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Abstract

In statistics, p dimensional data are collected n times. Traditionally, the dimension of
p would be larger than n; however, as technology progresses, we enter the era of big data
where n is no longer much larger than p. The large ratio of % causes pitfalls in methods and
algorithms that were developed with the opposite in mind. To solve this problem, methods
using random matrix theory were brought up in [4], this thesis will be focusing on results
concerning the Marchenko-Pastur Law.

This thesis is not a cutting-edge research, but an organized presentation of the Marchenko-
Pastur Law. This is written so students and researchers can quickly grasp the ideas and

methods without difficulty.
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Introduction

The main objective of this thesis is to study the Marchenko-Pastur Law. In 1967, Ukrainian
mathematicians V.A. Marchenko and L.A. Pastur proved the Marchenko-Pastur Law, which
describes the asymptotic behavior of eigenvalues of large sample covariance random matrices
in their paper [6]. This thesis is not a cutting-edge research, but instead, provides a detailed
proof for people studying the Marchenko-Pastur Law to understand the theorem and its
proof.

Our proof of the Marchenko-Pastur Law in Chapter 2 roughly follows the one for Wigner’s
Semicircle Law in the book [7]. In fact, our approach has been listed as a series of exercises
in [7], however, the complete solutions to these exercises are not provided in [7].

This thesis is organized into three chapters:

e Chapter 1 introduces definitions involving random matrices and the problem of the
loss of matrix norm equivalence that we encounter in large rectangular matrices, which

motivates our use of the Marchenko-Pastur Law.

e Chapter 2 introduces the Marchenko-Pastur Law. Before proceeding to the proof,
further definitions and theorems are introduced to be used. The proof is further broken
up into three sections: convergence in moments, limit distribution, and convergence in

distribution.

e Chapter 3 concludes by elaborating the applications of the Marchenko-Pastur Law and

additional resources for further reading.



1 The loss of equivalence between matrix

norims

1.1 Motivating the Marchenko-Pastur Law

We begin by introducing the matrix norm and its properties.
Definition (Matrix Norm). The matrix norm is the norm on the space of N x N complex

or real matrices (My(C) or My (R)) denoted by || - || that satisfies the following:
e ||A]| > 0.
e [|Al|=0— A=0¢c My(C) or My(R).
e ||A+ B|| <||A]| +|B]| (Triangle inequality).

Example 1.1.1. Let A = [a;j]nxn, a;; € C. Taking the 1-norm, we have
1A =) la].
ij

Taking the p-norm, 1 < p < oo, we have

1/p
|All, = (Z ’az‘j|p> :

ij

Taking the infinity norm, we have
||A]|oo = max|aj;].
Z?]
Taking the operator norm of we have

|A|| = max {|Az| : x € CV, with |z| = 1}.
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Similarly, taking the operator norm of A € My(R), we have
|Al| = max {|Az| : x € RY with |z| = 1}.

Proposition 1.1.1. (matrix norm equivalence on finite dimension). If || - || and || - ||®

are two matrix norms on My (C), then there exist constants ¢y, ce > 0 such that

arl[ Al < AP < eof| AP VA € My(C).

Proof. Given A € My(C) with A # 0, one has

AP = || A1 -

A (2)

1]

~ 141 |

(2)

B
< ||A||® - sup || ey
s0 ||| B/

= [|A||VY sup [|C||®
C:|H=1

=AY max [|C|?,
cile|W=1

where maxc. o= [|C]|® < oo because the set {C' € My(C) : |C||V) = 1} is a compact set

and the map C + ||C||® is a continuous function. Thus, one can take the constant

;= max |[|C|@.
cic)M=1
Likewise, the constant ¢; can be chosen as maxe, o= || O

Remark. If ¢||A||®M < ||A]|® < ¢|A||M VA € My(C) then a sequence A, € My(C)

converges to the zero matriz under || - ||V if and only if A, — 0 under || - ||®.

