oBog(, Y3 9)].

i=1 j=1 o=1 [=1

(2.6.34)

Differentiating with respect to s and setting s = 0 gives

> By ((X0)) Za(N, M;Y )"

n>1

Iy (k) M2 (k) TI(k) TI(k)

[Z ZZZAHst (I — G(x,Y;5)) 10Bo (x,Y;s)] =
=1 =1 o=1 I=1 =

Iy (k) Oa(k) TI(k) TI(k) D)

DI 85[ (@, Y 8) (I — Gla, Y s))fl)l,oBo,j(x,y;s)L_o _
i=1 j=1 o=1 [=1

(k) Tla (k) TI(k) TI(k

QD|QJ

=
=
=
=

[ Ai(2,Y;8)| Boj(@, Y5 8)(I — G(x,Y58)) o+

Ai(x,Ys) [%Bm(z, Y: s)} (I —G(x,Y;5)) o+
Aiy(2,Y;8)B, j(2,Y; s)[aa (I = G(x,Y;8) ") ’O]L:o =

=
=
=
[V

=
=
=
=

(k

~

M (@, V)i Bog(,Y) + Aus(e, Y)Ap(, Y) (0, )] X

(I =Gz, Y) o+ Ait(2,Y)Boj(2,Y)((I — G(z,Y)) " x

i=1 o=1 1

.
Il

—
A
Il

Ay, Y)(I - Gz, Y))*l)lyo], (2.6.35)
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where the last line of the equation is obtained by equations 2.6.29 to 2.6.32. The
right side of the above equation is analytic for |  |< z(Y") and Theorem A.0.8 yields
> E((X0))Zn(N, M;Y)a"

n>1
IT; (k) 2 (k) II(k) II(k)

Z Z ZZ [Al i,0) B, j(x0(Y),Y) + Aii(z0(Y), Y)A1 (0, 5)] X

T M ), V) o)~
Aia(0(Y), Y) Boj(20(Y), Y) (v sy Ay sy D10 X
(SFG (@o(V), Y Imy) 2 (@o(Y) = 2)72] + O((wo(Y) = 7))
(2.6.36)

as x — zo(Y).
Therefore, differentiating both sides of the above equation n times with respect

to z, dividing by n! and setting x = 0 gives

i=1 j=1 o=l I=1

(M )iy )oBy (o (Y)) ™" + Asa(20(Y),Y) B j(20(Y),Y) x

(s A<t uoBy (o (Y ) ™| + O((wo(Y)) ™)

= yyn(zo(Y)) ™" + O((zo(Y)) ™), (2.6.37)
where
10y (k) M2 (k) TI(k) TI(k)
S [AuawoV), ) By o0, Y ) sF AumysF
i=1 j=1 o=1 I=1
(2.6.38)

Similarly, by the proof of Theorem 2.6.1, for any € > 0 such that 0 < x¢(Y) ' —e <

Zy(N,M;Y) = ay(zo(Y))™" + O((zo(Y) ™ = o)), (2.6.39)
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as n — oQ.

Therefore, equations 2.6.37 and 2.6.39 imply that as n — oo
By (¢(X,)) =nwn+0(1), (2.6.40)

where

/

2
Qy

SO S S IE S (A (wo(Y), Y) Bog (o (Y), Y) (ny - A uny <)o)
By SO S A S [ A (20(Y), Y) (9 )iy )T Boy(20(Y), V)]

(2.6.41)
U
Corollary 2.6.3.
1
By (0(Xa)) — (2.6.42)

as n — Q.
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CHAPTER 3

PoLYGONAL KNOTS AND LINKS IN Z3

The entanglement complexity of polymers has been explored using a variety of
rigorous [43, 55| and numerical methods [23, 29, 35, 59]. In particular, knotting and
linking have been frequently used to measure the topological entanglement of ring
polymers, modeled by self-avoiding polygons [25, 42]. The main advantage of this
approach is that knots and links are mathematically well defined and they are of
special interest to chemists and molecular biologists [56, 60, 61].

In order to discuss polygonal topological entanglement via knotting and linking
we need to introduce some definitions and results from topology; this background
information is given in Section 3.1. Then some theorems and arguments concerned
with the knotting and linking probability of lattice polygons in Z3 are reviewed in
Section 3.2. In order to investigate the influence of the tube constraint on a polygon’s
topological entanglement complexity, knotting and linking probabilities for polygons

in tubes are also considered in Section 3.3.

3.1 Knots, Links and 2-String Tangles

A quick review of the main definitions and results related to knots, links and 2-
string tangles is given in this section. We will be using these results in the next
sections of this chapter as well as the next chapters to discuss the knotting and
linking probability of lattice polygons. Unless stated otherwise, the discussion in
this section is based on the presentation in [7]. Note that some of the definitions
and theorems of this section can be stated for arbitrary topological spaces X and

Y. However, for our purpose, here we will take X and Y to be subsets of the
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three-dimensional Euclidean space R? with the usual topology.

The two topological spaces X C R3 and Y C R? are said to be homeomorphic
if there exists a bijection f : X — Y such that both f and its inverse, f~!, are
continuous functions. f then will be called a homeomorphism. Any subset K of R?
which is homeomorphic to the unit circle S' = {(z1, 75) € R? | /27 + 23 = 1} C R?
is said to be a knot (e.g. see Figure 3.1 (a) and (b)). A polygonal knot in R3 is a knot
K C R3 that is the union of a finite number of closed straight-line segments, called
edges, in R3 (e.g. see Figure 3.2 (a)); the point of intersection of any two edges of a
polygonal knot is called a verter. So a self-avoiding polygon in Z?* can be considered

as a polygonal knot.

Oy X

(a) Unknot (b) Trefoil knot
(¢) Unlink (d) A linked link

Figure 3.1: Examples of knots and links.

A homotopy of a topological space X C R? is a continuous map h : X x[0, 1] — R?
such that h(z,0) = x for any € X. The restriction of h to level ¢ € [0, 1] is defined
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(a) An example of a polygonal knot (b) An example of a polygonal link

Figure 3.2: Polygonal knots and links.

to be hy : X — R3 given by hy(x) = h(z,t). Note that here ¢ is chosen to indicate
time, and the images h;(X) for increasing values of ¢ show the evolution of X in R3.
An isotopy of a topological space X C R? is a homotopy of X, h: X x [0,1] — R?,
such that hy : X — hy(X) is a homeomorphism for any ¢ € [0,1]. Two topological
spaces X C R? and Y C R? are said to be ambient isotopic if there is an isotopy of
R3 h:R3?x [0,1] — R3, such that it carries X to Y, i.e. h(X,1) = (X) =Y.
Two ambient isotopic knots are said to have the same knot type. Any knot
ambient isotopic to the unit circle S' is called an unknot (see Figure 3.1 (a)); otherwise

it is called knotted (e.g. see Figure 3.1 (b)).

A link L is defined to be a finite disjoint union of knots, i.e. L = K; U ...U K,
for some n € N. Each knot in the union is called a component of the link and
L = K, U..UK, is called an n-component link (e.g. see Figure 3.1 (c) and (d)).
Note that a knot can also be considered as a one-component link. A polygonal link
is a finite disjoint union of polygonal knots (e.g. see Figure 3.2 (b)). Here we focus
on two-component links (a disjoint union of two knots). Two links L; and Ly are
said to have the same link type if they are ambient isotopic, i.e. there is an isotopy
h:R3 x [0,1] — R3 such that h(L;,0) = ho(Ly) = Ly and h(Ly, 1) = hy(Ly) = Le.
Hereafter we restrict our discussion to links (knots) which are ambient isotopic to a
polygonal link (knot). Hence, in the remainder of thesis the term “link” (“knot”)

refers only to links (knots) which are ambient isotopic to a polygonal link (knot).
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The following definitions and results are given for both links and knots, viewed
as one-component links. Let L C R? be a link (knot) and let 7 : R® — R? be
a projection map. A point x € w(L) is reqular if 7~!(z) is a single point, and is
singular otherwise. If | 771(z) |= 2 then z is called a double point. If w(L) has
a finite number of singular points and they are all transverse double points, the

projection is said to be regular.

Theorem 3.1.1 (Theorem 3.2.1 [7]). Every polygonal link (polygonal knot) L has a

reqular projection.

A link (knot) diagram D is a regular projection of a link that has relative height
information added to it at each of the double points. The convention is to make
breaks in the line corresponding to the strand that passes underneath (e.g. see

Figure 3.1). The double points in the projection are called crossings in the diagram.

Theorem 3.1.2 (Theorem 3.3.2 [7]). Every polygonal link (polygonal knot) L has a

reqular diagram.

Informally, the following theorem from [31, Theorem 1, Chapter 2] says that, for
any given projection plane P and any given polygonal knot K, we can always find
another polygonal knot in the neighborhood of K which has a regular projection
into P and has the same knot type as K.

Theorem 3.1.3 (Theorem 1, Chapter 2 [31]). Given any projection plane P, let K
be a polygonal knot determined by the ordered set of vertices (vy,...,v,). For every
number § > 0 there is a polygonal knot K' determined by an ordered set of vertices
(v, ...,v)) such that the distance from v; to v. is less than ¢ for all 1 < i < n, K’

oy Up

and K have the same knot type, and the projection of K' in P is reqular.

This theorem leads to the following corollary which will be particularly important
later, in sections 4.8 and 6.8, when we investigate the topological entanglement of

polygons by looking at their regular diagrams.
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Corollary 3.1.4. Given any plane P, any positive real number 0, positive integers
N, M, and any vertez-disjoint finite union G of SAPs in T(N, M), let vq,...,v, be
the vertices of G. Then, there exists a polygonal link L in R® with vertices 1y, ..., 1,
that has the same link type as G, has |l; — v;| < & for each i = 1,....,n, and has a
reqular projection into the plane P. In particular we can choose P as the (z,y)- or
(x, z)-plane to generate regular projections D and DY, respectively. Moreover, let
{vi,v;} be any edge in G where v; = (x;,y;, z;) and v; = (z;,y;,2;). Then there is a
corresponding edge {w;,w;} in D, with w; = (;,0, 2;) and w; = (4,0, 2;) and with
Ti—0<x; <Z;4+06 and z; — 0 < z; < z; + 6. Similarly there is a corresponding edge
{wi, wi} in DE with w; = (2}, y;,0) and w; = (27, y},0) and with x; —0 < x; < xj+0

and y; — 6 < y; <y + 0.

Hereafter we take § = 1/6. Given any vertex-disjoint union G of SAPs in
T(N,M), we fix a polygonal link Ly = L (L') as prescribed by the lemma and
define the regular diagram D, (D) to be Lg’s regular projection in the (z, z)-plane
((x,y)-plane).

Next we would like to discuss a significant invariant of links, called the linking
number. Before that we need to give a brief introduction to orientable and compact
surfaces.

The upper half-space in R? is the set R3 = {(21,22) € R* | z, > 0}. Its
boundary is {(z1,73) € R* | x5 = 0} which is homeomorphic to R'. A neighborhood
of v € X isaset U C X, which contains an open set V containing . Any X C R?is
called a surface if each point x € X has a neighborhood U > = which is homeomorphic
to R? or to Ri. If x € U maps to a point in the boundary of Ri then x is a boundary
point of X. The set of all boundary points, denoted by 90X, is called the boundary
of X.

A cover of a set X is a collection of sets in X, C' = {U, }aeca where U, C X, such
that X is a subset of the union of the sets in C, i.e. X D J,c4 Ua- Any subset of
C which is a cover of X is called a subcover of C. A surface X C R? is said to be

compact if for any given covering of X by open sets, we can find a finite subcover.
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Here since X C R? inherits the usual topology, X is compact if and only if it is
closed and bounded.

Informally, a surface X C R is orientable if a two-dimensional figure (for example
a disc with two distinguishable sides) cannot be moved around the surface and back
to where it started so that it looks like its own mirror image. Otherwise the surface
is non-orientable. More precisely, a surface X is orientable if there is no continuous
map f: B? x [0,1] — X, where B? = {(x1,2,) € R | /2?2 + 23 <1} C R?, such
that f(b,t) = f(c,t) only if b = ¢ for any ¢ in [0, 1], and f(b,0) = f(r(b), 1) for every
b in B? where r : B> — B? is a reflection map. i.e. r(xy,13) = (—x1, —x5) for any
(71, 22) € B2

There are three types of linking defined in topology: topological linking, ho-
motopic linking and homological linking. Here we focus only on topological and
homological linking. We say two disjoint knots K; and K5 are topologically unlinked
(splittable) if there is a homeomorphism, f, of R onto itself such that the images
f(K1) and f(K>) are separated by a two-dimensional plane; any link ambient iso-
topic to a pair of splittable unknots is called an unlink. On the other hand, K; and
K5 are said to be homologically unlinked if K; bounds an orientable surface which
is disjoint from K. K is said to be homotopically unlinked from K, if there is a
homotopy h, from K to the constant map (i.e. ho(K;) = K; and hy(K;) is a point)
such that h(K7) is disjoint from K for any ¢ € [0, 1]. Note that homotopic linking
is not a symmetric relation; i.e. it is possible for K; to be homotopically unlinked
from K5 but for K5 to be homotopically linked to K. The following theorem shows
the relation between the different types of linking:

Theorem 3.1.5 ([44]). Homological linking implies homotopic linking and homotopic

linking implies topological linking.

One way to determine whether a two-component link L is homologically linked
is by calculating the linking number as follows. In a regular diagram D of L with
n Ccrossings ¢y, Co, ..., Cp, let ¢y, co, ..., ¢, I < n, be the crossings that involve both

components of L. We choose an orientation of each of the two components of L
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and assign a sign, o; € {—1,1}, 1 < i <[ to each of the [ crossings by applying a
right-hand-rule (see Figure 3.3 (a)). The linking number of D is then computed by
the following formula (e.g. see Figure 3.3):

Lk(Ky, Ky) = Zaz (3.1.1)

Note that the absolute value of this linking number is independent of the choice of the
diagram D and is also independent of the orientation given to the two components.

The following theorem relates homological linking to the linking number.

Theorem 3.1.6 (Corollary 5.7.4 [7]). Two knots K and Ky are homologically linked
if and only if
Lk(K;, K3) # 0. (3.1.2)

Note that, by Theorems 3.1.5 and 3.1.6, any 2-component link with non-zero
linking number is non-splittable; however there are non-splittable links with linking
number zero (for example the Whitehead link [44] shown in Figure 3.3 (c)).

There is an operation, called the connected sum, defined on knots which allows
one to connect two knots in order to create a new knot. This operation can be
described as follows: For any pair of knots K; and K, consider a regular diagram of
these knots and suppose these diagrams are disjoint. Find a pair of distinct points
on K, (a,b), and a pair of distinct points on Ky, (¢, d), such that: 1) The arc in K;
(K3) joining a (¢) to b (d), ab (cAd), does not contain any double point of the diagram.
2) There exist two disjoint arcs ac and bd in R2 connecting a to ¢ and b to d in the
diagram, respectively, so that ac (I;Zl) intersects K7 and K5 only at a (b) and ¢ (d)
(e.g. see Figure 3.4 (c¢)). Now join the two knots together by deleting the two arcs
ab and cd from the knots and adding the arcs ac and bd (e.g. see Figure 3.4 (d)).
This procedure results in a diagram of a new knot which is called the connected sum

of the original knots K and K, and is denoted by Ki#K, (e.g. see Figure 3.4).

Theorem 3.1.7 ([44]). For any pair of knots K; and K, the connected sum Ki# Ky
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(a) An example of a splittable link with (b) An example of a link with linking
linking number zero number one

+1

+1

(c) Whitehead Link; an example of a non-
splittable link with linking number zero

Figure 3.3: Examples of links with different linking numbers.

15 well-defined, i.e. it is independent of the choice of diagrams for Ky and K, and

also the choice of arcs on K1 and Ks.

Given a link 7, we can also consider the augmented link 77, defined as the union
of all links which can be obtained from 7 by taking the connected sum of each of
its components with any knot (including the unknot). Any link in this union is
said to have augmented link type 7% (e.g see Figure 3.5). Note that regarding the
construction of 77, roughly speaking, the knot components K; and K, of any link
L = (Ky, K) in 7% are linked in the same way as the components of the other links
in 77 however, the links in 7 do not necessarily have the same link type.

Next, we give a brief introduction to 2-string tangles. Then we state a lemma,

o4



()

(a) Unknot (b) Trefoil knot
d
b
C
Q a
(c) (d) The connected sum of unknot and tre-

foil knot

Figure 3.4: The connected sum of an unknot with a trefoil knot
resulting in another trefoil knot.

from [37, 38], indicating the conditions under which a two-component link is non-
splittable (topologically linked). We will use this result later, in chapters 4 and 5, to

define a pattern that guarantees topological linking of polygons.

The following definitions are presented from [38]. A 2-string tangle is a pair (B, t)
where B is a 3-ball, i.e. it is homeomorphic to {(x1, 72, z3) € R? | /2 + 23 + 23 <
1} C R3, and t is a set of two disjoint arcs properly embedded in B. Any subset E
of R? that is homeomorphic to [0, 1] is called an arc. An arc E is said to be properly
embedded in B if there is a continuous function f : [0,1] — B such that E = f([0, 1])
is homeomorphic to [0,1] and the two endpoints of the arc, f(0) and f(1), are the
only points in the boundary of B. Note that S? is the boundary of B. Any surface
D that is homeomorphic to Dy = {(21,22,0) € R® | /27 + 23 < 1} C R? is called
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(a) 7 (b) 7'

Figure 3.5: 7’ is an augmented link made by connecting a trefoil knot
to one of 7’s components. 7’ has augmented link type 77 but doesn’t
have the same link type as 7.

a disc. A disc D is said to be properly embedded in B if there is a continuous function
f : D1y — B such that D = f(D;) is homeomorphic to D; and 0D is a subset of
the boundary of B and no other point of D intersects the boundary of B. Two
tangles are considered equivalent if there is an ambient isotopy of one tangle to the
other keeping the boundary of the 3-ball fixed. A tangle (B,t) is locally trivial if any
2-sphere in B which meets t transversely in two points bounds in B the unknotted
tangle, i.e. the trivial tangle on one string. A 2-string tangle (B,t) is inseparable
if the two arcs cannot be separated by a disk properly embedded in B. A tangle is
prime if it is locally trivial and inseparable, see [30, 38] for more details on tangles.
Examples of trivial, prime and separable tangles are illustrated in Figure 3.1.

Let S® denote the three dimensional sphere, i.e. S® = {(x1, 72,73, 24) € R? |

Va?+ a3+ 22 + 23 = 1} € R The following is shown in [37, 38] (actually it is

shown in more general terms involving tangles on n strings):

Lemma 3.1.8 ([37, 38]). (i) Let (C,v) be a 2-string tangle and let D be a disk
properly embedded in C' that intersects both arcs of (C,v) in a single point each
and separates (C,v) into two 2-string tangles (A,t) and (B,u). Let (B,u) be an
inseparable tangle. Suppose for any disk D' properly embedded in A with D'NOD = ()

and D' Nt =0 that D' does not separate t, then (C,v) is an inseparable tangle.
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(@) (b) ()

® &

(d) (€)

Figure 3.6: (a) is the trivial 2-string tangle, (b) is equivalent to the
trivial 2-string tangle, (c) is the trivial 1-string tangle, (d) is a prime
tangle and (e) is a separable tangle that is not locally trivial so it is not
a prime tangle.

(ii) Let L be a link in S®. Suppose that S is a 2-sphere in S® meeting L trans-
versely in /4 points and dividing (S, L) into two 2-string tangles (A, AN L) and
(B,BNL). Then if the two tangles (A, AN L) and (B, BN L) are inseparable, then

L 1s non-splittable.

3.2 Asymptotic Behaviour of Polygonal Knots and
Links in Z3

In this section some results on the asymptotic behaviour of the number of polygonal
knots and links, with some specific topological properties, in Z3 are reviewed. In

particular, the knotting probability of lattice polygons, considered as a knot or as a
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component of a two-component link in Z?2, is discussed.
Let p2 be the number of n-edge unknotted SAPs in Z3 up to translation. The

following theorem holds.

Theorem 3.2.1 (Sumners and Whittington 1988 [55]).

lim n~'logp® = Kk, < K, (3.2.1)

n—oo

hence the probability that an n-edge self-avoiding polygon is knotted, p”p_p;]‘

n

, goes to

—an—+o

unity as 1 — e () when n — oo, with o = K — K.

L7 LIV

(a) A tight trefoil pattern (b) An occurrence of a tight trefoil pattern
in a knot

Figure 3.7: A tight trefoil pattern such that its occurrence in any
polygon guarantees that the polygon is knotted.

The proof of Theorem 3.2.1 is based on the pattern theorem for SAPs in Z3, The-
orem 2.3.1, and the fact that any lattice polygon containing a tight trefoil pattern
(see Figure 3.7) must be knotted. We will later use a similar strategy to discuss the
topological linking probability of two self-avoiding polygons. Note that the existence
of the connective constant for unknotted SAPs is mainly based on the fact that con-

catenating any two unknotted SAPs, as described in Section 2.2, results in another

unknotted SAP.
Given a non-splittable two-component link 7, let pg) (7%) denote the number of

polygonal links (wy,ws) in Z? (i.e. (w1, ws) has its vertices in Z3) having the same
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augmented link type as 77 and consisting of two mutually avoiding self-avoiding
polygons each with n edges (up to translation). The following theorem explores the

asymptotic behaviour of the number of such polygonal links in Z3.

Theorem 3.2.2 (Orlandini et al. 1994 [39]). Let T be a non-splittable two-component

link. Then

(2) ( _#
lim 08P () (3.2.2)
n— 00 2n

Given a two-component link 7, let pg)(M ,7%) denote the number of polygonal
links (wp,ws) in a cube of side M, having the same augmented link type as 7# and

consisting of two mutually avoiding self-avoiding polygons each with n edges.

Theorem 3.2.3 (Orlandini et al. 1994 [39]). Let T be a two-component link. Then

log p& (M, 7#
im ogpe LT (3.2.3)
n,M—o00 2n

provided that n and M both go to infinity such that M > n+q and M = e°™. Here

q s independent of n and M, but may depend on 7.

In order to investigate the asymptotic behaviour of polygonal links, one must
somehow constrain the two polygons so that there is a finite number of configurations
with n-edges. In Theorem 3.2.2; one type of constraint is considered by assuming 7
to be a non-splittable link. Confinement of polygonal links to a cube of side M is also
another type of constraint which is assumed in Theorem 3.2.3. Next, we will consider
a similar but different type of constraint and investigate the asymptotic behaviour
of both splittable and non-splittable polygonal links in Z3. Given any pair of edges
e and f in E(Z?), the distance between these two edges, d(e, f), is defined to be
the Euclidean distance between the midpoints of e and f. Given a non-negative
integer k, let pg)(k) be the number (up to translation) of polygonal links (wy,ws)

in Z3 consisting of two mutually avoiding self-avoiding polygons each with n edges

and having a pair of edges, one from each polygon, within distance k& of each other.
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Let pi (u; k) denote the number (up to translation) of such polygonal links in Z3

which are non-splittable. Hence pg) (s; k) = pg) (k)— pg) (u; k) is the number of those

polygonal links in Z? which are spittable. The following theorem holds.

Theorem 3.2.4.

(2)
lim log pr.” (k) _

Proof. The proof presented here is a straightforward modification of the proof of
Theorem 3.2.2 given in [39, Theorem 2.2].

Let (wy,ws) be a polygonal link in Z® consisting of two mutually avoiding self-
avoiding polygons w; and ws each with n edges and having a pair of edges, one from
each polygon, within distance k of each other. Let v be the bottom vertex of wy. w;y
is confined to a cube, C}, of side n with bottom vertex v — (%, 5, ), in particular,
because the span of an n-edge polygon cannot exceed 3. Let Cy be a cube, containing
C1, with side length 2n + 2k and bottom vertex v — (n + k,n + k,n + k). Note that
(w1, ws) cannot contain a pair of edges, one from each polygon, k units apart if
the bottom vertex of the other polygon, ws, is not within the cube C5. So we can
construct each polygon in p, ways and translate one relative to the other in at most

(2n + 2k)3 positions. Hence the following upper bound is obtained for pg)(k):
PP (k) < (2n + 2k)%p?. (3.2.5)

Taking logarithms, dividing both sides of the above equation by 2n and taking the

limit superior as n — oo gives

log pi; (k
lim sup %() < K. (3.2.6)
n—oo n

Since pg) (us k) < pg)(k) and pg)(s; k) < pg)(k‘), the above equation also implies

log p2 (u: k
lim sup 20821 (U k)

3.2.7
n—oo 2n =n ( )
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and
(2) (..
log pr’ (s; k) <

lim sup K. (3.2.8)

00 2n

Define the two-component polygonal link (w},w)) as follows (e.g. see Figure
3.8 (a)): Let w} be the polygon which is the undirected version of the closed walk
(1+k)j,2i, k, —(1+k)7, —k, —27) starting at the origin. Let also w), be the polygon
which is the undirected version of the closed walk (/%, (1+k)7, —k, 2i, —(1+k)j, —21)
starting at (1,1,0). Note that each polygon has 2k + 8 edges, and (wj,w})) is a
non-splittable link containing the pair of edges ¢ = {(1,1+ k,0),(2,1+ %,0)} and
es = {(1,1,0),(2,1,0)}, respectively from | and w}, exactly k units apart. Given
any pair of (n — 2k — 8)-edge polygons G and Go in Z?, using the concatenation
argument for SAPs in Z?, one can easily concatenate G; to w] and w) to Gy to obtain
a new pair of polygons GGy o w} and wj o G5. An example is illustrated in Figure 3.8.
Regarding the construction, (G o wi,w) o Gs) is a non-splittable link containing a
pair of edges exactly k units apart. Note that, by the concatenation argument for
SAPs in Z3, both G; (G5) and the polygon obtained by rotating G (G9) give rise
to the same polygon G ow] (wjo Gy). So there are exactly p,_ox_s/2 choices for Gy

(G). Hence the following lower bound is obtained for p{ (u: k).

Drops/4 < PP (us k). (3.2.9)

Taking logarithms, dividing both sides of the above equation by 2n and taking the

limit inferior as n — oo gives

log pi? (u; k)

k < liminf (3.2.10)
n—oo n
Therefore, equations 3.2.7 and 3.2.10 together yield
log pi (us k
T C LI, (3.2.11)

n—o0 2n
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)

G, (W), wy) G,

(a) The 8-edge polygons G; and Go, and the 20- (b) The 36-edge link (G7 o wi,w}) o Ga).
edge link (w],wb).

Figure 3.8: An example of constructing (G o w},w) o Ga) from Gy,
G5 and (wi,w)). Note that the edges shown with thicker lines are in
the plane z = 1 and the rest are in the plane z = 0. The four edges
added to concatenate G; to w] and wj to Gy are shown with dashed
lines. Note that in this example £ = 1, n = 18 and the two edges
eh ={(1,2,0),(2,2,0)} and ¢, = {(1,1,0),(2,1,0)} are exactly 1 unit
apart.

A similar argument to that presented above works also for splittable polygons.
Define the two-component polygonal link (w},w)) as follows: Let w] be the poly-
gon which is the undirected version of the closed walk (j, i, —7, —%) starting at the
origin. Let also w) be the polygon which is the undirected version of the closed
walk (j,7,—j, —i) starting at (k + 1,0,0). Note that each polygon has 4 edges
and (w],wy) is a splittable link with the pair of edges €] = {(1,0,0),(1,1,0)} and
ey ={(1+£,0,0), (14 k,1,0)}, respectively from v} and w?, exactly k units apart.
Given any pair of (n — 4)-edge polygons G} and G in Z3, using the concatenation
argument, for SAPs in Z3, one can easily concatenate G to w{ and w} to Gy to
obtain a new pair of polygons G; o w{ and wj o G5. Regarding the construction,
(Gyow],wlo@Gy) is a splittable link containing a pair of edges exactly k units apart.
Note that, by the concatenation argument for SAPs in Z?, both G; (G3) and the

polygon obtained by rotating G (G3) give rise to the same polygon Giow] (whoGs).
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So there are exactly p,_4/2 choices for G; (G2). Hence the following lower bound is
obtained for p{ (s; k).

Pa_a/4 < PP (k). (3.2.12)
Taking logarithms, dividing both sides of the above equation by 2n and taking the

limit inferior as n — oo gives

log i (s; k)

k < liminf (3.2.13)
n—oo n
Therefore, equations 3.2.8 and 3.2.13 together yield
log pr,” (s; k
lim 18P (K)o (3.2.14)

n—00 2n

Furthermore, the fact that p (u k) < pn)(k), equation 3.2.6 and 3.2.10 imply

that

log p)
iy 08P (k)

= k. 3.2.15
Jim — K (3.2.15)

Therefore, equations 3.2.11, 3.2.14 and 3.2.15 yield

2) 2) (.. 2) (.
lim M — lim w — lim w = K. (3.2.16)

n—oo n n—oo n n— 00 27L

O

Like the knotting probability of a single polygon, one can ask under what condi-
tions are all but exponentially few sufficiently long pairs of polygons linked? If the
two polygons are constrained to have a pair of edges, one from each polygon, within
a fixed distance from each other, Theorem 3.2.4 establishes that the exponential
growth rate of the number of topologically linked polygon pairs (up to translation)
is equal to that of the number of topologically unlinked polygon pairs. So, unlike
the situation with knotting, we cannot say that all but exponentially few sufficiently
long pairs of self-avoiding polygons are linked, even with this distance constraint. It
is possible (although not proved) that the linking probability goes to one as n goes
to infinity, but it will not go to one exponentially rapidly.
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The following theorem investigates the knotting probability of the knot compo-
nents of the polygonal links in Z* which have the same augmented link type as 77,

for a non-splittable link 7.

