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Abstract

It has been recognized recently that the magnetic coupling between the direct and
quadrature axes of saturated synchronous machines (cross-magnetizing phenomenon)
plays an important role in their analysis using the two-axis frame models. To de-
termine the parameters which represent this cross-magnetizing effect, the machine
saturation curves in the various intermediate axes are needed.

If a synchronous machine has two windings: one in the direct axis and the other
in the quadrature axis, saturation curves in the intermediate axes can be obtained by
exciting the machine from both these windings simultaneously under open-circuited
condition. However, there is usually no field winding in the quadrature axis of in-
dustrial synchronous machines and, thus, the saturation curves in the intermediate
axes cannot be obtained by the open-circuit test. This thesis presents an analytical
method for determining the saturation curves in the intermediate axes of cylindrical-
rotor synchronous machines from their measured d- and g-axis saturation curves. The
accuracy of this method is verified by comparing the measured saturation curves in
the intermediate axes of a specially-designed cylindrical-rotor synchronous machine,
which has d- and g-axis field windings, with those calculated using the proposed
method. The thesis also presents a method for determining the parameters repre-
senting the cross-magnetizing effect from the calculated intermediate-axis saturation
curves of synchronous machines. By applying these methods also to the cases of
salient-pole synchronous machines, their generality is demonstrated.

Moreover, a modified two-axis frame model of saturated synchronouns machines
which includes the cross-magnetizing effect is presented in this thesis. The accuracy
of this modified model is verified by comparing the measured active and reactive
power/load angle curves of a cylindrical-rotor and a salient-pole synchronous genera-
tors with the curves obtained analytically by applying the proposed modified two-axis

frame model.
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Chapter 1

Introduction

1.1 General

During the last few decades, the tendency to exploit the available sources of electrical
energy at maximum level has increased. To achieve this, the accurate determination
of the characteristics of the electrical energy sources, i.e. synchronous generators, has
become of paramount importance.

The characteristics of synchronous generators are affected by many factors. Among
these factors is the saturation of the iron paths of the machines [1-6]. Under saturated
operation, the machine parameters are no longer constant, but dependent on the load-
ing conditions [2, 7, 8]. Power system researchers have concluded that the saturation
in synchronous generators is one of the most important causes for the changes in the
machine’s behavior [9, 10, 11]. An accurate and reliable representation of the satu-
ration phenomena in synchronous generator models can thus help in the prediction

of their accurate operating characteristics [12, 13, 14]. Moreover, this can be useful




during the design process of the generators and their excitation systems.

1.2 Methods of representing saturation in synchronous ma-
chine models
The choice of the models for investigating the performance of saturated synchronous
machines depends to a large extent on the objectives of the investigation. If, for ex-
ample, the purpose of the investigation is to determine the magnetic flux distribution
in specific parts of the machine’s magnetic circuit (air-gap, armature, teeth), complex
models are usually required, and the time consuming finite difference or finite element
approaches have to be applied [15]. On the other hand, the analysis of large power
systems involving large number of generators need models which are simple, efficient

in computing time, and yet, sufficiently accurate [2, 16].

1.3 The two-axis frame model

In the analysis of synchronous generators and power systems, the two-axis frame
models, represented by the phasor diagram of Fig.(1.1), are commonly used [12, 13,
17]. In such a model, it is usually assumed that there is no magnetic coupling between
the direct and the quadrature axes and thus, each axis has its own electro-magnetic
relationships. Also, in these models, it is assumed that the saturation affects only
the mutual flux paths while the leakage flux paths are not affected by it [18]. Based

on these assumptions, various models of saturated synchronous machines have been

proposed. In all of these models, the saturation is basically represented by modifying
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Figure 1.1: Phasor diagram of a synchronous generator

the machine’s synchronous reactances. These synchronous reactances can be written

as:

Xa = Xna+ X | (1.1)

Xy = Xpg+ X (1.2)

where X, and X, are the d- and g-axis synchronous reactances, X,q and X, are

the corresponding mutual reactances, and X is the leakage reactance. The saturated




values of the d- and g-axis synchronous reactances, X , and Xgs, can be expressed as

follows:

Xas = Xmas +X)

= KgXna + X (1.3)

qu = qus+Xl

= K Xmqu + X, (1.4)

where X4, and X,,,s are the saturated d- and g-axis mutual reactances, X,,4, and
Xmgu are the unsaturated d- and g-axis mutual reactances, and K, and K, are the
d- and g-axis saturation factors, respectively.

The values of the saturation factors K, and K, are obtained from the relationships
between the ampere-turns AT and the magnetic flux ® for the direct and quadra-
ture axes, respectively. In both axes, the relationship between ® and AT has similar
variation, and can be depicted as in Fig.(1.2). For each axis, the value of the unsatu-
rated mutual reactance X,,, is proportional to the slope of the air-gap line AC of the
respective axis. With a well designed per-unit system, the value of the unsaturated

synchronous reactance X, in p.u. can be made equal to the slope of this line:

Xopu = —— (1.5)
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Figure 1.2: Defining the saturation factors using the saturation curves

and its saturated value can be expressed as follows:

EF

= . 1.
X = 2F (1.6
From Eqs(1.3) to (1.6), the following relationships can be obtained:
. FEF
EF
K = —. 1.8
CF (18)

It can be also found from Fig.(1.2) that the saturation factor K can also be expressed




as follows:

BD

K==-=
BE

(1.9)

The differences between all the two-axis frame models of saturated synchronous ma-
chines, which have been used till recently, are related to the choice of the values of
these saturation factors.

For the cases of saturated salient-pole synchronous machines, several researchers
have assumed that the saturation in the quadrature axis is negligible, i.e. K, = 1, and
only the direct axis saturation is to be taken into account [5, 13]. However, several
other researchers do not agree with this assumption since it leads usually to inaccurate
results [4, 19]. In fact, experiments have shown that the quadrature axis saturated
in certain salient-pole synchronous machines at least as much, and even more, as the
direct axis [20, 21]. For the cases of saturated cylindrical-rotor synchronous machines,
the assumption of neglecting the saturation in the quadrature axis is in general not
valid. If the g-axis saturation curves are not available, it is usually assumed that
K, = K. In reference [4], polynomial representations have been derived for K,
and K, as a function of the total air-gap magnetic flux and it Was found that, for
different sized machines, the changes of these saturation factors have similar patterns
as depicted in Fig.(1.3). As this figure shows, there are noticeable differences between
the values of K, and K, in the saturated region. In more recent papers [19], it has
been found that, instead of using the total air-gap magnetic flux as a factor which

determines the saturation level, it is more convenient to use the total ampere-turns.