In statistics, when given random variables X,Y with finite mean and variance, we can
say X,Y : Q — R(or C) are Borel measurable in probability space (2,.%, Pr).
Assume the expectations of X and Y, denoted by E[X] and E[Y] (abbreviated as EX
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and EY for convenience) and variances of X and Y denoted by Var(X) and Var(Y) converge
as Lebesgue integrals

EX = / XdPpr,
Q

EY = / YdPr
Q

Var(X) = E[(X — EX))] = / (X(w) — EX)2dPr(w),

weN

Var(Y) = E[(Y — EY)?] = / (Y(w) — EY)?dPr(w)

wef)

Definition (covariance). The covariance between random variables X and Y, denoted by

Cov(X,Y), is defined as:
Cov(X,Y) = E[(X — EX)(Y — EY)] for X,Y : @ 5 R

or

Cov(X,Y) = E[(X — EX)(Y —EY)] for X,Y : Q= C

Definition (Covariance Matrix). X is a random vector on R? if and only if X is a Borel
measurable function on R.

We can write
T

T2

Lp

where each z; : 0 — R is a real-valued random variable.
The covariance matrix C'y of random vector X is defined as
Cx = [cijlpxp

where ¢;; = Cov(x;, ;) = El(x; — Ex;)(x; — Ex;)).
Remark. 1. By definition, cov(z;,xj) = cov(z;,x;), meaning c;; = cj; Vi, j, which implies

that C is symmetric (C = CT) in the real case, or self-adjoint in the complex case. Because
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of this, the spectral theorem applies to C.

bl T
bg o)
2. Letb=| | €RP and X = | | be a random vector on RP, then
by Lp
T
T L2 -
X = by b oob) | = D0,
. j=1
Lp

18 a real-valued random variable.

Calculating the variance of bT' X, we get:

Var(b'X)=FE {i bjz; — F (i bjxj> }
—E {Zb — Ex;) }{Zb — Ex)) }
—E be — Ex;)(z; — Ex;)

= Z b;Cov(x;, x;)b;
V]

b

ba
- [bl b2 . bpi| CX i

bp
= bTC'xb,

which is the quadratic form associated with the matriz Cx.

By our assumptions earlier,
Var(b' X) = / ("X — Eb" X)?dPr > 0
Q

5




This shows that b Xb > 0V b € RP, meaning the covariance matriz is positive semidefinite. If
b'Cxb =0 for some b € R?, then Var(b"X) = 0 meaning b" X 30, bjz; = 0 almost surely
(i.e. there exists a set in Q where £ C Q, Pr(E) =0 and }7%_ bjzj(w) =0 Yw e Q\ E).
Meaning random vector X is "degenerate” (its distribution is supported on the hyper plane

?:1 b;jt; = 0 if one parameterizes RP = {(t1,t,...,t,) : t1,...,t, € R}).

3. All eigenvalues of C are positive \y < Ay < --- < Ay, with eigenvectors vy,vs, ...,V
forming an orthonormal basis on RP. Any unit vector x € RP,x = Z?:l a;vj, with the

operator norm of C, denoted by || - ||, we have:
1Cz|| = 11> a;Cojl] < Mlaa| + Aaaa] + -+ + Aplay)|
< Aplaa| + Aplas| 4 -+ + Aoy

= )‘pzmj‘

< Apll e,

which implies that ||C|| < A, the mazimum eigenvalue.

Conversely, ||Cv,|| = A\, implies that ||C|| = A,.

We continue with an example in big data analysis. Let p =~ co. We may also say p is
large.
Definition (Gaussian/Normal Density). Given C' € M,(R), where C is symmetric (CT =
C) and positive definite, 5 Cb > 0V b # 0 and u € RP. Define the Gaussian density function

for all t = (t1,t2,...,t,) € R?

0 < fuelt) = G e (5 - mC - )

In the case that 4 =0 € R? and C' is the identity matrix [, € RP, the function fj ¢ is called
the standard Gaussian density function.