Theorem 3.2.5 (Orlandini et al. 1994 [39]). Let T be a non-splittable two-component
link. The probability P? (n, 7#) that both components (each with n edges) of a polyg-

onal link (wy,ws) in Z3> with augmented link type 7% are knotted goes to unity as
P@ (n, 7#) = 1 — e-on+olm) (3.2.17)

when n — 00. « s the value introduced in Theorem 3.2.1.

Given a non-splittable two-component link 7 with each component the unknot,
let pi? (7) denote the number of polygonal links (wy,ws) in Z3 having the same link
type as 7 and consisting of two mutually avoiding unknotted self-avoiding polygons
each with n edges (up to translation). The following theorem shows that p\’(7)

grows exponentially with n and the exponential growth rate is independent of the

link type 7 [39, 52].

Theorem 3.2.6 (Orlandini et al. 1994 [39]). Let T be a non-splittable two-component

link with each component the unknot. Then

log py)
iy 1087 (1)
n—oo 2n

= Ko (3.2.18)

Note that theorems 3.2.2, 3.2.4 and 3.2.5 can be easily extended to obtain similar

results for k-component links, i.e. disjoint unions of k self-avoiding polygons [52].

3.3 Asymptotic Behaviour of Polygonal Knots and

Links in Tubes

The goal of this section is to discuss the effects of the tube constraint on the topo-

logical entanglement of polygons measured by knotting and linking probability.
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Let p% (N, M) denote the number (up to z-translation) of n-edge unknotted SAPs
in an (N, M)-tube. The following theorem shows that a similar result to Theorem

3.2.1 holds for lattice polygons in tubes, i.e.

Theorem 3.3.1 (Soteros 1998 [51]). For N and M such that the (N, M)-tube can

contain a tight trefoil K, pattern for some b > 0

lim n~'logp? (N, M) = k,(N, M) < k,(N, M) (3.3.1)

and hence the probability that a self-avoiding polygon in an (N, M)-tube is knotted
goes to unity as 1 — e~ @W:Mnto(m) yhen n — oo, with a(N, M) = k,(N, M) —

Ko(N, M).

The idea of the proof of this theorem is similar to that given for Theorem 3.2.1
except that here the pattern theorem for SAPs in tubes, Theorem 2.4.2, is used
instead of that for SAPs in Z3.

Given a non-splittable two-component link 7, let pg)((N , M), ) denote the
number of polygonal links (wy,ws) in T (N, M) having the same augmented link type
as 7" and consisting of two mutually avoiding self-avoiding polygons each with n
edges (up to z-translation). The following theorem is a straightforward modification

of Theorem 3.2.2 for polygonal links in tubes.

Theorem 3.3.2 (Tesi et al. [58]). Let 7 be a non-splittable two-component link.

Then
(2) #
llm lngn ((NuM)vT )

n— 00 2n

= kp(N, M). (3.3.2)

Let pi? ((N, M), u; k) (pg)((N, M), s; k)) denote the number (up to z-translation)
of non-splittable (splittable) polygonal links (wy,ws) in T'(IN, M) consisting of two
mutually avoiding self-avoiding polygons each with n edges and having a pair of
edges, one from each polygon, within a fixed distance k£ from each other. The fol-

lowing theorem explores the asymptotic behaviour of the number of such polygonal

links in T'(N, M).
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Theorem 3.3.3.

log i (N, M), u; log p? (N, M), s;
i 0gPn (N, M) usk) . logpa (N, M), s; k)

=k, (N,M).  (3.3.3)

We can use an argument similar to that given for the proof of Theorem 3.2.4
to prove Theorem 3.3.3, except that the concatenation for SAPs in a tube will be
needed instead of that for SAPs in Z3. Theorem 3.3.3 shows that in a tube, as in
73, even if two edges, with one from each polygon, are forced to be close, the rest of
each polygon has a considerable amount of freedom so that their centres of mass can
be very far apart. Therefore, like the situation in Z3, we cannot say that in a tube
all but exponentially few sufficiently long pairs of self-avoiding polygons are linked.
However, later in Chapter 4, we will consider a much more severe distance constraint
and will prove that in this case for large enough values of n the two polygons would
be linked with high probability (except here n will be the total number of edges).

Given a non-splittable two-component link 7 with each component the unknot, let
pf)((N, M), T) denote the number of polygonal links (wy,ws) in T (N, M) having the
same link type as 7 and consisting of two mutually avoiding unknotted self-avoiding
polygons each with n edges (up to z-translation). A straightforward modification of

Theorem 3.2.6 implies the following result for polygons in a tube.

Theorem 3.3.4 (Tesi et al. [58]). Let T be a non-splittable two-component link with

each component the unknot. Then

log pi? (N, M
lim 282 (VM) 7)o gy, (3.3.4)

n—o0 2n
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CHAPTER 4
THE LINKING PROBABILITY OF TwoOo SAPS

CONFINED TO AND SPANNING A TUBE

4.1 Introduction

Polygonal self-entanglements have been investigated using topological measures such
as the probability of knotting. In particular, as discussed in Section 3.2, it has been
proved, both in Z* and in a tube, that all but exponentially few sufficiently long
self-avoiding polygons are knotted and thus the probability of knotting of lattice
polygons approaches one as the size of a polygon goes to infinity [43, 51, 55]. One
can ask similar questions regarding the entanglement complexity of two self-avoiding
polygons. For example, under what conditions are all but exponentially few suffi-
ciently long pairs of polygons linked? If the two polygons are constrained to have a
pair of edges, one from each polygon, which are within a fixed distance from each
other, Theorem 3.2.4 established that the exponential growth rate of the number of
topologically linked polygon pairs (up to translation) is equal to that of the num-
ber of topologically unlinked polygon pairs. So, unlike the situation with knotting,
we cannot say that all but exponentially few sufficiently long pairs of self-avoiding
polygons are linked, even with this distance constraint. It is possible (although not
proved) that the linking probability goes to one as n goes to infinity, but it will not
go to one exponentially rapidly.

As discussed previously in Theorem 3.3.2, Tesi et al [58] investigated the same
question for pairs of mutually avoiding self-avoiding polygons confined to tubes and

came to the same conclusion. In this chapter we consider a much more severe distance
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constraint. The two polygons are constrained in such a way that (roughly speaking)
each edge of one polygon is forced to be “close” to some edge of the other polygon. In
this case one might expect that for large enough values of n the two polygons would
be linked with high probability. This type of constraint was investigated numerically
by Orlandini et al[39] and Tesi et al [58] who considered two n-edge polygons confined
to a lattice cube with side length M and used Monte Carlo simulation to estimate
the average linking number as a function of n and M; their results (see for example
(39, Fig. 3] or [58, Fig. 7]) show that the probability that two polygons in a cube are
homologically linked (i.e. have non-zero linking number) increases with increasing n
for fixed M, and with decreasing M for fixed n. Thus, as expected, more confined
polygon pairs have a higher linking probability. Their results also suggested that
topologically linked pairs are also homologically linked with high probability for
configurations in which the two polygons are strongly interpenetrating, whereas this
probability becomes smaller for configurations in which the two components are, on
average, further apart [39, p.342]. Off the lattice, Arsuaga et al [2] investigated both
theoretically and numerically uniform random polygons in the unit cube in R®. For
a fixed simple closed curve S, they proved that (as n — 00) the probability that the
linking number, Lk(S, R,), is non-zero for any two-component link (S, R,,), with R,
an n-edge uniform random polygon, approaches 1 at least as fast as 1 — O(1/y/n).
Their numerical results indicate that the probability that Lk(R,, R,,) is non-zero,
with (R,, R,,) a pair of uniform random polygons having n and m edges respectively,
goes to 1 like 1 — O(1/4/nm). Herein, we do not confine the polygons to a cube but
rather we consider two self-avoiding polygons confined to a lattice tube (oo x N x M)
with an added constraint that forces each edge of one polygon to be close to some
edge of the other polygon and prove theoretical results about the linking probability
(both homologically and topologically).

Specifically we consider a pair of mutually avoiding self-avoiding polygons each
confined to and spanning a tube, i.e. each with the same span in the tube direction
(see Figure 4.1). Such a pair is referred to as a System of two Self-avoiding Polygons

and n is now used to denote the total number of edges in the pair. We establish that
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the homological linking probability goes to one at least as fast as 1—O(n /%) and that
the topological linking probability goes to one exponentially rapidly. Furthermore
we prove for this model that the linking number grows (with probability one) faster
than any function that is o(y/n); i.e. for any function f(n) = o(y/n), there exists
A > 0 such that as n — oo the probability that |Lk(wy,ws)| > f(n), with (w;,ws)

the component polygons of an n-edge 2SAP, satisfies

P(|Lk(wr,w2)| > f(n)) =1 — % + 0(%). (4.1.1)
Hence
JLIEOIP(|Lk(w1,w2)| > f(n)) = 1. (4.1.2)

We also show that the linking number cannot grow faster than linearly in n because
of the tube constraint; i.e. there exist constants a and b such that for any n-edge
2SAP

|LEk(wy,wo)| < an + b. (4.1.3)

We give a simple example to show that the upper bound in equation (4.1.3) for
2SAPs can be realized. Thus the homological linking probability goes to one at least
as fast as 1 — O(n~1/2) and at most linearly in n.

This chapter is organized as follows. In Section 4.2, we introduce a precise def-
inition of our model. Then, in Section 4.3, two lemmas are proved to show that
(CONCAT) and (CAPOFF) are satisfied for 2SAPs. We first use these, in Section
4.4, to establish the existence of the connective constant for 2SAPs and show that it
is strictly less than that of SAPs. Then the lemmas of Section 4.3 are used in Section
4.5 to prove a pattern theorem for 2SAPs. In Section 4.6, the pattern theorem and
a pattern proved by C. Ernst to guarantee topological linking is used to establish
the results on topological linking of 2SAPs. In Section 4.7, the pattern theorem
combined with some techniques similar to the ones presented in [24] implies a lower
bound (with probability one) on the rate of increase of the linking number of 2SAPs
and proves that the linking probability goes to one as the length of a 2SAP goes to
infinity. In Section 4.8, we give an upper bound for the linking number of 2SAPs in

a tube which is of smaller order than the known upper bound for links in Z* due to
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the tube constraint. Finally, the results presented in this chapter are summarized in

Section 4.9.

4.2 2SAPs

In this chapter, we are going to investigate the linking probability of two mutu-
ally avoiding SAPs confined to a tube under some constraints. The model for the

configurations of a pair of SAPs is defined as follows:

Definition 4.2.1. A System of two Self-avoiding Polygons (2SAP) of size n in an

(N, M)-tube is a finite subgraph G of T'(N, M) satisfying the following conditions:
(i) The total number of edges in G is n (n even).

(ii) Each vertex of G has degree two and G has exactly two connected components
w; and wy (hence w; and we are mutually avoiding self-avoiding polygons),
where w; is the component that contains the lexicographically smallest vertex

of G. We write G := (wy,ws).

(iii) There exists x1,x2 € Z such that the components w; and wy each span the
length (in the x-direction) of the subtube with vertex set {(x,y,2) € Z*|z; <

r<29,0<y<N,0<z< M}, That is,
min{x\(:z:,y,z) € wl} = min{x\(:z:,y,z) € w2} =1

and

max{x|(x,y, 2) € wl} - max{x|(x,y,z) € w?} = X2.

Consistent with the definitions of the span and the left-most (right-most) plane
for any finite subgraph of Z3, presented in Section 2.1, we say zy — z; is the span
of the 2SAP and that © = z; (x = x9) is the left-most (right-most) plane of the
2SAP. See Figure 4.1 for an example of a 25SAP. Note that in these figures (and
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all other figures in this chapter), edges of one component polygon are illustrated
with thicker edges than those of the other component polygon. Also note that
by Definition 4.2.1, there exists no 2SAP in the (N, M)-tube for the choices of
(N, M) € {(0,0),(0,1),(1,0),(0,2),(2,0)} and at most two n-edge 2SAPs for any
n when (N, M) = (1,1). For convenience and since we are focussing on three di-
mensions, when considering 2SAPs in an (N, M)-tube, we refer to the set of pairs
of positive integers (N, M) # (1,1) as allowed tube dimensions and, unless stated

otherwise, assume that (NN, M) is restricted to the allowed pairs.

5

Figure 4.1: A 2SAP with size 32 and span 5 in a (4, 3)-tube.

4.3 (CONCAT) and (CAPOFF) for 2SAPs

In order to prove our main results about linking probabilities we need to establish
a pattern theorem for 2SAPs. As discussed in Section 2.5, this can be done by
establishing that it is possible to insert any pattern at an arbitrary location in a
2SAP as depicted in Figure 4.6 and as described in Proposition 2.5.1 of Section 4.5.
The two lemmas, (CONCAT) and (CAPOFF), presented in this section are useful
for establishing Proposition 2.5.1. In addition, (CONCAT) will be used to establish
the existence of the connective constant for 25APs in Section 4.4.

Following the terminology of Section 2.5, we adapt the arguments given in Section
2.5 for 2SAPs. For each positive integer n, let @} be the set of all n-edge 2SAPs

whose lexicographically smallest vertex (bottom vertex) is in the plane x = 0. Define
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Q" = U, o0 @y,- For any n-edge 2SAP G, the translation (—x1,0,0) along the r-axis
gives an element of Q¥ i.e. G+ (—x1,0,0) € QF. Let bg = x5 — 21 denote the span
of G. Hence x = b + 7 is the right-most plane of G.

The following lemmas show that for 2SAPs there exist choices of ¢y, tr and myp

for which (CONCAT) and (CAPOFF) hold.

Lemma 4.3.1. For any allowed tube dimensions (N, M), any choice of ty > 18 +
8(N+M) and ¢y = 4tp +8(N+ M) +4, (CONCAT) holds for 2SAPs in T'(N, M).

Proof. In particular we prove that there exists integers tr > 1, ¢y > 1 and a con-
catenation process defined for 2SAPs in T'(N, M) such that:

Given G = (w1,wq) € QF and Gy € QF, with respective spans b; and b, con-
catenating G to the translate, G + (tr + b1,0,0), forms G € Q; ..., such that
GNVy1 =GNV, 1 and GN (V14 (tr+01+1,0,0)) = [GaN (Va1 +(1,0,0))] +
(tr +b1,0,0) (i.e. only the right-most plane of G; and the left-most plane of G5 can
be altered in the concatenation process).

Define e; = {v1,v2} (v1 < v9) and ey = {uy,us} (u; < ug) such that e; is the
bottom edge in the plane x = b; of one of the polygons of Gy, ey is the bottom
edge in the plane x = b; of the other polygon of G; and v; < wug, where in the
case of ambiguity v; is chosen such that z(vy) < z(uy) (see for example Figure 4.2
(a)). Similarly, we can obtain the two edges é; = {01,702} and é; = {uy, U2} on the
left-most plane (z = 0) of G with 9, < w9, where in the case of ambiguity v, is
chosen such that z(01) < z(dy).

The strategy for the proof of this lemma is to first show that there exists an integer
t such that it is always possible to connect G \{e1, ea} with (G2\{é1, é2})+(t+b1,0,0)
by four mutually self-avoiding walks inside the tube; the walks connect the endpoints
v;, w;, @ = 1,2, to the endpoints v; + (t + by,0,0), @; + (t + 01,0,0), i = 1,2, so that
the right-most plane of GGy is connected to the left-most plane of Gy + (¢ + by, 0,0)

and the result is a 2SAP. Then we give an argument for determining appropriate
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Figure 4.2: Converting (eq,ez2) to (e, e3) as needed for the proof of
Lemma 4.3.1.

values of t7 and ¢ for which (CONCAT) holds (see for example Figure 4.3).

Let vf = (by +5,0,0), v = (by +5,1,0), uf = (by +5,N — 1, M) and u} =
(by + 5, N, M). Let ef = {v},v3} and e} = {uf,ul}, as illustrated in Figure 4.2.
We will explicitly construct four paths that will connect the endpoints of e; to the
endpoints of €] for ¢ = 1,2. Then by symmetry, there are also four paths that connect
the endpoints of é; + (b + 10,0,0) to the endpoints of e} for i = 1,2. Therefore,
taking the union of these paths, we obtain a connection of the endpoints of the edge
e; for i = 1,2 to, respectively, the endpoints of é; + (by + 10,0,0) for ¢ = 1,2 (see
Figure 4.3 (a)).

The following algorithm describes the paths connecting e; to e}, i = 1,2 respec-
tively.

1) Extend all the vertices vy, vo, u; and uy one unit along the positive = direction;
i.e. add the edges {vy, vy + 1}, {vy,vg + 1}, {ug,us + 1} and {ug, uy + 1}.

2) If edge e; is horizontal then we do the following: Since the only occupied
vertices in {(z,y,2) € Z3|by +1 <2 <b; +4,0 <y < y(vy),0 < 2 < 2(vy)} are the

vertices created by the first step, continue by adding the walk (—y(vl)j, —z(vl)l%, 42)

to vy to connect it to vF. Similarly, add the walk (7, —(y(vs) — 1), —2(v2)k, 31) to v

to connect it to v} (see Figure 4.2 (a)).
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3) If edge e; was not horizontal then it is vertical. Instead of step two we do
the following: As before, the only occupied vertices in {(z,y,2) € Z3|b; + 1 < z <
b1 +4,0 <y <y(v1),0 <z < z(vg)} are the vertices created by the first step. Hence
continue by adding the walk (—y(vl)j, 21, —z(vl)/%,j,%) to v; to connect it to v;.

Similarly, add the walk (—y(vs)J, 31, —2(va )k, ) to vs to connect it to v} (see Figure
4.2 (b), (c) and (d)).

4) If edge ey is horizontal then we do the following: The fact that v; < wus
guarantees that either u; > vy or z(ug) = z(u1) > 2z(ve) > z(vy) (see Figures 4.2
(a) and (d)). Hence the previous constructions ensure that {(z,y,2) € Z*|b; + 1 <
r<b+4yu) <y <N zu)<z< M} contains only vertices created by the
first step, and the following construction is possible. Continue by adding the walk
(i, (N — 1 — y(u1))], (M — z(u1))k, 3i) to uy to connect it to uf. Similarly, add the
walk (N — y(u2))], (M — z(us))k,4%) to us to connect it to u} (see Figure 4.2 (a)

and (d)).

5) If edge e; was not horizontal then it is vertical. In this case, the fact that
v; < up guarantees that either u; > vy or z(ug) > z(uy) > z(vy) = z(vy). Hence
the previous constructions ensure that the only occupied vertices in {(z,y,z) €
Z3by +1 <2 <b +4,y(u) <y <N, z(u) <z < M} are vertices created by the
first step. Instead of step three we now do the following: Continue by adding the
walk (N — y(u1))7,3t, —, (M — z(u1))k,2) to uy to connect it to u}. Similarly, add

~

the walk ((N — y(u3))7, 31, (M — z(u2))k, 1) to us to connect it to u} (see Figure 4.2
(b), (¢)).

The above construction results in four mutually avoiding SAWs with span 5
that connect the vertices of the edges (e, ez) to the vertices of the edges (ef,e3).
By symmetry, there are four mutually avoiding SAWs with span 5 that connect
the vertices of the translated edges (é1,¢é2) + (10 + b1,0,0) to the vertices of the

edges (ej,e), and hence we can concatenate (G; with G5 by inserting the four
g 15 €2
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SAWs of span 10 described by the above algorithm (see for example Figure 4.3
(a)). Let ¢(N, M, ey, eq,é1,¢é) be the number of edges added in this construction.
Note that 40 < ¢(N, M, ey, e, 61,62) < 40 + 8(N + M + 1) and the exact value of
¢(N, M, ey, eq, é1,é9) depends only on the edges ey, ey, €1, é2 from the 2SAPs G and
Go.

R

P2

P2

() (d)

Figure 4.3: An example illustrating how to find ¢+ and ¢y for the
proof of Lemma 4.3.1. (a) Shows an example of the four SAWs of span
10 used to concatenate G7 and Gy in the proof. (b) Illustrates the
8(N + M + 1)—pattern P%. (c) Shows P? inserted at P'. (d) Shows
how to increase the number of edges by appropriately changing the
pattern P? to P*.

We now have to choose numbers tr > 10 and ¢z, such that (CONCAT) holds for
all 2SAPs. To do this we need to insert an appropriate pattern into the concatenated

2SAPs. The appropriate pattern is constructed as follows (see for example Figure

75



4.3). Let P? be the 8(N + M + 1)—pattern illustrated in Figure 4.3 (b). P? can be
inserted into the four SAWs by our construction. (The algorithm above describes the
construction of a 5-pattern whose right-most-plane is the 0-pattern P! (see Figures
4.2 and 4.3 (a)); this allows for the insertion of P? starting at P!, see Figure 4.3
(c).) Inserting P? increases the span size by 8( N + M + 1) units and will allow a
choice of t7 = 18 + 8(IN + M). Inserting P? also increases the number of edges by
32(N+M+1). Let ¢ = ¢(N, M, ey, 3, €1, é2)—40 Now we want to increase the number
of edges by a further 8(N + M + 1) — ¢ to obtain a total of 40 + 40(N + M + 1)
edges within the 4 SAWs, independent of the choice of the 4 SAWs. Note that
8(N + M + 1) — ¢ is a non-negative even integer since 40 + ¢ is the number of edges
in a 2SAP minus 4. If M > 1 set u = l%; otherwise we have M =1 and N > 1 so set
@ = j. We increase the number of edges by appropriately changing the pattern P2
to Pt (see Figure 4.3 (d)). More precisely, we replace the walk, (8(N + M + 1)i),
starting at uf = (b; +5, N — 1, M), by the walk, (2(8(N + M +1) —c)[i, —a,1, 4], ci),
which has length 16(/N + M + 1) — ¢. Thus the final result is a 2SAP G with length
n+m+ cp where ¢p = 36 + 40(N + M + 1) (recall that four edges must be deleted
from G; and G3) and with span by + by + t7 where tr = 18 + 8(N + M). (Note
that by inserting another P? with span & > 1, one can further increase the span
by k and at the same time increase the number of edges by 4k. Therefore we can
generalize this construction by taking any t7 > 18 + 8( N + M) and correspondingly
cr =4tr +4+8(N+ M).) O

Lemma 4.3.2. (CAPOFF) holds for 25APs in Q*.

Proof. We prove that there exists an integer my > 0 such that the following two
cases hold:

Case 1: For any integer b > 0 and any b-pattern P that occurs at (0,0,0) in some
finite size 2SAP H = (wy,ws) € @ with span s > b+1 (i.e. P occurs at the start of

some 2SAP but is not itself a 2SAP), there exists a 2SAP G € Q* with span b+ my
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which also contains P at (0,0,0) (i.e. P is also at the start of G).

Case 2: Similarly, given any b-pattern P’ that occurs at (s —b,0,0) in some finite
size 2SAP in Q* with span s > b+ 1 (i.e. P’ occurs at the end of some 2SAP but
is not itself a 2SAP), there exists a 2SAP G’ € Q* with span b+ m which contains
P’ at (mr,0,0) (i.e. P also ends G’).

We will only consider the first case and construct a 2SAP G € Q* satisfying
(CAPOFF) using the pattern P. A symmetry argument will give Case 2. In the
right most plane of P (x = b), there are an even number, 7, of vertices from the
polygon w; and an even number, j, of vertices from the polygon wy, where the next
step in H is a positive step in the z-direction, i.e. where the vertices have degree one
in P. In fact any capping of the pattern P to create a 2SAP must contain a total of
(7 + 7)/2 mutually avoiding undirected SAWs to the right of x = b. Thus the set of
all possible ways of capping P will be contained in the set Uy, ¢,)7 (01, 02) defined

below.

Consider any subset W consisting of an even number of vertices from Vj (recall
that V{ is the subgraph of the tube generated by the vertices with z-coordinate
x = 0). Take any partition o of W into two element subsets, and any partition of
o into two parts oy and oy. Let 7 (01,0,) be the set of all patterns P’ occurring
at the end of a 2SAP, with left-most plane consisting of exactly the vertices in W,
with the vertices in o7 in one polygon and those in o5 in the other, and consisting of
(lo1] + |o2]) /2 mutually avoiding undirected SAWSs that join up pairwise the vertices
in the left-most plane according to the pair partitions oy and o. For T (o1, 09) # 0,
let m(oq1,02) > 0 denote the minimum span for any element of 7 (oy,09). For
T (01,09) = 0, let m(o1,02) = 0. The number of ways to form oy, 0y is bounded
above by a finite function of N and M. Hence my = max,, o,{m(o1,02)} > 0 exists

and depends only on N and M.

Since there exists a 2SAP 7 € Q* which starts with pattern P, there exists an end
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pattern P’ which caps P off. Clearly P’ and the vertices of degree one in the right-
most plane of P uniquely define a partition, (o4, 09), as described above. Now let P;
be a member of 7 (01, 09) with the minimum span. Then G; = P U (P, + (,0,0))
is a 2SAP with span b+ m(oy,03). G can easily be extended to a 2SAP G with
span my by concatenating a specific 2SAP with span (my — m(oy,03)) starting at

the plane & = b+ m(oy, 02). Therefore 2SAPs in Q* satisfy (CAPOFF). O

4.4 The Connective Constant for 2SAPs

Fix two positive integers N and M and let p, (NN, M) be the number of n-edge SAPs
in T(N, M) (up to a-translation). Let qff)(N, M) =|Qz|, i.e. the number of n-edge
2SAPs in T'(N, M) whose left-most-plane is © = 0. Theorem 2.2.2, proved by Soteros
and Whittington [48, 49], shows the existence of the connective constant for SAPs
in T(N, M), i.e.

kp(N, M) = lim (2n) " log pa, (N, M) < o0. (4.4.1)

n—oo

In this section we prove, using lemma 4.3.1 (CONCAT), the existence of the connec-

tive constant for 2SAPs,
K (N, M) = lim (2n) " log 2 (N, M), (4.4.2)
and show using the pattern theorem for SAPs in T'(N, M), Theorem 2.4.2, that
KD (N, M) < k,y(N, M). (4.4.3)

Theorem 4.4.1. The following limit exists

kP (N, M) = lim (2n) " log ¢52) (N, M). (4.4.4)

Proof. By (CONCAT) (Lemma 4.3.1), one obtains for any even n > 7 and m > 7
@D (N, M)qP (N, M) < ¢, . (N, M). (4.4.5)

(n+m+-cr)
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Also, for even n > 8, qff)(N, M) < Z?;fpj(N, M)p,—;j(N,M). Hence, limsup,,_,
(2n)!log qéi)(N, M) < k,(N, M) < oo. The existence of the limit now follows from

the generalized super-multiplicative arguments of Lemma 2.1.3. U

Theorem 4.4.2. For any allowed (N, M), the following inequality holds.

kP (N, M) < (N, M). (4.4.6)

p

Proof. Let A = { all proper SAP b-patterns (b > 1) which contain exactly two
disjoint walks joining the left-most plane of the pattern to the right-most plane of
the pattern }. Note that these SAP patterns cannot appear in any 2SAP. For a
given 2SAP we construct a SAP that will not contain any pattern in A either. Then
using the pattern theorem for SAPs in tubes, Theorem 2.4.2, we can show that the
connective constant for 2SAPs is strictly less than that for SAPs in a tube. Fix the
allowed pair of non-negative integers (N, M) # (1,1). Let G be an n-edge 2SAP
in T(N, M). We start by defining the patterns P’ for ¢ = 3,4,5,6 (see Figure 4.4).
P3 is the 1-pattern that contains only the configurations of the two walks: (%, 7, —%)
starting at (0,0,0), and (7, j, —) starting at (0,0,1). Similarly, P* is the 1-pattern
that contains only the configurations of the two walks: (%, k, —%) starting at (0,0, 0),
and (i, k, —1) starting at (0,0, 3).

The 2-patterns P° and P are defined as follows. P? is the 2-pattern that contains
the two walks: (21, k, —2i) starting at (0,0,0), and (2%,1%, —27) starting at (0,1,0).
PY is defined to be the 2-pattern that contains the two walks: (2%, 3]%, —2%) starting
at (0,0,0), and (7, k, —1) starting at (0,0,1).