6
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Figure 1.3: Saturation factors as functions of the flux linkage

Other researchers [13, 16, 22] have defined the polynomials representing Ky and
K, using only the d- and g-axis components of the total air-gap magnetic flux or of
the total ampere-turns, respectively. As it has been proven (7, 8], this approach can

lead to considerable discrepancies between the measured and calculated operating

characteristics.

1.4 The cross-magnetizing phenomenon

In the classical two-axis frame model representation of synchronous machines, the as-

sumption is made that there is no magnetic coupling between their direct and quadra-

ture axes [23]. However, experiments [16, 19] and magnetic field plotting [15, 24] have




shown that a magnetic coupling between the direct and quadrature axes of saturated
synchronous machines exists, and that the magnitude of this coupling depends on how
the saturation phenomena are modeled. Due to this magnetic coupling, the d- and
g-axis components of the air-gap magnetic flux are affected by both the ampere-turns
in the direct and quadrature axes. This magnetic coupling effect is usually called in
the literature as the cross-magnetizing phenomenon [7, 8, 25].

In general, this cross-magnetizing phenomenon is the result of two causes [19].
One of the causes is the difference between the saturation levels in the axis of the
total air-gap ampere-turns and those in the direct and quadrature axes. The magnetic
saliency in the synchronous machines is the second cause for this phenomenon. In
the cases of cylindrical-rotor synchronous machines, the cross-magnetizing effect is
mainly due to the first cause while, in the case of salient-pole synchronous machines,

the magnetic saliency has a relatively larger contribution to this effect.

1.5 The objectives of the thesis

Researchers have recognized for some time that the two saturation factors approach
does not represent adequately the saturation effect in synchronous machine models.
Using this approach, discrepancies up to 21 percent have been reported between the
measured and calculated power/load angle characteristics of synchronous generators

[12, 19, 26]. Since the two-axis approach to synchronous machines modeling is a

widely used procedure, any modification aimed to improve the accuracy of these




models should still be made in the same d- and g-axis frame in order to maintain

their previously used mathematical representation.

In an attempt to obtain more accurate representation of saturation in the two-axis
frame models of synchronous machines, El-Serafi et. al. [7, 8] have introduced two
new parameters to represent the cross-magnetizing phenomenon. For determining
these parameters, the saturation curves in the intermediate axes of synchronous ma-
chines and the corresponding phase angles of the total magnetic fluxes are needed.
Since this information cannot be obtained experimentally for industrial synchronous
machines, Wu [18] has proposed an analytical approach for determining such infor-
mation for salient-pole synchronous machines from their measurable d- and g-axis
saturation curves. In his approach, an equivalent permeability magnetic model for
the salient-pole synchronous machines has been used to determine the intermediate-
axis saturation curves and the phase angles of the total air-gap magnetic fluxes of
these machines. However, this magnetic model does not represent the magnetic rela-
tionships in the cylindrical-rotor synchronous machines and, thus, cannot be used in
the cases of these types of machines.

In this context, the main objectives of this thesis are focused on the following

aspects:

e To obtain a new magnetic model which could be used to calculate the intermediate-

axis saturation curves and the phase angles of the total magnetic fluxes of

cylindrical-rotor synchronous machines;




To verify experimentally the accuracy of this model;

To determine the parameters representing the cross-magnetizing phenomenon
in cylindrical-rotor synchronous machines using this developed model, and to

verify the accuracy of these parameters using measured results;

To modify the two-axis frame model of cylindrical-rotor machines to include the

cross-magnetizing effect;

To verify the accuracy of the modified two-axis frame model for the cases of

cylindrical-rotor synchronous generators;

To verify if the proposed magnetic model is also applicable to the cases of

salient-pole synchronous generators.
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Chapter 2

Saturation curves in the intermediate axes of
cylindrical-rotor synchronous machines

As mentioned in Chapter 1, the intermediate-axis saturation curves of saturated syn-
chronous machines and the corresponding angles of the magnetic fluxes are needed to
determine the parameters representing the cross-magnetizing effect. However, these
saturation curves and the angles of the magnetic fluxes cannot be obtained exper-
imentally, unless the synchronous machine has also an auxiliary excitation winding
in its interpole axis (i.e. quadrature axis). In this chapter, an analytical method
for determining the saturation curves in the intermediate axes of cylindrical-rotor
synchronous machines from their measured d- and g-axis saturation curves will be
presented. This method allows also for the determination of the angles of the total
air-gap magnetic fluxes. The method is so general that it can be also applied to the

cases of salient-pole synchronous machines.

2.1 Description of the method

In the proposed method, an equivalent permeability is used for the magnetic paths

of the synchronous machine. Moreover, considering the rotor structure of cylindrical-
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rotor synchronous machines (Fig.(2.1)), it is assumed that, under unsaturated con-
dition, the equivalent permeability along the rotor periphery has the form shown in
Fig.(2.2), where p is the value of the equivalent permeability between 6 = —3% and
§ = (% corresponding to the unslotted region of the rotor, and au is the value of
the equivalent permeability between 6§ = —% and 0 = —(3% and between 6 = 37 and

¢ = 7 corresponding to the slotted region of the rotor. The equivalent permeability

under one pole pitch can thus be expressed mathematically as:

L(0) = po for —pB% <8< B3 2.1)

ap for -3 << ~B% and B <6< 3
Under saturated condition, the values of the equivalent permeabilities along the
rotor periphery are obtained by modifying their unsaturated values by using appropri-
ate saturation functions. For cylindrical-rotor synchronous machines, the saturation
can adequately be represented by two saturation functions Sy(6) and S,(6). The sat-
uration function S;(#) represents the saturation in the unslotted region of the rotor,

while the saturation function S,(#) represents the saturation in the slotted region of

the rotor. Thus, the saturation functions can be represented as follows:

Su(8) for —BT <8< Br
5(9) _ d( ) or ﬂg <0< /82 (22)

Sq(0) for -2 <f<—p% and g5 <6<3

2

L]

The value of the saturation function S(6) at a given point 6 away from the pole
axis depends on the value of the total ampere-turns F(6) at this point. A polyno-

mial representation of this saturation function is a convenient way to represent this
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pd | =
Yegiong | e
y, )