Properties. 1. f, ¢ is integrable over R? with respect to the Lebesgue measure dt;dt, . . . dt,,
on R? and

fudtydty ... dt, =1
RP



2. The Borel probability measure v, ¢ on R defined by

Yuo(E) = / fucdtidty ... dt,,V Borel measurable £ C R?
E

is called the Gaussian (normal) distribution on RP.
3. In the case that p=1, for p € R, C > 0,

1 ((t—u)2

1
F)= | ——=exp| —=" | dt,V Borel measurable £ C R.
P)/H,C( ) 5 \/%\/6 p 20 >

Definition (Standard Gaussian/Normal Distribution). A random vector

x1
X2
X=1|"1:(Pr)—=R°

Lp

is said to be a Gaussian random vector (said to have Gaussian distribution with mean p and

covariance C') if
Pr{w e Q:z(w) € E}) = v,¢(E) V Borel measurable £ C R”.

xy

T2 . .
Remark. If a random vector X = | | has standard Gaussian distribution, then x1, T, ..., T,

Lp
are independently, identically distributed (i.i.d.) with vo1 as the common distribution on R.
That is, V1 <1 < p,

1

Pr({w e Q:z;(w) € E}) =7v01(F) = /E EetQ/th

holds for all Borel sets E C R.



1.2 The Large Dimension Paradox: The loss of matrix

norm equivalence

In a statistical problem, people believe the underlying distribution is Gaussian vy ¢ with
covariance C' € Mp(R). It would be of some interest to estimate C. We will do that by

”collecting data” through using realizations of X (w) for some w € Q.

Theorem 1.2.1 (Strong Law of Large Numbers (SLLN)). (See Thm 22.1 in [3]) Suppose
that y1,y9,... are i.i.d. real-valued random variables on a probability space €2, and assume

1
that they have finite mean E[y;]. Then — > y;(w) —— E[y;] holds for almost all w € .
n n—oo

To estimate C, we take x1,xs,...,x, i.i.d. random vectors with a common distribu-
tion 7o,c, that is, Pr(z; € E) = v0¢(FE) for all Borel sets F € R”. Then we form a sample

covariance matrix

Jj=1
T1j
1‘ .
Here we let X = [X1 X5 ... X,] = [z;;] where X = ‘QJ
Then,
1 1
“XXT = Zzilxs
" n [45][2i]
1 -
— Z[Cy],
Ly
where



Example 1.2.1. Calculating 011, we get:

Ci1 = 211211 + 212%12 + T13T13 + -+ + T10T1n

.2 2 2 2
—$11+$12+$13+"'+x1n

which is a sum of i.i.d. real-valued random variables.

Given Borel set £ C R

P?“(Jfll € E) = E[¢($1)] where qb: IE X I]R X IR X X IR
= Elo(x;)].

Example 1.2.2. Calculating Chy, we get:
CA’21 = T91T11 + T22T12 + -+ + TonTinp,

which is a sum of i.i.d. random variables by our assumption.

In general, SLLN can be applied when we fix the variable P.

1.
gcij(w) —— Bz

:COU(ZEH, l’j1>

el e
=y

for almost all w € €.

In conclusion, we have the almost-sure entry-wise convergence of C' — C when p is
fixed. In particular, any matrix norm of C' — C' tends to zero almost surely as n — oo,
including the operator norm || - ||. In other words, ||C' — C/| — 0 holds for almost all
w € .

In big data analysis, p is as large as n (the number of random trials to estimate C) [4]. The
main issue arises when n,p — oo with % — ¢ € (0,00), the operator norm approximation

fails. For the remainder of this section, we assume ¢ > 1.

Theorem 1.2.2. (Corollary 1, Sec. 1.5 [I]) Let A be a Banach algebra with unit, then
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the set of all invertible elements in A forms an open set under norm topology. Precisely, if
o € A is invertible, then there exists ¢y > 0 so that every x satisfying ||z — x¢|| < € is
invertible.

We refer to [1] for a proof of the above theorem.