Let G (see Figure 4.4) be the 8-edge 2SAP made of the two polygons composed
of the edges in the walks: (7,7, —, —j) starting at (0,0,0), and (1,7, —1, —j) starting
at (0,0,1). Similarly, let G5 (see Figure 4.4) be the 8-edge 2SAP made of the two

polygons composed of the edges in the walks: (%, ke, —1, —ff) starting at (0,0,0), and
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(1, k, —i, —l%) starting at (0,0,3). By Lemma 4.3.1 (CONCAT), we can concatenate
any given 2SAP G to the 2SAP Gy (or Gy if N = 0) so that the resulting 2SAP, G,
ends with the 1-pattern P? (or P*if N = (). Now, without changing the 2SAP except
for the configuration of its right-most plane, we can associate a SAP to this 2SAP
by connecting the two polygons of the 2SAP using the edges of two appropriately
chosen mutually avoiding SAWs. The SAWs are chosen so that they lie on the right
side of the 2SAP’s right-most plane. More precisely, we remove the two edges in the

right-most plane of G and add a translate of the 2-pattern P5 (or PSif N =0).

Figure 4.4: Converting a 2SAP to a SAP.

It is clear that the patterns from A cannot occur in a SAP that is constructed
from a 2SAP as explained above. For P € A, let p, (N, M; P) be the number (up to
z-translation) of n-edge SAPs in T'(N, M) which do not contain P. Given a positive
integer m, let also p, (NN, M;< m,P) denote the number (up to z-translation) of
n-edge SAPs in T'(N, M) which contain fewer than m copies of P. Hence for any

e>0
05 (N, M) < puio N, M; P) < puio N, M < |en ], P), (4.4.7)
where (by Lemma 4.3.1) (CONCAT) ¢ = ¢y + 16 is a constant depending only on

T(N,M). (The value of 16 arises as follows: 8 obtained from G, is added to 8 from

the pattern P° or P%.) Taking logarithms, dividing by n and letting n — oo through
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even n implies

KN, M) < kp(N, M; < €, P), (4.4.8)
where
kp(N, M; < €, P) = limsupn ™' logp,(N, M; < |en], P). (4.4.9)

Moreover, by the pattern theorem for SAPs in tubes, Theorem 2.4.2, we know that
for e = ep

kp(N,M; < ep, P) < k,(N, M). (4.4.10)

Therefore, we have /@f)(N, M) < ky(N,M; < ep, P) < k,(N, M). O]

4.5 Pattern Theorem for 2SAPs

In this section, following the terminology of Section 2.5, we obtain a pattern theorem

for 2SAPs in an (IV, M )-tube.

(©

Figure 4.5: (a) A 2SAP start pattern in 7°(0,5). (b) A 2SAP end
pattern in 7°(0,5). (c) A proper 2SAP pattern in 7°(0, 5).

In the definition of a proper pattern in Section 2.5, Condition (ii) is needed to
exclude patterns which can only occur at the left-most or the right-most plane of
a 2SAP and nowhere else. However, due to Lemma 4.3.1 (CONCAT) any pattern
satisfying condition (ii) automatically satisfies condition (i). This is because once
a pattern P occurs in the interior of a 2SAP G (i.e. not at the start or end of

the 2SAP), by Lemma 4.3.1 (CONCAT), we can concatenate together any number
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of G’s and construct an infinite number of 2SAPs containing the pattern P. Thus
condition (ii) is sufficient for the definition of proper 2SAP patterns. (See Figure 4.5
for examples of start, end and proper 2SAP patterns.)

P

v\

Figure 4.6: For 2SAP G (top left) and proper pattern P (top right),
the pattern insertion algorithm (top-to-bottom on left) for Proposition
2.5.1 is shown: 2SAP G has edges removed (those in V, +t +0; V,
and O’ as defined on right) to result in start pattern P; and end pattern
P,. Py and P, are capped off using Lemma 4.3.2 (CAPOFF) to create
2SAPs G, and G5. Then Gy, Gp (2SAP shown below P on right), and
(i3 are concatenated using Lemma 4.3.1 (CONCAT) to create 2SAP G’
in which P occurs at t.

Define qg)(N, M; < m, P) to be the number of 25APs in Q* which contain less
than m translates of P. The following result is the required pattern theorem and

it is an immediate consequence of Corollary 2.5.3 and the fact that 2SAPs satisfy
(CONCAT) and (CAPOFF).

Theorem 4.5.1. Let P be any proper pattern for 2SAPs in T(N, M). Then there

exists an ep > 0 such that

KP(N,M; < ep, P) < 7 (N, M), (4.5.1)
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where

K,f)(N, M; < ep, P) := limsupn~'log¢'¥ (N, M; < |epn], P). (4.5.2)

n
n—~oo

Therefore, the following Corollary holds.

Corollary 4.5.2. Let P be any proper pattern for 25APs in T(N,M). Then there
exists an ep > 0 such that the probability that an n-edge 2SAP contains at least |epn |

copies of the pattern P approaches one exponentially fast as n goes to infinity.

Proof. Given a proper 2SAP pattern P and ep > 0 as prescribed by Theorem 4.5.1,

let
g9(n) =
(logq (N, M; < |epn],P) — Ii;f)(N, M; < ep,P)n) — (qff)(N, M) — /il(f)(N, M)n)
(4.5.3)

By Theorem 4.4.1,
90

n—oo N

=0 (4.5.4)

hence g(n) = o(n). So
q7(l2)(N M; < |epn], P)

(2)(]\[ M)
which leads to

log (/1](02)(]\7 M;<ep,P) — (2)(N,M))n—|—0(n) (4.5.5)

¢ (N, M; < epn], P)
(2)(N M)
where yp—ﬁ,(, (N, M) — (2)(N,M;<GP,P).

= g7pnton) (4.5.6)

Y

Therefore, the probability that an n-edge 2SAP contains at least |epn| copies of

P is given by

¢? (N, M;> |epn], P) P (N, M) — ¢ (N, M; < |epn], P)
42 (N, M) B ¢ (N, M)
_ 1_qff)(]\f,]\/[;< lepn], P)
g (N, M)
= 1—e et (4.5.7)
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By Theorem 4.5.1, vp > 0 hence the above probability goes to unity as 1 —e~7P"+0)

when n — oo. O

4.6 Topological Linking of 2SAPs

In this section we show that all but exponentially few sufficiently large 2SAPs are
topologically linked by first defining the pattern for 2SAPs introduced by C. Ernst
that guarantees topological linking.

Let (A,t) be the tangle as shown in Figure 4.7 (a) where the 3-ball A is not
shown and only the set of arcs ¢ is visible. Let A+ A = (B, s) be the sum of two
copies of A, see the solid lines of Figure 4.7 (b). Note that the tangle (A, ) is prime
[30] and therefore also inseparable.

The following theorem was proved by C. Ernst using Theorem 3.1.8.

Theorem 4.6.1 (Ernst 2008 [4]). Let L be a 2-component link. Assume that there
exists a 2-sphere S intersecting each component of L in 2 points such that S bounds

the tangle A+ A on one side (see Figure 4.7 (c)), then L is a non-splittable link.

Proof. Let B be a ball bounded by S and let (B, s) be the tangle A + A. Let D
be a disk in the tangle (B,s) that cuts the tangle (B, s) into its two summands
(Cy,t1) and (Cy,te) (see Figure 4.7 (c)) each of which is equivalent to the tangle
(A,t) shown in Figure 4.7 (a). Let S’ be a 2-sphere bounding the 3-ball C;. The
goal is to show that S’ divides (5%, L) into two 2-string tangles each of which is
inseparable. One of these tangles (Cy,t;) is prime and therefore inseparable. The
other is also inseparable by Lemma 3.1.8 (i). This can be seen as follows: The tangle
(cl(S? — Cy),cl(S* — Cy) N L) can be subdivided by the disk D’ = ¢l(S N (8% — C}))
into two tangles. One of these is (Cs,t2) which is inseparable. The other is a two
string tangle that if it contains a disk that separates its two arcs then this disk must
intersect D’. Therefore by Lemma 3.1.8 (i) the tangle (cl(S® — C}), cl(S* — Cy)N L)

is also inseparable. By Lemma 3.1.8 (ii) we conclude that L is non-splittable. O
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Figure 4.7: a) The tangle (A, t). b) Projection into the (x,y)-plane
of a tight 2SAP pattern of tangle A+ A on the cubic lattice. The thick
dashed lines and thick solid lines are in one SAP and the thin dashed
lines and thin solid lines are in the other SAP. ¢) The angled dotted-
dashed line is the projection of the disk D, introduced in the proof of
Theorem 4.6.1, that cuts tangle (B, s) into its two summands (C,t;)
and (Cy,t2) each of which is equivalent to (A,t) in (a).

The solid lines in Figure 4.7 (b) show a tight lattice pattern, or rather its projec-
tion in the (x,y)-plane, which represents the tangle A + A. Once such a tangle has
been created within a link L on the cubic lattice then the link can’t be undone by the
rest of the lattice link. It is easy to check that this pattern occurs in a (7,1)-lattice
tube (i.e. T'(7,1)) involving both strings. If one adds two straight segments parallel
to the z-axis (shown as dashed lines in Figure 4.7 (b)), then this constitutes the
(x,y)-projection of a proper 10-pattern that can occur in a 2SAP in a (7, 1)-lattice
tube. It is easy to see that a topologically equivalent pattern can also occur in a

(2,2), and (3, 1)-lattice tube (by increasing the b-span of the pattern).
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Therefore we obtain the following corollary to Theorem 4.6.1 and Corollary 4.5.2.

Corollary 4.6.2. For allowed (N, M) where M + N > 4 the probability that an
n-edge 2SAP in T(N, M) is a non-splittable link approaches one exponentially fast

as n goes to infinity through even values of n.

4.7 Homological Linking of 2SAPs

In this section, we find a lower bound (with probability one) for the linking num-
ber of 2SAPs. The arguments needed to show the high probability of homological
linking are more complicated than those used for topological linking because there
is no local pattern P that can guarantee a non-zero linking number. Any linking
number contribution generated locally can always be undone in the 25AP elsewhere.
Nevertheless the probability that a 2SAP has a small linking number goes to zero as
the length of the 2SAP increases. In fact we prove that the linking number asymp-
totically grows (with probability one) no slower than /n; i.e. for any n-edge 2SAP
G, and any function f(n) = o(y/n)

lim P(|Lk(G,)| > f(n)) = 1. (4.7.1)

As a result, we show that the probability of a non zero linking number of an n-edge
2SAP goes to one as n — o0.

Let qff)(N, M; Lk < m) denote the number of 2SAPs G = (w;,ws) (up to z-
translation) with linking number, Lk(w;,ws), at most m. We will use two patterns
Py, and Pp. (with projections that are mirror images of each other) whose occurrence
in any 2SAP increases or decreases the linking number by one, depending on the
order induced on the pattern’s edges by the 2SAP’s orientation. Figures 4.8 (a)
and (b) show diagrams of the projections of P, and P« into the (x, z)-plane. In
particular, P, and P+ are chosen so that if one of them occurs in a 2SAP G, then the
corresponding sequence of edges in Dy, (as defined in Lemma 3.1.4) creates exactly
two crossings. Note that in the patterns P;, and Pp-, the edges shown with the same

thickness are in the same polygon. However, the thicker edges do not necessarily
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belong to wy, the first polygon of the 2SAP. In these diagrams a solid line of either
thickness is in the plane z = 1 while a dashed line of either thickness between two
2SAP pattern vertices, u and v say, represents a sequence of edges in the pattern

with 4 and v in the plane z = 1 and the intermediate vertices in the plane z = 0.

P R P.i
(a) The pattern Pr,. (b) The pattern Pp.
1
R P|_3 X
+1 +1 -1 -1
¢) The occurrence type P}. d) The occurrence type P3.
L L

Figure 4.8: Projections of proper 25AP patterns Py, P; are shown in
(a) and (b) respectively. Each pattern is a 4-pattern in 7'(5,1). Lines
shown with the same thickness correspond to edges in the same polygon.
Dashed lines represent a sequence of edges in the pattern with the start
and end vertices in the plane z = 1 and the intermediate vertices in
the plane z = 0. Solid lines are in the plane z = 1. Orientations of Py,
representing two of its occurrence types, P} and P}, are shown in (c)
and (d) respectively.

Let G be a 2SAP in which the pattern P, (Pp+) occurs. Depending on the
orientations of Pp’s (Pr+’s) edges, as induced by an orientation of G, P (Pp+) has
four different occurrence types P} (P}.), P? (P:.), Py (P3.) and P} (P}.). Figures
4.8 (c) and (d) show P} and P}. The projections of P, and P}, are the mirror images

of the projections of P} and P} respectively. P? (P}, P?., P}.) is obtained from
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—  —J C J

(a) (b)

Figure 4.9: (a) An example of P} occurring in a 2SAP G. (b) G’
formed by replacing the 24-edge pattern P} in G by the 24-edge 4-
pattern Py; in this case, Lk(G) = Lk(G’) + 1. Dashed lines represent a
sequence of edges in the pattern with the start and end vertices in the
plane z = 1 and the intermediate vertices in the plane z = 0.

P} (P}, P., P}.) by reversing the directions on all its edges. Note that wherever
Py, (Pp+) occurs in G, it can be replaced by the pattern Py as shown in Figure 4.9
(b) (with one of its orientations) which has the same span and the same number of
edges as Pp, (Pp+). These definitions and Lemma 3.1.4 lead directly to the following

lemma.

Lemma 4.7.1. Let G be a 2SAP in which the pattern Pp, (Pr+) occurs at a specific
location and let G' be the 2SAP constructed from G by replacing the pattern Pp, (Pp+)
by the pattern Py as shown in Figure 4.9 (b). If Py (P ) is of type P} or P} (P3.

or PL.) then the following equation holds
LK(G) = Lk(G") + 1. (4.7.2)
If Py, (Pp+) is of type P} or P} (PL. or P2.) then the following equation holds

Lk(G) = Lk(G') — 1. (4.7.3)

We need one additional lemma to prove the main theorem of this section.
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Lemma 4.7.2. Fori = 1,2,3,4, both P{ and P}. occur in 25APs with the same

probability distribution.

Proof. Fori =1,2,3,4, it can be seen from Figure 4.8 that if P} occurs in any n-edge
2SAP at a specific location, then we can replace P; by Pi. without changing the
number of edges and without changing the orientation of the 2SAP. Similarly, any
occurrence of P¢. can be replaced by P{. Therefore, P and P}i. appear in 2SAPs
with the same probability, i.e. the number of n-edge 2SAPs in which the pattern
P} occurs at a given location (74,0,0) is exactly the same as the number of n-edge

2SAPs in which the pattern P}. occurs at location (j,0,0). O

Theorem 4.7.3. Let (N, M) be an allowed pair with M+ N > 4. For every function
f(n) = o(y/n), the probability that the absolute value of the linking number of an n-

edge 2SAP in T(N, M) is less than f(n) goes to zero as n goes to infinity.

Proof. The proof is based on the pattern theorem for 2SAPs, Theorem 4.5.1, and
also a coin tossing argument as in [10]. Note that the proof here uses the patterns
Py, (Pp+) and hence requires N > 5 and M > 1; modification of these patterns to fit
in other tube sizes is possible and then the arguments below give the proof for any
allowed (N, M) with N+ M > 4. Applying Theorem 4.5.1 for the pattern P, (Pr+),
we have a positive number €, (e¢-) and an integer Ny, > 0 (N« > 0) such that for
even n > N (n > Np-), all except exponentially few n-edge 2SAPs contain at least
lezn] (ler«n]) pairwise disjoint translates of the pattern P; (Pr«). This implies
that for ¢ = min{ey,er -} and even n > max{Np, Ny}, all except exponentially
few n-edge 2SAPs contain at least |en| pairwise disjoint copies of P € {Pp, Pr+}.
Furthermore, by the proof of corollary 4.5.2, there exist v, > 0 and vz« > 0 such
that for v = min{vyg,vy.+}

¢ (N, M;> |en], P)
a2 (N, M)

>1—e M a5 n — 0o, n even, (4.7.4)
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where qq(f)(N, M;> |en], P) is the number of n-edge 2SAPs which contain at least
|en] copies of P € {Py, Pp-}.

Let G be a randomly chosen 2SAP and let [ be the total number of copies of
P € {Pp, P} that occur in G. By Lemma 4.7.1, the two patterns P, and Pp-
occur independently in 8 different ways. Let A = {P}, P? P}.,PL} and B =
{P}l., P, P} P}}. Hence, by Lemma 4.7.1, every pattern from A will add one
to the linking number and every pattern from B reduces the linking number by one.
We order the occurrences of P € { Py, Pr+} in G with the integers i = 1, ..., starting
from the left-most plane of G. Now by Lemma 4.7.2, the probability that a chosen
occurrence of P (amongst the [ occurrences) in G belongs to A is the same as the

probability that it belongs to B. So

P(P € A| P occurs at the location (j,0,0) in a 2SAP) =

1
P(P € B | P occurs at the location (4,0,0) in a 2SAP) = 5
So their distribution is analogous to tossing a fair coin; i.e.

P (P € A exactly k times in first t occurrences of P| P occurs >t times)

t 1ok 1tk t 1.¢
= . (5) (5) = . (5) (4.7.5)

2
\/E’

IN

(4.7.6)

where the final inequality holds only for n sufficiently large, i.e. n > N’ for some
N’ > 0. This follows from Stirling’s formula and the fact that the probability in
equation (4.7.5) reaches its maximum at k = [£/2].

Let Q5 > (e, P) C Q) denote the set of 2SAPs with at least [en] occurrences of
either P or Prx. For any 2SAP G € Q;, . (¢, P), let P=(P,i=12--|en])
denote the first |en] occurrences of Py, or Pr« in G starting from G’s left-most plane.

By Lemma 4.7.1, the linking number of G can be written as the sum of two terms
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where one term only depends on 13, ie.
en]

LKG) = LKG)+) (Ia(P) — I1s(R)) (4.7.7)
Len]
= Lk(G')+ ) _(2I4(P) — 1) (4.7.8)
Len]
= Lk(G') — |en] +2) 14(P,), (4.7.9)

where G’ is the 2SAP obtained by replacing each P; by Py (as in Figure 4.9) and
I4(P) =1 (Ig(P) =1) if and only if P € A (P € B) and otherwise [4(P) = 0
(Ig(P) = 0). Note that G is completely determined by (G’, P;,i = 1,..., |en]), and
we express this by writing G = (G, P).

We now have that |Lk(G)| < f(n) if and only if thi”lj I4(P;) is an integer in

the interval I = (==t (G/)Henj )= Lk(G,)ﬂE”J). Note that, regardless of the
value of Lk(G"), there are at most | f(n)| + 1 such integers. Moreover given that
G = (G, P) e Q> (e, P), the probability that [Lk(G)| < f(n) is equal to the
probability that Z}jﬂ I4(P;) is an integer in the interval I. By equation (4.7.6), for

n > N’ and regardless of the choice of G’ the probability that Z}Z}J I4(P;) takes

on a particular integer value in I is bounded above by \/f_ Hence we obtain, for
€
n> N,

2[f(m)] +2
Vlen)

Therefore, for n > N = max{N’, N, N} and G a random n-edge 2SAP

P(|LE(G)| < f(n)|G € Qs ~(e, P)) < (4.7.10)

P(ILK(G)| < f(n)) <

P(ILK(G)| < f(n),G € @ >(,P)) + P(G ¢ Q; (¢, P))
)

. ﬂM+< WM>LHw+G @WM>mJﬁ_
Len] @’ (N, M) @’ (N, M)

(4.7.11)

This along with equation (4.7.4) proves that P(|Lk(G)| < f(n)) goes to zero as n

goes to infinity. O

91



Corollary 4.7.4. The probability that an n-edge 2SAP G is homologically linked

approaches one as n goes to infinity.

Proof. Since |Lk(G)| > f(n) implies that G is homologically linked, Theorem 6.7.1

implies that for any f(n) = o(y/n)

lim P(|Lk(G)| > f(n)) < lim P(G is homologically linked) = 1.

n—oo n—oo

(4.7.12)

O

4.8 An Upper Bound for The Linking Number of

2SAPs

In this section we find an upper bound for the linking number of a 2SAP.

Theorem 4.8.1. Let G in T'(N, M) be a disjoint union of SAPs with a total length
of n-edges. (G could be a knot or a link with any number of components.) For fixed
N and M, the crossing number of the knot or link formed by G is bounded above by
a linear function of n. Therefore the absolute value of the linking number between

any two components is bounded above by a linear function as well.

Proof. By Lemma 3.1.4 there is a polygonal link L' with regular projection D in
the (z,y)-plane.

We will provide an upper bound for the crossing number of D{ by determining
an upper bound on how many crossings each edge [; of L' can generate. To do so we
need to consider two cases depending on whether the edge [; in L’ corresponds to a
horizontal or a vertical edge [} in G. If we assume that [; is horizontal with vertices
(i, Yiys 2i) and (Z4y, Yiy, ;) then, by Lemma 3.1.4, the only other horizontal edges

of G that could generate edges in L’ that subsequently generate crossings with /; in
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¢, are the edges that have at least one end point incident on either (z;,,¥;,, 2) or
(Ziyy Yiy, 2) for 0 < z < M. There are at most 7(M + 1) of these. By Lemma 3.1.4
the only vertical edges of G that can generate crossings with [; in D, are the edges
that have both endpoints with (z, y)-coordinates (z;,, y;,) or (x;,,v:,). There are 2M
of these. Combining these we get that a horizontal edge can only generate less than
9(M + 1) crossings.

Now we assume that [} is vertical with vertices (z;,y;, 2;) and (z;,y;, 2; +1). Sim-
ilar to the argument before we can argue that there are at most 4(M + 1) horizontal
edges (those with a vertex with coordinates (z;,y;, z) for some 0 < z < M) and M
vertical edges that can generate crossings with [;. Combining the two cases gives us
the upper bound 9(M + 1)n/2 on the crossing number of the knot or link type G.
(It is 9(M + 1)n/2 since each crossing will be counted twice, i.e. if an edge I; crosses
an edge [; then we counted the crossing both in the upper bound for /; and in the
upper bound for /;.)

By Lemma 3.1.4 there is also a polygonal link L with regular projection DY, in
the (z,z)-plane. A similar argument gives an upper bound 9(N + 1)n/2 on the
crossing number of the knot or link type G. Combining the two bounds results in
an upper bound on the crossing number of 9(min(M, N) + 1)n/2. Therefore the
absolute value of the linking number between any two components of G is bounded

above by 9(min(M, N) + 1)n/4. O

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.10: An example of a 2SAP with linking number of order n.
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Remark 4.8.1. The following example shows that there exists a 2SAP with linking
number linear in its length. Let G be a 2SAP with the link type of a (2k, 2)-torus
link (see Figure 4.10). Lk(G) = k and it is easy to see that such a link can be
built with a total length not exceeding 20k + 6 in a (3, 1)-tube. We also note that
the linear growth rate of the number of crossings in terms of the overall length is
an artifact of the tube constraint. No linear upper bound exists without the tube
constraint and in fact the number of crossings can grow as fast as O(n*/?) for a knot

or link with length n. This was shown in [11] for knots and in [12] for links.

4.9 Summary

In this chapter, the following question was addressed regarding the linking probability
of two self-avoiding polygons: wunder what conditions does the “linking probability”
of pairs of self-avoiding polygons go to one? The answer can depend on how one
defines linking probability. In order to approach this question, we introduced the
2SAP model. We showed that (CONCAT) and (CAPOFF) are satisfied for this
model. We also established the existence of the connective constant for 2SAPs and
showed that it is strictly less than that of SAPs. We proved a pattern theorem
for 2SAPs and used it to investigate homological as well as topological linking of
2SAPs. We showed that the homological linking probability goes to one at least
as fast as 1 — O(n™"/2) and that the topological linking probability goes to one
exponentially rapidly, as n — oco. Furthermore we proved that the linking number
grows (with probability one) faster than any function that is o(y/n); i.e. for any
function f(n) = o(y/n), there exists A > 0 such that as n — oo the probability

that |Lk(wy,wq)| > f(n), with (wy,ws) the component polygons of an n-edge 2SAP,

satisfies
P(|Lk(wr,w2)| > f(n)) =1 — % + 0(%). (4.9.1)
Hence
JLIEOP(’L/{(wl,wg)’ > f(n)) = 1. (4.9.2)
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We also showed that the linking number cannot grow faster than linearly in n because
of the tube constraint; i.e. there exist constants a and b such that for any n-edge

2SAP
|LEk(wy,wa)| < an + b. (4.9.3)

We gave a simple example to show that the upper bound in equation 4.9.3 for 2SAPs
can be realized. Hence sufficient conditions for ensuring that the linking probability
goes to one are established. Note that based on the results of this chapter, in
collaboration with C.E. Soteros (my supervisor), S.G. Whittington and C. Ernst, a
paper has been submitted to the Journal of Knot Theory and Its Ramifications.
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CHAPTER 5

STRETCHED POLYGONS AND LLOOPS IN A TUBE

5.1 Introduction

A polymer’s topological entanglement may be affected by being subject to some
external forces. Knotting and linking probabilities have been frequently used to
measure topological entanglements of polymers [27]. In Janse van Rensburg et al
2008 [27], a ring polymer confined between two parallel walls (planes) and pulled
by an external force is modelled by a lattice polygon subjected to an applied force
f along the z-direction of the lattice and perpendicular to the walls. This model
explains the situation where a ring polymer, such as circular DNA, is subject to a
force in the presence of a topoisomerase which mediates strand passages and may

change the knot type of the polymer.

In [27], a pattern theorem is proved for lattice polygons in the presence of a
large applied force f > 0. This theorem is then used to examine the incidence of
entanglements such as knotting when the polygons are influenced by a large force.
Here, we add the tube confinement constraint to this model and address similar
questions for polygons confined to a tube. Unlike the situation for polygons in Z3,
in a tube, polygons under the influence of the external force f do not have much
freedom and must stay inside the tube. In particular, the tube constraint will allow
us to prove the pattern theorem for any arbitrary value of f, not just for large
values of f. Furthermore, in addition to investigating the knotting probability, we
associate a two-component link to each polygon in a tube and examine the incidence

of topological linking when the polygon is under the influence of force f.
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We will establish the existence of the limiting free energy for stretched polygons
and analyze the asymptotic form of the partition function for stretched polygons
using the transfer-matrix approach. We show that the average span per edge of a
randomly chosen n-edge stretched polygon approaches a positive constant as n — oo
and is non-decreasing in f almost everywhere. We also prove that the average number
of occurrences of a given proper SAP config (per edge) in any n-edge stretched

polygon approaches a positive constant as n — oc.

Given m > 0, here we will investigate polygons of span m which are confined
to a tube. Such polygons are bounded by the tube walls (y = 0, y = N, 2 = 0
and z = M) as well as the two planes * = x; and © = 21 + m, where © = 7 is
the left-most plane of the polygon. We assume that a force f parallel to the x-axis,
perpendicular and incident to the plane x = z; + m is applied to a single polymer
modelled by a self-avoiding polygon. Figure 5.1 (a) illustrates an example of such a
scenario, where we have rotated the tube 90 degrees for comparison with the model
considered in [27]. The lattice model of polymers confined to a tube and subject
to a force f is introduced in Section 5.2. The existence of the limiting free energy
is also discussed in this section. In Section 5.3, we use the method presented in
Section 2.5, the pattern insertion approach, to prove a pattern theorem for polygons
in the presence of a given force f. In Section 5.4, the asymptotic behaviour of
such polygons is analyzed, using the transfer-matrix approach, and some results
are established regarding the average span of the randomly chosen n-edge stretched
polygons. In Section 5.5, we use the results obtained for polygons to prove a pattern
theorem for loops (an undirected self-avoiding walk which has both endpoints on
its left-most plane; see Figure 5.1 (b) for an example of a loop). Then, in Section
5.6, the pattern theorems are used to investigate topological entanglements through
the knotting probability for a polygon. Moreover, associating a two-component link
to any polygon (loop), we also use the topological linking probability to measure a
polygon’s (loop’s) topological entanglement complexity. Finally, in Section 5.7, we

discuss the main conclusions of this chapter.
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Yy Yv
(a) A 24-edge polygon with span 3 in (b) A 17-edge loop with span 3 in T'(4,5)
T'(4,5) which is under the influence of which is under the influence of force f <
force f > 0; note that the tube is rotated 0.

90 degrees unclockwise.

Figure 5.1: Examples of polygons and loops confined to a tube and
subject to a force f.

5.2 Stretched Polygons in Tubes

The partition function of the stressed ensemble model is given by

n/2—1
Zn(N,M; f) = ) pu(N, M;m)e’™, (5.2.1)

m=0
where p,, (N, M;m) denotes the number of n-edge SAPs with span m in T'(N, M)
(up to a-translation). If f > 0 then the force is a pulling force, tending to stretch
the polygon in the x-direction and the polygons influenced by this force are called
stretched polygons [27]. On the other hand, if f < 0, then the force tends to push
the planes x = x1 and = = x; + m together. Here, for our convenience, regardless of
the sign of f we call the polygons under the influence of f stretched polygons.