Figure 2.1: Rotor structure of a cylindrical-rotor synchronous machine

dependency. Under this assumption, the saturation function can be written as:

1.00 — 3%, ay|F(0)]* for —BZ <0 < BZ
5(6): 1 d| ()| 2 2
1.00 — T a;g|F(0)[F for ~Z<f<—B% and BE<f<T

where a;q and a;, have constant values for a given machine.
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d-axis

Figure 2.2: Equivalent permeability model of a cylindrical-rotor synchronous ma-
chine

2.2 Equations of the components of the air-gap magnetic flux

Using Eqs.(2.1) and (2.3), the air-gap magnetic flux density at any point @ can be

calculated from the following equation:
B(8) = ks F(0)S(6)(6), (2.4)

where kp is a constant which is dependent on the machine dimensions. In synchronous
machine studies, it is customary to assume that only the fundamental components
of the involved electro-magnetic values will determine the operating conditions. The

fundamental component of the magnetic flux density can be written as:
By(6) = Bycos(8) + B,sin(6), (2.5)

where B; and B, are the amplitudes of the fundamental d- and g-axis components of

the air-gap magnetic flux density. These d- and g-axis components can be calculated
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by applying the Fourier series analysis to Eq.(2.4) as follows:

2 1%
By = = /_ ' B(6) cos(6)df

2

o

_ % [ ksF(©)S@)u(6) cos(6)ds (2.6)

2

s

B, = % [ B®)sin()as

2

9 rz

wJ-

kpF(8)S(6)(6) sin(6)do (2.7)

[T E

Assuming also that the ampere-turns distribution over one pole pitch is sinusoidal,

F(8) can be expressed as follows:
F(6) = AT - cos(6 — (), (2.8)

where AT is the amplitude of the ampere-turns distribution function and ¢ is the
angle between the axis of the ampere-turns distribution function and the direct axis.
If the axis of the ampere-turns distribution function is located in the direct axis, i.e.

¢ =0, Eq.(2.8) becomes:

F(0) = AT - cos(6 — 0) = AT - cos(6). (2.9)
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If the axis of the total ampere-turns distribution function is located in the quadrature

axis (¢ = %), Eq.(2.8) becomes:

F(6) = AT - cos(6 — g) = AT - sin(6). (2.10)

2.2.1 The d-axis component of the air-gap magnetic flux

The d-axis component of the air-gap magnetic flux can be calculated using Eq.(2.6)

as follows:

P, = kq;Bd

o

_ % [ kuskaF(6)5(6)(6) cos(6)d6 (2.11)

Substituting Eqgs.(2.1) and (2.2) in Eq.(2.11), ®, can be subsequently written:

2 (8%
% = = /_ . kpkaF(6)S,(6)ap cos(6)dd
+2/ﬂ§kkF950 6)do
7 | FBke (6)Sa(0)u cos(0)

+% [ kkeF(9)S,(6)ascos(6)as (2.12)
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Since kg, ks and p have constant values for a given machine, they can be grouped as

a single constant value:

With the newly introduced factor k, ®,; becomes:
o [-6%
o, = “ka / F(6)S,(6) cos(6)dé

mJog
2 163

+k /_ 3z FO)Sa(0) cos(0)as

+2ka / ® F(9)S,(6) cos(8)d6 (2.14)
T ik 1

Substituting Eqs.(2.3) and (2.8) in Eq.(2.14), the d-axis component of the air-gap

magnetic flux can be written as:

_ﬁl n .
3, = %ka/ * AT cos(8 — ) (1.00 — Y aig| AT cos(6 — g)|l> cos(0)dh
t=1

-
2

+%k /_ﬁi AT cos(6 — () (1.00 - i a;q| AT cos(6 _'C)V‘) cos(6)d6

1=1

+gka/% AT cos(6 — () <1.00 - i aiq| AT cos(f — C)|’> cos(6)do
T JB3 i=1

(2.15)
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Equation (2.15) can be simplified to:

&y = (alf, + Ity) AT ~ Z AT (aaigIf + aial ) (2.16)

=1

where;

2 [P}
ng = ;k /_E * cos( — ¢) cos(6)de
2

+%k/ﬁ

Ig, = —k/ : cos(6 — () cos(6)db (2.18)

cos(f — ¢) cos(6)do (2.17)

ST S E]

I = %k /__:% cos(f — ¢)| cos(f — ¢)|* cos(6)d8
+ 2k /§ cos(6 — ¢)| cos(8 — ¢)|" cos(h)d8 (2.19)
T Jpz
a _ 2, (% _ Y
If = Wk/—ﬁ% cos(f — ()| cos(8 — ¢)|* cos(8)d8 (2.20)

2.2.2 The g-axis component of the air-gap magnetic flux

Using Eq.(2.7) and applying the same approach as for the d-axis component of the air-

gap magnetic flux, the g-axis component of the air-gap magnetic flux can be written
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as:
2 n N\
¢, = ;ka/ w ATcos(0 <) (1 — ZaiquTCOS(H _ <)|z> sin(6)d8
’ 2 i=1

+— k/ ATcos(B ¢) <1—Zazd|ATcos(0 C)V) sin(#)dd

=1

+%ka /; AT cos(f — () (1 — i aig| AT cos(6 — C)[’) sin(f)df  (2.21)
3 i=1

- Qﬂ&+maAT—jf@mg +aialfy) AT, (2.22)

=1

where:

9 0%
I, = ;@K * cos(0 — ¢) sin(6)dd

+3k/
T Jp

I, = —k‘/ : cos(# — ¢) sin(8)d# (2.24)

[SIE]

cos(f — ¢) sin(6)do (2.23)

[SER L]

Il = %k /::% cos(f — ¢)| cos(8 — ¢)|" sin()d
+gk/%amw ¢)| cos(B — ¢)|*sin(8)df (2.25)
T JB3 '

2. 83 .
I, = ;k /_ﬂ% cos(f — ¢)| cos(8 — ¢)|"sin(#)do (2.26)
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In the above depicted equations, two types of unknowns have been introduced.
The constants «, k, a4 and a;, are not variable for a given machine and can be
conveniently calculated once. On the other hand, the coefficients I, I, I, I (i =
0---n) are dependent on the location of the axis of the ampere-turns distribution

function, expressed by the angle ¢, and they have to be calculated for each operating

condition separately.

