
A SMALL-SIGNAL HIGH FREQUENCY

EQUIVALENT OIRCUIT FOR THE

FIELD-EFFECT TRANSISTOR

'A Thesis

Submitted to the FacultJ ot Graduate Studies

in Partial Fult1lment ot the Requirements

tor the Degree ot

Master ot Science

in the Department ot Electrical Engineering

Univers1 t7 ot Saskatchewan

b7

Bhaskara Redd7

Saskatoon. Saskatchewan

Ma7, 1965

The,Un1vers1tJ ot Saskatchewan claims copyright in con­

junction with the author. Use shall not be made of the
material contained h..e1n without proper aclmowledgment. '



1

ACKNOWLEDGEMENTS

The author is grateful·to Dr. F.N. Trotimenkott for bis

guidance and supervision during the course of this work.

Sincere thanks are extended to Dr. X.A. Zischka of the Depart­

ment of' Mathematics for his valuable assistance in solving the

differential equation. The author also thanks Professors

R.S.C�··Oobbold, A.G. Wacker and Mr. A.E. Krause tor their

suggestions and helpful criticisms.

Financial assistance to the author under B.R.C. Grant

IA-18l8 is.gratefull,. acknowledged.

"



ii

ABSTRACT

Tne field ettect transistor is considered as an active,

distributed non-uni.form transmission line and a difterential

equation tor tne small-signal a.c. case is derived. !he

snort-circuit admittance parameters of the device are deter­

mined trom tne solution ot the differential equation. A bigh

tl'equenc7 equivalent circuit tor the intr1n�1c dev1ce is then

.

obtained .from the f1rst-order approXimat1on of the anal7sis

and the �esaion8 for the elements ot this c1rcuit are

der1ved tor both the saturated and the non-saturated conditions.

The nor.mal1zed values ot these elements are computed as tunc­

tions ot the gate and drain bias voltages and the results 9t

these computations are presented graph1ca1l7.

.
.
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1.

1. . INTRODUOTION

1.1 General

Recent advances in the construction techniques of field­

effect transistors have enabled devices of greatly improved

hign �equency performance to be produced. Application of .

such devices in an optimal fashion to the design of high

frequency circuits is facilitated by the use of an equivalent

circuit. This thesis is concerned with the theoretical deri­

vation of a high frequency equivalent circuit for the 1'ield­

effect transistor from a consideration of the basic p�sical

principles involved in the operation of the device.

1.2 Review of the Literature

The field-effect transistor (F.E.T.) is a semiconductor

device in which the conductance of the current path is modu­

lated by the application of a transverse electric field� It

was first described by ShoCkleyl who presented .the basic

theory of the device. This tneory assUmed an abrupt p-n junc­

tion and a uniformly graded channel along which the potential

varied in a gradual way. A brief account of bis analysis is

given below.

Oonsider an P.E.T. with an n-ttpe channel and two p-type

gates as shown in Pig. 1.1•. Suppose tnat the two gates are

shorted to .the source and a positive potential Vd is .appl1ed

to the drain•. A current 1d will flow between the source and
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.,._--+.... ·I ....------------
VCj

Pig. 1.1 Sch&matic diagram of an P.E.T •

. V9=V•

. V9=V�

.. ' --... Va

Pig. 1.2 Common source drain voltage­
cu�ent characteristic of the F.E.!.



the drain causing a voltage drop along the channel. Since

the :drain is more positive than the source which is direct17

connected to the gates, the p.n junctions are reverse biased •

. T�s reverse bias increases in tb.e 'posi tive x direction along

the channel and, hence, the space-charge regions will be

wider near the drain. As the drain to source voltage is
.

.

increased the channel becomes narrower until, at a value of

channel bias equ�l to Wp, the. two space-charge regions. f1tom
the oppOSite gates meet. at the drain end. This is called the

'pinch-oft' condition and Wp is called the 'pinch-ott

potential'. The drain current remains essent1al17 saturated

.tor bias voltages higher than Wp as most of the increased

voltage appears acrOS8 the space-charge regions near the

drain.

It a negative potential Vg is applied between the gate

and the source, th� magnitude ot the drain voltage Vd required
.

to cut ott the channel will be reduced by the amount ot gate

bias. The drain current will therefore saturate at lower

values ot drain voltage and current. Thus the common source

characteristic (fa versus Vd) with gate voltage as a parameter·

is ot the torm shown in Fig. 1.2.

It W is the potential of bhe gate with respeQt to the

channel, then aocording to' Shockley,l .....

b 2
W = Wp(l - 'i) (1.1)



where Wp = pinch ort potential

··2b = channel thickness (Fig. 1)

2a = distance between the two gates

The value ot W at the source is given by

and at the drain

.
.

.

Vg and Vd are the gate and drain voltages reterred. to the·
:

.....
,

.

source, resp�ctively. In the above equation, cf is the equ11�- .

brium barrier potential and is a negativ.e quantity ror an .

F.E.T. with· an n-ttpe channel.

The x-component or the electric field, Ex, at a dlata11ce

x trom the source along the channel is

dW
Ex = ax. (1•.2) · .

Bence, the channel current is glven by

Id = -2Z CTb·E_x

b dW
= -2Z cra(-)A:'

. a UA

. (1.3)

where cr = conductivi ty ot the channel
.

Z II: wid th ot the channel.

Shockley. haa shown that the channel curl'ent is given

b,.
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Shockley's theory has been extended2-6 to include: the

efteots ot changes in the mobility ot the carriers with the

electrio field and non-unitorm channel doping.

A number ot' high trequency equ1valent cir.cu1 ts

. proposed7,8,9,10,11,12 tor the F.E.�. In general,. these'

the. torm shown in Fig. 1.4. Note that
. 1 .