Let S/ be a random variable taking its values from the set of n-edge stretched

polygons with left-most plane z = 0, and with the probability distribution

fm

where m = m(G), the span of the stretched polygon GG. One goal of this chapter is

to investigate the behaviour of the expected value of m(S7) as a function of f.
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Let
F.(N,M; f) = %loan(N, M; f). (5.2.3)

We will start analyzing the model by proving the existence of the limiting free energy
for polygons confined to a tube and in the stressed ensemble. Note that the proof is
a straightforward modification of the proof given in [27, Theorem 2.1] however using

the tube concatenation for SAPs.

Theorem 5.2.1. Given f € R, the limiting free enerqy of stretched polygons in the
tube T (N, M), defined by

F(N,M; f) = lim n 'log Z,(N, M; f), (5.2.4)

exists where the limit is taken through even values of n.

In addition, there exist non-negative values ¢y and tr such that Z,(N,M; f) <
e(nten)FINMf)Eftr gnd F(N, M; f) is conver in f and thus continuous. More-
over, its right- and left-derivatives exist everywhere, and they are non-decreasing
functions of f. F(N,M; f) is also differentiable almost everywhere, and whenever
dF (N, M; f)/df exists it is given by lim, o (dF,(N,M; f)/df). Finally, f/2 <
F(N,M; f) <logu,(N, M)+ f/2 if f >0 while 0 < F(N,M; f) < log pu,(N, M) if
f <0 (u,(N, M) is the growth constant for polygons confined to T(N, M)).

Proof. As discussed in [49, Section 4], there exist non-negative values ¢y and tr such
that concatenating an n;-edge polygon with span m; to an ms-edge polygon with
span m —my results in an (ny + ng + cr)-edge polygon with span m + tp. Therefore,

the following inequality holds
ni/2—1
> Py (N, M m)po, (N, Msm = my) < puyingier (N, Mim 4 tr).  (5.2.5)
m1=0
Multiplying both sides of this inequality by e/™ and summing over m gives rise to
(n1+n2)/271 n1/271

Z Z pnl(N’M;ml)pHQ(Na M§m—m1)efm

m=0 m1=0
(n1+n2)/2—1
S Z pn1+n2+cT(N7 Mam +tT)€fm (526)
m=0

99



Moreover, the following inequalities hold since ¢y > 2t, ny/2—1 < m and n; > 2m;.

(n14n2+er)/2—1

Zn1+n2+CT (Na M? f) = Z Pni+na+ter (Na M? m)efm
m=0
(n1+ng+er)/2—1—tr
Jj=—tr
(5.2.7)
ni/2—1
an(Na M; f) = Z pnl(N, M; ml)efml, (528)
mi1=0
n2/2+mi—1
Zn2(N7M;f) = Z an(N,M;m_ml)ef(m*ml)
(n1+n2)/2—1
< Z an(Na M;m _m1>€f(m—m1)' (529)
m=0

Now equations 5.2.6 to 5.2.9 imply that
Zni (N, M5 £) 20y (N, M f) < e 2 g ion (N, M f). (5.2.10)

Letting a, = loge /77, . (N, M; f), equation 5.2.10 implies that {a,} is a

super-additive sequence. Therefore, by Lemma 2.1.2

F(N,M; f) = lim n"'a, =supn'a,. (5.2.11)

n—oo n>1

Furthermore, equation 5.2.11 implies that for any even integer n
n'a, < F(N,M;f). (5.2.12)

Multiplying both sides of the inequality by n and replacing a,, by loge=/'7Z, . (N, M; f)
gives

loge 77, .. (N, M; f) <nF(N,M;f); (5.2.13)

hence

Zn(N, M; f) < elvten)FOMD+fir, (5.2.14)
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Furthermore,
n/2—1
max{1,e/"V/2} < Z (N, M; f) = Z Pu(N, M;m)el™
m=0

< max{1,e/™ V2 (N, M). (5.2.15)
So
f/2 < F(N,M; f) < log (N, M) + f/2 (5.2.16)
if f > 0 while
0 < F(N,M; f) <logu,(N, M) (5.2.17)
if f<0.
The function Z,(N, M; f) is a convex function of f; this follows immediately

from the Cauchy-Schwartz inequality:

ke n/2
Zn(Na M; fl)Zn(Na M; f2) = Z pn(Na M, m1>€flm1 Z pn(Na M; m2)6f2m2
m1=0 a0
n/2
m=0

Taking logarithms of this and dividing by n yields
Fu(N,M; [2) + Fa(N, M, fo) > 2 (N, M (f + £3)/2). (5.2.19)
Hence, by Lemma B.0.10, F,,(N, M; f) is convex in f. Moreover,
{F.(N, M; )} — F(N, M; f) (5.2.20)

as n — oo so, by Lemma B.0.12, F(N,M; f) is also a convex function of f.
Lemma B.0.9 implies that F(N, M; f) is continuous and Lemma B.0.13 shows that
F(N, M; f) is differentiable almost everywhere. By Lemma B.0.11, the right- and
left-derivatives of F (N, M; f) exist everywhere and they are non-decreasing functions

of f. Also, by Lemma B.0.14,
T (dF, (N, M: f)/df) = dF (N, M: f)/df (5.2.21)
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almost everywhere. O

The following corollary investigates the behaviour of the expected value of m(S7),

E;(m(S7)), as a function of f.

Corollary 5.2.2. Given f € R,

d .
"

almost everywhere. Hence Er(m(S))) is non-decreasing in f almost everywhere.

E(m(S])) = n—F,(N, M; f) (5.2.22)

Proof. By Theorem 5.2.1, the followig equality holds almost everywhere:

d d
—F,(N,M; f) = “og Z, (N, M;
g (N M ) df[ 08 Zn( ]
== -1 an/201 mpn(Na M; m>€fm
Zy(N, M; f)
= n'E(m(SI)). (5.2.23)
Hence by Theorem 5.2.1
f d
By (m(S{)) = n 2 Fu(N. M: ) (5.2.24)
is non-decreasing in f almost everywhere. O

5.3 A Pattern Theorem for Stretched Polygons

in Tubes

In this section, we use the so called pattern insertion strategy, introduced in Section
2.5, to obtain a pattern theorem for stretched polygons in a tube. The pattern
theorem for polygons in a tube has been proved, using this approach, in [53]. So we
know that (CONCAT) and (CAPOFF), as introduced in Section 2.5, hold for SAPs
in a tube [49, 53|. In order to meet the requirements of Corollary 2.5.3, which gives
the pattern theorem, we only need to check the satisfaction of (CA1l) and (CA2).

(CA1) basically gives the definition of the clusters under investigation. Here C,, is
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the set of all SAPs in T'(N, M) and C C C,, represents the set of all n-edge SAPs
in T'(N, M) which have their left-most plane at x = 0. It can be easily seen that C,

is invariant under translation, i.e., given
u€S*={uelR|T(N,M)+u=T(N,M)} ={(x,0,0) | v € Z}, (5.3.1)

G € C, implies that G +u € C,. The C,’s are pairwise disjoint since C,, N C,,, = ()
for n # m. So (CA1) is satisfied for SAPs in T'(N, M). We also need to define an
appropriate weight function that satisfies (CA2) and leads to the required pattern

theorem. Given f € R and C :=J,~, C,,, we consider the following weight function:
wty: C' — (0,00), (5.3.2)

such that wt;(G) = e/™ for any G € C, where m is the span of the polygon G. This
function is invariant under translation since the span does not change by translating

a polygon along the z-axis, i.e.
wtf(G) = wts(G+u) for every u € S*and G € C. (5.3.3)

The following theorem also shows that (CA2) is satisfied for this choice of weight

function.

Theorem 5.3.1. Given f € R and the weight function wty, (CA2) is satisfied for

stretched polygons.

Proof. Given k > 0, let the two SAPs G and G’ differ by at most k vertices and
edges, i.e.

| E(G) A B(G') | + | V(G) & V(G |< k. (5.3.4)

Then we claim that the difference of spans of G and G’ is bounded above by &, i.e.
| m —m’ |< k where m and m’ are the spans of G and G’ respectively. Suppose to
the contrary that | m—m’ |> k. Without loss of generality assume that m > m’ then

there are exactly | m —m' | sections with span 1 in which G has at least two edges
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(because G is a polygon) and G’ does not have any edge thus | E(G) \ E(G') |> 2 |

m — m’ |> 2k. This implies that
| E(G) A E(G') |+ | V(G) AV(G) |=] E(G)\ E(G") |> 2k (5.3.5)
which contradicts equation 5.3.4. Therefore, the following inequality must hold
|m' —m |< k. (5.3.6)

Let 7y := elfI*. Then multiplying both sides of equation 5.3.6 by | f | gives

| f(m" —m) [<| f 1k (5.3.7)
which implies
—[flk< f(m'=m) <] [k (5.3.8)
Hence
thus
1 /
— <M < (5.3.10)
Yk
Multiplying both sides of the above inequality by e/™ gives
1 /
—el™m < eI < qpefm. (5.3.11)
Vk

Hence, having wt¢(G) = e/™ and wt((G") = e/™ | the following inequality is satisfied
1

—wtf(G) S wtf(G') S vkwtf(G). (5312)
Tk

U

Therefore, since (CONCAT), (CAPOFF), (CAl) and (CA2) are all satisfied for
stretched polygons, Corollary 2.5.3 yields the pattern theorem for stretched polygons.
Note that

Zo(N,M; f) =) wtp(G) = Y ™
GeCy GeCyy
n/2—1

= Z (N, M;m)el™. (5.3.13)

m=0
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We define

n/2—1
Zn(N,M; <, P f) = Y pa(N,M; < j, P,m)el™, (5.3.14)
m=0
where p,(N, M;< j, P,m) represents the number of n-edge polygons (up to z-
translation) with span m in T(N, M) which do not contain more than j copies
of the pattern P. Given € > 0, we also define

F(N,M:e, P, f) =limsupn 'log Z,(N, M; < en, P, f) (5.3.15)

n—oo

to be the limit superior of the free energy for those n-edge stretched polygons which

contain no more than en translates of P.

Theorem 5.3.2. Let P be a proper pattern for polygons in T (N, M). Then there

exists an ep > 0 such that

F(N,M: < ep, P, f) < F(N, M; ). (5.3.16)

5.4 Transfer-Matrix Results for Stretched Poly-

gons in Tubes

In this section the transfer-matrix argument, introduced in Section 2.6, is applied to
SAPs to explore the asymptotic behaviour of stretched polygons further.

An orientation on any SAP G is defined as follows. Let v, and e, = {vy, v}
be respectively the bottom vertex and edge of G. We can assign a direction to e,
by directing the edge to go from v, to v. This will naturally induce an orientation
(a direction) on G starting with edge e, as the first edge and ordering the other
edges following the direction induced by that of ¢,. Hence a k-cluster config (k-SAP
config) of a SAP G is considered as G’s configuration in a sublattice of the form
H; 1(N,M)US;(N,M)U H;(N,M)U ...U S;sx_1(N, M) U H;yy_1(N, M) for some

1 <1< m—k+1, where G’s configuration in such a sublattice of the tube consists
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of the sublattice and the ordering of the edges of GG, as introduced above. With this
extra information on the edges, the Cluster Configuration Axiom, given in Section

2.6, is satisfied for the following sets of k-SAP configs:

(k) = {Py, Py, ..., Py} (5.4.1)
and
(k) = {P/, Py, ..., \/I/IQ(k)|} (5.4.3)

which are the set of all distinct proper, start and end k-SAP configs, respectively.
Figure 5.2 shows an example of a polygon in 7°(0,5) with it’s associated 2-SAP
configs. Note that in Figure 5.2 the numbers beside the vertices of each 2-SAP
config represent the relative order of the walk starting at that vertex, induced by the
ordering of the edges of the SAP in which the pattern occurs; the relative order on
the walks also determines a relative order on the edges of the 2-SAP config.

For any SAP G, let e(G) and d(G, 1) denote the total number of edges and the
span of G respectively. For any 1 < i < |II(k)| (1 <14 < |II1(k)|), let e; () be the
number of edges in the first hinge and section of P; (P/) and, for any 1 < i < |IIy(k)|,
let € be the total number of edges in P”. Also, for any 1 < i < |II(k)] (1 <7 <
[T, (K)]), let d;(1) = 1 (di(1) = 1). Thus D; = [d;(1)]" and D} = [d}(1)]T (t = 1).
For any 1 < i < |IIy(k)|, let also d/(1) = k and thus D! = [d}(1)]*. Then equations
2.6.7 and 2.6.9 are satisfied.

Let y; = ¢/ and Y = [y;]7. Then

n/2—1
Zn(N,M;Y) = 3" g0 = 3" po(N, Mym)e! = Z,(N, M; f)  (5.4.4)
GeCr m=0
and
n/2—1
Zu(NM;PY)= Y @Y=" p,(N,M; P,m)e! = Z,(N,M; P, f).
GeCx(P) =0

(5.4.5)
The definition of SAP configuration here is the same as that given in [51] except

for the fact that the edges on the left- and right-most plane are not removed here.
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(a) An example of a 44-edge oriented (b) The associated 2-SAP configs.
polygon with span 7 in T7(0,5). e, rep-
resents the bottom edge of the polygon.

Figure 5.2: An example of a polygon in a tube and its associated
2-SAP configs. Note that the numbers beside the vertices represent the
relative order of the walk starting at that vertex; the relative order on
the walks also determines a relative order on the edges of the 2-SAP
config.

[51, Theorem 6.1] establishes that the Cluster Configuration Axiom holds for SAP
configurations as defined in [51]. Only minor adjustments to the proof of [51, Theo-
rem 6.1] are needed to establish that the Cluster Configuration Axiom also holds for
the revised SAP configuration definition used here. Theorem 2.6.1 and the fact that
the Cluster Configuration Axiom and (CONCAT) hold for SAPs yield the following
result regarding the asymptotic form of Z,,(N, M; f) and Z,(N, M; P, f).

Theorem 5.4.1. For any integer k > 2 and any proper SAP-config P € 11(k), there

ezist non-negative values xo(f) and o such that
Zn(N,M; f) = ay(zo(f)) ™" +o((xo(f))™") asn — oo. (5.4.6)

Moreover, there exist non-negative values To(f) > zo(f) and &y such that

Zn(N, M; P, f) = ap(Zo(f))™" + o((Zo(f))™") asn — oo. (5.4.7)

Define m : C* — NU {0} such that m(G) is the span of G, for any SAP G € C*.
For 1 <4 < |II(k)| (1 < i < |II1(k)|), let m(P;) = 1 (dj)(P/) = 1). Similarly, for

107



1 <4 <|y(k)|, let d(P!") = k. Then equation 2.6.23 is satisfied and thus m is an
additive functional.

Let t = 1 and y; = e/ as in Theorem 5.4.1. Then m(S/) is a random variable, rep-
resenting the span of a randomly chosen stretched polygon S/, with the probability

distribution
~ pa(N, M; m)el™

P(m(S]) = 5.4.8
Theorem 2.6.2 implies that there exists v¢ > 0 such that
Ef(m(S])) = vsn + O(1) (5.4.9)
and thus
1
—Ey(m(S1)) = (5.4.10)

as m — oo. Hence, the average span per edge of a randomly chosen n-edge stretched
polygon, E;(m(Sf)), approaches a positive constant as n — oo. Moreover, by
Corollary 5.2.2, E¢(m(S7)) is non-decreasing in f almost everywhere.

Given a proper k-SAP config P, € II(k), define ¢, : C* — N U {0} such that
Y(G) is the number of times the SAP config P, appears in G, for any SAP G € C*.
For 1 < < |II(k)|, let ¢ (P;) = 0;; where

Oig = b=t (5.4.11)
0 if i #1
Similarly, for 1 < ¢ < |II1(k)| (1 < ¢ < |Ia(k)]), let d)(P}) = 6y (d](P]) = 0i4).
Then equation 2.6.23 is satisfied thus v, is an additive functional.

Let t = 1 and y; = ¢/ as in Theorem 5.4.1. Then v;(S}) is a random variable,
representing the number of times the SAP config P, appears in a randomly chosen
span m stretched polygon Sy, with the probability distribution

ZG:wZ(G):b efm(@
Zn(N,M; f)

P(4(S]) = b) = (5.4.12)

where the sum is over all the n-edge SAPs G € C; with ¢;(G) = b and m(G) denotes
the span of GG. Theorem 2.6.2 implies that there exists 7} > ( such that

E((S])) = 7jn +0(1) (5.4.13)
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and thus
1
~By(u(S£)) — (5.4.14)

as m — OoQ.

5.5 Loops in Tubes

A loop in T(N, M) is an undirected self-avoiding walk with both endpoints (ver-
tices of degree one) on its left-most plane. Let [,(/N, M;m) be the number of loops
in T(N, M) with span m and n edges. We show next that loops have the same
asymptotic behaviour as polygons in a tube. In fact, in a tube the pattern theorem
for stretched polygons results in a pattern theorem for loops in the presence of an
external force f.

Let
n/2—1

Lo(N,M; f) = ) 1(N, M;m)e/™ (5.5.1)

m=0

The following theorem shows that loops in the presence of force f have the same

limiting free energy as stretched polygons.

Theorem 5.5.1. Given f € R,

Fi(N, M; f) = F(N, M; f), (5.5.2)
where
Fi(N, M; f) = lim n~'log L,(N, M; f) (5.5.3)

is the limiting free energy for loops in T(N, M).

Proof. Given an n-edge polygon G with span m, let ¢, be the bottom edge of G. We
can obtain an (n — 1)-edge loop G; with span m from G just by deleting the edge
ep- So the following inequality holds

Pn(N, M;m) < 1,1 (N, M;m). (5.5.4)
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Multiplying both sides by e/™ and summing over m gives
Zn(N, M;m) < L, _1(N, M;m). (5.5.5)

Taking logarithms, multiplying both sides of this equation by n~! and letting n — oo
implies

F(N,M; f) < Fi(N, M; f). (5.5.6)

Furthermore, given an n-edge loop G; in T(N, M) with span m, ift M + N = 1

then we can connect the two endpoints of GG; by a single edge and we will have
Ln(N, M;m) < ppi1(N, M;m) (5.5.7)

which leads to

Fi(N, M; f) < F(N, M; f). (5.5.8)

If N+ M > 1 then for all the even values (odd values) of n we show next that we can
find fixed numbers cr (¢/) and t7 (t/) so that the endpoints of G; can be connected
in order to create an (n + cr)-edge ((n + dp)-edge) polygon G with span m + tr
(m+1t/); an example is shown in Figure 5.3. Assume that n is an even number. Let
v1 = (x(v1),y(v1), 2(v1)) and vy = (z(v2),y(ve), z(v2)) be the two endpoints of the
loop Gy, where v; < vy lexicographically. We connect the two endpoints v; and vy
using the walk w : —i, (y(v2) — y(v1))7, (2(v2) — 2(v1))k, 7 starting at v,. This results
in an (n + n(w)) self-avoiding polygon G with span m + 1, where n(w) denotes the
number of edges in w; note that n(w) is an even number and 4 < n(w) < (2+N+M).

Let e, = {w,v} be the bottom edge of G, where v, is the bottom vertex.
Since M + N > 1, we can choose u € {i/%,j:j} so that the walk w' (or w” if
w’ does not work) introduced as follows will stay inside the tube T'(N, M). Let w’
be the walk —2(N + M + 2)i, (y(v) — y(v))J, (z(v) — 2(vp))k, (2(N + M + 2) —

n(w))/2)[t, i, —, 2], n(w)i starting at v,. Similarly, let w” be the walk —2(N + M +
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~ ~

2)1, (y(vp) —y(v))7, (2(vp) —z(v))l%, (2(N+M+2)—n(w))/2)[x, i, —, %], n(w)i start-
ing at v. The polygon G with (n+6(N+M+2)) edges and span (m+2(N+M+2)+1)

can be obtained by deleting e; and adding the walk v’ (or w”) to G;.

Figure 5.3: An example of converting a 4-edge loop G;, shown with
thicker edges, with span 1 in 7°(0,2) to a 28-edge polygon G with span
10 in 7°(0,2). Here for 7(0,2), c¢p = 24, ty = 9 and n(w) = 4. Note
that for this specific loop G; the walk w’ is used with u = k.

Therefore, choosing ¢r = 6(N + M + 2) and tr = 2(N + M + 2) + 1 implies
In(N, M;m) < ppyer (N, M;m + tr). (5.5.9)

Multiplying both sides by e/(™*1) and summing over m gives

n/2—1 n/2—1
Z ln(N7 M? m)ef(ertT) < Z Prn+ecr (N, ]\/[7 m + tT)ef(ertT)
m=0 m=0

(n+CT)/27tT —1

S Z pn+cT (N, M; m + tT)ef(m+tT)
m=—tr
(5.5.10)
thus
eI Ly (N, M; f) < Znyer (N, M; f). (5.5.11)
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Note first that the number of edges of a polygon has to be an even number. Hence,
for the case that G; had an even number of edges (n is even), an even number of
edges was also required to construct the SAP G, i.e. ¢y had to be even. On the other
hand, for the case that G; has an odd number of edges (n is odd), an odd number
of edges (¢ edges) is required to construct the polygon G. This can be done using
a similar strategy that was used for loops with an even number of edges; i.e. for n
odd

e/ Ly (N, M; f) < Zye (N, M; f). (5.5.12)

Taking logarithms of both sides of equation 5.5.11 and 5.5.12, multiplying both sides

1

by n=" and letting n — oo yields

F(N, M; f) < F(N, M; f). (5.5.13)
Therefore, equations 5.5.6, 5.5.8 and 5.5.13 together imply
Fi(N, M; f) = F(N, M; f). (5.5.14)

O

Note first that, by the definition of proper patterns stated in Chapter 2, P is
a proper pattern for loops if 1) there are infinitely many values of n such that P
is contained in an n-edge loop with left-most plane # = 0 and 2) there exists a
loop G such that P occurs in the middle of GG. The following argument shows that
every proper SAP pattern is also a proper pattern for loops. By (CONCAT) and
(CAPOFF) for SAPs, there are infinitely many values of n such that a proper SAP
pattern P occurs in the middle of an n-edge SAP G,, with left-most plane z = 0; i.e.
P occurs in G,, so that the left-most (right-most) plane of P is not the same as the
left-most (right-most) plane of G,,. As was explained in the proof of Theorem 5.5.1,
we can convert each G,, to a loop G/, by just deleting the bottom edge e;, of G,,. Note
that e lies on the left-most plane of GG, so it does not change the configuration of

the pattern P. Thus every occurrence of the pattern P in the middle of a SAP G,,
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leads to the occurrence of P in the middle of a loop G7,. Therefore, P is also a proper
pattern for loops. Similarly, it can be shown that every proper pattern for loops is
also a proper SAP pattern. In particular, every proper pattern P for loops occurs
at the start or in the middle of a loop Gy; i.e. P occurs in G so that the right-most
plane of P is not the same as the right-most plane of ;. As was explained in the
proof of Theorem 5.5.1, we can convert G; to a SAP G by increasing the span by
tr > 1 while keeping the configuration of G fixed. This will lead to the occurrence
of P in the middle of GG. Therefore, P is also a proper SAP pattern.

Let
n/2—1

Lo(N,M;< j, P, f) = Y 1(N,M; < j, Pm)e/™, (5.5.15)

m=0
where [,,(N, M; < j, P,m) denotes the number of n-edge loops (up to a-translation)
with span m which do not contain more than j copies of the proper SAP pattern P.

Also define

F(N,M;:<e¢ P, f)=limsupn 'log L,(N,M; < en, P, f) (5.5.16)

n—oo

to be the limit superior of the free energy for those n-edge loops which contain
no more than en translates of P. The following is a pattern theorem for loops in

T(N, M).

Theorem 5.5.2. Let P be a proper SAP k-pattern in T'(N, M). Then there exists

an ep > 0 such that
Fi(N,M; < ep, P, f) < Fi(N, M; f). (5.5.17)

Proof. Since P is a proper SAP pattern, by Theorem 5.3.2 there exists an €, > 0
such that

F(N,M;<¢ép, P, f) < F(N,M; f). (5.5.18)
The above equation and Theorem 5.5.1 imply

F(N,M;<ép, P, f) < Fi(N,M; f). (5.5.19)
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Let tr be the constant introduced in the proof of Theorem 5.5.1. Let N be the
smallest positive integer number such that €, —t7/N > 0. Note that such a number
exists since lim,, o t7/n = 0. Set €p = €, — t7/N. Let G; be an n-edge loop with
span m which contains no more than epn copies of the pattern P. Regarding the
construction of the (n + ¢r)-edge polygon G with span m + tr from Gy, as described
in the proof of Theorem 5.5.1, in addition to the k-patterns occurring in G;, G will
contain at most t7 new k-patterns. This may lead to the occurrence of at most tr
extra copies of P in G. Hence GG will contain in total at most epn + t7 copies of P.

Note that, for n > N, we have

GIP — tT/N S 63;. — tT/n (5520)

SO

epn+itr < épn —tr +tr < €pn < ep(n+ cr). (5.5.21)

Therefore, G contains at most €,(n + ¢r) copies of P and the following inequality

holds

In(N, M; < epn, P,m) < ppyer (N, M; < €p(n +cr), P,m +t7). (5.5.22)

Using arguments similar to that presented in Theorem 5.5.1, the above equation

leads to

FiN.M; < €9, P, f) < F(N, M; < ép, P, f). (5.5.23)

Therefore, equations 5.5.19 and 5.5.23 together yield

FIN, M; < ep, P, ) < Fi(N, M; f). (5.5.24)
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5.6 Knotting and Topological Linking of Stretched

Polygons and Loops in Tubes

Having the pattern theorem for both stretched polygons and loops in a tube, we
can now discuss the knotting probability. In particular, we can take P to be a tight
trefoil pattern (e.g. the pattern shown in Figure 3.7) in T'(N, M) and prove that the
knotting probability goes to one as n — oo for any arbitrary value of f.

Let
n/2—1

Zy(N,M; f) = > pp(N, M;m)e!™, (5.6.1)

m=0
where p? (N, M;m) is the number of unknotted n-edge SAPs with span m in T'(N, M).
Recall that concatenating two unknotted polygons results in an unknotted polygon.
So the proof of Theorem 5.2.1 can be modified in a straightforward fashion to show

the existence of the limiting free energy for unknotted stretched polygons.
Theorem 5.6.1. The following limit exists:

F°(N,M; f) = lim n~'log Z°(N, M; f). (5.6.2)

n—oo

The following theorem discusses the asymptotic behaviour of unknotted stretched

polygons.

Theorem 5.6.2. Given f € R, for N and M such that the (N, M )-tube can contain

the tight trefoil pattern P introduced in Figure 3.7, the following inequality holds:
FON,M; f) < F(N,M; [) (5.6.3)

and the probability that a stretched polygon in an (N, M)-tube is knotted goes to one

exponentially as n — 0.

Proof. For the tight trefoil proper SAP pattern P, as shown in Figure 3.7 (a), let

ep be the positive number as prescribed by Theorem 5.3.2. An n-edge unknotted
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polygon cannot contain the tight trefoil pattern P, thus it contains at most 0 < epn

copies of P. Hence
po (N, M;m) < p, (N, M; < epn, P,m). (5.6.4)
Multiplying both sides by e/™ and summing over m implies that

Z3(N,M; f) < Zo(N,M; < epn, P, f). (5.6.5)

1

Taking logarithms, multiplying both sides by n™" and letting n — oo gives

FO(N,M; f) < F(N,M;ep, P, f). (5.6.6)

Therefore, the pattern theorem for stretched polygons, Theorem 5.3.2, together with

equation 5.6.6 show that
F°(N,M; f) < F(N, M; f). (5.6.7)

Furthermore, the probability that a stretched polygon is knotted is given by

Zn(N,M; f) = Zy(N, Ms f) ) Z3(N, M: f) (5.6.8)

Using a similar argument to that given in the proof of Theorem 4.5.2, this fraction

(N,M; f)n+o(n)

goes to one as 1 —e™ 7 when n — oo, with

Vo(N, M; f) = F(N, M; f) = F°(N, M; f). (5.6.9)

O

Removing the bottom edge and top edge of each polygon G (the top edge of a loop
(;) with span m results in a pair of mutually avoiding self-avoiding walks with span
m, say (wy,ws), where w; contains the bottom vertex. One way of investigating the
topological entanglement of polygons (loops) is to see how these two walks w; and
wo are linked to each other. We can consider the configuration of these two walks as

a 2-string tangle (B, t) where t = {wy, wy} and B is the 3-ball [z, zo] X [0, N] x [0, M]
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with © = x; and o = x5 being the left- and right-most planes of G (G}) respectively.
We can join the two ends of each walk from outside of the 3-ball and create a
two-component link (K7, K3) and ask about the topological linking probability of
(K71, K3). For this purpose, we will apply the pattern theorem to the pattern A"+ A’
illustrated in Figure 5.4 (b).

——
|
o b
I T
L
L
|
(a) An example showing how to get the (b) The pattern A" + A’.
pair of self-avoiding walks (w7, ws) and
the associated link (K7, K>2).
Figure 5.4
Let
n/2—1
ZHNM; f) = 3 pA(N, M;m)el™, (5.6.10)
m=0

where p¥(N, M;m) represents the number of n-edge polygons with span m such that

their associated link (K7, K>) is topologically linked (non-splittable).