2.3 Determination of the constants k£ and «

The parameters o and k can be determined from the values of the unsaturated d-
and g-axis mutual reactances. In general, the mutual reactance in per-unit can be

represented by the equation:

6]
= —. 2.27
X = (2.27)

Substituting ¢ = 0, a;g = 0 (i.e. Sy(6) = 1.00), and a;; = 0 (i.e. S,(f) = 1.00) in
Eq.(2.15) and using Eq.(2.27), the unsaturated d-axis mutual reactance in per-unit

can be represented by the equation:

X = zka/_ﬂ% cos(f) - cos(0)do
mdu — T _z
+—2-k/ : cos(0) - cos(0)do
T J-gz

™

2 2
+;ka/ﬁ cos(8) - cos(6)db

z
2
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= %k . {/0/3% cos®() - df + o - /j_ cosQ(H)dO} . (2.28)

In order to evaluate analytically Eq.(2.28), the following relationship will be used:

/Cos2(ﬁ)d0 = sm(—2i)_—i:i€ + ¢, (2.29)

and Eq.(2.28) will become:

Xomaw = k- {(1 = @) -sin(Br) + (1 — @) - B + aﬂ}/ﬁ (2.30)

Similarly, the unsaturated g-axis mutual reactance in per-unit can be determined
using Eq.(2.27) and substituting ( = %, a;¢ = 0 (i.e. Sq(#) = 1.00) and a;y = 0 (i.e.

S¢(#) = 1.00) in Eq.(2.21). This reactance can then be expressed as follows:

a

4 s% z
Xmgu = — in? * sin? 2.31
a 7rk {/0 sin“(0)do + a/ﬂ sin (0)d0} (2.31)

s
2

In order to evaluate Eq.(2.31), the following relationship will be used:

260 —sin(26)

. +e, (2.32)

/ sin(8)dé
and Eq.(2:31) will become:
Xingu = k {{a — 1)sin(B7) + (1 — o) 87 + aw}ffi (2.33)

Knowing the values of the unsaturated d- and g-axis mutual reactances, X4
and X4, and (3, the parameters a and k can be obtained by solving Eqs.(2.30) and
(2.33) as follows:
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T Xmqu

l‘k ~ {(a—=1)-sin(f71) + (1 — @) - B + an}
|

(2.34)

(quu + deu) . Sin(ﬂﬂ') + (quu - JYmdu) - Br
(quu + deu) ) Sin(ﬂﬂ') + (quu - deu) ' ﬂ’]‘( + (deu - quu) -

(2.35)

For cylindrical-rotor synchronous machines, the value of 3 lies in practice in the
range of 0.2 to 0.4 and can be taken as the ratio of the unslotted region width over
one pole to the pole pitch. It is worthy to mention here, that it has been found
that the accuracy of determining the saturation characteristics in the various axes of
cylindrical-rotor synchronous machines is insensitive to any reasonable variation of
the value 3. Figures (2.3) to (2.6) illustrate how the constants o and k will depend

on 3 and the unsaturated d- and g-axis mutual reactances.

2.4 Determination of the saturation function coefficients

The coefficients a;y and a;y (1 = 1---n) of the saturation functions are constant for
a given machine. They can be obtained from the measured d- and g-axis saturation

curves by applying the least square errors fitting technique.
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Figure 2.3: The constant « as a function of § and Xyngu, Xmaw = 1.8 P
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X g [P0

Figure 2.4: The constant k as a function of 3 and Xmgus Xmdaw = 1.8 p.u.
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Figure 2.5: The constant « as a function of 8 and X4, Xmqu = 1.6 p.u.
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Figure 2.6: The constant k as a function of § and X,,4u, Xmeu = 1.6 p.u.
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Substituting ¢ = 0 in Eq.(2.15), the equation of the d-axis saturation curve can
be written as follows:

9 83 63
o, = = / kAT cos®(0)d6 + > /
wJox S

kAT cos*(6)df
i A%

2 3
+—/ ak AT cos?(6)df
T Jgz
n2 r—8% ) :
-> - / aigak AT cos™2(6)df
=1 T I-%
n.2 rB% ) )
=Y. = [ 7 aik AT cos™2(0)ds
-1 /=63

2

no9 I _ )
=S 2 |7 ai,0k AT cos™?(6)df
7 Jgz
=1 2

(2.36)
The above equation can be rewritten as follows:
n .
Oy = cfAT - Y (L aige + chyaiq) AT
=1

(2.37)

where:

2 A3 3 2, [P
d _ 2 2 2 = 2(6)dé 2.
g 7rka (/_% cos”(6)df + s cos (9)d9> + 7Tk /_ﬂ% cos*(0) (2.38)
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(2.39)

(2.40)

Substituting ¢ = 7 in Eq.(2.21) and taking into consideration that |F(8)| = —F(6)

for —% < 6 < 0 for this case, the equation of the g-axis saturation curve can similarly

be written as follows:
_ﬂl(_ 2 /3.7&
¢, = —2—/ ’ ak AT sin*(6)df + —/ * kAT sin®(8)d6
T3 T J-p3%

2 s
+Z [ akAT sin2(6)d6
T JBE

n . -B% , :
2 i@k AT sin**?(0)d6

n.9 I A _
=32 [ aigak AT sin*(6)d0
— mJpz

The above equation can also be rewritten as:

n
(I)q = CgAT — Z(ngaiqa + ngaid)ATz+l,

i=1

28
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-3 = [(—1)z / aigk AT sin**2(0)df + /0 a;igk AT sin**2(0)df

(2.41)

(2.42)




where:

_ﬂE % 2 ﬂﬂ .
= %ka ( / ’ sin2(0)d + /ﬂ . sin2(0)d0) + 2k /_ ﬁ'; sin?(0)dd  (2.43)

P
2

.9 -B% : 2 Z )
¢ _ (_pi2 ini+? 2 ini+? 2.44
ty (-1) Wk./_g sin'*%(0)d + 7T/lc 5z sin**?(9)d0 (2.44)
9 40 , 9 8F
9 = (=1)= in**+2 — in“*2(6)de. 2.45
cl (1) 7Tlc /_ﬂ% sin'*%(8)df + 7rk/o sin*%(8) (2.45)

Comparing Egs.(2.28) and (2.31) with Egs.(2.38) and (2.43), respectively, it is

clear that;:
= X (2.46)
& = X (2.47)

The representation of the d- and g-axis saturation curves of Eqgs.(2.37) and (2.42)
are polynomials in terms of the ampere-turns AT, and can be rewritten in the fol-

lowing forms:

®y = BIAT — S biAT! (2.48)
i=1

O, = bIAT — S bIAT™, (2.49)
=1
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where:

Dy

Dy

d _

Cy = deu
q __

¢y = Xmgu
d

C:

q

d
QiqQ + C; 4044

q q
CiqQigQt + CiyQid

withi=1---n.

equation can be set up:

ATy

ATy

L ATdm

AT?