Proof. Note: M,(R) is a Banach algebra with the unit 7, under the operator norm || - || and
the usual matrix multiplication.

Suppose, in order to derive a contradiction, that
lim [|C(w)—C|| =0,

n,p—00
p/n—c

then by Theorem 1.2.2, the invertibility of C' implies that C'(w) must also be invertible for
large n and p.
Note the fact that X; is Gaussian implies that X, has absolutely continuous distribution,

meaning Pr(X; = 0) = 0. Thus,

$1j(¢d) 0
.Z'Qj(bd) 0 »

Xi(w) = _ # | | € R? for almost all w € Q2.
_ij(‘ﬂ)_ 0

Say, some z;;(w) # 0 for some i € [p| = {1,2,...,p}, then

1) ()]
aj(w)a;(w)”
Xj(w)X;(w)" =
ij(w)a;(w)"
|2y (w)zj (W)
has rank 1.
Then .
Cw) == Y my (@)



has at most rank n. However, since P — ¢ > 1, we know p > n for sufficiently large p, n, by
n

the Rank Nullity Theorem, the rank of C(w) is at least p —n > 1, meaning C'(w) cannot be

invertible for large p and n, creating a contradiction. Thus, C is not a good estimator for C

and the operator norm approximation fails. O]

Moreover, as stated in [4], due to the concentration inequalities of Gaussian entries, the
entry-wise approximation dij (w) = Cj; holds as n — oo uniformly in p so any matrix norm
approximation still holds in this case. The failure of the operator norm approximation im-
plies the matrix norm is not equivalent to the operator norm in this case. In view of this, it

is natural to ask:

Is there any controllable asymptotic behavior for the sample covariance matrix C?

We will continue this discussion in the next chapter with the introduction of the Marchenko-

Pastur Law.
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2 Marchenko-Pastur Law for sample

covariance matrix of (Gaussian entries

Let X denote a rectangular p x n random matrix of standard complex Gaussian entries.
The Marchenko-Pastur Law for the sample covariance matrix C' = 1X X* (where X* denotes
the conjugate transpose of X) is the following limit theorem concerning the arranged eigen-
values of C'

Theorem 2.0.1 (Marchenko-Pastur Law).  (From [6]) Denote by A;, Aa,..., A, the ran-
dom eigenvalues of C’, then as n,p — oo with % — ¢ € (0,00), the averaged eigenvalue

distribution denoted by

pe =E

1 P
Y

converges weakly to a deterministic, absolutely continuous Borel probability measure .,

defined by the density

+
(1_9 50+ﬁ CEIE)
where a = (1 — /c)?, b= (1+ +/c)? and (z)* = max{X,0}.

We consider the sample covariance matrix of more general complex Gaussian entries, the
result of the real Gaussian entries can be shown in the same way. In Chapter 3, we will
discuss the Marchenko-Pastur Law for general entries, not necessarily Gaussian, as well as

the stronger, almost-sure convergence of the eigenvalue distribution.
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2.1 Preliminaries

2.1.1 Non-crossing Partitions and Permutations

Definition (Non-crossing partitions). (From [7]) Let 7 be a partition of [n]. If we can find
1 < j < k <l such that ¢ and k are in one block V and j and [ are in another block W of
m, we say V and W cross. If no pair of blocks of 7 cross, then we say 7 is non-crossing. We
denote the set of non-crossing partitions of [n] by NC(n). The set of non-crossing pairings

of [n] is denoted NCs(n).

Definition (Permutations). (From [§]). Denote by S, the symmetric group of permutations

of {1,...,n}
Proposition 2.1.2. (Proposition 23.11 of [§]) For o € S,,, |o| + #(0) = n.

Proposition 2.1.3. (Proposition 23.22 of [§] and [2]) If ~ denotes the permutation
(123...k) then #(yo) + #(0) =k —1 <= o€ NC(k)

2.1.2 Wick’s Formula

Recall the fact that Z is a standard complex Gaussian random variable if and only if

1
Z=—X+1iY,
V2

where X, Y are independent real standard Gaussian random variables, so

E[Z] =0
and
- E[X?|E[Y?
E[ZZ]:—[ ]2 [ ]:1.