.

of Fig. 1.3 is of this torm (11,Y2· 0, Ym· gmo·and 70· r).o .

An 1mprov�ent over the equivalent cirouit ot Fig. 1.3 ha

been made b7 van .der Zie11 and others8 by considering c

storage in the space.-cbarge regions ot the p-n junction 0

the device. Analyses ot this type lead to the conolusion

Yl consists ot a capacitance 01 and Y2 consists ot a oapa 1�

tanoe 02 and expressions tor 01' $lld 02 as �ctions ot th
.

bias voltages have been presented. Olsen9 has sUggested
.

Yo consists ot � in parallel with a capacitance Co.
o .

The solid-state devices group at Texas Instruments: I

has suggested the equivalent circuit shown in Fig. 1.5.'
. .

circuit is bas�d on a qualitative anal7Sis ot the tield�e tect'

transistor operation. The resistors R3 and R4 are the.a••

leakage resistances ot the reverse biased P�Jl junctions w .le

Rs and R6 are parasitic resistances associated with the so ce

and drain contacts.

Silverthorn'sll,12 equivalent cirouit (Fig. 1.6) is
.

simplitication ot the Texas Instruments Inc. equival�t'c1
.

cu.it valid· tor the frequenc7 range .in which R3

s

�.' .

. i
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Fig. 1.4 General torm ot the F.E.�.
equivalent oircuit.
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. Fig. 1.5 An equivalent circuit tor the
.

F.E.T. (suggested b,. T�as Instruments Inc.)
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Fig. 1.6 Silverthorn'. equivalent circuit
tor·· the F.E.T.
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neglected. He bas shown that RS and R6 can be absorbed i to.

Rl and R2 over a wide frequenc7 range and has presented a

method. for obtaining the equivalent circuit elements from
, ..

8.

measurements of the short-circuit admittance parameters.

Ere and van der Ziel13 have presented an improved

signal.b1gh-frequenc7 analysis of the F.E.T.

the d$Vice is considered to be an active, distributed, no

uniform transmission line and the wave equation for this

structure has been solved b7 an approximate method. The

expressions tor the short-circuit admittance parameters

been derived for the saturation (pinch-ott) case.

tor 01 and Rl have been obtained and it has been demonatra ed

,

that the value ot 01 so computed is in agreement with that

obtained trom a charge storage anal7sis.

show that 72 = 0 tor the pinch-otf case in agreement with

previous computations showing that 02 = 0 at pinch-off.

1.3 An Outline of the Scope of This Work

The purpose of this work is to derive an lnti-11181c·.b1 h

frequenc7 equivalent circuit of the F.E.T. A differential

equation for the a.c. case is derived from a knowledge of he

p�sics ot the device and a series solution to. this equati n

is obtained. The expressions for short-circuit admittance

pax-ameters ot the device are derived from the solution•. A

h7brid-n-network of a general form 1s assumed to represent
.'

the equivalent circuit and. the expressions. tor tbe circuit



elements are determined by comparing the admittance param tel's

of the hfbrid-n -circuit with the derived expressions.

According to van del' Ziel's terminology, the d.c.

of the device, given in Section 1.2, is called the 'zero­

approXimation', which means that this theol'7 is for

of (j<Al) approaching zero. The resulting equivalent

shown in Fig. 1.3, has therefore no reactive elements.
. .

.

'first-order approximation', then, is taken to mean that

the d. c. and (jCAl) terms are retained in the theory and th

higher order tel'DlS in (jca» are neglected.· The equivalent cir...
·

cuit tor this case will have one reactive element in each

branch. In this thesis, the equivalent circuit is derived

from the 'first-order approXimation' of the theol'7 of the

device.

The analysis presented in this work is of

nature than van del' Ziel's analysis because the expressio

tor the short-circuit admittance parameters and

elements derived here are applicable to both the saturated and

the non-saturated conditions.
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2. .T.HE DIFFERENTIAL EQUATION AND ITS SOLUTION

2.1 Introduction

The F.E.T. is Qonsidered .8 an active, distributed an

non-uniform transmission line and a differential equation f

this structure is derived for the small-signal case. It i

assumed that the channel is un1fo�y doped and that the p n
,

junctions are of the abrupt type. A solution of the diffe -

ential equation is obtained in the form of a power series

whioh gives the channel current in terms of the channel

thickness.

2.2 . The Differential Equation

In the small signal case, the d.c. values of channel ias

and current have superimposed 'upon them small sinusoidal a c.

voltage and current variations; hence the expressions for

total channel bias and current can be written as foll01l1's:

Wi = W + vejwt

where v and i are the a.c. components of channel bias and

current, respectively.

The statement.: of Ohm's law as given by equation (1;'3

must h� augmented by the charge continuit,r equation in ord r

to derive the differential equation.



•

Fig. 2.1 Current. flow in a section
.x of the devi ce.

Consider a volume el�ment of width.�.x at·a distance

from the source of an F .E. T. with an n-type channel. Unde
.

operating oonditions, the channel current will flow as sbo

in Fig. 2.1•. The volume of this element is ZaZ�x and the

net charge .6.Q oontained 1� it 1s given by

b' .

AQ = 2(1-a-)aZpoAx
,

where 2b is the instantaneous value of the channel height and

po is the charge density' of the space charge regions. F m

equation (1.1) one o.btains

b

.

\1 i
1 - - = 1 - l' = (�) .

a wp
(2. )

b
where l' = e:•. Sim11�ly, for the a.c. case,

, .

.

b ,

l-a=l-y (z. )

where 1" is the instantaneous value of y. Therefore the

expression for A Q becomes



w'i-
� Q == 2aZ Po (tv:") A x

p
.

Considerations of charge continuity for this element

require that· .'

,.