AT

AT?

ATT

ATY,

ATg,

30

the measured points on the d-axis saturation curve, and @4, P49,

(2.50)

(2.51)

(2.52)

(2.53)

Using the measured d-axis saturation curve, the coefficients b and b¢ of Eqs.(2.48)
and (2.49) can be obtained by applying the least square errors fitting technique.
If ATy, ATy, ... ATy, (m =number of measured points) are the ampere-turns of
... @y, are the

corresponding measured magnetic fluxes on the saturation curve, the following matrix

(2.54)




Using the notations:

By ATy ATZ - AT} b
b, AT ATZ ... AT™ —b

A= O, = " T “| pi=] | (25)
chdm_ LATdm ATZ - AT;m_ _—bg_

Eq.(2.54) becomes:
Ad - CdDd. (256)

To obtain the values of the coefficients ¢ (i = 0---n), Eq.(2.56) can be solved
using the pseudo-inverse of Cy. Multiplying both left sides of Eq.(2.56) with C7, the

following relationship is obtained:

cr. Ay = CY.Cy Dy (2.57)

Then,
Dy=I[C;-Cqt-CT. Ay | (2.58)

Applying the same procedure of obtaining Eq.(2.58), a similar equation for the

quadrature axis can be set up:

D,=[CT.C,™'-CT - 4, (2.59)
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with:

B, AT, ATZ AT b
B, AT, AT2 AT™: Y
A4,= 1, ¢ ! ” “ 1, D, (2.60)
| O | | AT, AT, ATy, | b |

where ATy, AT, ... AT, (m =number of measured points) are the ampere-turns

of the measured points on the g-axis saturation curve, and ®4, ®p, ... 4, are the
corresponding measured magnetic fluxes on the saturation curve.
Knowing the values of ¢ and b¢, a set of linear equations with the saturation

functions coefficients, a;; and a;,, as unknowns can be set up using Egs.(2.52) and

(2.53) as follows:

bf = ac;iqaiq + ngaid (2 61)

q q
QCQig + ¢ Qi

Solving Egs.(2.61), the saturation functions coefficients can be obtained as follows:

-1

q d .d d
a; ac, iy b (2.62)
d 9 .4 q
a; acj, Ciyq b;
where i =1,---,n.

2.5 Calculation of the saturation curve in an intermediate
axis
As seen from Eq.(2.3), the expressions of the saturation function contains the ab-

solute value of the ampere-turns and it is necessary to substitute —F () for |F ()]
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quadrature axis direct axis quadrature axis

14
F@©) 0 -
A4
T .
-7/2 0 /2
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Figure 2.7: Total air-gap ampere-turns in different axes

for the regions where F'(§) < 0 (Fig.(2.7)). In order to obtain analytical solutions
for Egs.(2.19), (2.20), (2.25) and (2.26), different integration intervals have to be
identified. These are represented in Fig.(2.8) for the case when ¢ < 7 (1 — f) and
in Fig.(2.9) for the case when ¢ > Z(1— ). For the case that ( < (1 — f3), the
intervals are also listed in Table (2.1), while for the case ¢ > % (1 — ), the intervals

are listed in Table (2.2).
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quadrature axis direct axis quadrature axis
i
S pr/2 g

e I

i ‘ 1 | (),
1 _ ; : B P«

3 \ — OlLL

F(6) 0 - -0 Mo)
-1
T T T T T
-2 —Bn/2 0 Br/2 /2
0 [rad]

Figure 2.8: Integration intervals for ¢ < Z(1 — )

Table 2.1: Integration intervals for ¢ < 5 (1 — )

interval |F(6)| w(0)

A —-F(0) ap
B F@) oap
C F(6) W

D F) op
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quadrature axis direct axis quadrature axis
A i ¢

5 g ‘ g )

1 - - M
o
Fo) 0 - L0 w®)

-1 —

T r I T |

—7t/2 —Br/2 0 Br/2 —1t/2
6 [rad]

Figure 2.9: Integration intervals for { > (1 — f3)

Table 2.2: Integration intervals for ¢ > Z (1 — f)

interval |F(6)] p(6)
A —-F(0) au
B’ —-F(0) p
C' F(0 U

)
D F@#) oau
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2.5.1 Case (<5 (1-5)

For the case ¢ < % (1 — ), the d-axis component of the air-gap magnetic flux can be
obtained using Eq.(2.16). In it, the coefficients I, and I}, are given by Eqs.(2.17) and
(2.18), respectively. Using Table (2.1) and Eqs.(2.19) and (2.20), the other coefficients

It and I, (i = 1---n) can be written as:

o | JZET=1) cos (8 — () cos(6)do + J72 3, cos™ (6 — ¢) cos(0)do

+ fﬂ% cos*t1 (6 — () cos(6)df
(2.63)
% = gk/ﬁ% cos" (0 — () cos(8)db (2.64)
id T —ﬂ%

For the case when ¢ < I (1 — ), the g-axis component of the air-gap magnetic

flux can be obtained using Eq.(2.22). In it, the coefficients I§, and I, are given by

Eqgs.(2.23) and (2.24), respectively. Using Table (2.1) and Egs.(2.25) and (2.26), the

other coefficients I{, and I, (i = 1---n) can be written as:

" (1) cos™ (8 — ¢) sin(6)d6 + [T52, cos (6 — () sin(6)df

g

I = Ek
™ us .
+ Jgx cos*t1 (6 — () sin(6)df

(2.65)
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8% .
If, = %k /_ ; cos"™ (6 — () sin(6)do (2.66)

2.5.2 Case (>3 (1-0)

For the case ( > 7 (1 — ), the d-axis component of the air-gap magnetic flux can
be obtained using Eq.(2.16). In it, the coefficients I§, and I, will have the same
expression as in Eqs.(2.17) and (2.18). Using Table (2.2) and Eqgs.(2.19) and (2.20),

the other coefficients can be written as:
d 2l (7% ) cogit! LIS
L, = =k / (—=1) cos"™' (0 — () cos(0)d9+/m cos (8 — ¢) cos(6)db
7