Theorem 5.6.3. Given f € R, for N and M such that the (N, M)-tube can contain

the pattern A’ + A':

FUN,M; f) < F(N, M; f), (5.6.11)
where
F“(N,M; f) =limsupn'log Z*(N, M; f). (5.6.12)
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Hence the probability that an n-edge polygonal link (K1, Ks) is topologically linked

(non-splittable) goes to one as n — oo.

Proof. By Theorem 4.6.1 the occurrence of the pattern P, = A’ 4+ A’ in any polygon
G guarantees the topological linking of the associated link (K7, K3). Let e€p, be the
positive number associated with the pattern P, as prescribed by Theorem 5.3.2.

Hence

Pu(N, M;m) < p,(N,M; < ep,n, Py,m). (5.6.13)
Multiplying both sides by e/™ and summing over m implies
ZYN,M; f) < Z,(N,M;<ep,n, Py, f). (5.6.14)

1

Taking logarithms, multiplying both sides by n™" and letting n — oo gives

FUN,M; f) < F(N,M;ep,, Pa, ). (5.6.15)
Thus using the pattern theorem for stretched polygons, Theorem 5.3.2, we have
FUN,M; f) < F(N,M;f). (5.6.16)

Furthermore, the probability that the link (K, K3) associated to a stretched
polygon is topologically linked is given by

Zn(NvMaf)_Z#(Nvaf) :1_Z#(N7M7f)

Zu(N.OL /) Zu(N M- ) (5:6.17)

This fraction goes to one as 1 — e 7uV:Mifinto(n) when n — oo, with v, (N, M; f) =

F(N,M; f)— F“(N,M;f). O

Note that similar results can also be proved for loops.

5.7 Conclusions

In this chapter, we examined the topological entanglements of polygons (loops) con-

fined to a tube and under the influence of an external force f. We proved a pattern
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theorem for such polygons, the so-called stretched polygons. We used this to also
obtain a pattern theorem for loops in a tube. Note that the tube constraint allowed
us to prove the pattern theorem for any arbitrary value of f, not just for large val-
ues of f as in [27]. The pattern theorem was then used to show that the knotting
probability of an n-edge stretched polygon confined to a tube goes to one exponen-
tially as n — oo. Furthermore, associating a two-component link to each polygon
(loop) in a tube, the incidence of topological linking was examined when the poly-
gon (loop) was under the influence of a force f. We proved that the probability that
the link associated to an m-edge polygon (loop) is topologically linked approaches
unity exponentially rapidly as n — oo. This implies that as n — oo when polygons
are influenced by an external force f, no matter its strength or direction, topolog-
ical entanglements, as defined by knotting and topological linking, occur with high
probability.

Furthermore, we proved the existence of the limiting free energy for stretched
polygons and analyzed the asymptotic form of the partition function for stretched
polygons, using the transfer-matrix approach. We showed that, the average span

(4))

per edge of a randomly chosen n-edge stretched polygon S/, Ep(m(5n)

——=, approaches a

positive constant as n — oco. We also proved that £;(m(S7)) is non-decreasing in f
almost everywhere. Let P, be the proper SAP config obtained by ordering the edges
of the tight trefoil pattern P introduced in Figure 3.7. Then, by proving equation
5.4.14, we established that the average number of occurrences of P, per edge in any
n-edge stretched polygon S7 approaches a positive constant as n — oco. Future work

would involve investigating how this limiting value depends on f.
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CHAPTER 6
THE ENTANGLEMENT COMPLEXITY OF PoOLY-

MER SYSTEMS MODELLED BY SSAWS

6.1 Introduction

Polymer molecules can become both self-entangled and entangled with other molecules.
These entanglements can have significant effects on some properties of the polymer
such as the crystallization behaviour of the polymer [17]. The self-entanglement of
an isolated ring polymer, modelled by a single self-avoiding polygon in Z3, is well
studied using topological measures such as the probability of knotting [25, 42]. How-
ever, many problems about entanglements in polymers in dense systems such as
melts are left unanswered [40, 41]. Most results about the entanglement complexity
of polymers in melts are obtained using numerical studies [13, 40, 41]. However, at
least the following open questions still remain and need further investigation both

rigorously and numerically:

e What is the best way to characterize the entanglement complexity of polymers

in dense systems?

e How does the entanglement complexity depend on some properties of the sys-
tem such as the total number of interpenetrating monomers in the system, the
number of polymers in the system and the density (the number of monomers

per unit volume)?

One way to characterize this entanglement complexity, proposed by Orlandini et

al in 2000 [40], is as follows. A polymer melt is considered as a set of entangled
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chains, modelled by a set of self- and mutually avoiding walks. Fixing the chain
conformations, imagine cutting a cube or tube out of the system. The conformations
of the parts of the chains which are in the interior of the cube or tube are considered.
Using the simple cubic lattice model, they investigated this numerically by studying
a number of self- and mutually avoiding walks confined to a cube. For each pair
of self-avoiding walks, by joining the two ends (vertices of degree one) of each walk
outside the cube, a two-component link is formed. And they take the sum of the
absolute value of the linking numbers, over all the possible SAW pairs, as a measure
of the entanglement complexity of this polymer system. Then the properties of the
complete melt can be inferred by investigating the properties of these chains in cubes.

In order to investigate Orlandini et al’s proposal further we address the problem
of the entanglement complexity of a polymer system modelled by a system of self-
avoiding walks (SSAW) confined to a tube, defined in Section 6.2. An example
of a polymer system is sketched in Figure 6.1. Our goal is to build a theoretical
framework that will allow us to apply the available mathematical techniques towards
developing and understanding the Orlandini et al 2004 model and answering the

following questions:

e How does the entanglement complexity change with respect to the total number

of monomers in the system?

e How does the entanglement complexity change with respect to the span of the

system along the tube?

e How does the entanglement complexity change with respect to the number of

chains in the system?

e How does the entanglement complexity change with respect to the systems’s

density?

e How does the entanglement complexity change with respect to the size of the

tube to which the polymers are confined?

121



e How do the total number of monomers, the span, the number chains, the

density and the size of the tube depend on each other?

.........................................

-----------------------------------------

......................................

DA
y L "

Figure 6.1: An example of a polymer system in an (N, M)-tube.

Specifically, we investigate, under some constraints, the entanglement complex-
ity of several self- and mutually avoiding walks confined to an (N, M)-tube. We
rigorously prove that the entanglement complexity, as measured in [41], of a poly-
mer system with size n is asymptotically (with probability one) bounded below by
a linear function of n; i.e. there exists a positive number v such that the probability
that a polymer system of size n has entanglement complexity greater than yn ap-
proaches 1 as n goes to infinity. It is also shown that the entanglement complexity
of SSAWs of size n is bounded above by a linear function of n. Note that here
“size” can be measured by the total number of edges, the span or the number of
degree one vertices (or, equivalently, twice the number of disjoint walks) in SSAWSs
. Furthermore, measuring size by the number of edges, for N > 2 and M > 2, the
connective constant for SSAWs in an (N, M)-tube is compared with the connective
constant for self-avoiding walks in an (N —2, M — 2)-tube and is shown to be strictly

greater than that for SAWs.
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For Y3 = [z,y, 2|7, let X#1(Y3) be a random variable taking its values from the
set of SSAWs with span m (in C},) and with the probability distribution
/(G I(G2) LF(GH)
ZHN (N, M, Y3)

P(X7(Ys) = G) = : (6.1.1)

where

ZENN, M, Ys) = > ol @Dyl(@2) /(G5 (6.1.2)
GeCy,

We use the transfer-matrix results proved in Section 2.6 to obtain the asymptotic
form of the free energy for SSAWs. Let f(X71(Y3),3) be a random variable repre-
senting the number of edges in X7#1(Y3). We use the transfer-matrix approach to
explore the asymptotic behaviour of the average edge-density of SSAWs defined by
Ey(%(?)’g)) i.e. the expected value of fﬁT(?)g)

Moreover, we investigate the asymptotic behaviour of SSAWSs in T'(N, M) with a
fixed edge-density, where the edge-density of an n-edge SSAW with a fixed span m is

defined by p(n) =

~i=- In particular, we look at span m SSAWs which contain |em]

edges, for some € > 0. Let ¢5,(N, M; |em|) denote the number (up to z-translation)
of such SSAWs in T'(N, M). In this case,

pllem]) = (6.1.3)

and the limiting edge-density is defined by

oo = lim Lemj €

(6.1.4)

We investigate the growth constant for SSAWs with a fixed limiting edge-density.
This chapter is organized as follows. In Section 6.2 we give a precise definition
of SSAWs. In Section 6.3, (CONCAT) and (CAPOFF) are proved to be satisfied
for SSAWs and the existence of the limiting free energy is shown in Section 6.4.
Then a pattern theorem is proved for the limiting free energy in Section 6.5. In
Section 6.6, it is shown that the connective constant of SSAWs in T'(N, M) (when
size is measured by the number of edges) is strictly greater than that of SAWs in
an (N — 2, M — 2)-tube, for N > 2 and M > 2. Then, in Section 6.7, we use

the pattern theorem to investigate the asymptotic behaviour of the entanglement
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complexity of polymer systems. In Section 6.8, we prove that the entanglement
complexity of any n-edge (span n) SSAW cannot grow faster than linearly in n. In
Section 6.9, we use the transfer-matrix results obtained in Section 2.6 to determine
the asymptotic form of the free energy for SSAWs. Then, in Section 6.10, some
questions regarding the asymptotic behaviour of the average edge-density of SSAWs
are addressed. Furthermore, in Section 6.11, we discuss the properties of the growth
constant for SSAWs with a fixed limiting edge-density. Finally, we finish this chapter

by giving a summary of the obtained results in Section 6.12.

6.2 SSAWs

Here we investigate the asymptotic behaviour of the entanglement complexity of
polymer systems, measured using a quantity based on linking numbers. For this
purpose a polymer system is modelled mathematically by a system of self-avoiding

walks defined as follows:

Definition 6.2.1. A System of Self-avoiding Walks (SSAW) with n edges in an
(N, M)-tube is a finite subgraph G of T'(N, M) satisfying the following conditions:

(i) The total number of edges in G is n.

(ii) Each connected component of G is an undirected self-avoiding walk which has
both its vertices of degree one and no vertex of degree two on the boundaries
of the tube (the four planes y =0, y = N, z = 0 and z = M are considered
the boundaries of the (N, M)-tube).

(iii) For
x1 = min{z|(x,y,z) is a vertex of G},
e = max{z|(x,y,z) is a vertex of G}

and any integer xy € [x1, 23], G has at least one vertex (z,y, z) with = = x.
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An example of an SSAW is illustrated in Figure 6.2. Consistent with the defini-
tions of the span and the left-most (right-most) plane for any finite subgraph of Z3,
presented in Section 2.1, x9 — x; is defined to be the span of the SSAW and = =
(x = x3) is said to be the left-most (right-most) plane of the SSAW.

z

y\l_x

Figure 6.2: An example of a 25-edge SSAW in 7'(2,4) with span 6.

In order to measure the entanglement complexity of an SSAW G according to
the Orlandini et al 2004 approach we need to associate a two-component link to each
pair of walks in G. Next we will explain the construction of such a link. To do this
nicely we first extend the walk endpoints in an SSAW so that they lie in either the
plane y =0 or y = N.

Let G be an SSAW composed of the sequence of self- and mutually avoiding undi-
rected walks wq, ws, ..., wg, where k is the total number of walks in G and the walks
have been ordered according to the following algorithm: Among the two endpoints
(vertices of degree one) of each undirected self-avoiding walk w;, for 1 < i <k, let v;
be the vertex which is lexicographically smallest. Then the walks are ordered from
1t = 1,..., k according to the lexicographical order of the v;’s. We will assume this

order for the walks in any SSAW G after this, unless otherwise stated.

Lemma 6.2.1. Given two non-negative integers N and M, let G be an n-edge SSAW
inT(N, M). There exists an SSAW G in T(N, M+2N) such that GN(G+(0,0, N)) =
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G +(0,0,N), the number of edges in G is bounded above by a linear function h(n)
where h(n) = (4N — 3)n, and G has all its degree one vertices in the planes y = 0

andy = N. G is contained in the box

BG = {(%yaz)EZ3’xl§$§$2:0§9§N70§z§M+2N}7 (621)

where x = x1 and x = x5 are respectively the left- and right-most planes of G.

Proof. Given an n-edge SSAW G in T'(N, M), let wy, ..., wy, be the sequence of undi-
rected self-avoiding walks composing G. For¢ = 1, ..., k, let n; be the number of edges
in w;. For every USAW w; in G we associate a new USAW w; as follows (as an exam-
ple, see Figure 6.3): For every x* such that x; < x* < x, we order lexicographically
all the degree one vertices (z*,y,0) in the plane z = 0 with 0 < y < N and x = 2%,
if there are any. Let v; < ... < v, (for some 0 < r < (N — 1)) represent the sequence
of these vertices. Then for j = 1, ..., 7, we add the walk (—jk, —y(v;)j) starting at v,
and then ignore the orientation on the edges. Similarly, we order lexicographically
all the degree one vertices of GG in the plane z = M with 0 <y < N and x = z*. Say
v1 > ... > v, (for some 0 < r < (N —1)), where the vertices are labelled from largest
to smallest. Then for j = 1,...,7, we add the walk (jk, (N — y(v,))j) starting at
v; and ignore the orientation on the edges. Under this transformation, any USAW
in G will be either extended, at least from one of its endpoints, or it will remain
unchanged. Now, we translate all the USAWs N units in the positive z-direction.
For ¢ = 1,...,k, we denote by w; such a USAW obtained from w;; note that each
w; has (n; +m;) edges where m; < 4(N — 1). This results in a new SSAW, G, in
T(N, M +2N) with the property that the USAWs in G have all their endpoints on
the boundary planes y = 0 and y = N. It is also clear from the construction that

GN(G+(0,0,N)) =G+ (0,0, N). Moreover, the total number of edges in G, n(G),
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satisfies the following inequality

n(G) = i(m +m;) < inﬂrimi < n44k(N -1)
- - - S n -+ 4(N — 1)n

= (4N —3)n. (6.2.2)

U

— @

2 :
Y. S 9
x Nl
(a) The 11-edge SSAW G in T'(2,2) with (b) The 21-edge SSAW G in T'(2,6) with
span 6. GG is composed of the sequence of span 6. G is composed of the sequence
walks wq, wo, w3, wy with n; = 2, ny = 6, of walks w1, we, w3, w4 with ny +mq = 6,
n3 =1 and ng = 2. ng+meo = 10, ng+msz = 3 and ng+my =

2.

Figure 6.3: An example showing how to construct G from the SSAW
G in T'(2,2). Note that the edges added to G in order to obtain G are
shown as dashed lines.

Given an n-edge SSAW G, let wy,...w; be the sequence of USAWs in G. By
Lemma 6.2.1, any pair of USAWSs (w;,w;) (i < j) corresponds to a new pair of
USAWSs (w;, w;) such that w; and w; are confined to the box B¢ and have their
endpoints in the boundary planes y = 0 and y = N. Let a; (a;) and b; (b;) be the
lexicographically smallest and largest vertices of w; (w;) on the boundary respec-
tively. The four points a;, b;, a; and b; lie in the boundary of B¢ and, regardless of
the configurations of w; and w;, a; (a;) can be connected to b; (b;) using three closed
straight-line segments lying outside Bg; for example, see Figure 6.4. In particular,
this can be done so that the result is a two-component link K;; = (K;, K;) satis-

fying the following conditions: First, when Kj; is projected into the zy-plane, the
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six closed straight-line segments of K;; which lie outside B create no crossing with
the edges inside Bg and at most one crossing amongst themselves. Secondly, when
K;j is projected into the xy-plane, the only crossing amongst edges outside B (if
there is any) must involve both components of K;;. Such a crossing will consist of
an over-crossing from one polygon edge and an under-crossing edge from the other
polygon. The addition of the six closed straight-line segments is done so that the
polygon containing w;, K;, contains the over-crossing. Figure 6.4 shows an example
of such a link associated to a pair of walks. The conditions under which the pro-
jection of Kj;; into the xy-plane creates (or does not create) a crossing outside B
are discussed next. Without loss of generality we take ¢ = 1 and j = 2 and we have
a1 < ag < by. Also, depending on the coordinates of by, one of the following cases

holds:

1) If a1 < by < ag < by then the following argument shows that Kj can be
constructed such that its regular projection in the xy-plane does not create any
crossing outside Bg. For i = 1,2 every a; (b;) lies in y = 0 or y = N. This
gives rise to a partition {A, B} of the set {aj, b1, as, by} satisfying AN B = () and
AU B = {ay,by,as,by} such that the elements in A lie in one boundary plane
and the elements in B lie in the other boundary plane. For all the possible par-
titions {{a1, b1, as, ba}, 0}, {{b1, az, b2}, {a1}}, {{a1, a2, b2}, {b1}}, {{a1,b1,b2},{az}},
{{a1, b1, as}, {b2}}, {{ar, b1}, {az, b2} }, {{a1, an}, {b1, b2} } and {{ay, bo}, {b1, a2} }, Ko

can be constructed such that its regular projection in the xy-plane does not create
any crossing outside Bg. This is because there is a plane which divides B¢ so that
a; and by are on one side and the other two vertices, as and by, are on the other side
of the plane; so we can add three closed line segments joining a; and b; on one side
of the plane and another three closed line segments joining as and b, on the other

side of the plane.

2) If a1 < ay < by < by then, depending on the position of the points on the
boundary planes, K5 can be constructed such that its regular projection in the xy-

plane creates zero or one crossing outside Bg. For the partitions {{ay, as, b1, b2}, 0}

(z(b1) > z(ag)), {{az,bi,ba},{ar}} (x(b1) > z(a2)), {{a1, a2, b}, {ba}} (2(b1) <
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z(ag)) and {{a1, b2}, {az,b1}} (x(by) > x(az)) the extra crossing is needed (e.g. see
Figure 6.4). On the other hand, for the partitions {{a1, as, b1, bo}, 0} (x(b1) = z(az)),
{{as, b1, b2}, {a1}} (2(b1) = x(a2)), {{a1, a2, b1}, {b2}} (x(b1) = 2(a2)), {{as, b1, ba},
{ax}},{{ar, bo}, {ag, bi}} (2(br) = 2(a2)), {{a1, a2, b2}, {b1}}, {{a1, az}, {b1, b2}} and

{{a1,b1},{az,b2}} no crossing is needed.

3) If ay < ay < by < by then, similar to the previous case, for the partitions
{{a1, b2, b1}, {a2}} (2(b1) > (b2)), {{a1,a2,b1}, {bo}} (2(b1) > 2(a2)), {{a1, a2}, {b2,
bi}} (z(by) > z(by)) and {{ai,bo},{as, b1}} (x(b1) > x(az)) one crossing is needed
while for the partitions {{a1, ba, b1}, {as}} (x(b1) = x(b2)), {{a1, a2, b1}, {b2}} (x(b1)
z(az)), {{ar, az}, {b2,b1}} (2(b1) = x(b2)), {{a1, b2}, {az, bi}} (x(b1) = x(a2)), {{a,
az, by, b1}, 0}, {{ag, b2, b1}, {a1}}, {{a1,a2,b2},{b1}} and {{a1, b1}, {as, b2} } no cross-

ing is needed.

Figure 6.4: A two-component link K, is associated to a pair
of USAWSs (wy,w3). a1 = (z(a1),N,z(a1)), bi = (x(b1),0,2(by)),
as = (x(az),0,z(az)) and by = (x(bg), N, 2(b2)). a1 < az < by < by
and the corresponding partition is {{aq, b2}, {az,b1}} (x(by) > z(a2)).
Note that in this case we can take v = (1 — 2, N + Yy, 24), v =
(X1 — &y =Y, 20), U = (xa + 2/, =y, 2) and v/ = (zg + 2/, N + ., 2])
where x,2', yu, Zu, Yo, 2v, Y, 2, are arbitrary positive integers and two
positive integers y/, and z/, are chosen so that the line joining ay and v’

lies under the line joining b, and v.

Thus we obtain the following corollary from Lemma 6.2.1:
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Corollary 6.2.2. Given an n-edge SSAW G, let wy, ...wy, be the sequence of USAWs
in G. Let G be the SSAW associated to G as prescribed in Lemma 6.2.1. For
any 1 < i < j < k, there exists a two-component polygonal link K;; = (K;, K;)
corresponding to each pair of USAWs (w;,w;) such that when it is projected into
the xy-plane those edges of K;; which lie outside B will create no crossing with
the edges inside Bg and at most one crossing, involving both polygons K; and K,

amongst themselves.

The Entanglement Complexity, EC(G), of any SSAW G is now defined as follows
[41]):
k=1 k
EC(G) =Y > |Lk(K)l, (6.2.3)
i=1 j=i+1
where £ is the total number of disjoint undirected walks wy, ws, ..., w; contained in G,
K;; is the two-component link associated to the pair of USAWSs (w;, w;) as prescribed

in Corollary 6.2.2 and Lk(K;;) is the linking number of Kj;.

6.3 (CONCAT) and (CAPOFF) for SSAWs

Given an SSAW G, let f(G,1), f(G,2) and f(G, 3) represent the span, the number
of degree one vertices (or, equivalently, twice the number of disjoint walks) and the

total number of edges of G respectively. For j = 1,2, 3, define
ZH (N, M, Y3) =Y al(@Nyf(@2,1G5) (6.3.1)
€]

where the sum is over all the SSAWs G with “size” n, measured by f(G,j), and
left-most plane x = 0; Y3 = [z,y, 2]T is a vector of variables. Note that here “size”
of an SSAW G can be measured by the total number of edges (f(G,3)), the span
(f(G,1)) or the number of degree one vertices of G (f(G,2) or, equivalently, twice
the number of USAWs in G).

We first use the so called pattern insertion strategy, introduced in Section 2.5, to

obtain a pattern theorem for SSAWs. In order to meet the requirements of Corollary
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2.5.3, which gives the pattern theorem, in this section we will check the satisfaction
of (CA1l), (CA2), (CONCAT) and (CAPOFF) for SSAWs. (CA1) basically gives the
definition of the clusters under investigation. Here C,, := C,,(N, M) is the set of all
SSAWs in T'(N, M) and C* C C, represents the set of all SSAWs with “size” n in
T(N, M) which have their left-most plane at © = 0. It can be easily seen that C, is

invariant under translation, i.e., given
u€S*={uelR|T(N,M)+u=T(N,M)}={(x,0,0) | v € Z}, (6.3.2)

G € C, implies that G+u € C,. The C,’s are also pairwise disjoint since C,,NC,,, = ()
for n # m. So (CA1l) is satisfied for SSAWs in T'(N, M). Similar to the case for

stretched polygons, given C :=J -, C,, we consider the weight function
wt : C' — (0, 00) (6.3.3)

such that wt(GQ) = 2/ (GDyf(G2) f(G3) for any G € C, where z, y and z are positive
real numbers. f(G, 1), f(G,2) and f(G, 3) all remain unchanged when an SSAW G is
translated along the x-axis thus the weight function wt is invariant under translation,
ie.

wt(G) = wt(G +u) for every u € S* and G € C. (6.3.4)

The following theorem also shows that (CA2) is satisfied for this choice of weight

function.
Theorem 6.3.1. Given the weight function wt, (CA2) is satisfied for SSAWs.

Proof. Given k > 0, let the two SSAWs G and G’ differ by at most k vertices and
edges, i.e.

| E(G) A E(G) |+ | V(G) AV(G) |< k. (6.3.5)

Then we claim that

’f(Gal)—f(G,al)fﬁk, ’f(GaQ)_f(G/72)’§k and ’f(G73)_f(G,73)’§k-
(6.3.6)
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Suppose to the contrary that | f(G,1)— f(G', 1) |> k (]| f(G,2) — f(G',2) |> k).
Without loss of generality assume that f(G,1) > f(G',1), i.e. the span of G is
greater than that of G', then there are exactly f(G,1) — f(G’,1) hinges in which G
has at least one vertex (because G is an SSAW) and G’ does not have any vertices
thus

| VIG)\V(G) 2] F(G.j) = (G 4) |> k for j=1,2. (6.3.7)
This implies that
| E(G) A E(G) |+ | V(G) AV(G) |2 VIG)\V(G) |> k (6.3.8)
which contradicts equation 6.3.5. Therefore, the following inequality must hold
| F(G,5) = f(G'4) |< K for j=1,2. (6.3.9)

Similarly, suppose to the contrary that for the number of edges,

| F(G.3) = F(G,3) |> & (6.3.10)
then
| E(G)\ E(G) 2] f(G,3) = f(G',3) [> k. (6.3.11)
This implies that
| E(G) & E(G) | + | V(G) & V(G') 2| E(G)\ E(G') |> k (6.3.12)

which contradicts equation 6.3.5. Hence, the following inequality must hold
| f(G.3) = f(G',3) IS k. (6.3.13)
Equations 6.3.9 and 6.3.13 yield equation 6.3.6. Thus,
—k < f(G',j)— f(G,j) <k for j =1,2,3, (6.3.14)

which implies

a7k < (@ D-1GD) < o yTh< yf(G',2)—f(G,2) <y* and 2F < G 3)=FG3) <k
(6.3.15)
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Hence, for x > 0, y > 0, 2 > 0,

(xyz)fk S xf(G/71)7f(G71)yf(G/72)7f(G72) Zf(G/,S)ff(G,S) S (xyz)k (6316)

Multiplying all sides of the above inequality by z/(¢1yf(¢2) 2/(G3) gives

(6.3.17)
Let v := (zyz)~*. Having
wt(G) = 27V ED G and wi(G') = /(@D yf (G2 F(E3) (6.3.18)
equation 6.3.17 yields
1
—wt(G) < wt(G") < ywt(G). (6.3.19)
Tk
]

The following lemmas show that for SSAWs and various choices of size there exist

choices of ¢p, tr and myp for which (CONCAT) and (CAPOFF) hold.

9 * P ® .9 ) ® o o
= [ T
S N T By 1
“~ ot *. . 777777 o, . . . 7777777
7 G1 G? z a
y \I_ X y \I— X
(a) The two SSAWs G and G2 in T'(2,4). (b) The SSAW G resulted from the con-

catenation of G and Gs.
Figure 6.5: An example of concatenating the 12-edge SSAW G5 with

span 2 (f(G2,2) = 6) to the 19-edge SSAW G, with span 4 (f(G1,2) =
12) which results in the 31-edge SSAW G with span 7 (f(G,2) = 18).

Lemma 6.3.2. Given two non-negative integer numbers N and M, ty = 1 and

cr =0 (cp = 1), (CONCAT) holds for SSAWs in T(N, M) when the size of an
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SSAW G is measured either by the number of edges, f(G,3), or by the number of

degree one vertices, f(G,2) (by the span, f(G,1)).

Proof. We prove that there exists a concatenation process defined for SSAWs on
T (N, M) and associated integers t > 0 and ¢y > 0 such that:

Given G; € C; with span b; and Gy € C;, with span by, concatenating G to the
translate of Gy, Go+(tr+01,0,0), forms G € Cy; | . such that GOV, = GiNVy, 4
and G N (Vo1 + (tr + b1 + 1,0,0)) = Ga N (Vi,—1 + (1,0,0)) (i.e. only the right-
most plane of G; and the left-most plane of G5 can be altered in the concatenation
process).

The proof of this lemma when the size of G is measured either by f(G,2) or
f(G,3) is identical while slight modifications are required when the size is measured
by f(G,1); these modifications are set off in brackets. Let G; € C} with span by
and Gy € C¥, with span by, uniting G; with the translate of Gy, Go + (b + 1,0,0),
forms the concatenated SSAW G with span b = by +by+1 (i.e. f(G,1) = f(Gy,1)+
f(Go,1) + 1) and satisfying f(G, j) = f(G1,7) + f(Ga,j) for j=2,3. Gisin C;,,
if size is measured by f(G,3) or f(G,2) (in C} ., if size is measured by f(G,1)).
An example of such a concatenation is shown in Figure 6.5. It is clear that this
concatenation process is well defined since G automatically inherits all the required
properties of SSAWs from (7 and G5. Letting t7 = 1 and ¢ = 0 if size is measured
by f(G,3) or f(G,2) (er = 1 if size is measured by f(G, 1)) proves that (CONCAT)
holds for SSAWs in T'(N, M). O

Note that larger SSAWs can be made by concatenating smaller ones; however,
there are many SSAWs which cannot be made by concatenating two or more small
ones. For example, SSAWs which contain only a single undirected self-avoiding walk

have this property.

Lemma 6.3.3. Given a pair of non-negative integer numbers (N, M) # (0,0) and
my > (N —1)(M — 1)+ 1, (CAPOFF) holds for SSAWs in T'(N, M) regardless of
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(a) The 2-pattern P which has occurred (b) The SSAW G with span 2+mp which

in an SSAW H. starts with the pattern P and ends with
mp — m(W(P)) copies of the 0-pattern
Py.