The joint distribution of X,Y is the probability measure 7y where the covariance matrix

1

- 0

2
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For m,n e N
_ 1 _ 2 t2
E[Z"Z" = / (s +it)™ (s — it)—exp (M) dsdt
R2 ™ yA
1 21 )
— / ez(mfn)ede
T Jo

o 2
:/ Tm—i—n—i—le—r dr
0

0 if m # n.

m! if m = n.

For mixed moments of general Gaussians, we have
Theorem 2.1.1 (Wick’s Formula). (Corollary 2, Section 1.5 of [7]) Suppose (X1,...,X,)

is a complex Gaussian random vector then

meP2 (k)
for all iy, ..., iy € [n] and all e, e € {0,1}; where we have used the notation X;” := X;
and Xi(l) = X,.

Applying Wick’s formula to independent standard complex Gaussians, we have the fol-
lowing results (see [7]):
Proposition 2.1.4. (Exercise 7 of [7])
If Zy,Z,, ..., Zs are independent, standard complex Gaussian random variables with E[Z;] =

0 and E[|Z;|*] = 1, then

0ifm#n

E[ZﬂZig .o szZnggg .o Z]n] ==
#{oeS,:i=jooc}tifm=n

Proof. (exercise 6 on Part 5 of [7])
The balance condition in proposition 2.1.4 shows that each Z; has to be paired with some

ij. In other words if m # n, then the expression equals 0.

14



When m = n, Wick’s formula shows:

E[x] = > 11 Ez.z.]

7€P2(m+n)  (rs)eT
T pairs Z;withZ;

= 2 1
7€P2(m+n)
T pairs Z;withZ;

= #{all such 7}
Every such 7 determines a unique permutation o € S, as follows:

Zil }Zjo'(l)

Ziz EZJ’J(Q)

Zin Z]o’(n)

Thus o satisfies i = joo on [n] ={1,2,...n}.

Conversely, if o € S, satisfies 1 = j o g, then we write out 7 as follows:

L

ZiZiy . Ty T Dy Ly 2 -

ke Jo(k) **

Thus, E[x] = #{allsuch 7} = #{oc € S, :i=joo} O

2.1.3 Free Cumulants and Cauchy Transform

Definition (Free cumulants and the moment-cumulant formula).  (Definition 8, Section
2.2 of [7]). Let (A, ) be a non-commutative probability space. The corresponding free
cumulants denoted by &, : A" — C(n > 1) are defined inductively in terms of moments by
the moment-cumulant formula:
olay...an) = Z Rr(Qy, ..., ap)
TeNC(n)

where, by definition, if 7 = {V4,...,V,}, then

Ke(ay...a,) = H Ki(@iyy ... a;)



Definition (The case when a; =ay =---=a, =a ). (2.16 of [7])

p(a”) = Z Ky = H Kiv(a,a, ..., a)

TeNC(n) m=V1U---UVy

Remark. If a,b are free, then the free cumulant is additive:

b

ab __ a b
Ky = Kp + K, Yn.

Proposition 2.1.5. (Section 17 section 2.4 of [7]) The relation between the moment series

M (z) and the cumulant series C'(z) of a random variable is given by

M(z) = C(zM(z)).

Assume ¢(a™) = [, t"du(t),Vn =1,2,..., where u is a probability measure on R, uniquely

determined by its moments, then

1
GCL(Z)Z/]R du(t),z =z +iy,y >0

z—1

is called the Cauchy transform of p.

Properties. Let v be a probability measure on R with Cauchy transform G.

1. (Lemma 3, Chapter 3 of [7])
lim iyG(iy) = 1

y-)OO
and

sup y|G(x +iy)| = 1.
y>0,2€R

16



2. (Theorem 6, Chapter 3 of [7]) For a < b we have

b
~ Jim 1/ S(G(x + iy))dz = v((a, b)) + %v({a, b,

y—0t

If v, and v, are probability measures with G, = G,,, thenv, = v,.