(2.67)

I = zk {/—§+c(_1)i cos (0 — ¢) cos(6)df + /_Bi( cos' (0 — ¢) cos(H)dQ)
(2.68)

When ¢ > 7 (1 — §), the g-axis component of the air-gap magnetic flux can be
obtained from Eq.(2.22), with the coefficients I, and I§, given by Egs.(2.23) and
(2.24). The other coefficients can be written as:

I = ;k {/_ﬂ%(—l)i cos'™(f — ¢) sin(#)db + /[j cos" (0 — () sin(H)dG}

I
2

(2.69)
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k {/ —_ﬂ(—l)" cos'(6 — () sin(0)d6 + /_ﬂ; 086 = ¢) Sin(e)de}

(2.70)

2.6 The total air-gap magnetic flux

Using the d- and g-axis components of the total air-gap magnetic flux ®, and 9,
expressed in Eqs.(2.16) and (2.22), the magnitude of the total air-gap magnetic flux

can be calculated as:

o, = /32 + 2. (2.71)

The angle between the axis of the total air-gap magnetic flux and the direct axis is

also obtainable from Eqs.(2.16) and (2.22), and can be calculated as:
&' = tan"! £, (2.72)

In general, the angles ( and ¢’ are not equal (Fig.(2.10)). The difference between them
is partly due to the difference in the saturation levels in the direct and quadrature

axes and partly due to any existence of saliency when the machine is unsaturated.
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Figure 2.10: Air-gap magnetic flux and ampere-turns
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Chapter 3

Experimental verification of the accuracy of the
proposed method for determining the
intermediate-axis saturation curves

In the previous chapter, a new method for determining the saturation curves in the
intermediate axes of cylindrical-rotor synchronous machines has been introduced.
The experimental investigations carried out to check the accuracy of this method are

presented in this chapter.

3.1 The machine used in the investigation

To verify the accuracy of the proposed method for determining the saturation curves
in the intermediate axes of cylindrical-rotor synchronous machines, experimental in-
vestigations were carried out on a 3-kVA, 220-V, three-phase, 4-pole, 60-Hz, cylindrical-
rotor synchronous machine (Mawdsley’s Machine, S.N. EA41875). The stator of this
machine has a three-phase, four-wire, star-connected winding. The rotor is fitted with
two field windings, one in the direct axis and the other in the quadrature axis and,
thus, the machine can be excited from both axes. This will allow for its excitation in

any intermediate axis.
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3.2 The electrical parameters of the cylindrical-rotor syn-
chronous machine used in the investigations

The values of the unsaturated d- and g-axis synchronous reactances and the armature

leakage reactance of the machine used in the investigation were obtained experimen-

tally. These values are needed to determine the k and o constants of the previously

proposed method. They will also be used to find a suitable per unit system for the

machine.

3.2.1 The unsaturated synchronous reactances

In order to obtain the unsaturated values of the d- and g-axis synchronous reactances,
the conventional open-circuit and short-circuit tests were used [25, 27]. The unsat-
urated d-axis synchronous reactance X, was obtained from the open-circuit and
short-circuit tests when the machine was excited by the d-axis field winding, while
the unsaturated g-axis synchronous reactance X,, was obtained from the open-circuit
and short-circuit tests when the machine was excited by the g-axis field winding.

If a4, [V/A] is the slope of the d-axis open-circuit characteristic (0.c.c.) air-gap
line and ag4,. [A/A] is the slope of the d-axis short-circuit characteristic (s.c.c.) (Fig.

(3.1)), then Xy, can be written as:

Qo

\/gadsc

Xou = =30.14 Q (3.1)

If the open-circuit characteristic is represented using the phase voltages, the v/3 has
to be omitted from Eq.(3.1).
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Figure 3.1: Direct-axis open-circuit and short-circuit characteristics
Similarly, if a4, [V/A] is the slope of the g-axis open-circuit characteristic air-gap
line and ay,. [A/A] is the slope of the g-axis short-circuit characteristic (Fig.(3.2)),
then X, can be written as:

Uygo

V30ise

Xpu= =28.93 Q. (3.2)

3.2.2 The armature leakage reactance

It is a common procedure to approximate the leakage reactance by the Potier reac-

tance measured at rated terminal voltage [18]. However, investigators have found
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Figure 3.2: Quadrature-axis open-circuit and short-circuit characteristics
that the value of the Potier reactance determined by this method is larger than the
value of the leakage reactance (28]. Several authors have reported that the value of
the leakage reactance approaches the value of the Potier reactance only if the latter
is measured under highly saturated conditions [29]. In Fig.(3.3) the Potier reactance
has been obtained [25] for the highly saturated conditions using the open-circuit,
short-circuit and zero-power-factor (z.p.f.) characteristics and, thus, its value can be

considered equal to the value of the leakage reactance.

X =X,=2580Q (3.3)
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Figure 3.3: Determination of the Potier reactance

3.3 The per-unit system

Per-unit systems have been extensively used in fhe analysis of electrical machines.
In such an approach, all machine parameters and electrical quantities are used in
per-unit values, obtained using corresponding base values. In an adequately chosen
per-unit system, the per-unit values of the open-circuit terminal voltage and the
corresponding air-gap magnetic flux of a synchronous machine will be equal. Also,

the per-unit values of the field current and the corresponding ampere-turns will be
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equal. Thus, the open-circuit characteristics will represent the saturation curves.