. I� - (I� + ()�� Ax) == - -le( �Q )

or

where t is the time.

Since a�I� = 0, use of equations (2.1) and (2.2) yields

01 j t . � .. r:W i- V j t i]� e
fA) == 2aZ 'po '(iE'� \Vi) (1 + t:r e

t.)

.•

For the small signal case (�) ,is a small quantity and henc

the second and higher order �erms in(W) can be neglected.

Thus the above equation reduces to

Wi th tne aid o'f (,2.3),' this can be written., as ,

'

01 aZPo
iiX =

Wp (1-,.) j�v·

Equation (l..,3) oan be written for the a.c. case as fo lows:

I , dW'
Id = -A-"1 -ax-

where A = 2Za C1'c.



. r: W' i-l dW dv
Id + iej�t = -�L: - (;p) J(!X'+ dX ej�t)

.

= -A� _ (�)i (1 + � ej<.>t)i]<� + � ej<.>t)

•

Use of equations (2.1), (2.2)".and (2.4) in (2.7) �e1ds

On neglecting the second and higher ord�r terms in (�), t. s

reduces, with the aid of (2.3), to
.

.

j t' d\i A . v dW j t' dv j tId + ie W = -A�y.ax + �(1-,,)V1 'OX e
W

- �.y.dX e
W

.

The time-independent part of (2.8) along with (2.3)

sz Id/1o
ax·= a(l-yly

gives

(2. ).

.

�here 10 = 4Z (jcWp.
Equations (2.3), (2.9),and the time-dependent.part of (2.9

can be manipulated to "ield

v
-
-

y (2. 0)

D.ividing (2.6) by (2.9", one obtains

di a2Z po ..1s2D:.
di'

=

Wp .•.(1d)YO
(2. 1)

The pinch-off potential Wp is given by6

Wp "' - fe po[l, - $:].
2

= -. 2€ Po·D

.

(2. 2)



•

where � is tl;le permittivity ·of the channel meterial and .p

i� the charge density of the gate regions. Use ot

(2.11) gives

Equations (2.10) and (2.13) can be combined to yield

2
� + 2�(1-7)i = 0
dy4::

. where

and

Equatioll (2.14> is the required differential equation wb1c

expresses' the c��l current i in terms of the variable p a­

meter ,. tor the a. c. cas e•.

2.3 Solution of the Differential Equation

The difterential equation (2.14> is assumed to have a'

series solution of the following type.

(2. 6)



Hence 00

1" (,.) =

.

L. � EV-l)�y�-2 .

. ,)=2 o() .

.

= 202 + 6037 + � -V(,)-1)o.J)y�-2
")"4-

.

and

00 .

= 2�00Y + � 2�(0�-1-C,)-2)Y� .

�=2.
so tbs.t the equation (2.14) becomes

coO

202 + 603Y +' L ,) (�-1)�y�-2 + 2)t2ooY
"J):f

00

+ � �(0v-l-0-i-2)YY = 0

i'=-2.
This can be written as

•

co

202 + 6037 .. 2Jt2oo7 + L. � (�-1)0�yi-2·
00 1>=+

+� 2�(0��3-0"_4)yi-2 = 0

�=4
.

It is clear that th'e ooeffici8nt of each term should be S8 a-

ratel,. equal to zero.

202 = 0

603 +. 2)(200 = 0 or

The last two terms of the equation.(2.l7) s1ve the recursl n

formula .,



z .

)
-=
2k (<;>-4-c.,)-3 _\ 40']) 7 (i-l)

tor ." � •

Hence

It is theretore obvious that Ci can be expressed as tollo •
•

where 00 and 01 are arbi tr8.17 quanti ties which can be dete -

mined· by means ot boundary conditiona.

The most general solution ot the equation

tore given by
00 00

i(7) -= Co 2. �7� + C1 � �yi
�=o �co

wb.ere «.� and � can be determined by the· use ot tb.e r81a ions

(2.18) and (2.19) •
..

Equations (2.18) and (2.19) 71e1d the tollowing value

tor tb.e coetticients �'a and �'s.
.

0(.0 = 1

0(.1 = 0

0(2=0
.

��3 III -

:r

a(4 III
�.
r

(30 = 0

(31 III 1

(32 = 0

(33 = 0

. tc2�4-= - r



7.

'� 2
,0(5=0 5 =�

k4 (36 = 00(.6 =

�
k4 (3 ,_}{40(.7 = -

� 7 _

12{)
k4 �8=�',Q(.8 =

IbS'

){6
,

}{4
0(9=� �9=�

, 29 � •

0(.10 = a3350 •

k6
•

•

0(.11 =

IBIi1f •

c<.12 =6k6
•

•

•

•

•

It will be usefUl to recall tne definition ot � a8 given ,.

the relation (2.15)

It was mentioned in section 1.3 that on17 the tirst-o der

approximation of the theory was going to be used in derivi

the equivalent circuIt. Atter c�lnS out the ca1cu1atio ,

it was 'found tbat the second order terms in (j(A» had to be
,

retained in the numerator of the expression for the channe

ourrent as the,. give mae to an additional (j<..l) term.



fact will become clear in ohapter 4. Therefore, those ,va

ot the coeffi ci ents CI(. and (3 wb.1 ch give rise to (jCr.) 2 t

will also be retained in the expression for the channel 0 ent.

Highet- order terms in (jw) will be neglected.

When the above values of the coefficients are sabst1

equation (2.20) becomes

where

T(,.) • 1 - �,3 + �y4,+ �6 - �7 + rts-k4,8
- 19�k6,-9 + �y.o - J48k6,J-l + iMt140kY2

(2. )

Rt,.> .. ., - �,.4 + �2y-S + �7 _ �k4y8 + �9
(2. 3)

Equation (2.21) is the' "eoond-order approximation ot he

general solution (2.20).