3. (Proposition 8, Chapter 3 of [7]) For all a € R we have

lim(z — a)G(z) = v({a}).

zZ—a

2.1.4 The Method of Moments

Theorem 2.1.2 (Theorem 30.2 of [3]). Let p, i, (n € N) be probability measures on R.

Assume that p is uniquely determined by its moments, and
lim [ tfdu,(t) = / thdu(t),Vk =1,2,3, ...

then u, converges weakly to u as n — oo.

2.2 Proof of the Marchenko-Pastur Law

2.2.1 Convergence in Moments

Recall X = [Z;;]pxn Is a rectangular random matrix with independent standard complex

1
Gaussians Z;;. First, we will investigate —XX* = Y. Let A, As,..., A, be the random
p

1
eigenvalues of Y and set tr(A) = — Tr(A) VA € M,(C). The average eigenvalue distribution
p

18

py = FE

1 P
y
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By the spectral theorem, we have the k-th moment

/R tdpuy (1) = Eltr(Y")]

E[Tr(XX*XX*.. . XX*)

= ket
Pt

2k ;(;ms
= p_(k+1) Z E[lejl ZZ2]1 Z’L2J2 Z%3J2 T Zikjk Ziljkl
i:[k] = [p] )
J:[k]=[n]

Let v denote the one-cycle permutation (123...%). Then

( ) E[leﬁ ZZQ]Q A ZZQJl Z’LBJQ cee Zi1jk]

ik

= card{o € S : each 77 pairs with a unique i,0)+1J-0) = iy(c0)Joq) Via o}

In other words, we have to count all such o € S, through the conditions: i = io(y0),j = joo
on the set [k] = {1,2,...,k}. We conclude from the conditions that ¢ must remain a constant
on each cycle of vo and so does 7 on each cycle of o.

Since there are p#(7?) many i’s and n#(®) many j’s, we obtain

/ tdpy (1) = p~ 0+ 3 p#00)

ocESk
#(o)
= 3 pHan ko) (ﬁ)
ocESk p
. P n 1 o
Now, recall the assumptions: n,p — oo, = - ¢ > 0= — — — =d > 0. Note that it is easy
n P c

to see from proposition 2.1.3 that #(vo) + #(0) < k + 1 and the equality holds if and only
if o € NC(k). So in the limit n,p — oo with LN 0, we conclude the convergence of
the k-th moment my — >~ vog d#) g

In the next subsection, we will identify this limit as the k-th moment of a probability measure

on R.

2.2.2 Limit Distribution

In the previous section, we proved that k-th moment converges m; — . NC(k) d#@) If
we take a non-commutative random variable z with constant free cumulants ! = d for

n=1,2,..., then the moment-cumulant formula shows that ¢(z*) = > oeNC) d#(@) . Thus,

18



we have the R-transform of z given by R,(2) =d +dz +dz* + -+ =

1—2z v z
which further implies that

1 1-—
Gy =4l derl-z

* 1—2 =z z— 22

It follows that the Cauchy transform is either
—(d—-1 —(d—11]2—-4
RRPEL (et RV CEUES e
z

or

Gx(z):z—(d—l)—\/gzz—(d—l)]Q—élz

where the branch of the square root is chosen as follows:
Vz = re? for z = re? 0 € [0,2n).

By property (1) on the Cauchy transform in subsection 2.1.3, the correct form of G, is given

by

GI(Z):Z—(d—l)—\/gzz—(d—l)]Q—élz

for z in the upper half-plane.
Note that

[z—(d=1D)?—42=2>-2(d— 1)z + (d—1)* — 4z
=22 -2(d+1Dz+(d+1)*—4d

=[z—(d+ 1) —4d.

Therefore, we have
z—(d—=1)—=+/(z—a)(z—b)

z

G.(2) =

provided that a = (d + 1) —2vVd = (vVd —1)> and b= (d + 1) + 2v/d = (V/d + 1)%.
Note that G, is precisely the Cauchy transform of the free Poisson distribution with param-

eter d.