3.3.1 Stator base values

It is a common practice to choose the rated armature current and the rated terminal

voltage of synchronous machines to be the stator current and voltage base values,

respectively:
IA] = I'[A]=787A (3.4)
VRVl = VPVi=220V (3.5)

where V,? and I? are the voltage and armature current base values, and V;* and I”
are the rated terminal voltage and armature current, respectively. Thus, the per-unit

values of the terminal voltage and armature current can be introduced as:

Vilpu] = = (3.6)

Lpu] = - , (3.7)

Also, the power base value is taken equal to the rated VA, i.e.:

Sy, = S, [VA] = 3000 VA, (3.8)
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and thus, the per-unit representation of the powers can be introduced as:

_ S[VA] _ S[VA]

Sbu) = 5 RAl = SVA] (3.9)
_ PW] _ P[W]

Pleal = gmval = 5val (210
_ Q[VAr] _ Q[VAr]

Qpu] = VAl ~ S,[VA] (3.11)

Using Eqgs.(3.6) and (3.7) the impedance base value is obtained as follows [30]:

2\
Z,10) = ZiaTa = 16139 (3.12)

3.3.2 Rotor base values

The base values for the d- and g-axis field currents are chosen according to the “X,,4”-
base per-unit system [31]. In this case, the base value of the d-axis field current is

expressed as follows:

I Xae I (X~ X,
Ity =-a Tmdv _ Za Ea = XD _ 7954, (3.13)
Cod Qod

It should be noticed that agpg has to be calculated here using the phase value of the
terminal voltage. Similarly, the g-axis field current base value can be expressed as

follows:

13- (Xqu - Xl)

I, == =8.06 A (3.14)

aoq
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Using Egs.(3.13) and (3.14), the base values of the -d and g-axis field winding

ampere-turns can be expressed as follows:

ATy = I3,Ny (3.15)
AT} = I},N,, (3.16)

where Ny and N, are the effective number of turns of the d- and g-axis field windings,
respectively. For the cylindrical-rotor synchronous machine used for the investigations
of this thesis, Ny and Nq are 103 and 93, respectivelly.

From the definitions of the adopted per-unit system, the d- and g-axis base values

of the field windings ampere-turns should be equal, i.e.:
AT} = AT}, (3.17)

Using Eqgs.(3.13) to (3.16), Eq.(3.17) can be rewritten as follows:

b, _ b, —_
Lo X = X0 o o (X X (3.18)
Qg Qogq

Knowing the values of the effective number of turns of the d- and g-axis field windings,
Ny and N,, Eqs.(3.18) suggests another approach to find experimentally the value of

X, which can be expressed as follows:

Xduaﬂd' - Xquo]t_vg‘
Xi=—F— x5+ =255 Q (3.19)
Qod o Qog

This value is very close to the value obtained in section 3.2.2.
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3.3.3 Per-unit values of the electrical parameters of the cylindrical-rotor
synchronous machine used in the investigations

Using the base impedance value given in Eq.(3.12), the per-unit values of the resis-
tance and reactances of the cylindrical-rotor synchronous machine used in the inves-

tigation are calculated, and they are listed in Table (3.1).

Table 3.1: Data of the cylindrical-rotor synchronous machine

Unit deu quu Xl Ra
[ 3014 2893 258 0.371
[p.u] 1.708 1.633 0.160 0.023

3.4 Calculation of the o and k constants

Using Eqs.(2.34) and (2.35), and the data of Table (3.1), the constants £ and «, which
are needed to determine the intermediate-axis saturation curves, were calculated for
the cylindrical-rotor synchronous machine. In this calculation, 8 was taken as the
ratio of the unslotted region width over one pole to the pole pitch of the machine.

Table (3.2) lists the values of all these constants.

Table 3.2: Constants §, & and k of the cylindrical-rotor synchronous machine

I} o k
0.2 0.891 1.83
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3.5 The open-circuit characteristic curves

To verify the accuracy of the method proposed in Chapter 2 for calculating the sat-
uration curves of the cylindrical-rotor synchronous machine under investigation, its
open-circuit characteristic curves were obtained experimentally by exciting it from
both its direct and quadrature axes simultaneously, and were compared with the
saturation curves calculated using the proposed technique. As mentioned in section
3.3, the open-circuit characteristics and the saturation curves, represented using the
adopted per-unit system, should be similar.

In the calculation of the saturation curves, different orders for the polynomials
representing the saturation functions S; and S, have been used to check the minimal

order of the polynomials which would give acceptable results.

3.5.1 Using second-order polynomials to represent the saturation func-
tions

The first set of calculations are done using second-order polynomials to represent the
saturation functions. In this case, n is equal 2, and the saturation functions can be

expressed as follows:

S4(0) = 1.00 — a,14|F ()| — aga| F () (3.20)

Se(6) = 1.00 — ayg|F(6)] — azg|F(6)]? (3.21)

Applying the method presented in section 2.4 for obtaining the saturation function
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coefficients, the values of a;4 and a;, can be calculated (Table (3.3)). Using Eqgs.(2.16)
and (2.22), the d- and g-axis saturation curves are calculated and depicted in Fig.(3.4)
together with the corresponding measured open-circuit characteristics. Intermediate-
axis saturation curves for ¢ = 30°,45°,60° and 75° are also obtained using Eq.(2.71),
and are depicted in Figs.(3.5) to (3.8) together with the corresponding measured
open-circuit characteristics. It can be observed from these figures that a second order
polynomial representation for S; and S, is not accurate enough, and a higher order

than n = 2 should be considered.

Table 3.3: Second-order saturation function coefficients

? Qid Qiq
1 0.214 0.397
2 0.042 -0.027

3.5.2 Using third-order polynomials to represent the saturation functions

Since the second-order polynomial representation of the saturation functions has not
produced acceptable results, the case of third-order polynomials has been applied.
The saturation function coefficients for the case when n = 3 are listed in Table (3.4).
Figure (3.9) depicts the measured d- and g-axis open-circuit characteristics together
with the calculated saturation curves. Figures (3.10) to (3.13) are representing the
measured intermediate-axis open-circuit characteristics and the calculated saturation
curves for ( = 30°,45° 60° and 75°, respectively. As seen from these figures, the

calculated saturation curves are still not adequately close to the measured values,
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Figure 3.4: Direct- and quadrature-axis saturation curves of the cylindrical-rotor
synchronous machine using second-order saturation functions
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Figure 3.5: Intermediate-axis (( = 30°) saturation curve of the cylindrical-rotor
synchronous machine using second-order saturation functions
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3.6: Intermediate-axis (( = 45°) saturation curve of the cylindrical-rotor
synchronous machine using second-order saturation functions
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Figure 3.7: Intermediate-axis (( = 60°) saturation curve of the cylindrical-rotor
synchronous machine using second-order saturation functions
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Figure 3.8: Intermediate-axis (( = 75°) saturation curve of the cylindrical-rotor
synchronous machine using second-order saturation functions
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Figure 3.9: Direct- and quadrature-axis saturation curves of the cylindrical-rotor
synchronous machine using third-order saturation functions
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3.10: Intermediate-axis ({ = 30°) saturation curve of the cylindrical-rotor
synchronous machine using third-order saturation functions
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Figure 3.11: Intermediate-axis (( = 45°) saturation curve of the cylindrical-rotor
synchronous machine using third-order saturation functions
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Figure 3.12: Intermediate-axis (( = 60°) saturation curve of the cylindrical-rotor
synchronous machine using third-order saturation functions
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Figure 3.13: Intermediate-axis (( = 75°) saturation curve of the cylindrical-rotor
synchronous machine using third-order saturation functions
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Table 3.4: Third-order saturation function coefficients

1 QAid Qiq
1 -0.174 0.121
2 0.620 0401
3 -0.205 -0.156

and still higher order polynomials should be considered.