Figure 6.6: An example of a 2-pattern P which occurs at the start
of an SSAW G with span 2 + mp; note that m(W(P)) = 2 and the
edges added to P in order to obtain GG are shown to be thicker than
P’s edges.

whether size is measured by the number of edges, the span or the number of degree

one vertices.

Proof. We prove that there exists an integer my > 0 such that:

For any integer b > 0 and any b-pattern P that occurs at (0,0,0) in some finite
size SSAW in C* with span s > b+ 1 (i.e. P occurs at the start of some SSAW),
there exists an SSAW G € C* with span b + mp which also contains P at (0,0, 0)
(i.e. P is also at the start of G). Similarly, given any b-pattern P’ that occurs at
(s —b,0,0) in some finite size SSAW in C* with span s > b+ 1 (i.e. P’ occurs at
the end of some SSAW), there exists an SSAW G’ € C* with span b + mq which
contains P’ at (mr,0,0) (i.e. P’ also ends G').

Without loss of generality consider the first case, i.e. let P be a b-pattern that
occurs at the start of an SSAW with span > b. P may already be an SSAW or P
must have a degree one vertex in (or a degree zero vertex in the boundary of) its
right-most plane. In the latter case, to obtain an SSAW G satisfying (CAPOFF)

any degree one (or degree zero) vertex must be extended to the boundary (one unit
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in the boundary). Thus the SSAW G satisfying (CAPOFF) can be constructed from

the pattern P as follows (Figure 6.6 gives an example of such a construction):

Let W(P) := {vy,...,v;} be the set of all the degree one vertices (ordered lexico-
graphically from smallest to largest) in the plane x = b which are not on the bound-
aries of the tube; i.e. v; € X :={(b,y,2) € Z*)|[1 <y < N—-1,1<z< M — 1} for
jg=1,..,i (i < (N—-1)(M-1)). Given v; = (z;,y;, zj), we join each v; to a point on
the boundary of the tube using a USAW. Specifically, for each 1 < j <4, we add the
USAW ((5 + 1)1, —zj/%) starting at v; and then ignore the orientation on the edges.
Next, we join any vertex u of P that has degree zero and lies on the boundary of
the tube to the vertex u + (1,0,0) by adding an edge. Note that such an edge must
be on the boundary of the tube. The result will be an SSAW G with span equal to
b+ i+ 1. Clearly, the span of G; depends on m(W (P)) := i+ 1 which depends on
i, the number of degree one vertices in the configuration of the right-most plane of

P.ie. W. We will remove this dependence using the following strategy.

Let W be any non-empty subset of vertices in X;. Let W = {vy, ..., v;w}, where
the v;’s, j = 1,...,i(W), are ordered lexicographically (from smallest to largest) and
i(W) is the number of elements in W. By the construction above, corresponding
to each W we get a set of USAWs which fit in a section of the tube with span
m(W) :=i(W)+1, ie. Viyawy+ (5,0,0). Since i(W) < (N —1)(M — 1), m(W) will
be bounded above by a function of N and M, ie. m(W) < (N —-1)(M —1)+1. In
particular, taking W = W(P) from above, m(W(P)) < (N —1)(M — 1) + 1. Thus
we can remove the dependence of the span of G; on W (P) by extending G to create
a new SSAW G having span at least (N —1)(M — 1)+ 1+ b. To see this, let mr be
an integer > (N —1)(M — 1)+ 1. Let Py be the 0-pattern containing the single edge
walk (k) (or (7) if M = 0) starting at the origin with orientation ignored. Gj can
easily be extended to an SSAW G with span my by concatenating (mr—m(W (P)))

copies of Py to the left-most plane of GG1; for example, see Figure 6.6. Furthermore,
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by symmetry a similar argument leads to the construction of the SSAW G’ satisfying

(CAPOFF) for an end pattern P’. Therefore (CAPOFF) is satisfied for SSAWs. [

6.4 The Limiting Free Energy for SSAWs

In this section, we prove the existence of the limiting free energy for SSAWs when
the size is measured by various measures. Let (N, M, ay, as, az) denote the number
of SSAWs G (up to z-translation) satisfying f(G, j) = a; for j = 1,2,3. Note that
for any n € N, Z#I(N, M,Y3) from equation 6.3.1 can be written as

ZF(N,M,Ys) = > q(N, M, ay,a,a5)a! Gyl (@D F(E5)

= ZQ(Na M, ay, ag, az)x“ y*2*, (6.4.1)

where the sums are over all the non-negative integer triples (a1, as, az) with a; = n.

Theorem 6.4.1. For each of j = 1,2, 3, the following limit exists and is finite

FHI(N,M,Y3) = lim n~"log Z#/(N, M, Y5). (6.4.2)

n—oo

Proof. Note first that here we prove the theorem for the case where size of any SSAW
G is measured by f(G,3), i.e. the number of edges in G. A similar argument works

for the other two cases.

By (CONCAT) for SSAWSs, Lemma 6.3.2, the following inequality holds

2n1  2nq
Z ZQ(N,M,ml,Chnl)Q(N,M,m—m1 - 170_617n2) S q(N)Mam)c)n1+n2)‘

mi1=0c¢1=0

(6.4.3)

Multiplying both sides of this inequality by zy°2™ ™2 and summing over m and ¢
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gives rise to

2(n14+n2) 2(n1+n2) 2n; 201

Z Z Z Z (N, M, my,ci,n1)q(N, M, m —mq — 1,¢c— ¢y, ng)a™ycz"

m1=0c1=0

2(n1 +n2) 2(n1+nz2)

Z Z (N, M, m,c,ny + ng)axmyzmm

- Zn1+n2 (N7 M7 %)

Moreover,

2n1  2n1
Ty (N, M, Ys) = > ) (N, Mmy, cq,mg)a™ gy 2™, (6.4.4)

m1=0c1=0

mi1+2n2+1 c1+2n2
Zny(N, M, Y3) = E E q(N,M,m —my — 1,c— c1,ng)ax™ ™~ tycmc1m2,
m=mi1+1 c=c1

(6.4.5)
Now equations 6.4.3 to 6.4.5 imply that

ZEI(N, M, Y3)ZH3 (N, M, Y3) <z~ LZ#3 (N, M,Ys). (6.4.6)

ni1+ns2

Letting a, = logzZ#3(N, M,Y3), equation 6.4.6 implies that {a,} is a super-

additive sequence. Therefore, by Lemma 2.1.2

F#3(N,M,Ys) = lim n"'a, = supna,. (6.4.7)

n— o0 n>1
Any n-edge SSAW with z; = 0 is a set of n edges from the edges in the box

{(x,y,2) €Z3) 0 <2 <2n,0<y < N,0<z< M}. There are in total
2n(M+1)(N+1)+M2n+1)(N+1)+NM+1)(2n+1) (6.4.8)
edges in this box. Hence, given a = 4[(M + 1)(N + 1) + M(N + 1) + N(M + 1)],
q(N, M, ay,a2,n) <

(Qn(M—I— DIN+1)4+M2n+1)(N+1)+ NM+1)(2n+ 1))

< (a:) . (6.4.9)

138



Since, 0 < a1 < 2n, 0 < ay < n and az = n, so there are at most (2n + 1)(n + 1)

choices for the triple (aj, ag, ag). Thus
Z#(N, M,Y;) < (2n+ 1)(n + 1) (‘m) max{1, z2"y"2"}. (6.4.10)
n
Therefore, using Lemma 2.1.4, we have

limsupn~'log Z#*(N, M,Y;) < [aloga — (a — 1) log(a — 1)] + log(z*y2) < occ.

(6.4.11)

The existence and finiteness of the limit now follows from Lemma 2.1.2. O

Furthermore, for j = 1,2, 3, Theorem 6.4.1 and [26, Section 2.1] lead immediately
to the following result for F#I(N, M,Y3).
Theorem 6.4.2 (Janse van Rensburg 2000 [26]). F#/(N, M,Y3) is a convex function
of logY3(7). Moreover, its right- and left-derivatives exist everywhere in (0,00),
and they are non-decreasing functions of Ys(j). F#I(N, M,Y3) is also differentiable

almost everywhere, and whenever

dF# (N, M,Ys)/dY;(j) (6.4.12)
exists it 1s given by
lim (dFJ7(N, M, Y3)/dYs(3)), (6.4.13)
where
F#(N,M,Y3) = n"'log Z# (N, M, Ys). (6.4.14)

6.5 Pattern Theorem for the Limiting Free En-

ergy of SSAWs

Given a pattern P for SSAWs, for j = 1,2, 3, define

ij(N, M,Ys; < m,P) = Z 2 (G F(G2) F(G3) (6.5.1)
GeCr[<m,P]
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to be the partition function for the SSAWs which contain less than m translates of P,
when size of an SSAW G, n, is measured by f(G, j). (CONCAT), (CAPOFF), (CA1)
and (CA2) are all satisfied for SSAWSs hence Corollary 2.5.3 yields the following

pattern theorem for the limiting free energy.

Theorem 6.5.1. Let P be any proper pattern for SSAWs in T(N,M). Then, for

j=1,2,3, there exists an eﬁj(Yg,) > 0 such that
FHI(N, M,Ys; < €5 (Ys), P) < F#I (N, M,Ys), (6.5.2)
where

FHI(N, M, Ys; < € (Ys), P) = limsupn~'log Z# (N, M, Ys; < | € (Ys)n], P).

n—~oo

(6.5.3)

Note that here any SSAW pattern is also a proper pattern. In fact, any SSAW
start (end) pattern can also occur in the middle of an SSAW. This is due to the nature
of (CONCAT) for SSAWSs which leaves both the left- and right-most planes of a given
pattern P unchanged. More precisely, let P be a start pattern which occurs at the
start of an SSAW H. By Lemma 6.3.2 (CONCAT), we can concatenate together any
number of copies of H without changing the right-most or left-most plane of H. This
shows that P can occur in the middle of infinitely many SSAWs thus P is a proper

SSAW pattern. By symmetry, a similar argument also works for end patterns.

6.6 The Connective Constant for SSAWS

Given Y3 = [1,1,1]7, for j = 1,2, 3 let
a3’ (N, M) = ZJ7 (N, M, Ys) (6.6.1)

be the number of SSAWSs of size n measured by f(G,j). By Theorem 6.4.1, the

connective constants exist for SSAWs, i.e.

KN, M) = F(N, M, [1,1,1]") = lim n"'log ¢! (N, M), (6.6.2)

n—oo
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for j =1,2,3.
As was discussed in Section 2.2, Soteros and Whittington [48, 49] proved the

existence of the connective constant for SAWs in T'(N, M), i.e.

k(N, M) = lim n'loge,(N, M) < oo, (6.6.3)

n—oo

where n denotes the number edges. In this section we show, using the pattern
theorem for SSAWs in T'(N, M), that the connective constant for SAWs in T'(N —
2, M — 2) is strictly less than the connective constant for SSAWs in T'(N, M) when

the size is measured by the number of edges.

Theorem 6.6.1. For N > 2 and M > 2,
K(N —2,M —2) < &¥*(N, M). (6.6.4)

Proof. The idea of the proof is to start with a bridge w in T'(N — 2, M — 2) and
construct an SSAW in T'(N, M) by translating w and then extending its end vertices
to the boundary plane z = 0 of the tube T'(N, M). See Figure 6.7 for an example of
such a construction. Then we use the pattern theorem for SSAWs, Theorem 6.5.1,
combined with the fact that bridges and SAWs in T'(NV, M) have the same connective
constant (Theorem 2.2.3) to complete the proof.

Given an n-step bridge w := ug, uy, ..., Up_1, up in T(N —2, M —2), let w; and wy
be respectively the walk (—(z(ug)+1)k) starting at uo and and the walk (i, —(z(u, )+
1)]%) starting at u,. Let w; owowsy be the walk obtained from concatenation of wy, w
and ws (see Figure 6.7 (b)). Translating w; o w o wsy by k and then by j and ignoring
the orientation on the edges results in an SSAW G’ in T'(N, M) which contains only

a single USAW. The number of edges in G', n(G"), satisfies the following inequality
n(G') = n+n(w)+ n(ws)
< n+M-1)+(M-1)+1
= n+2M -1, (6.6.5)
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w W1 O W O Wa Gu

Figure 6.7: An example showing how to construct the SSAW G, in
T(2,3) from the bridge w in T°(0,1). Note that here n = 2, m,, = 4
and n(G,) =T7.

where n(w;) and n(ws) denote the number of edges in w; and wsy respectively.
Note that m,, := n(w;) + n(wy) < 2M — 1. Let Py be the pattern introduced in
the proof of Lemma 6.3.3. We can easily concatenate (2M — 1 — m,,) copies of Fy

to G"’s right-most plane and obtain a new SSAW G, with the total number of edges
n(Gy) =n+2M — 1 (see Figure 6.7 (c)). Thus

bu(N — 2, M —2)
2

< g o1 (N, M), (6.6.6)

1

Taking logarithms, multiplying both sides by n~" and letting n — oo implies

k(N — 2, M — 2) < 5F3(N, M). (6.6.7)
Using Theorem 2.2.3, we obtain
K(N —2,M —2) < &¥*(N, M). (6.6.8)

It is easy to see from the construction of the SSAW G, that there are many
SSAW patterns that do not appear in any SSAW in T'(N, M) constructed, as ex-
plained above, from a USAW in T'(N — 2, M — 2). For example, each 1-span SSAW

containing only one undirected walk, considered as a pattern P, cannot occur in any
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G, constructed from a walk w. This is because every SSAW (considered as a pat-
tern) that occurs in G,, and contains only one walk has either span zero (like Fp) or
has span greater than one. In particular, let P, be the SSAW 1-pattern which con-
tains a single edge joining the origin to (1,0,0). We can use P = P, and the pattern

theorem for SSAWs, Theorem 6.5.1, to show that for some ep = e%>([1,1,1]7) > 0

K(N —2,M —2) < 573N, M; < ep, P) < 5¥*(N, M), (6.6.9)

where
KEY(N,M; < ep, P) = F*(N,M,[1,1,1]"; < ep, P). (6.6.10)
O

6.7 Entanglement Complexity and the Asymptotic

Behaviour of SSAWs

In this section, we first use the pattern theorem for SSAWs to find a lower bound
(with probability one) for the entanglement complexity of SSAWs. We prove that
EC of SSAWs with size n, as defined in equation 6.2.3, asymptotically grows (with
probability one) at least as fast as yn for some v > 0.

For each 7 = 1,2, 3, let

ZE(N, M. Y5 BC < m) =3 al @0y /02,109, (6.7.1)
G

where the sum is over all the SSAWs in C* with n = f(G, j) and EC(G) < m. We
will show that there exists a positive number v#7(Y3) such that all but exponentially
few SSAWSs with size n > N#J(Y3) (for some N#/(Y3) € N) have EC greater than
v#1(Y3)n. Let P be any SSAW containing two USAWs w; and wy so that the link
K5 associated to this pair of walks has a non-zero linking number. In particular,
for N > 4 and M > 3, we can take P = P; to be the 2-pattern in T'(N, M)

that contains the following two walks with the orientation on the edges ignored:

143



(N — 3)}',—2%,2}',—1%,23, /%,j) starting at (2,0,2), and (N — 2)}',]%, 27 starting at

(1,0,1). The projection of P; into the zy-plane is illustrated in Figure 6.8.
Theorem 6.7.1. For j = 1,2,3, there exists a positive number v#3(Y3) such that

FH(N,M,Yy; EC < 7#(Y3)) < FH(N, M, Yy), (6.7.2)
where

FH(N, M,Ys; EC <% (Y3)) = limsupn™"log ZJ7 (N, M, Ys; EC < 4% (Ys)n).

n—oo

(6.7.3)

Proof. For the pattern P = Py, introduced above, by Theorem 6.5.1 there exists a

real number %/ (Y3) > 0 such that
FHI(N,M,Ys; < €,(Ys), P) < F#* (N, M,Y5). (6.7.4)

Note that the pattern P can also be considered as an SSAW. P contains the two
USAWSs w; and wy such that | Lk(Ky2) |= 1, where K75 is the two-component link
associated to (wy,ws) as prescribed in Corollary 6.2.2. So each occurrence of P in
an SSAW G adds one to EC(G). Thus P cannot appear more than €7 (Y3)n times in
any SSAW with size n which has EC at most €57 (Ys)n. Hence for v#7(Ys) := €57 (Ys)

we have
FHI(N, M,Ys; EC < 4#3(Y3)) < FH(N, M; < €5 (Y3), P). (6.7.5)
Therefore, combining equations 6.7.4 and 6.7.5, we have
FH(N, M, Yy EC < 47(Y3)) < FH(N, M, Y3). (6.7.6)
O

For j = 1,2,3, let X#/(Y3) be a random variable taking its values from the set

of SSAWs with size n = f(G, j) (in C¥) with the probability distribution

, F(G.1), f(G2) ,f(G,3)
P(XFI(Yy) = G) = T
Zi7 (N, M, Ys)

(6.7.7)
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Figure 6.8: The regular projection into the xy-plane of the pattern
P, with linking number 1.

Corollary 6.7.2. For v#1(Y3) (j = 1,2,3) introduced in Theorem 6.7.1, the prob-
ability that an SSAW G with size n = f(G,j) has EC(G) greater than v#1(Y3)n

approaches one exponentially as n goes to infinity, i.e.

lim P(EC(X(Y3)) > 7 (Ya)n) = lim [1 — e” @O =1, (6.7.8)
where o(j,Y3) = F#(N, M,Ys) — F#(N, M, Ys; < 4% (Y3)) > 0.
Proof. Let
g(n,Ys) = (log Z}/(N,M,Ys; EC <~ (Ys)n) — FH (N, M, Ys; < 4*7(Y3))n)
— (log Z#/ (N, M, Ys) — F* (N, M, Y3)n). (6.7.9)

By Theorem 641,
Y

n—00 n

—0 (6.7.10)

hence g(n,Y3;) = o(n). So

| Z# (N, M,Ys; EC < v#1(Y3)n))
O - —
° ZF (N, M, Yy)

(FHI(N, M, Ya; < 7#9(Yy)) = FH (N, M, Ys))n + o(n)

(6.7.11)

which leads to

ZF (N, M,Ys; EC < 4*1(Y3)n)) _ o=/ Ya)nto(n)

; 6.7.12
ZF (N, M, Y3) ( )
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Therefore, for j = 1,2, 3, the probability that an SSAW with size n has EC greater
than v#7(Y3)n is given by:

Z#j(N, M,Ys3; EC > 7#9'()/3)7@)
Z3 (N, M, Ys)
ZH (N, M,Y3) = Z¥ (N, M, Ys; EC <% (Yg)n)
Z (N, M, Ys)
| ZE (N, M, Yy EC < 4% (Y)n)
Z (N, M, Ys)
= 1— e @ @Ys)nto(n) (6.7.13)

P(EC(X](Ys) > y™ (Ya)n) =

By Theorem 6.7.1, o/(j,Y3) > 0 hence the above probability goes to unity as 1 —

—a/(j,Ys)n+o

e (") when n — oo. O

For k,j € {1,2,3} and k # j, f(X#/(Y3),k) is a random variable with the
probability distribution

S (Gt (G gy T EDY (D (ED

ZF (N, M, Y3)
Z(a17a27a3)7ak:a7aj:n q(N, M, ay, as, a3)xf(G,1)yf(G,2)zf(G,3)
ZF (N, M, Ys) '

P(f(X}(Ys),k) =a) =

(6.7.14)
Given v > 0, let
ZI(N, M, Ys; f(k) < yn) = Z gl (@) f(GD) L 1(G3) (6.7.15)
G
where the sum is over all the SSAWs G € C* with n = f(G, j) and f(G, k) < yn.

Theorem 6.7.3. Given any pair j and k such that k,j € {1,2,3} and k # j, the

following inequality is satisfied
FH(N, M, Ys; f(k) < € (Vs)) < FH(N, M, Y5), (6.7.16)
where

FH(N, M, Ys; f(k) < €57 (Y3)) = limsupn~tlog Z# (N, M, Ys; f(k) < €57 (Ya)n).

n—~oo

(6.7.17)
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Proof. For the pattern (SSAW) P = P, and €%/ (Y3) > 0 introduced in Theorem
6.7.1, we have

FHI(N,M,Ys; < €5(Ys), P) < F#I(N, M,Y5). (6.7.18)

P has span 2, 2N 48 > 1 edges and 4 degree one vertices on the tube’s boundary
hence each occurrence of P in an SSAW G increases f(P,1), f(P,3) and f(P,2) at

least by one. Therefore, the number of occurrences of P in an SSAW with size n is

at most f(G,i) for i = 1,2,3. Thus P cannot appear more than eﬁjn times in any

SSAW with size n satisfying f(G, k) < e’ (Y3)n. Hence we have
FHI(N, M,Ys; f(k) < €67(Y3)) < F#*(N, M, Ys; < € (Y3), P). (6.7.19)
Combining equations 6.7.18 and 6.7.19, we have

FH(N, M, Ys; f(k) < e (Ya)) < FH(N, M, Y3). (6.7.20)

Therefore, a similar argument to Corollary 6.7.2, implies the following.

Corollary 6.7.4. For k,j € {1,2,3} and k # j, the probability that an SSAW G
with size n satisfies f(G, k) > eﬁj(Yg)n approaches one exponentially as n goes to
infinity, i.e.

lim P(f(X(Ys),k) > €7 (Ya)n) = lim [1 — e~ GRYante] — 1 (6.7.21)

n—oo n—oo

where o' (j k, Y3) = F# (N, M, Ys) = FH (N, M, Ys; f(k) < ¢} (Ys)) > 0.

6.8 An Upper Bound For The Entanglement Com-

plexity of SSAWs

In this section we find an upper bound for the entanglement complexity of SSAWSs

with size n that is linear in n. Given an SSAW G, we first find an upper bound for
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EC(G) when the size of G is measured by the number of edges, then we will use this
to obtain an upper bound for the case where the size of GG is measured by its span.

Given an SSAW G, for 6 = 1/6 and for any pair of USAWSs (w;, w;) in G, let K;;
be the two-component link associated to (w;, w;). We fix a polygonal link L;; and its
regular diagram in the (z, y)-plane, D;;, as prescribed by Corollary 3.1.4. In order to
get an upper bound for EC(G), the sum of the linking number of the K;;’s, we will
find an upper bound for the total number of crossings in the D;;’s. There are two
types of crossings in each D;;; the crossings created by the edges of K;; which are
outside the box B¢ and the crossings created by the edges inside Bg. Our strategy
is to bound the total sum of each type of crossing by a linear function of n. The

following lemma gives an upper bound on the total number of crossings in the D;;’s

that result from those edges of K;;’s which lie outside Bg.

Lemma 6.8.1. Let wq, ..., wy be the sequence of USAWs in a given n-edge SSAW G
in T(N,M). Let G and w; (for 1 <i < k) be the SSAW and the USAW obtained
from G as prescribed by the proof of Lemma 6.2.1. Let K;;, 1 <1 < j <k, be the
two-component link associated to the pair of USAWs (w;, w;) and L;; be the polygonal
link prescribed by Corollary 3.1.4. For fized integers N and M, the total number of
crossings made by those edges of L;; which are outside B¢ is bounded above by the

linear function f(n) = (N +1)(M + 2N + 1)(4N — 2)n.

Proof. Let G be an n-edge SSAW containing the USAWSs wy, ..., wy. Let G be the
SSAW associated to G and wy, ..., W, be the corresponding sequence of USAWs as
prescribed in the proof of Lemma 6.2.1. Let n; and (n; +m;) (m; < 4(N — 1))
denote respectively the number of edges in w; and w;. For 1 <4 < k, let a; and
b; represent the z-coordinates of the two vertices of w; with degree one (a; < b;).
For j # 7 and 1 < j < k, L;; will not create any crossing outside the box B¢ if
both a; and b; are strictly less than a; or if both a; and b; are strictly greater than
b;. Now any walk which does not satisfy this must have at least one vertex in the

set {(7,y,2) € Z3|a; <z < b;,0 <y < N,0 <z < M+ 2N}. There are only
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(N +1)(M + 2N + 1)(b; — a; + 1) vertices in this set so there can be at most that
many L;;’s which will possibly result in a crossing outside Bg. Therefore, letting
f(n)=(N+1)(M + 2N + 1)(4N — 2)n, the total number of crossings, ¢, made by
the L;;’s outside B satisfies the following inequality:

¢ < D (N+1)(M+2N+1)(b;—a; +1)

=1 .
(N+1)(M+2N +1)) (n; +m; + 1)
(N+1)(M+2N+1)) (ni+4(N —1)+1)

(N+1)(M+2N +1)(n+4(N —1)n+n)

IN

IN

IN

= (N +1)(M + 2N + 1)(4N — 2)n

— f(n). (6.8.1)
0

Theorem 6.8.2. Given non-negative integer numbers N and M, the entanglement
complexity, EC(G), of any n-edge SSAW G in T(N, M) is bounded above by the
linear function

g(n) - CL(N, M)TL, (682)
where

a(N,M) = [(1/2)((N +1)(M + 2N + 1)(4N — 2)) + (9/4)(M + 2N + 1)(4N — 3)].
(6.8.3)

Proof. Let G be an n-edge SSAW composed of the USAWs wy, ..., w, for some
0 < k < n. By Corollary 3.1.4, corresponding to each two-component link Kj;
associated to the pair of USAWs (w;,w;) (i < j), there is a polygonal link L;;

with regular projection D;; in the (x,y)-plane. By Lemma 6.8.1, we know that the
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total contribution of the edges of L;;’s which are outside B¢ to the total number of
crossings is at most f(n) = (N + 1)(M + 2N + 1)(4N — 2)n. So let us investigate

the contribution of the edges of L;; that are inside Bg.

We will provide an upper bound for the total number of crossings of the D;;’s
by estimating how many crossings each edge [, in some L;;, say L;,;,, can generate.
To do so we need to consider two cases depending on whether the edge [, in L;, ;

corresponds to a horizontal or a vertical edge [} in K; If we assume that [} is

e
horizontal with vertices (x,,, Y, 2-) and (Zy,, Yr,, 2-) then, by Corollary 3.1.4, the
only other horizontal edges of the K;;’s that could generate edges in the L;;’s that
subsequently generate crossings with [, in the D;;’s, are the edges that have at least
one end point incident on either (x,,, Y, 2) or (Tyy, Yry, 2) for 0 < z < M+2N. There
are at most 7(M + 2N + 1) of these. The only vertical edges of the K;;’s that can
generate crossings with [, in the D;;’s are the edges that have both endpoints with
(x,y)-coordinates (z,,, Yr, ) O (Zpy, Yr,). There are 2(M + 2N) of these. Combining
these we get that a horizontal edge generates fewer than 9(M + 2N + 1) crossings.
Now we assume that [, is vertical with vertices (x,,y,, z,) and (x,, y,, 2, +1). Similar
to the argument before we can argue that there are at most 4(M +2N +1) horizontal
edges (those with a vertex with coordinates (x,,y,, z) for some 0 < z < M + 2N)
and M + 2N vertical edges that can generate crossings with [,. Combining the
two cases gives us the upper bound (9/2)(M + 2N + 1)(n;; + myj) (ni; + my; is
the number of edges of Kj;; inside Bg; m;; := m; +m; is the sum of the difference
between the number of edges w; and w; and w; and w;; note that m;; < 8(N — 1))
on the contribution to the number of crossings by those edges of K;; inside Bg. (It
is (9/2)(M + 2N + 1)(n;; + m;;) since each crossing will be counted twice, i.e. if an
edge [, crosses an edge [; then we counted the crossing both in the upper bound for
[, and in the upper bound for /;.) The contribution to the linking number by those
edges is now bounded by (9/4)(M + 2N + 1)(n;; + m;;).
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For 1 <i<kand 1 < j <n;+m,, let [;; denote the contribution of the jth
edge of the undirected walk w; to EC(G), i.e. to the sum of the linking number of

the K;;’s. We have proved that
lij <(9/4)(M +2N +1). (6.8.4)

Therefore, letting g(n) = (1/2)(M + 2N + 1)[(N + 1)(4N —2) + (9/2)(4N — 3)|n,

EC(G) < (1/2fm+3 >

E (ni+m;)
< (1/2 +Z Z 9/4 M+2N+1)
k n;+m;
< (/2N +1)(M+2N + AN =20+ (9/4)(M +2N+1) ), > 1
< (1/2)(N + 1)(M + 2N + 1)(4N — 2)n i1 =

+ (9/4)(M 42N +1)(n+4(N — 1)n)

= (1/2)(M 4+ 2N 4+ 1)[(N + 1)(4N —2) + (9/2)(4N — 3)|n

= a(N,M)n

= g(n). (6.8.5)

O

Remark 6.8.1. The following example shows that, given N > 4 and M > 3, for
infinitely many values of n there exists an n-edge SSAW G with FC(G) linear in
n. Let G be an n := (2N + 7)k’-edge SSAW made of concatenating &’ copies of the
(2N +T7)-edge pattern (SSAW) P illustrated in Figure 6.8. Clearly, here, EC(G) = k'
is linear in n.