1
Recall that Y = - X X* and
b

n,p—oo

p/n—c>0

Eltr(Y%)] ——— ozt = /R P dpa(t),

19



A 1
then the k-th moment of C' = — X X*:
n

Eltr(C) = Eltr(Xy)h)]

n
= (2)" Blr (") —— Fola®)
p/ﬁI:co;O

where v, denotes the pushforward measure of the free Poisson law 14 via the transformation
T(t) = ct,t € R, and v, is precisely the distribution of the dilation cx.
Note that the Cauchy transform of cx satisfies

z

Gen(z) = %Gz ( ) WSz > 0.

c

Thus by properties (2), (3) on Cauchy transform, we have:
1
1. v.({0}) >0 <= ¢ > 1, meaning v.({0}) =1— -
¢
2. The support of v, is the interval [A, B] where A = ca = (1 —4/c)?, B=cb= (1++/¢c)%

3. Denote by m the Lebesgue measure on R. The density v, is given by the dilation

dVC(t) _ Lldp (f)

dm cm \c

for m-almost all ¢t € R.

In summary, we have

dve(t)

(1 - %)+ 8o + Vit _;r)ciB Dt for t € [A, B]

2.2.3 Convergence in Distribution

|
Denote by u, the averaged eigenvalue distribution of C' = —X X*. We have shown that u,
n

. 1 P
converges in moments to v, as n,p — oo with — — c.
n
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We will now show that pu,, converges weakly to v,. In order to apply the method of moments,
we need to show that v, is uniquely determined by its moments. Quoting from Theorem 30.1
of [3] and Lemma 3.2.6 of [5] as follows:

Theorem 2.2.1 (Theorem 30.1 of [3] and Lemma 3.2.6 of [5]). If p is a Borel Probability
measure on R such that [; [¢[*du(t) < coVk =1,2,... and the power series -, %rk has

1
limsup \k/ @
k!

the radius of convergence R = > 0, where ay, fR thdu(t), then p is uniquely

determined by its moments.

Applying this to v., we have

ViR > 1,k=1,2,...
and
B
‘ /tkdl/c(t)‘ = ¢ / thdv,(t) < VBF = B
R A
and hence,

lim sup \k/ |a—k| < B,

R = > B>0.
lim sup
k

thus the radius of convergence is

So, v, is uniquely determined by its moments and theorem implies u,, = v..
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3 Further discussion

First, concerning the stronger, almost-sure convergence of the Marchenko-Pastur Law,
Marchenko and Pastur actually show in the original result from [6] that the law also holds
for entries with zero mean and finite variance (with minor moment conditions), not necessarily
Gaussian entries.

Secondly, the law in fact holds almost surely for the ”un-averaged” eigenvalue distribution
! Z;’:l dx, with the same limit law vc.

For these general results, we quote Theorem 2.4 from the book [4] as follows:
Theorem 3.0.1 ((Theorem 2.4 of [4]). Let X € RP*"™ with i.i.d. columns z; such that
x; has independent entries with zero mean, unit variance, and some light tail condition and

1
denote the resolvent of =X X7 as
n

Q(z) = (EXXT — zIp) B :

Then as n,p — oo with p/n — ¢ € (0, 00),

with (z,m(2)) the unique solution in Z(C \ [(1 — 1/¢)?, (1 + /¢)?]) of
zem?(z) — (1 —c—2)m(z) + 1 =0.

The function m(z) is the Stieltjes transform of the probability measure p given explicitly by

p(dr) = (1 —c 1) o(z) + V(- E)HE, —z)tdx

2mcx
where Fy = (1 £ ,/c)? and (z)™ = max(0,z), and is known as the Marchenko Pastur
distribution. In particular, with probability one, the empirical spectral measure pq

—XXT

n
converges weakly to .

One can even go beyond measures with finite variance, see [4] and the references therein.
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