3. EXPRESSIONS FOR ADMITTANOE PARAMETERS

3.1 Introduction

The sbo�t-ci�cult admittance pa�amete�s of the F.E.T.

are determined in this cbapte� from the exp�ession for th

channel current which was obtained in the previous sectio

The coefficients 00 and 01 contained in that expression
.

evaluated by means
.

of the boundary conditions in both the

short-ci�cu1ted output and the sbort-circuited input cas�s

3.2 Evaluation of 00 and 01 for the Short-Oircuited Outpu

Oase .

. The channel current is g1ven by 8C{uation (2.21)

. Bence

Tbis expression is substituted in equation (2.13) to give

V
- (Id/I��[O· T' (1) + 0

R' (7)]- -

(j�)2Z: to. l' 1 l'

. .

In order to. determine the input adm!tta�ce of the de ce,

the output has to be short-circuited.·· The�efore, the dra1 is

a. c. shox-t-circu1 ted to the source and tbis boundtU7 oondi

gives



'1' == '1s } at the source
V == Vg

and '1 = '1d } at the drain )
V =

Vg

where Vg = a.c. potential of the gate with respect to the

source.

When the values (3.2a) are substituted, equation

(at the source)

_ zs .. 0 [1" ('1s >1
+ 0

ra' ('1's >]� 0 '1's j It '1s

1" ('1's)· ._�� 2 2 � 4 � r! 1 �-� 6• -r- '18 - 'I!"Y - ." + '1 ;) - "If:It"JJr-778 ","8. • 8 c:::.a. 8

L.L7 �8 10J'9· � lOJ+
�'J8

-

�'J8
+ IbS�s -

X 4d7s .

= -J:t2.Y8l
and
R'��.).. t.- - �82 + !-1027.3 + �.s - 19�7.6 + � .7

Equation (3.3) can theretore be written as

(3. )



Similarly. use ot relations (3.2b) in equation (3.1).

gives (at the drain)

� ;s. � ._ 0o]&:2Ydl + 01-Yd2

.

. T' (Yd)
were Tdl = .. _�.

X--Yd

R' (Yd)
Yd2 =

Yd
and

Equations (3.4) and (3.5) yield

: Co i� given by subtracting equation (3.6b) tram (3.6a) •
.

;

,
!
I

i

I .

2 •

As explained in section 2.3, (jw)2 terms are retained in

numerator ot the expression tor current, whereas in the de omi­

nator they will be neglected as they are not. necessary for the
.

first-order approximation ot the theory_ Atter simpl1fica on,

00 reduoes to



where
Yl == ..

1
.

(u-l) - Jt27S{�(1-U2) - 17S(1-U3)1
. �� ..� . 1

+ �.4{fir<1-uS) - �.(1-u6) + �.2(1-U71

•

A= J �1-u3) - �(1-U2) - �.2Uf - u - b.(1-U2)
.

1 1 S 1 6+ i7'82u(1-U) - >' \i2"(l-u ) + U8U2(1-u )

- in- 1'.2 i(1-U71
and

7d
u =-

'18

The .coetricient 01 .is determined in the same way.

tiona (3.4) and (3.S) can be written as

- �.Yd1 = -OO�·YS1.Yd1 + 01.Y82.Ydl

- i&.Ysl == -Ool6Ydl.Ysl + °l·Yd2.Yal·.

!heae two relations are solved tor 01.

i&(YS1 - Ydl)
°1=-------Ys2·Yd1 - Yd2·Ys1

The terms containing .k4 and k6 �e again negleoted in the

denoDdnator. The expression tor 01 is then simplified and

rearranged to give

(3. 0)



where

Y2 a: -1 - u - �s(1-u2) - f;�s.3(1-u4) + �s4(1-US)
- k�,.sS(1-u6) + �s6(1-u7) - ��s7(1-u8)

.� an� u are given b7 the equations (3.8) and (3.9),respe -

tive1y.

3.3 Expression For Channel Current

Aocording to equation (2.1S),

or

Therefore,

.
or

Equations (3.7), (3.10) and (3.11) are used in (2.25)

the general expression tor the obannel current.

•

) -



Third and higher order terms in (j(A) are again neglec ed.

It can be shown that when simplitied and rearranged, the

expression tor current reduces to

.

���.
.'

.

4ZcrT; 5 1 2i(7) .=
.

----(l-u) + t27S[�(1-U2) - 178(1-u3).

� �� �.

- t�(l"U) + t�(l-U) - L(l-u) + �(1-u2
. '1s 7d . 7s 7d 78

.

.

+ �s�- k<l-uS) +* 7.(1-116) - � 7.2(1-117)
.:

_ i ".3 (1-u2) + *' �(1-u3) + � v4 (1-u2)
. �7;! ojiZ. �7;!

1 v4 a 1 5;;6 1 ..:iJ._- ��(l-u ) + r.P (l-u) - � y_5vA(1-U)7. q.:;J 78 7d � 7s 7d

1:vB 2 L 4 1 r! 1 6
...... + Ib8' .�(l-U)+� 78 (l-u )-'01(l-u�)"!"21)"87(1-u )

)



This is the exp:r-ession tor current at an7 point a10 the

cb.annel tor the case when the drain is. a·.c. short-circuit

the source.

3.4 The D.C. Case

It is ot interest to see what the expression (3.12)

the channel current ;yields in the d.c. case. Betore cons der-
.

I
ing this case, it is necessu'1 to detel'Dl1ne .s. in terms o· 7.

LO .

Equation (2.8) gives

whioh becomes, on integration

)'(1

!7(1-7)d7·
�.