Note that the total number of edges in a slice with width 1 of an (NN, M)-tube is
a'(N,M)=2N(M +1)+2M(N +1)+ (M +1)(N + 1), (6.8.6)

which depends only on N and M. Hence the number of edges in any SSAW G,
f(G,3), satisfies
f(G.3) <d (N, M)[f(G,1). (6.8.7)
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Thus Theorem 6.8.2 implies
EC(G) < d'(N,M)a(N, M)n (6.8.8)

when the size of G is measured by its span, i.e. n = f(G, 1). Therefore, by Theorem
6.7.2 we conclude that:

e There exists v#!(Y3) > 0 such that the probability that EC of a randomly
chosen span n SSAW X7#1(Y3) is bounded below by 7#!(Y3)n and bounded
above by ' (N, M)a(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(y#!(Y3)n < EC(X}'(Y3)) < d/(N, M)a(N, M)n) =

n—oo

lim [1 — e_a/(l’YS)”J”’(”)] =

1. (6.8.9)

In other words, as the span of SSAWs increases one expects EC to grow linearly

in the span with probability one.

e There exists y#3(Y3) > 0 such that the probability that EC of a randomly cho-
sen SSAW X #3(Y3) with n edges is bounded below by 7#3(Y3)n and bounded

above by a(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(y#3(Y3)n < EC(X73(Ys)) < a(N, M)n) = lim [I — e~ G¥)ntolm] — 1,
(6.8.10)
In other words, as the number of edges of SSAWSs increases one expects EC to

grow linearly in the number of edges with probability one.

Furthermore, f(G,2) < 2f(G,3) < d(N,M)f(G,1) and f(G,1) < 2f(G,3). So

by Theorem 6.7.4 we conclude that:

e There exists €' (Y3) > 0 such that the probability that the number of degree
one vertices of a randomly chosen span n SSAW X#1(Y3) is bounded below by
%' (Y3)n and bounded above by a/(N, M)n goes to one exponentially rapidly
as n — oo, i.e.
lim P(eﬁl(Y},)n < f(X7'(Y3),2) < d/(N,M)n) = lim [1—e~@" (12 Ya)nto(n)] — 9

(6.8.11)
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In other words, as the span of SSAWs increases one expects the number of
degree one vertices (the number of disjoint walks) to grow linearly in the span

with probability one.

There exists /5 (Y3) > 0 such that the probability that the number of edges of
a randomly chosen span n SSAW X#1(Y3) is bounded below by €' (Y3)n and

bounded above by a'(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(eﬁl(Y},)n < f(X7'(Y3),3) < d/(N,M)n) = lim [1—emo" (W3 Ya)ntolm)] — 7
(6.8.12)
In other words, as the span of SSAWs increases one expects the number of

edges to grow linearly in the span with probability one.

There exists €/,’(Y3) > 0 such that the probability that span of a randomly
chosen SSAW X #3(Y3) with n edges is bounded below by €% (Y3)n and bounded

above by 2n goes to one exponentially rapidly as n — oo; i.e.

lim P(ef’(Ya)n < f(XFP(Ys),1) < 2n) = lim [1 — 7 @LYIntolm] — .
(6.8.13)
In other words, as the number of edges of SSAWs increases one expects the

span to grow linearly in the number of edges with probability one.

There exists %,°(Y3) > 0 such that the probability that the number of degree
one vertices of a randomly chosen SSAW X7#3(Y3) with n edges is bounded
below by eﬁ?’ (Y3)n and bounded above by 2n goes to one exponentially rapidly

as n — 00; i.e.

Tim P(ef*(Yan < FXF(Y).2) < 2n) = lim [1 — e~ @200m000) = .
(6.8.14)
In other words, as the number of edges of SSAWSs increases one expects the
number of degree one vertices (the number of disjoint walks) to grow linearly

in the number of edges with probability one.
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6.9 Transfer-Matrix Results for the SSAW Model

In this section, the transfer matrix argument, introduced in Section 2.6, is employed
to explore the asymptotic form of SSAWs with a fixed span m, i.e. Z#1(N, M,Y3)
where Y3 = [1,y, z].

In order to ensure that the Cluster Configuration Axiom, as stated in Section 2.6,
is satisfied, we first define an ordering and labelling on the edges of a given SSAW G.
Let G be an SSAW composed of the sequence of USAWSs wq, ws, ..., wy, where k is the
total number of walks in G. We define a labelling on the edges of G such that, for
1 <1 <k, all the edges in w; have the same label, and edges belonging to different
walks have distinct labels. As discussed before, the walks are ordered according to the
following algorithm: Among the two endpoints (vertices of degree one) of each USAW
w;, for 1 <1 < k, let v; be the vertex which is lexicographically smallest. Then the
walks are ordered from ¢ = 1, ..., k according to the lexicographical order of the v;’s.
An ordering can also be defined on the edges of each w; as follows: We can assume a
direction on the edge incident on v;, e; = {v;, u;}, by directing the edge to go from v;
to u;. This will naturally induce an ordering on the edges of w; starting with edge e;
as the first edge and ordering the other edges following the direction induced by that
of e;. The ordering on the w;’s and their edges will naturally induce an ordering on
the edges of G starting with edge e; as the first edge and ordering the other edges of
G according to the ordering of the w;’s and their edges. Hence a k-cluster config (k-
SSAW config) of an SSAW G is considered as G’s configuration in a sublattice of the
form H;_1(N, M)US;(N, M)UH;(N, M)U...US; 11 (N, M)UH; r_1(N, M) for some
1 <i<m—k+ 1, where G’s configuration in such a sublattice of the tube consists
of the sublattice and the ordering as well as labelling of the edges of (G, as introduced
above. With this extra information on the edges, the Cluster Configuration Axiom,

given in Section 2.6, is satisfied for the following sets of £-SSAW configs:
H(k) = {P17 P27 ey -P|H(k)|}7 (691)
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and

which are the set of all distinct proper, start and end k-SSAW configs, respectively.
Figure 6.9 shows an example of an SSAW in 7'(2,2) with it’s associated 3-SSAW
configs. Note that in Figure 6.9 the pairs of numbers beside the vertices of each
3-SSAW config represent respectively the labelling and the relative order of the walk
starting at that vertex, induced by the ordering of the edges of the SSAW in which
the pattern occurs; the relative order on the walks also determines a relative order
on the edges of the 3-SSAW config.

For any SSAW G, let e(G), d(G, 1) and d(G, 2) denote respectively the span, the
number of edges and the number of degree one vertices of G. For any 1 < ¢ < |II(k)]
(1 < i < |Ii(k)]), let ¢ = 1 (¢ = 1) and, for any 1 < i < |[Iy(k)|, let € = k.
Also, for any 1 < < |[TI(k)| (1 <1 < |Ii(k)|), let d;(1) (di(1)) and d;(2) (di(2)) be
respectively the number of edges and the number of vertices with degree one (on the
tube’s boundary) in the first hinge and section of P; (P/). Thus D; = [d;(1),d;(2)]"
and D} = [d(1),d/(2)]" (t = 2). For any 1 < i < |[IIy(k)], let also d/(1) and d/(2) be
respectively the total number of edges and the total number of vertices with degree
one (on the tube’s boundary) in P/. Thus, D! = [d/(1),d!(2)]*. Then equations
2.6.7 and 2.6.9 are satisfied.

Given an SSAW config P, define

Z#Y N, M,Ys; P) = Z 2 (GDyF (G2 L f(G3), (6.9.4)
a

where the sum is over all the span m SSAWs in C};, which do not contain the SSAW
config P. Also define

F#YN, M,Ys; P) = limsupm ™ 'log Z#1(N, M, Ys; P). (6.9.5)

m—0o0

Moreover, let y; = 2z, yo =y, Y = [y1, y2]? and Y3 = [1,y, 2]T. Then

Zn(N MY ) = D7 V5000 = 280 (N, M, Y3) (6.9.6)
GeCs,
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(a) An example of an 8-edge SSAW with (b) The associated 3-SSAW configs.
span 4 in T(2,2).
Figure 6.9: An example of an SSAW in a tube and its associated
3-SSAW configs. Note that the pairs of numbers beside the vertices of
each 3-SSAW config represent respectively the labelling and the relative

order of the walk starting at that vertex; the relative order on the walks
also determines a relative order on the edges of the 3-SSAW config.

and

Zn(N,M:PY) = Y Oy @ = 28N, M, Yy, P). (6.9.7)
GeCr, (P)

Theorem 2.6.1 and the fact that the Cluster Configuration Axiom and (CON-
CAT) hold for SSAWs yield the following result regarding the asymptotic form of
Z#Y(N, M,Y3) and also the asymptotic form of Z#'(N, M, Ys; P).

Theorem 6.9.1. ForY; = [1,y, 2]", any integer k > 2 and any proper SSAW config

P € 11(k), there exist non-negative values xo(Y') and oy such that
ZEYN, M,Y3) = ay(zo(Y)) ™™ + o((x0(Y))™™) asm — oo, (6.9.8)
Moreover, there exist non-negative values To(Y) > xo(Y') and ay such that

ZHYN, M,Y3; P) = ay (Zo(Y)) ™ + o((Zo(Y))™) asm — oco. (6.9.9)
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6.10 Asymptotic Behaviour of the Average Edge-

Density of SSAWs

For any SSAW G, let ©(G) = f(G,3), i.e. the number of edges of G. For 1 < i <
IIL(K)| (1 < i < |Iy(k)|), let ©(P;) (d'(P!)) be the number of edges in the first hinge
and section of P; (P!). For 1 <i < |IIy(k)|, let d’(P/) be the total number of edges
in P”. Then equation 2.6.23 is satisfied thus f(G, 3) is an additive functional.

Let t = 2, Y = [z,9]7 and Y3 = [1,4,2]" as defined in Theorem 6.9.1. As
discussed before, X7 (Y3) is a random variable taking its values from the SSAWs in

C? and with the probability distribution

yf(G:2) ,1(G3)
PXE'(Y;) =G) = =5 : (6.10.1)
Zi (N, M, Ys)

hence f(X7#'(Y3),3) is a random variable, representing the number of edges in a

randomly chosen SSAW X7#1(Y3) with span m, with the probability distribution

2y Y GV
P(f(X#1(Y3),3) = ) = =[G D=m .
(f(X71(Y3),3) = a) 2PN YY)

(6.10.2)

#1
Also W, the expected number of edges per unit volume, represents the

average edge-density of SSAWs. Theorem 2.6.2 implies that there exists vy > 0 such

that
Ey (X (Y5),9)) = wm + O(1) (6.10.3)
and hence
1 1
#1
NMmEY(f(Xm (Y3),3)) — ~Nar Y (6.10.4)
as m — 00.

The following Theorem is an immediate result of Theorem 6.4.2 and investigates
the behaviour of the expected value of f(X#1(V3),3), Ey(f(X%Y(Y3),3)), with re-

spect to log z.

Corollary 6.10.1. Given Y3 = [1,y, 2|,

d
By (f(X}'(Y3),3)) = W@Ffw, M, Ys) (6.10.5)
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almost everywhere. Hence Ey (f(X#Y(Y3),3)) is non-decreasing in log z almost ev-

erywhere.

Proof. By Theorem 6.4.2, the following equality holds almost everywhere:

d d
———F*(N,M,Ys) = “log Z#H(N, M, Y-
dlogz™ ™ ( 3 dlogz[m 08 Zy (N, M, ¥3)]
-1 ZG:f(G,l):m f(G,3)yl (@22 (G3)
Zm(N, M,Y3)
= m ' Ey(f(X7(Y3),3)). (6.10.6)
Hence
d
By (f(X}(Ys),3)) = M og T (N, M, Y) (6.10.7)
is non-decreasing in log z almost everywhere. O

Hence, the average number of edges per unit volume of a randomly chosen span
m SSAW, %, approaches a positive constant as m — oo and is non-
decreasing in log z and thus non-decreasing in z almost everywhere.

Given a proper k-SSAW config P, € II(k), define ¢; : C* — N U {0} such that
(@) is the number of times the SSAW config P, appears in G, for any SSAW
G € C*. For 1 < < |lI(k)], let ¥y (P;) = 0;;, where

Oig = b= (6.10.8)
it 1#£1
Similarly, for 1 < i < |IL(K)| (1 < i < [Ta(k)]), let di(P)) = & (d)(PY) = 6:,).
Then equation 2.6.23 is satisfied thus 1); is an additive functional.

Then v;(X#1(Y3)) is a random variable, representing the number of times the
SSAW config P, appears in a randomly chosen SSAW with span m, with the proba-
bility distribution
S Gy U EDICD

Zh' (N, M, Ys)

P(yu(X](Y5)) = b) = , (6.10.9)
where the sum is over all the span m SSAWs G € C7 with ¢,(G) = b. Also

By (pu(X7" (Y3)))

represents the average density of P, per unit span in SSAWs. Theorem
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2.6.2 implies that there exists 4; > 0 such that

By (vi( X1 (Y3))) = yim + O(1) (6.10.10)
and thus
%Ey(wl(X;fl(%))) — Y (6.10.11)

Let P, = P, be the proper 2-SSAW config obtained by ordering and labelling
the edges of the 2-pattern P; introduced in Theorem 6.7.1. Then the fact that
EC(G) > ¥ (G), for any SSAW G, and equation 5.4.14 imply that

By (EC(X#\(Y-
lim inf v (BEC(XL () > 7). (6.10.12)

m— oo m

Hence the average value of EC per span is bounded below by a positive value, repre-
senting the density of the 2-SSAW config P, in span m SSAWs. However, it is still
an open question how EC depends on the density of SSAWs and how 7; depends on

zZ.

6.11 Asymptotic Behaviour of the SSAWs with a
Fixed Limiting Edge-Density

In order to explore the relation between EC and the density of SSAWs, in this section
we investigate the asymptotic behaviour of the n-edge SSAWs in T(N, M) with a

n
NMm>’

fixed edge-density p(n) = where m represents the span. So we are primarily
concerned with the number of n-edge SSAWs with a fixed span m, denoted by
@G (N, M;n) =37, q(N, M, m,as,n). Note that these SSAWSs are said to have edge-
density p(n). ¢, (N, M;|em]) is the number of SSAWs with edge-density p(|em])
and limiting edge-density p. = +5; as m — oo. Note also that € = NMp, so € is
proportional to p,. The function p(N, M;e€) is defined to be the growth constant for

SSAWSs with limiting edge-density +5;, i.e.

log p(N, M;e) = lim m™'logq’,(N, M; |em)]). (6.11.1)

m—0o0
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Here we will investigate the existence of this function. Following the terminology

from [26], we will start with showing that Assumptions 3.1 from [26] are satisfied for

the SSAW model:
Lemma 6.11.1. The following statements hold:

(1) There exists a constant S > 0 independent of n and m such that 0 < ¢ (N, M;n) <

S™ for each value of m and n.

(2) There ezist a finite constant C > 0, and numbers A,, and B, such that 0 <
Ay < B, <Cm and ¢¢,(N,M;n) >0 if Ay, <n < B, with ¢¢,(N, M; A,,) >
0 and ¢¢,(N, M; B,,,) >0, and ¢3,(N, M;n) =0 otherwise.

(8) q2,(N, M;n) satisfies the following inequality:

Gy (N, M)y, (N, Ming) < Gy ymgs1 (N, Mng + ). (6.11.2)

Proof. (1) Let A be the set of all SSAW 1-patterns in T'(N, M). Let S be the number
of elements in A. Any SSAW 1-pattern P is composed of a set of occupied edges,
occupied vertices and unoccupied vertices from all the edges and vertices lying in
Vi(N,M) = {(z,y,2) €Z* | 0<2 <1, 0<y<N, 0<z< M}. There are in
total (N+1)(M+1)+2N(M+1)+2(N+1)M) edges and 2(N +1)(M +1) vertices
in Vi(N, M). Therefore, S is bounded above by the number of ways to choose the

occupied edges and vertices from Vi (N, M) which leads to

5 < (2(N+1)(M+1)+2N(M+1)+2(N+1)M) (22(N+1)(M+1)>

93(N+1)(M+1)+2N (M+1)+2(N+1)M (6.11.3)

Moreover, every SSAW G with span m and left-most plane x = x; can be represented
as a sequence of length m in A, i.e. {Py, P, ..., P,} where P, € A occurs at © =

x1+ (i — 1) for i = 1,2,...,m. The total number of such sequences is S™ but not
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necessarily every sequence corresponds to an SSAW. Therefore,
0<gq,(N,M;n)<S™ (6.11.4)

(2) Given an n-edge SSAW G with a fixed span m , let G be composed of the
USAWS wy, ..., wy. For 1 <1 < k, let n; and v; denote respectively the number of
edges and vertices of w;. Then

k k k
Y= (ni-1)=-k+> uv. (6.11.5)
i=1 i=1 i=1

Each w; contains at least two vertices so
v
k< Lij, (6.11.6)

where v = Zle v;. Hence, equations 6.11.5 and 6.11.6 give

k
Somo= —l5)+v
1=1

5] if v is even
5] +1 ifvisodd
]

m
ZL;

+1, (6.11.7)
where the last inequality holds since for any span m SSAW G, by Definition 6.2.1,
there has to be at least one vertex of GG in the plane x = x( for any xy < xg < x1+m,
where x = x is the left-most plane of G;ie. v > m + 1.

Next, we will show that this lower bound for the number of edges of G can be
reached, i.e. 3, (N, M; %] +1) > 0. If m is odd then the SSAW G’ composed of the
edges {(z,0,0),(x+1,0,0)}, for z € Z and 0 < x < m — 1, has span m and exactly
| %] + 1 edges. Figure 6.10 (a) shows an example of an SSAW in 7T'(2,4) which has
the minimum number of edges for the fixed span m = 5. On the other hand, if m is
even then the SSAW G” composed of the edges {(x,0,0), (z+1,0,0)}, for x € Z and

0<x<m-—2, and {(m—1,1,0),(m,1,0)} has span m and exactly |%] + 1 edges.
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Y .
X y X
(a) An example of an SSAW in T'(2,4) (b) An example of an SSAW in T'(2,4)
with the minimum edge-density among all with the minimum edge-density among all
the SSAWs with the fixed span m =5 the SSAWs with the fixed span m = 6

Figure 6.10: Examples of SSAWs with the minimum edge-density for
a fixed span m.

Figure 6.10 (b) shows an example of an SSAW in 7'(2,4) which has the minimum
number of edges for the fixed span m = 6. Therefore, A,, = [ 5| + 1.

Moreover, take B,, to be the maximum number of edges that an SSAW with span
m can have. If N =1 (or M = 1) then we will show that B,, = (M + 1)(m + 1)
(B = (N +1)(m + 1)). Suppose without loss of generality that N = 1, then every
SSAW G in T'(1, M) is composed of only single-edge USAWs. Thus any G with span
m and left-most plane x = 0 will have a maximum number of edges if it occupies
all the vertices in a slice V,,,(1, M) = {(z,y,2) € Z* | 0<z<m, 0<y<1,0<
z < M} of width m in T'(1, M). There are in total 2(M + 1)(m + 1) vertices in such
a slice. Hence B,, < (M + 1)(m + 1). Moreover, this upper bound for B,, can be
reached since the following SSAW G with span m has exactly (M +1)(m+1) edges.
Let G be an SSAW composed of (M +1)(m+ 1) single-edge USAWS each joining the
vertex (7,0, k) to the vertex (i,1,k) for z; <i < x9 and 0 < k < M, where = = x4
(x = x9) is the left-most (right-most) plane of G. Therefore, B,,, = (M + 1)(m + 1)
it N =1.

For N > 1 and M > 1, let G be an n-edge SSAW in T'(N, M) with span m

and left-most plane z = 0. Let wy, ..., wy, be the USAWs in G which do not have
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any edge in the boundary planes of T'(N, M). Let wi,...,w, be the single edge
USAWSs in G which lie in the boundary planes of T'(N, M). For 1 < i < ky, let n;
denote the number of edges in w;. Let also v; denote the number of vertices of w; in
T(N—2,M —2)+(0,1,1). Note that n; —2 = v; — 1 and hence we have n; = v; + 1

since GG is an SSAW. Thus the total number of edges in GG can be evaluated as follows:

where (N — 1)(M — 1)(m + 1) is the total number of vertices in a slice of width m
in V(N —2,M —2)+(0,1,1).

Each w; has its endpoints on the boundary planes so k; USAWs will occupy
exactly 2k vertices of the total 2(N + M)(m + 1) vertices of the boundary planes.
Therefore, 2ky < 2(N + M)(m + 1) — 2k; so

n < (N=1D(M-=1)(m+1)+k + ko
< (N=-1)M-1)(m+1)+k+(N+M)(m+1)—k

< (NM+1)(m+1). (6.11.9)

If N or M is odd then we show next that the above upper bound for the number
of edges can be reached, i.e. B, = (NM + 1)(m + 1). If N is odd then a span m
SSAW G, with (NM +1)(m + 1) edges can be constructed as follows: let G be the
SSAW composed of the USAWs (Nj) starting at (z,0,z2), for 0 < 2 < m + 1 and
1<z< M -1, and the USAWs (j) starting at (2/,2y/,2'), for 0 <2’ <m+1,0 <
y' < &=L and 2/ € {0, M}. Note that the edge orientations are ignored. Similarly, if

M is odd, it can be shown that B,, = (NM + 1)(m+1). If both N and M are even
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but m is odd then again a similar argument shows that B,, = (NM +1)(m +1). A
span m SSAW G with (NM 4 1)(m+1) edges can be constructed as follows: let G
be the SSAW composed of the USAWs (Nj) starting at (z,0,z), for 0 <x <m+1
and 1 < z < M — 1, and the USAWs (i) starting at (22/,y/,2), for 0 < 2’/ < mT_l,
0<y < N+1andz € {0, M}. However, for the case that N, M and m are all even
the above construction leads only to a lower bound B,,, > (NM+1)(m+1)—1. A span
m SSAW G3 with (NM 4 1)(m + 1) — 1 edges can be constructed as follows: let G
be the SSAW composed of the USAWSs (N ;) starting at (z,0, z), for 0 < z < m + 1
and 1 < z < M — 1, the USAWs (4) starting at (2z/,y/,2'), for 0 < 2/ < mT_Q,
0<y <N+1and 2 € {0,M}, and the USAWSs (j) starting at (m, 2y", 2"), for
0 <y” < %2 and 2" € {0, M}. Thus ¢, (N, M;B,,) > 0.

We can also take C' = 10N M which satisfies the following inequality:
Ap < By, < Cm. (6.11.10)
Furthermore, for any n < A,, orn > B,,,
¢, (N, M;n) =0 (6.11.11)

since A,, and B, are respectively the minimum and maximum number of edges that
an SSAW with span m can have.

(3) The concatenation process, Lemma 6.3.2, implies that
Uy (N, Min0) g, (N, Ming) < Gy ymga1 (N, M0+ ng). (6.11.12)

O

The maximal and minimal densities in the model can be obtained from A,, and

B,, as follows:

€maz = limsup[B,,/m], (6.11.13)
€min = lim sup[A,,/m]. (6.11.14)
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Note that for N =1

€maz = 1im [By,/m] = lim (M +1)(m+1))/m=M+1 (6.11.15)

m—0o0 m—0o0

and similarly for M =1

€maz = lim [Bo/m] = lim (N +1)(m +1))/m = N + 1. (6.11.16)

m—00 m—00

Also for N > 1 and M > 1,

emae = lim [By/m] = NM + 1. (6.11.17)
Furthermore,
Epin = limsup[A,, /m] = lim (|2 ] + 1)/m = 1/2. (6.11.18)

Now, by Lemma 6.11.1, Assumptions 3.1 from [26] are satisfied for the SSAW
model so the arguments presented in [26] can be used in a very straightforward

fashion to give a proof for the following theorems.

Lemma 6.11.2 (Janse van Rensburg 2000 [26]). Given € > 0, there exists a function

Zmymys dependent on €, and with |Zm, m,| < 1, such that

Gy (N, M Lermn ) g, (N, M [ema ] + 2inyms) - <0 Gy om0 (N, M [e(ma £+ mp + 1))

(6.11.19)

Let € € (€min, €maz)- The following theorem proves the existence of p(N, M;e),

the growth constant for the SSAWs with the limiting edge-density +5;-

Theorem 6.11.3 (Janse van Rensburg 2000 [26]). Given any € € (€min, €maz), the

following limit exists and s finite:

log p(N, M;e€) = lim m™logq® (N, M; [em]). (6.11.20)

m—00

Moreover, there exists n,, € {0,1} such that for each value of m,

G (N, M5 Lem ] + 1) < [p(N, M; €)]™. (6.11.21)
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Theorem 6.11.4 (Janse van Rensburg 2000 [26]). log p(N, M;e€) is a concave func-
tion of € € (€min, €max)- Therefore, log p(N, M;e€) is continuous in (€min, €maz), has
right- and left-derivatives everywhere in (€min, €maz), and is differentiable almost ev-

erywhere in (€min, €maz )-

Theorem 6.11.5 (Janse van Rensburg 2000 [26]). Let 6,, be a sequence of integers
such that A,, < 6,, < By, for all m > My, where My is a fized integer. Suppose that

limy, oo [0 /m] = § with €pin < § < €mar. Then

lim m ™" log g%, (N, M;6,,) = log p(N, M; ). (6.11.22)

m—00

By Theorem 6.11.3, the function p(N, M;e) is defined on (€min, €maz). We can

also define this function at the boundary point €,,;, as follows:
Lemma 6.11.6. The following limit exists and is finite for the SSAW model:

1
log p(N, M; €mpin) = lim m ™ log s, (N, M; A,,) = 510g(2N+ 2M).  (6.11.23)

Proof. Let G be an SSAW with fixed span m and A,, = [§] + 1 edges. Let G be
composed of the USAWSs wy, ..., wy. For 1 <i <k, let n; and v; denote respectively
the number of edges and vertices of w;. The value of ¢5, (N, M; A,,) is calculated in
the following distinct cases:

1) If m is odd then A,, = |F] + 1 implies that
i m
= i < 2(| = 1) = 1 6.11.24
v=du<AG e =ms (6.11.20)

since each walk w; contains at least two vertices. Moreover, by the definition of
SSAWs, v > m + 1 for any SSAW with span m. Therefore, v = m + 1.

Furthermore,
k

A, = Zn = > (vi—1)

i=1
= —k+v

= —k4+m+1. (6.11.25)



Hence,

k:m+1—Am:m+1—L%J—1:L%JH. (6.11.26)

Therefore, G contains exactly || +1 USAWs. Each w; has exactly 2 vertices since
otherwise v = Zi:l v; > 2k = m + 1. Since G has span m, by the SSAW definition
it must have at least one vertex in each of the m + 1 planes x = xy, ...,z = 1 + m.
Since v = m + 1, hence w; must lie on a boundary plane with an edge from (z,y, z)
o (x+1,y, z), for some integer values of x, y and z. Because the vertex (z,y, z) lies
on a boundary plane, for any 0 < x < m — 1, there are exactly 2N + 2M choices for
the pair (y, z). Therefore, in total there are (2N + 2M)L51+! choices for G. Since m
is odd, [2] = 2= hence

¢, (N, M; A,,) = (2N + 2M)L 21+ (6.11.27)
and
1
log p(N, M; €in) = log p(N, M; 5) = lim m™* logq; (N, M; A,,)
= lim m~'log[(2N + 2M)LE 1+
1
= 5 log(2N +2M), (6.11.28)

when the limit is taken through odd values of m.

2) If m is even then A,, = [%%| 4 1 implies that

= i <2(] iy =m+2 (6.11.29)

i=1
Ifv=m+1thenk =m+1-[%] —-1=|F] =% FEach walk has at least
two vertices so there has to be exactly one walk, w’, with three vertices. By the
definition of SSAWSs, w’ cannot lie in a boundary plane and hence because of the
structure of T'(N, M) all the three vertices of w’ must have the same z-coordinates.