'1d2 '1d3 '1s2 '1s3
==.2--.r-2+,-01',

== - 1('1s2 .. '1d2) + j(7s3 .. '1d3)

= - 'l� - u2 - i "8(1-U3�
Bence

Id a 2f·· 2 2· '2 �1
YO == - g. '1a r - u .. :; '1a (l-U.1)j

·As tAl ....... O (d.c. case) equation (3.12) reduoes to

(3. 3 .. )

.

,



•

On substituting the value of (�) from equation (3.13), t s

expression becomes

or

which agrees with the equation (1.5)

3.5 Expression for A

It Will be useful to reduce the expression tor � to

convenient tor� Equation (3.8) can be written as

where 1 2 A- 2 1 5
Y3· 1 - u - � 7.(1-u ) + �ls u(l-u) -'5u�(1-� )

1 6· 1 2 7+ 47 7s(1-u ) - 14u2 7s (l-u )

(3•. b)



Yd
and u =

Ys

2 2

'1Hence 2 1 ! k Ys2u.Y3A = fk(1-U3) - 'ici'(1-U2 1 -
2 3 1 2� . �(l-u ) - --(l-u ).}u Yd

•

1 [ 2 2 3Q(�=-) 1-u - s(l-u)7s· .

It een be sb.own tb.at this expression reduces, .;;w1 th the aid ot

(3.13a), to . 12:
.

1 .:1 {
.

}A = tru(1-U3) - id(1-u2j 1 + jw�
.

4:£L2 a y�_
where 1:1 =�

, v: :;:-!
.

. 1;1CS"8. tI S "'0

Y = 1 - u2 -' � Y'. (1-u3)o .} S

).6 Expressi�n tor "21
When y'= Yd, equation (3.12) yields

(3. )

(3. )



2 •

Vg
Id .

.. 4Z<r:O-�!7d(1-11) + �S{i<1-U2) - bs(1-u3) - �2(1_U)
+ �SI13(1-11) - u(l-u) + j,-SU(1-U2� + Jt4,.s4{- fg-(l-aS
+ �S(1"'U6) ... �S2<'1...u7) ... �.3(1-U2) + �sU.3(l-U.3>.

: + �SU�(1-U2) - i2Ys2U4(1-U.3>. + �S(l-U}
- �su6(1-U) + �2u7 ('l-U) + hu(1-U4} - �SU(l-US}
+ �prS2U{1 ...u6) + �4(1-U) - �su4(1-U2) ... iO)SuS(l�U)

1 51·+ I>782U?(1-U2� .

which beoomes, on simplification,

Id .

.

id 4ZtrT;{l-U)!: 2 . r. :L l' 1

V;
==

A Y's'Yd t + 3"k2Ys27dll ... iu ... iu2 ... 43s(1 - )'U -

- ?3� _ �s5711 _ � _ �2 + � _ �4
._ �S' ... �7s(l ... Hu - Hu2 + u.3 + u4 ... fi,uS - fi,u6)

. + �s2(1 - � - �2 - �3 + �4 - �5 - hut. - 2 7)]
Using equations (2.15a), (.3.13a), C3.14a) and C3.nb) it can b

shown. that this expression takes' the form ..



where.

.

! 'EL2 .·1 1 .

1:2 = 5) .;- • v:2 • U • Ys
- (J"a oJ 8 .1.0

.' l_ 1 1 1
and.

. Ys &: 1 .. iu - iu2 -

�T8 (1
- � - jU2 - jU3)

2 •

Y6 = 1 - � - �2 + �3 - �4 _ �s
.. �8(1 - ftu - itu2 + u3 + u4 - �uS - hu6.)
+ �s2(1 - Hu - Hu2 - �3 + �4 - �S - �6 _ 7)

).7 Expression tor 111

When '1 = '18 .equation (3.12) becomes

. Id. .

.

1(78)
..�[l (l-u) + �7J�1-u2) _ if (1-u3) - .l".(l- )

Vg . �'1d lJ S JU

+ b's(l-U) - (l-u) + irs(1-U2J + W784f ftrll-uS
. 8 '6 1 2 7 2 2 1 3)

.

. + �s(l-u ) - fi1TY's (l-u ) - 9(1-u ) + 1)3'8(1-u

.

+ �s(1-u2) - h-7s2(1-u3) + � �(l-U) .. b- �s(l-U
1 1 2 2'4 1 S· 1 2+ 1m UTs (l-u) + i'5(l�u ) - b7s (l-u ) + Ws (l-u )

.

+ �l";u) ,. �.(1_u2) - �s (l-u) + �82(l...u2�
This 1s stmp11fied and rearranged to give



+ k4-s-b'd{��'+ 1 - ¥u + �2 + �3 -�)
-, �s(� + 1. - j6u - �6U2 + flu3'+ �4 - �6u5) .

+ �82(�+ 1 + u <_ �2 + �3 +� +� _
2 <6�

Use ot eq�ations (2.�Sao# (3.13a), (3.�and (3.13b) as in

,previous ease l1elds

where
==
2eL2 L. !:L

�4 -:t_�. 7 ·'y,2�a s, 0

� and

Y7 =: 1 + U - 2112 - bs (1 + u + u2 - 3u3)

Ye .. 1 + U - �Ju2 + �3 + �Ij. _ <� - �s{l + u - i6u2«
- �3 + �Ij. +� - �q + *,s2t + u

+ u2 _ �3 + �Ij. + � + j2u6 _ �7} <

Si�C)e ,the net oharge in the depletion regions i8 z'ero
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2:BL2 .

1 1 Y10
""7 =

l!)cTa� • -:;; • Yo2 • !9
and

Y9 = 1 +' 3u - 3u2 - u3 - bs (1 + 4u - 4u3 - u4)

Y10 I: 1 + � - lOu2 + 10u4 .. �S - u6

- Ws(l + �lu - 7u2 - 7u3 + 7u4 + 7U' - glu6 - u7)

+ �s2(1 + g6u _ �2:_ 14u3 + 14u� + �6 _ �6u7. _ u8)

The input admittance 111 ot the device ia thereto� a

complex quantity-.

3.8 Evaluation ot Co and C1 tor the Short-Circuited Input Case

The remaining part ot this c�pter deals wi tb. the del' va- .

tion ot expressions tor the ahort-circuit output admittanc

(722) and the reverse trans tel' admittance (n2) ot the dev ce.

In order to deteX'Dline the output admittance� the input is .c.

ahort-circuited and. tor this case, the bound8.1'7 conditio ,are

7 =. r« J_'v = Vg I: 0
at the source

. at the drain (3. b)

These relations are substituted in equation (3.1) to give



o = -Co�.Ysl + C�Ys2 (at·the so�ce)

and

(at the drain)

B, Ysl' Ys2' Ydl and Yd2 have been defined in section (3.2 •

.. The coefficients Co and 01 are evaluated for tb1s cas b7

using the equations (3.19) and (3.20).

Equations (3.19) and (3.20) yield

Co is determined by subtracting f3.22) from (3.21).

This can be rearranged and simplified to give

1 2.._� .1..-� 2· Llt- 4 �,L_ S 1 6where Yll = � - jr-ys + '2"r-ys + Jl)A-rJS.
-

105A '-JS + "'"'"lI"t'V's
ys .. .

and � 1s given by equation (3.14&) •

.

.

In order to determine Cl. equations (3.19) and (3.20)

Ue wri tten in the following form.



Equations (3.24) and (3.25) are solved for 01•.

It can be shown that tbis expression reduces to

. (3. 6)

- 1.( 1 6 29 7 1 8 � 9)+ r i'S'07s - 28357s + I&;7s -

�"s

Substitution of equations (3.23) and (3.26) in (2.21) give

the expression for channel current in this case.

Use of equations (3.11). (2.22) and (2.23) ,.ields. after

neglecting third and bigher order terms in (j(A);



'. 4Zcrvd Id { 1 .

.

� 1 3 1 :v4i()') I:
.

A YO Ys2
- �Ys�

- lys + J ts3 - b�
- }-(l - �a)l + J<4,-.4fk - �. + �82 + f�s �.� h

l� l� 1,,4 li!_ li!_-

"5 .,;2
-

t)" ;:;.;
+ !2 77

+
� 1;0

-

� h5
lvS 2v 11 l54.lv4+ IO'8' :-0 -

IS'
&- + b '1 - �s - b + � ::J' .

Ys Ys 7s 7s

1 L 1 LJl+ nr Ys4
-

j3'W

This is the expression for the channel current when t •

inPut is a.c. sbort-circuited.

3.9 Expression tor 722
When y I: Yd, equation (3.27) becomes

id 1(Yd)
_ Ii: ----

va Vd

.. �� {,.�2 .. jk278� - �8 + iu3 - bau4 - � + 7.�
.

+ �a4� - !b. + �...
2 + 4u3 - 378U3 + �lu4

+ �6 _ fYsU7 +�s2u8 - g2u + 3ysu

- �82u - 3u4 + �78u? - ��82u?�
Equations (2.1S) and (3.13) are substituted in tbis

expression to give

3 •



3 •

� .. 4icr ¥o Y!l!f + j<.>ti·k·�2 {l - � + iu3 - b.
(1 - � + ju4j] + (j",)2� !��.y�2.Y�!� � - � + 4 3

.. 3u4 + �6 - �7s(1 - � + �3 _ � + �7)
+ �o:ra2(1 - � + � - �� + �8)B]

which can be written in the form

(3. 8)

wb.ere

, and

Y13 = 1 - � + iu3 - �s(l - ;U + �4)

Y14' = 1 - g2u + 4u3 - 3u4 + �6
- �7s(1 - � + �3 _ � + �7}
+ �s2(1 - � + j2u4 _ � .. �8)

. 3.10 Expression tor '112
. When 7 1:1 78. equation (3.27) becomes



3 •

1(:1s) � Id { 1 g..�.L ..1
vd

..
==

A • 10 :1s2
- �Ys(l - Ws � .. - �s - '2 + Ys�

+ �s4(1 - �7s + �Ys2 + .4 - 3ys + iYs2 + �
- �a + �82 - � + 378 - �s2 - 3 + �s - �S2}

which reduces, ....W1th the aid' of (2.15a), (3.13a), (3.13b)

(3.14a), to 1('1s) gma u
Vd

= n+ j(A)"riJ_} (l-uT

Since the net oharge in the depletion regions 1s zero,

id + is + ig =·0

Renee

19 == -is - 1d
== i(ys) - id

�

The 'expression for Y12 is found by using, the relations (3.2 )

and (3.291).,

712
== f
I: 1('18)

Vc}

The'snort-circuit admittance parameters of the F.E.T •
.

oan therefore be sq,mmarized as follows:



711 .. �I .

.. (1�1) 3<.>T6(1+Pt>,l
vd=O

�l -Smo�·
712 =

.vd

.

=

(l+jW"tl.) Y-'U �-r:8(1+jc.l�9'
v=Og

721 .. �I .. (l�:"'il Ii - �(1+j<.>T3)lS
vd=O r �

Under saturated (Pinch-ott) conditions, "d'. 0 and so

u • O. lienee

Also, trom equation (3.15), "t2 = o. Thel'etore, "21 become

.3 •
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4.1 Introduction

In this chapter, an equivalent circuit of the field­

effect transistor is formulated b7 using the expressions f r

the short-circuit admittance parameters derived in the pr

vious chapter. The elements of the circuit are determined and

graphs are drawn to show how . their values
gate

and 8e�oe voltages.