Therefore, there are m + 1 — 1 = m more x-coordinates to fill in but there are left

only m + 1 — 3 = m — 2 more vertices. This is a contradiction. Hence, v = m + 2

167



andk=m+2— 7] —1=[%]+1= %+ 1. Each w; has exactly 2 vertices since
otherwise v = Zle v; > 2k = m + 2. By the definition of SSAWs, w; must lie on a
boundary plane of G. Since GG has span m, there is exactly one z; < z, < x5 so that
there are two vertices u; and up of G with x(uy) = x(uz) = z.. Now, we consider

the following two cases separately:

a) If all the edges of G are parallel to the x-axis then there exists an undirected
walk, w; where 1 < ¢ < k, in G with its bottom vertex in {uj,us}. There are
| %] choices for the x-coordinate of the bottom vertex of wy, w,, so that w, =
{(z4,y,2),(x« + 1,y,2)} for some integer values of y and z. There are exactly
R(N,M) = 2N + 2M — 1 choices for the pair (y,z). Moreover, G contains ex-
actly [%] edges of the form {(z,y,2),(z + 1,y, 2)}, for some integer values of z, y
and z. There are exactly 2N + 2M choices for the pair (y, z). Therefore, in total
there are (2N + 2M)LZ] choices for such edges. Hence, for even m with G having

all its edges parallel to the x-axis, the number of such SSAWs with A,, edges is
L%JR(N, M)(2N +2M)L3], (6.11.30)

b) Otherwise, there exists a walk, w; where 1 < ¢ < k, of G with a single
edge {ui,uz}. There are || choices for the z-coordinate of the vertices of wj,
Ty, so that w; = {(z.,y,2), (xs,y + 1,2)} or w, = {(z.,y,2), (¢4, y,2 + 1)} for
some integer values of z, y and z. There are exactly R'(N,M) = 2N + 2M (or
R(N,M) =2N +2M +M —1if N=1and M >1or M =1 and N > 1)
choices for the pair (y,z). Moreover, G contains exactly |%] edges of the form
{(z,y,2),(x+1,y, z)}, for some integer values of z, y and z. There are also 2N +2M
choices for the pair (y, z). Therefore, in total there are (2N + 2M)L2) choices for

such edges. Hence, for m even,

¢ (N, M; A,,) = L%j (R(N, M) + R'(N, M)) (2N + 2M)L5! (6.11.31)
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and

1

= lim m 'logq®,(N, M; A,,)

—  lim m'log H%J (R(N, M) + R'(N, M)) (2N +2M)!%]]

m—0o0

1
= glog(2N +2M), (6.11.32)

where the limit is through even values of m. Combining equations 6.11.28 and 6.11.32

gives the result. O

g (N, M) =" g3, (N, M;n) (6.11.33)

n>0

is the number of SSAWs with span m. In Theorem 6.4.1 it was shown that

PN, M) = e (VM) = Jim (g#Y(N, M)Y™ (6.11.34)

m—00

exists and is finite. The following theorem shows that the maximum value of

p(N, M;e) is in fact equal to pu*(N, M).

Theorem 6.11.7 (Janse van Rensburg 2000 [26]). There exist values €y and €, in
[€min, €maz] such that p(N, M;e) = p*(N, M) for all values of € € [eg, €1].

Proof. Given fixed integer m > 0, let ¢,,, be the minimum value of n which maximizes

4,(N, M;n), ie.

Om = Hliél{n | ¢,(N,M;n) > q,(N,M;n") Vn'}. (6.11.35)
ne
Then
Bm
G (N, M;0,) < gEH(N, M) = D g3, (N, M;n) < (14 By — A5, (N, M; 6,,).
n=Am
(6.11.36)

Therefore, taking logarithms and dividing by m gives

lim m~'logq®, (N, M;d,,) = log u*(N, M). (6.11.37)

m—00
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Let also ¢, be the maximum value of n which maximizes ¢2, (N, M;n), i.e.

Sm = malgl({n | ¢,(N,M;n) > ¢, (N,M;n") Vn'}, (6.11.38)
ne
and
€ = l%rriigf[(sm/m], €1 = lim sup|,,/m]; (6.11.39)
then by Theorem 6.11.5 p(N, M;€) = p®*(N, M) for all values of € € [¢, €]. O

The following theorem also shows the relationship between p(NN, M;e) and the
limiting free energy F#1(N, M,Y3) when Y3 = [1,1, 2]T.

Theorem 6.11.8 (Janse van Rensburg 2000 [26]).

FH(N,M,Y3s) = sup {logp(N, M;e) + elog z} (6.11.40)

Emin <€<€max
and

log p(N, M;e) = sup {F*(N, M,Ys) — elog z}. (6.11.41)

0<z<o0o

Also F#Y (N, M,Y3) > max{€mnin 10g 2, €maz 10g 2}

In this section we investigated p(N, M;e), the growth constant for SSAWs with
limiting edge-density w57, as a function of e. However, in order to see how EC changes
in terms of the density, we need to know more about p(N,M;e). In particular,
proving a pattern theorem for this function may lead to some results regarding the

connection between EC and the density.

6.12 Summary

In this chapter, we considered the measure proposed in [41] and asked how its value
depends on various properties of SSAWs such as the total number of edges, span,
the number of degree one vertices (or, equivalently, twice the number of disjoint
walks) and the density. We rigorously proved that the entanglement complexity,

as measured in [41], of a polymer system with size n (e.g. the number of edges,
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span or the number of degree one vertices) is asymptotically (with probability one)
bounded below by a linear function of n; i.e. there exists a positive number v such
that the probability that a polymer system of size n has entanglement complexity
greater than yn approaches 1 as n goes to infinity. This supports the idea that
EC is a good measure of topological entanglement in polymer systems modelled by
SSAWSs. We also showed that the entanglement complexity of SSAWs of size n is
bounded above by a linear function of n. Furthermore, measuring the size by the
number of edges, for N > 2 and M > 2, we compared the connective constant for
SSAWs in an (N, M)-tube with the connective constant for self-avoiding walks in an
(N — 2, M — 2)-tube and showed that it is strictly greater than that for SAWs.
Ultimately, based on our theoretical results on the SSAW model we conclude that
the following statements (equations) show how EC depends on various properties of
SSAWSs such as the number of edges, span and the number of degree one vertices

and also indicate how these properties are related to each other:

e There exists yv#1(Y3) > 0 such that the probability that the EC of a randomly
chosen span n SSAW X#1(Y3) from the distribution in equation 6.7.7 (for
j = 1) is bounded below by 7#1(Y3)n and bounded above by a/(N, M)a(N, M)n

goes to one exponentially rapidly as n — oo; i.e.

lim P(y*(Ys)n < EC(X7'(Ys)) < d' (N, M)a(N, M)n) =

n—oo

lim [1 — e~ WYa)nto(m)] —

n—~o0

1, (6.12.1)
where
a(N, M) = (1/2)(M + 2N + D)[(N + 1)(4N — 2) + (9/2)(4N — 3)] (6.12.2)
and
(N, M) =2N(M +1) + 2M(N + 1) + (M + 1)(N + 1). (6.12.3)

In other words, as the span of SSAWSs increases one expects EC to be bounded

linearly in the span with probability one.
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We also showed that the limit inferior of the average EC of span m SSAWs per

span is bounded below by a positive constant, i.e.

By (BOXTI(G))

lim inf
m—oo m

(6.12.4)

There exists 7#3(Y3) > 0 such that the probability that the EC of a randomly
chosen n-edge SSAW X7#3(Y3) from the distribution in equation 6.7.7 (for j =
3) is bounded below by 7#3(Y3)n and bounded above by a(N, M)n goes to one

exponentially rapidly as n — oo; i.e.

lim P(y#3(Y3)n < EC(X73(Ys)) < a(N, M)n) = lim [I — e~ G¥s)ntoln] — 1
(6.12.5)
In other words, as the number of edges of SSAWSs increases one expects EC to

be bounded linearly in the number of edges with probability one.

There exists %' (Y3) > 0 such that the probability that the number of degree
one vertices of a randomly chosen span n SSAW X#1(Y3) is bounded below by
eﬁl(Yg)n and bounded above by (N, M)n goes to one exponentially rapidly

as n — o0; i.e.

lim P(}'(Ya)n < f(XFH(Y3),2) < (N, M)n) = lim [1—e™"(:23mtt0] = 1,
(6.12.6)

In other words, as the span of SSAWs increases one expects the number of

degree one vertices (the number of disjoint walks) to be bounded linearly in

the span with probability one.

There exists ;' (Y3) > 0 such that the probability that the number of edges of
a randomly chosen span n SSAW X#1(Y3) is bounded below by €' (Y3)n and

bounded above by a'(N, M )n goes to one exponentially rapidly as n — oo; i.e.

lim P(eF(V)n < FGF(¥5),3) < (N, M)n) = lim [L—e"0:a3)wta00] 1
(6.12.7)
In other words, as the span of SSAWs increases one expects the number of

edges to be bounded linearly in the span with probability one.
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Using the transfer-matrix method, we also established that the average number

By (J(X%' (¥3),3)

of edges per unit volume of a randomly chosen span m SSAW, Y ,

approaches a positive constant as m — oo and is non-decreasing in z almost
everywhere. However, it still needs further investigation to see how EC changes

with respect to Y3.

There exists €/,°(Y3) > 0 such that the probability that span of a randomly
chosen SSAW X #3(Y3) with n edges is bounded below by €% (Y3)n and bounded

above by 2n goes to one exponentially rapidly as n — oo; i.e.

lim P(e}°(Ya)n < f(X73(Y3),1) < 2n) = lim [1 — e~ GLYsIntolm] — 1
(6.12.8)
In other words, as the number of edges of SSAWSs increases one expects the

span to be bounded linearly in the number of edges with probability one.

There exists ¢%,’(Y3) > 0 such that the probability that the number of degree

one vertices of a randomly chosen SSAW X7#3(Y3) with n edges is bounded

below by ef’ (Y3)n and bounded above by 2n goes to one exponentially rapidly

as n — o0; i.e.

lim P (Ya)n < f(XF*(¥3),2) < 2n) = lim [1 — ¢ @2mte] = 1,

(6.12.9)

In other words, as the number of edges of SSAWSs increases one expects the

number of degree one vertices (the number of disjoint walks) to be bounded

linearly in the number of edges with probability one.

Furthermore, we obtained the asymptotic form of the free energy for the SSAW

model. We also investigated p(N, M;e€), the growth constant for SSAWs with limiting

edge-density +57, as a function of e. We established the existence of this function and

showed that it is a continuous and concave function of € and is differentiable almost

everywhere in (€min, €maz). However, in order to see how EC changes in terms of the

density, we need to know more about p(N, M;e). In particular, proving a pattern

theorem for this function may lead to some results regarding the connection between

EC and the density.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

In this thesis, we investigated the topological entanglement of 2SAPs, stretched
polygons and SSAWs confined to a lattice tube measured by homological (topo-
logical) linking probability, topological linking probability and EC respectively. We
mainly addressed the following question: “Are these good measures for characterizing
topological entanglement between polymers and how do these measures depend on
various properties of the lattice object under consideration?” We rigorously showed
that these are good measures for characterizing topological entanglement between
polymers in the sense that the larger the “size” of a polymer system (where size can
be measured by the number of edges, span or the number of degree one vertices), the
greater its measure [50]. The main theoretical results obtained regarding the topo-
logical entanglement of the lattice objects under consideration (2SAPs, stretched
polygons and SSAWs) as well as the important open questions raised from these
models are summarized as follows.

In Chapter 4, the following question was addressed regarding the linking probabil-
ity of two self-avoiding polygons: under what conditions does the “linking probability”
of pairs of self-avoiding polygons go to one? The answer can depend on how one de-
fines linking probability. In order to approach this question, we introduced the 2SAP
model. We showed that (CONCAT) and (CAPOFF) are satisfied for this model. We
also established the existence of the connective constant for 2SAPs and showed that
it is strictly less than that of SAPs. We proved a pattern theorem for 2SAPs and
used it to investigate homological as well as topological linking of 2SAPs. We showed
that the homological linking probability goes to one at least as fast as 1 — O(n~"/?)
and that the topological linking probability goes to one exponentially rapidly, as
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n — oo. Furthermore we proved that the linking number grows (with probability
one) faster than any function that is o(y/n); i.e. for any function f(n) = o(y/n),
there exists A > 0 such that as n — oo the probability that |Lk(wi,ws)| > f(n),

with (wy,ws) the component polygons of an n-edge 2SAP, satisfies

P(ILk(wnwal] = £(0) = 1= -+ o(72). (7.0.1)
Hence
T}LIEOP(]Lk(wl,wg)y > f(n)) = 1. (7.0.2)

We also showed that the linking number cannot grow faster than linearly in n because
of the tube constraint; i.e. there exist constants a and b such that for any n-edge
2SAP

|LEk(wy,wa)| < an + b. (7.0.3)

We gave a simple example to show that the upper bound in equation 7.0.3 for 2SAPs
can be realized. Hence sufficient conditions for ensuring that the linking probability
goes to one are established.

The future work needed regarding the 2SAP model is as follows: Although we
proved that the homological linking probability goes to one as n — oo, unlike the
situation for topological linking, we still don’t know if it can go to one exponentially
rapidly. This is an open question that needs further investigation. Furthermore, in
the 2SAP model, in order to increase the likelihood of interpenetration between the
two polygons, the polygons are confined to a tube and are constrained to have the
same left- and right-most plane. One important question is whether we can weaken
these conditions and still have the linking probability going to one. For instance, we
may look at pairs of polygons confined to a tube and constrained so that the two
polygons share a slice of span of order n — o(n).

In Chapter 5, we were mainly concerned with the following question: how does
the topological entanglement change when a polymer is compressed or stretched under
the influence of an external force f? We proved a pattern theorem for stretched
polygons. We used this to also obtain a pattern theorem for loops in a tube. The

tube constraint allowed us to prove the pattern theorem for any arbitrary value of f,
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not just for large values of f as in [27]. The pattern theorem was then used to show
that the knotting probability of an n-edge stretched polygon confined to a tube goes
to one exponentially as n — oco. Furthermore, by associating a two-component link
to each polygon (loop) in a tube, the incidence of topological linking was examined
when the polygon (loop) was under the influence of a force f. We proved that the
probability the link associated to an n-edge polygon (loop) is topologically linked
approaches unity exponentially as n — oo. This implies that as n — oo when
polygons are influenced by an external force f, no matter its strength or direction,
topological entanglements as defined by knotting and topological linking are highly
probable. In addition, using a transfer-matrix approach, the asymptotic form of the
free energy for stretched polygons confined to a tube was obtained. We used this to
show that, the average span per edge of a randomly chosen n-edge stretched polygon
S/, %(S’{)), approaches a positive constant as n — oo and is non-decreasing in
f almost everywhere. We also established that the average number of occurrences

of the tight trefoil SAP config P, per edge in any m-edge stretched polygon S/

approaches a positive constant as n — oo.

The future work needed regarding stretched polygons is as follows: Like the 2SAP
model, in addition to the topological linking, the homological linking probability of
stretched polygons in a tube can be investigated. Other suitable link invariants can
be investigated using the models and methods introduced here to analyze further
the effect of an external force on the topological entanglement of ring polymers.
We associated a 2-string tangle to a stretched polygon (loop). The tangle model
of stretched polygons and suitable tangle invariants can also be used to find out
more about the topological entanglement of stretched polygons (loops). Future work
on stretched polygons would also involve investigating how the average number of

occurrences of the tight trefoil SAP config P, (per edge) depends on f.

The work presented in Chapter 6 was motivated by the following question: What
is the best measure for characterizing the entanglement complexity of polymers in
dense systems and how does this measure depend on various properties of the system?

Needless to say, it is difficult to find the “best” measure for this purpose. So we
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approached this question by looking for a “good” measure of entanglement. We
considered the measure proposed in [41] and asked how its value depends on various
properties of SSAWs such as the total number of edges, span, the number of degree
one vertices (or, equivalently, twice the number of disjoint walks) and the density.
We rigorously proved that the entanglement complexity, as measured in [41], of a
polymer system with size n (e.g. the number of edges, span or the number of degree
one vertices) is asymptotically (with probability one) bounded below by a linear
function of n; i.e. there exists a positive number v such that the probability that a
polymer system of size n has entanglement complexity greater than yn approaches 1
as n goes to infinity. This supports the idea that EC is a good measure of topological
entanglement in polymer systems modelled by SSAWs. We also showed that the
entanglement complexity of SSAWs of size n is bounded above by a linear function
of n. Furthermore, measuring the size by the number of edges, for N > 2 and
M > 2, we compared the connective constant for SSAWs in an (N, M)-tube with
the connective constant for self-avoiding walks in an (N —2, M — 2)-tube and showed
that it is strictly greater than that for SAWs.

Ultimately, based on our theoretical results on the SSAW model we conclude that
the following statements (equations) show how EC depends on various properties of
SSAWSs such as the number of edges, span and the number of degree one vertices

and also indicate how these properties are related to each other:

e There exists v#1(Y3) > 0 such that the probability that the EC of a randomly
chosen span n SSAW X#1(Y3) from the distribution in equation 6.7.7 (for
j = 1) is bounded below by 7#1(¥3)n and bounded above by a'(N, M)a(N, M)n

goes to one exponentially rapidly as n — oo; i.e.

lim P(y*!(Y3)n < EC(X}'(Y3)) < d/(N, M)a(N, M)n) =

n—oo

lim [1 — e_a/(l’YS)”J”’(”)] =

n—oo

1, (7.0.4)
where
a(N, M) = (1/2)(M +2N 4+ 1)[(N + 1)(4N — 2) + (9/2)(4N — 3)] (7.0.5)

177



and
a(N,M)=2N(M +1)+2M(N + 1)+ (M + 1)(N +1). (7.0.6)
In other words, as the span of SSAWSs increases one expects EC to be bounded

linearly in the span with probability one.

We also showed that the limit inferior of the average EC of span m SSAWSs per
span is bounded below by a positive constant, i.e.

lim inf By (EC(Xﬁl(%)))

m— oo m

> Y- (7.0.7)

There exists 773(Y3) > 0 such that the probability that the EC of a randomly
chosen n-edge SSAW X7#3(Y3) from the distribution in equation 6.7.7 (for j =
3) is bounded below by 7#3(Y3)n and bounded above by a(N, M)n goes to one

exponentially rapidly as n — oo; i.e.

lim P(y#3(Ys)n < EC(X#3(Y3)) < a(N, M)n) = lim [1 — e~ @GYantolm] — 1
(7.0.8)
In other words, as the number of edges of SSAWSs increases one expects EC to

be bounded linearly in the number of edges with probability one.

There exists ;' (Y3) > 0 such that the probability that the number of degree
one vertices of a randomly chosen span n SSAW X#1(Y3) is bounded below by
eﬁl(Yg)n and bounded above by (N, M)n goes to one exponentially rapidly

as n — oo, i.e.

lim P(}'(Ya)n < f(XFH(3),2) < o' (N, M)n) = lim [1—e™"0:23mtt0] = 1,
(7.0.9)

In other words, as the span of SSAWs increases one expects the number of

degree one vertices (the number of disjoint walks) to be bounded linearly in

the span with probability one.

There exists €/,' (Y3) > 0 such that the probability that the number of edges of
a randomly chosen span n SSAW X#1(Y3) is bounded below by €' (Y3)n and
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bounded above by a'(N, M)n goes to one exponentially rapidly as n — oo; i.e.

lim P(3'(Ya)n < f(XFH(Y3),3) < o' (N, M)n) = lim [1—e™"0:3¥met] = 1,

(7.0.10)
In other words, as the span of SSAWs increases one expects the number of
edges to be bounded linearly in the span with probability one.

Using the transfer-matrix method, we also established that the average number

By (f(X2' (¥3),3))
mN M

of edges per unit volume of a randomly chosen span m SSAW, ,

approaches a positive constant as m — oo and is non-decreasing in z almost
everywhere. However, it still needs further investigation to see how EC changes

with respect to Y3.

e There exists €/,°(Y3) > 0 such that the probability that span of a randomly
chosen SSAW X #3(Y3) with n edges is bounded below by €% (Y3)n and bounded

above by 2n goes to one exponentially rapidly as n — oo; i.e.

lim P(e}°(Ya)n < f(X73(Y3),1) < 2n) = lim [1 — e~ GLYsIntolm] — 1
(7.0.11)
In other words, as the number of edges of SSAWSs increases one expects the

span to be bounded linearly in the number of edges with probability one.

e There exists €/,°(Y3) > 0 such that the probability that the number of degree
one vertices of a randomly chosen SSAW X7#3(Y3) with n edges is bounded
below by eﬁ?’ (Y3)n and bounded above by 2n goes to one exponentially rapidly

as n — 00; i.e.

Tim P(ef*(Yan < F(XF(Y).2) < 2n) = lim [1 — e~ @200m00) = .
(7.0.12)
In other words, as the number of edges of SSAWSs increases one expects the
number of degree one vertices (the number of disjoint walks) to be bounded

linearly in the number of edges with probability one.

Furthermore, we obtained the asymptotic form of the free energy for the SSAW
model. We also investigated p(N, M;¢€), the growth constant for SSAWs with limiting
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edge-density +5;, as a function of e. We established the existence of this function
and showed that it is a continuous and concave function of € and is differentiable
almost everywhere in (€min, €maz)-

The future work needed regarding the SSAW model is as follows: We were able
to obtain theoretical results on how EC depends on various properties of SSAWs
such as the number of edges, span and the number of degree one vertices. We also
showed how these properties change with respect to each other. However, in order

to see how EC changes in terms of the density, we need to know more about the

€
NM*

function p(N, M;e€), the growth constant for SSAWs with limiting edge-density
In particular, proving a pattern theorem for this function may lead to some results
regarding the connection between EC and the density. We may also investigate
the relation between EC and the density of SSAWs by learning more about the z

dependence of v, in equation 7.0.7.
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APPENDIX A

TRANSFER-MATRIX METHOD

In this appendix, the transfer-matrix method is briefly introduced. Note that
the discussion here is based on the presentation in [54], unless stated otherwise. A
directed graph or digraph D is a triple (V) A, ¢), where V' is a set of vertices, A is a
set of (directed) edges or arcs, and ¢ is a map from A to V x V. If ¢(e) = (u,v),
then e is called an edge from u to v, with initial vertex u and final vertex v. This is
denoted by u = int e and v = fin e. If u = v then e is called a loop. A walk in D
of length n from vertex u € V to vertex v € V is a sequence ey, €, ..., e, of n edges
such that u =it ey, v = fin e,, and fin e; = int e;11 for 1 < i < n. If also u = v,
then I' is called a closed walk based at u.

Let w : A — C be a weight function on A. If I' = eq,e,,...,e, is a walk then
the weight of T' is defined by w(I") = w(e;)...w(e,). Note that we assume D is finite
so V= {vy,...,v,} and A are finite sets. For any n € N, let [n] denote the set
{1,2,...,n}. For any i, j € [n], define

Agi(n) = w(T), (A.0.1)

where the sum is over all walks I" in D of length n from v; to v;. In particular, for
n =20, let

where 6;; is defined by
1 ifi=j
0ij = { 0 otherwise . (A.0.3)

Let A(n) = (A;j(n)). The main concern of the transfer matrix method is the
evaluation of A;j(n). Let p = |V|. Define a p x p matrix B = (B;;) by

Bij = { (?eeqﬁ_l((vivvj))w(e) if ¢ (v, vy)) # 0 (A.0.4)

J otherwise

Note that B;; = A;j(1). The matrix B is called the adjacency matriz of D, with
respect to the weight function w. The following theorem shows that, for any n € N,
A(n) can be obtained by evaluating the nth power of the matrix B.

Theorem A.0.1. For anyn € N,

(Here we define AY = I even if A is not invertible.)
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The behaviour of the function A;;(n) can be analyzed through its generating
function, i.e.

Fy(D,z) =Y Ay(n)a" =) (B")ia". (A.0.6)

n>0 n>0

The following theorem relates the generating function of A;;(n) to the matrix B.

Theorem A.0.2. The generating function F;;(D,x) is given by

(1) det(I — zB : j,1)

F.AD.x) =
(D, @) det(I — 2B) ’

(A.0.7)

where (C': j, 1) denotes the matriz obtained by removing the j-th row and i-th column
of C. Thus in particular F;;(D, ) is a rational function of © whose degree is strictly
less than ng, the multiplicity of 0 as an eigenvalue of B.

A matrix or vector A is said to be non-negative (non-positive) if all its elements
are non-negative (non-positive) and we write A >0 (4 <0).
Theorem A.0.3 ([46]). A non-negative matriz always has a non-negative real eigen-
value v such that the modulus of any other eigenvalue of the matrixz does not exceed
r. To this maximal eigenvalue corresponds an eigenvector with non-negative coordi-
nates.

A permutation matriz is a square matrix that has exactly one entry 1 in each

row and each column and has 0’s elsewhere. A matrix is called reducible if there
0

is a permutation matrix P such that the matrix P~ AP is of the form v 7 )

where X and Z are square matrices. Otherwise, we say A is irreducible.

Theorem A.0.4 ([46]). A matriz A is irreducible if for each i,j there exists an
m > 1 such that (A™);; > 0.

The period d of an irreducible matrix A is the greatest common divisor of the
integers m for which (A™); > 0; A is said to be an aperiodic matrix if d = 1.

A digraph D = (V, A, ¢) is called strongly connected if for each pair of vertices
v; and v; in V, there exists a walk from v; to v;. Let D = (V, A, ¢) be a strongly
connected digraph with the weight function w : A — C such that w(a) > 0 for any
a € A. Then B, the adjacency matrix of D, is non-negative and irreducible.

Theorem A.0.5 (Perron-Frobenius Theorem [46]). An irreducible non-negative ma-

trix A always has a positive eigenvalue r that is a simple root of the characteristic
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polynomial of A. The modulus of any other eigenvalue of A does not exceed r. To
the maximal eigenvalue v corresponds a positive eigenvector. Moreover, if A has h
eigenvalues of modulus r then they are all distinct roots of z" —r" = 0. Furthermore,
if A is aperiodic then r is the only eigenvalue with modulus r.

Note that the maximal eigenvalue of any matrix A is also called the spectral
radius of A.
Theorem A.0.6 ([46]). Increasing any element of a non-negative matriz A does not
decrease the maximal eigenvalue. The maximal eigenvalue strictly increases if A is
an irreducible matriz.

In particular,

Theorem A.0.7 ([46]). The mazimal eigenvalue ' of every principle sub-matrix
(obtained by removing one row and one column) of a non-negative matriz A does not

exceed the maximal eigenvalue r of A. If A is irreducible, then r’ < r always holds.

Theorem A.0.8 (Lemma 9 [1]). Suppose that M(z) > 0 is a continuously differen-
tiable matriz valued function of x > 0 and let p(x) be the spectral radius p(M(x)).
If p(xg) > 0 is a simple eigenvalue of M(xo) and n and ¢* are corresponding eigen-

vectors, normalized such that ¢T'n =1, then

P (w0) = T M (o)1 (A.0.8)
and provided p'(xq) # 0,
(20 = ) plan)] = M(a))™ = i = (M) T (A09)

as x — Xg.
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APPENDIX B

CONVEX FUNCTIONS

Convex and concave functions have a significant role in the study of the free
energies of various models in statistical mechanics. If f(x) is a concave function
then —f(x) is convex. So all the results presented here can be easily reworded to
obtain similar results for concave function. In this appendix, the main properties
of convex functions are reviewed. The discussion here is based on the presentation
in [26]. More detailed information about the properties of convex functions can be
found in [21] and [45].

A function is said to be conver on a closed interval [a,b] C R if

M (@) + (1 =) f(y) = [z + (1= Ny), (B.0.1)

for every a < x < y < b whenever 0 < A < 1. Convex functions are continuous
under some conditions; these conditions are explained in the next lemma.

Lemma B.0.9. If f(z) is a convex function in [a,b], and f(zx) is bounded above in
some open interval I C (a,b), then there exists an interval (c¢,d) 2 I such that f(z)

is bounded above and continuous in (c,d), and f(r) = +o0 in (a,b) \ (c,d).

In order to prove that a function f is convex, it is usually easier to first show
that f satisfies the relation

f(@)+ fly) > 2f((x +v)/2), (B.0.2)

for any x and y. Then, the next lemma can be used to show that the function is
convex.

Lemma B.0.10. Suppose that f(x)+ f(y) > 2f((x+y)/2) foralla <z <y <b. If
f(z) is bounded above in some open interval I C (a,b), then there exists an interval

(¢,d) D I such that f(x) is convex and bounded above in (c,d), and f(x) = 400 in

(a,b) \ (c,d).

The following lemma shows that finite convex functions have left- and right-
derivatives everywhere.

Lemma B.0.11. If f : [a,b] — R is a convex function and is finite in (a,b), then

d~f(x)/dx and d* f(x)/dz exist everywhere in (a,b). Moreover,
—o00 < d”f(x)/dx < d* f(z)/dz < o (B.0.3)
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and both the left- and right-derivatives are non-decreasing with increasing x.

Let {f.}n>1 be a sequence of functions f, : [a,b] — R, n =1,2,.... The sequence
is said to converge pointwise to a function f : [a,b] — R if the sequence of real
numbers { f,,(x)},>1 converges to f(z) for any = € [a,b]. The following lemma shows
that convergent sequences of convex functions have a convex limit.

Lemma B.0.12. Suppose that f, : [a,b] — R, n =1,2,..., is a sequence of convex

functions converging pointwise to a limit f : [a,b] — R. Then f(x) is convex in |a, b].

Convex functions have another property which is important in applications. They
are differentiable almost everywhere, i.e. they are differentiable everywhere except,
possibly, on a set with measure zero.

Lemma B.0.13. Let f be a non-decreasing, real-valued function on |a,b]. Then f

is differentiable almost everywhere.

Lemma B.0.14. Suppose that the sequence of convex functions { fn}n>1 approaches

a limit f. Then the right- and left-derivatives satisfy

@ r2) < timint £, (2) < limsup £ () < f(a) (B.0.4)
Moreover, this implies that
. d d
Jim - fu(2) = - (@) (B.0.5)

almost everywhere.
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