There are two possible approaches to obtaining equiva

lent circuits for active devices. The

approach' is u8\1al17 emplo7ed when only the terminal chara -

teristics of the device are known. In such cases it i8 no

necessarr to know the internal pbJsic8 of the device.

second method, called the 'device approach', i8 adopted wh

the ph7sics of the device is sutficient17 well understood.

Starting from a mowledge of the pb.7sical principles invol ed,

the expressions which adequate17 describe the operation of .

the device are derived. Then, an equivalent c1rcuit which

satisfies the8e expressions is found. The advantage of t s

approach is that'it enables each component of the equival

circuit·to be· expressed in terms of the fundamental device

parameters. The device approach i8 uled here to obtain th

&quivalent cizacuit•.



J.,J •

4.2 Assumed Oircuit Model

To start with, a, hybrid-lT network o� a general type i

asswned to represent the equivalent circuit of the device

and the admittanoe parameters of this circu1t model are

determined. By comparing these parameters with those der! ed

in the previous chapter, 'expressions �or the different el

ments of the circuit are derived.

. Ya. .

� :. 12-
......- 0

vg �'1" �Vg l' :>'0' Va

5 '

,

Fig. 4.1, ASSWlled form o� the lP.E.T.
equivalent circuit.

Fig. 4.1 shows the assumed circuit model'of,an F.E.T.

which is' treated as a �our te:m!nal device.

71, '12 and '10 are the admittance branches and '1mVg is the
,

,current generator; il and i2' are the input and output CU1'%' te,

respectively. If Vg and vd are the input and output volt'

for this cODlllon-source connection, X1l'cho�fl'a current l'ela ons



tor the two nod.s G and D oan b. written as tollows:

Heno.

1'11 • 71 + 1'2

1'12 = -72

1'21 = -72 + 7m

1'22 - 72 + '10

'11 = 1'11 + '112

1'2 = -1'12

'10 = 1'22 + 712

(4.1)

•

�e values ot n1, 112' 721 and 722, derived in ohap r

3, �e now used to determine n, 12, 70 Uk! JDL.

4.3 Expressions tor n, 01 and' R1

'B1' using equations (4�1), (3.17) and (3.30), 11 1.

detem1ned.
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Equation (4.�) indicates that 11 can be conven1ent17

expressed as the admittance ot a resistance R1 in series th

a capaoitanoe 01. As the expressions for gmo and �IS are

known. the values of Rl and 01 oan be deter.m1ned.

�he capaoitance 01 is given b,. equation (4.8).

�he values of �6 and �8 are given b,. (3.17) and (3.28).

respective17, and 6 is given b7 (4-S)

(T6-6't8) .. �.k-Y!l! (1:11) �-311a..2113-b-a (1-4113+3114�
Finall,.. use of equations (3.l3b) and (3.l4b) 71e1da

where u • !2.
7s

01 is the gate-to-souroe capacitance and it can be s

that (4-10) agrees with van der Zie1' s8 expression tor 01
In the aatUration (pinch-ott) case, 7d • 0 or u • 0, 0

that (4-10)' becomes

°1- �S· ¥'G� :�:)�

(4- 0)



Tne resistance Rl is given b"l equation (�9). Wnen

tne values of "t's are substituted in (4.9), it becomes too

long and cumbersome to write. Tnerefore, an expression to

Ri in tne saturation oase is derived.

In tne saturation case "Id • 0 and 6· 0, so tnat eq _

tion (4.9) becomes

•

This can be simplified to give

L {1 1 - *' "Is + tt "182 - � "Is3}R1S • ibo-aZ • ;; "i 11 2 1 31 _.,
J "Is + n "Is - '0 7s .

(4. )

Since, tor tne saturation o&se,

2Zcra
gmo· L 7s

R1S can a180 be witten as

(4. ).

4.4 Expressions tor "12' 02 and, R2

Equations (4.2) and (3.30) 71eld

."



•

_
8mo u jc.l'"C'8

-

(l+j�'t'l) (l-u) (l-j(A)�)
When the seoond order terms in (jQ) are negleoted. this

beoomes

whi oh can be witten in the form.

where

and
"'t 1 -. "'C9

R2· -----
gmo (1�u)'r 8

Equation (4-14) indicates that '1'2 can be considered

the admittance of a resistance R2 and a capaoit'1' 02 in se

Substitution of equations (3.13b) and (3.28) in (4.15

71elds

8Z€L{U� � t u + � u3 - tt '1's(lH4�}'°2"3' 2a

. � _ u2 - i- '1's(1-u3� .



02 is the gate-to-dl'ain capacitance. It can be shown
.

that (4-17) agrees with van der Zie1,.8 expression .roX' 02.
In the saturation caae u = 0 so that

After substituting for or' 8 and Smo, (4.16) becomes

Yo and Y4 are defined
..

in section 3.$,.and Y13 and Y14 are

defined in section 3.8.

Under aatw:aated condi tiona, 7d • 0 and ao (4.18) sive

4.5 Expressions for 70' Bo and Lo
Use of equations (4.3), (3.28) and (3.30) )'1814s the

�ession for 70·

70 • 722 + 712

• (If';Jtil (l�IlT [1 + �(1+jc.1t9D
- {l��' li�u' jc.>t8(1+j��)

Smo· 0
• (1+jt..l'::C1J (4. 9)
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where .6 = t�u -

Equation (4.19) can be expressed in the .torm

go
70 • 1 + $Algoto

where
80 = 8mo .6 (4. )

and
to ==

"t'l (4- )
8mo- cS

Equation <4.20) shows that the admittance 70 consists of'

a conductance 80 in series with an inductance La whose v es

are 8iven b7 the relations <4.21) and (4.22� respective17.

Substituting .tor 8mo and 6 , equation (4-21) gives

7d
Since u = --, 80 becomes

7s

8 ==
2Zc:ra

o t· 7d

80 ia the output conductance ot the device. Reoall1nS tha

equation (4.23) can be written aa

80 • 2Z{& [1 - (�j
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The transadmittance '7m' of the device is deterDdned b

using equations (4.4>6 (3.1S) and (3.30).

4.6 Expression tor �ansadmittance Ym
"

At saturation 6 = 0 and �2 = 0, 80 that

7m =

)(1+j6)�

wb.ere "tlS, is the vaJ.U& of "tl at saturation. (see A�j)enaix

"t'lS =

4.7 The Equivalent Circuit

Having determined all the elements ot the assumed cir­

cuit model, the equivalent cl�cuit tor the F.E.T. can be

Wl'itten as shown in Fig. 4.2.

(�)
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G

5

!
Lo

Ro

Fig. 4.2 The derived equivalent cirouit tor
the device.

S, D and G are the source, drain and gate te�nals,r s-.

pective17 ot the device and 7mVg is the current generator;

being the a.c. gate voltage r�terred to the source. �e

expressions tor Rl, R2, 01, 02 and Lo indicate that

ot thes e elements vaI7 in a nonlinear manner witb. tb.e drai

and· gate voltages.

e8

)

Normalized values ot Rl and 01 as given b7 equations

4.9 $nd 4.10 have been computed theoretical17 and are plot d

against ws/Wp tor dlrterent values ot Wa!Wp in Figs. �3
4.4- It i8 apparent that when W. -= Wp• Rl.goes to 1n1'1n1
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for all values ot Wd and 01 goes to zero tor all values or Wd

except when Wd = Wp (saturation).

It has been shown in the previous 'section that under

saturated conditions R2 goes to intinity and 02 reduces to

zero. In Figs. 4.5 and 4.6; normalized values of R2 and C

under non-saturated conditions are plotted against walwp.
As wd/Wp decreases, the value of R2 reduces and that of 02
increases.

According to (4.23) and (4.24), both Ro and to incre, e

with the drain-to-source voltage and at saturation both go to

infinity. It is shown in Ohapter S that the value ot Lo i

very small and that it, can usual17 be negleoted except at er'J

high frequencies.
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5. COliCLUSIONS

Considering tne field effect transistor as an active,

distributed and non-uniform transmission line, a difteren al·

equation for the a.c. case was derived from the physical

principles involved in the operation of the device.

�onsiderat1ons were based on Shockley's basic theory ot t

device, t�e analysis presented here is applicable only to

those devices tor which the assumptions in that theory are

valid. In other words. the theorY' presented in this work .s

valid tor F.E.T.·' s with abrupt p-n junctions and unitormly

doped channels. Furthermore, since Shockley's theory also

..sumes a gradual variation of potential along the channel ot

the device, this analysis is valid as long as the conditio

r« � Yd (i.e. Wa � Vis) is satistied.

The ditterential equation was solved and the solution

was used to derive tne expressions tor the short-circuit a t­

tance parameters ot the device. An equivalent circuit in he

for.m·ot a hybrid-n network was then obtained trom the tir t

order approximation. of the theol"1. The mathematical app

mat ion made in sections 4.3 and 4.1�, wbile deriving the

expressions tor the elements ot the equivalent circuit, is

valid as long as the condition .

1s 8atistied.
. €: IF-The quantit'7 .

� \lbich determines the ON rct-



.ot magnitude of all �.s, depends upon the material, dop!

and the pbJsical dimensions ot the device. For example, 1

. has been shown14 that for the F.E.T. 2N2498 (manutactUl'ed
.

.

. �L2
..

Texas In�truments Inc.) the value ot� � 4.0 x 10-9•
era:

Hence, the approximation is valid up to a trequency ot sav ral

megac7cles.

The Q ot the '10 brancb. can be' determined b7 usins ..th1

value ot Et/aY. It is given b'1

CA>LoQ,= -
. Ro

Use ot (4,.2) and <4.24) 71elds

La L E: L2 1 -..!ib
�

=

"IS" O"a2 • f; • Yo!
Ws .

Let 78 c O.s (1.e., gp = 0.25). Then

L

� � 2.4 x 10-9

Tb.eretore the Q ot the 70 branch at a frequencr ot 5 mc is

approximately equal to 0.075 wll1cb. is a vezry small quantity

Tb.e inductance to oan tb.eretore be neglected except at very

high frequencies. When it is omitted, the· equivalent· eire t

ot Fig. 4.2 will have the same configuration as Silverthorn s

circuit.

Equation (4.26) ahows that the tl'ansadmittanee "m decr es

with trequency. Since the order of magni·tude ot �l is 10"
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seconds, the variation of Ym with frequency should be verT

small until a value of about ten megacycles is reached.

Measurements made by Silvertbornll show this to be correot

The analysis presented here takes into consideration

only the intrinsio devioe and hence the equivalent oircuit

obtained is not complete. In an actual F.E.T. structure,

there will be some parasitic resistance in series witn tne

source and drain leads, and it has been show.ll,12 that tn se

parasitio resistances can be absorbed into the equivalent

c.irouit of Fig. 4.2 to yield a circuit having tne same con

figuration. Furthermore, the actual capacitances

tical device will differ somewhat from tne values computed in

this idealized model because of the non-ideal conditions a

the source and drain ends of the obannel due to depletion

region "end eftects" •.
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APPENDIX A

The values of 1: 's under saturated oondition ('-0 • 0)

are given below.

erF-· 1
"'C' = h.�]:t_ -

• -

1 iSa7 7s

.

{1}2 € rJ. 1 1 - 2' 7.
1: =1:; = -.-4 6· J aa2 7$ (1 _ � 7.)2
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