3.5.3 Using fourth-order polynomials to represent the saturation func-
tions

As it can be seen from Figs.(3.14) to (3.18), the use of the fourth-order polynomials
to represent the saturation functions result in calculated saturation curves which are
adequatly close to the measured open-circuit characteristics. The coefficients of these

saturation function polynomials are listed in Table (3.5).

Table 3.5: Fourth-order saturation function coefficients

1 Gid Qg
1 -0.425 -0.261
2 1315 1.420
3 -0.791 -0.994
4 0.154 0.216

3.5.4 Comparison between the measured and calculated results

The discrepancies between the measured open-circuit characteristics and the calcu-
lated saturation curves can be represented in the sense of the average error per mea-

surement, and can be found using the following equation:

€ = Z;'n=1 lq)j — cl)g’!
o .

(3.22)
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Figure 3.14: Direct- and quadrature-axis saturation curves of the cylindrical-rotor
synchronous machine using fourth-order saturation functions
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Figure 3.15: Intermediate-axis (( = 30°) saturation curve of the cylindrical-rotor
synchronous machine using fourth-order saturation functions
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Figure 3.18: Intermediate-axis (¢ = 75°) saturation curve of the cylindrical-rotor
synchronous machine using fourth-order saturation functions

In Eq.(3.22), m is the number of the measured points on an open-circuit charac-
teristic curve, ®; are the measured values, and ®$ are the calculated values at
the measured points. Table (3.6) depicts the values obtained for e for the axes
¢ = 0°30°45°60° 75°,90°. As these results show, the discrepancy between the
measured open-circuit characteristics and the calculated saturatilon curves decreases
as the order of the polynomials representing the saturation functions increases. It is
clear that the fourth-order representation is sufficient to give an adequate result for
the calculated saturation curves for the cylindrical-rotor synchronous machine used

in the investigations of this thesis.
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Table 3.6: Errors obtained using different order polynomials for the saturation func-
tions

¢ 2™order 3% order 4% order
0 0.031 0.012 0.004
30 0.029 0.016 0.012
45 0.032 0.022 0.019
60 0.030 0.016 0.014
75 0.028 0.016 0.011
90 0.026 0.014 0.004

3.6 The air-gap magnetic flux angles

During the experimental investigations, the air-gap magnetic flux angles ¢’ were also
measured using a digital load-angle instrument which has an accuracy within one
degree, and are given in Fig.(3.19). The values of this angle were also calculated
using the method presented in Chapter 2, and are depicted in the same figure. It can
be seen from this figure that there is a good agreement between the calculated (n = 4)
and the measured values. It has also been observed that the order of the polynomials
representing the saturation functions has no major influence on the accuracy of the

calculated values of the air-gap magnetic flux angles.

3.7 Application to the cases of salient-pole synchronous ma-
chines

Although the method proposed in Chapter 2 is mainly developed to calculate the

intermediate-axis saturation curves for cylindrical-rotor synchronous machines, it is

general in nature and can be applied to the cases of salient-pole synchronous ma-
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Figure 3.19: Air-gap magnetic flux angles ¢’ of the cylindrical-rotor synchronous
machine

chines. In order to verify this, the method was applied to obtain the intermediate-axis
saturation curves of a salient-pole synchronous machine.

The tested salient-pole synchronous machine has two wound damper windings,
one in the direct axis and the other in the quadrature axis, in addition to the d-axis
field winding. Exciting the machine from the direct axis using the field winding,
and from the quadrature axis using the wound g-axis damper winding, the d-, q-
and intermediate-axis open-circuit characteristics were obtained. Moreover, the cor-
responding saturation curves were calculated using the proposed method. Tables

(3.7) and (3.8) give the data of this machine which are needed to apply the proposed
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method and the measured open-circuit characteristics and the calculated saturation
curves of this salient-pole synchronous machine are presented in Fig.(3.20). The air-
gap magnetic flux angles were also obtained for this machine, and their measured
and calculated values are depicted in Fig.(3.21). The presented calculated results
are for the case using fourth-order polynomials for representing the saturation func-
tion and Table (3.9) gives the coefficients of these polynomials. As it can be seen
from Figs.(3.20) and (3.21), there is a good agreement between the measured and

calculated results.

Table 3.7: Data of the salient-pole synchronous machine

Xoo X Xi R,
[ 16.15 9.84 258 0.371
[pw] 1.001 0.610 0.230 0.023

Table 3.8: Constants 3, o and k of the salient-pole synchronous machine

I} Q k
0.75 0.175 1.004

Table 3.9: Fourth-order saturation function coefficients for the salient-pole syn-
chronous machine

1 Qig aiq
1 0.037 -0.149
2 -0.111 -0.330
3 0.180 0.365
4 -0.045 -0.086
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Figure 3.20: Saturation curves of the salient-pole synchronous machine
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Figure 3.21: Air-gap magnetic flux angles ¢’ of the salient-pole synchronous machine
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Chapter 4

Inclusion of the cross-magnetizing effect in the
two-axis frame model of a saturated synchronous
generator

As mentioned in Chapter 1, the assumption that there is no magnetic coupling be-
tween the direct and quadrature axes in the two-axis frame model of saturated syn-
chronous machines is one of the main sources of errors when these models are used
in power systems analysis. Such a magnetic coupling is usually, as mentioned in
Chapter 1, referred to in the literature as the cross-magnetizing phenomenon. In this
chapter, a physical interpretation of this phenomenon is presented and the inclusion
of its effect in the two-axis frame model is discussed. To verify the accuracy of this
modified two-axis frame model, experimental investigations were carried out on the

synchronous machines described in Chapter 3.

4.1 Mathematical representation of the cross-magnetizing phe-
nomenon

As shown in Chapters 2 and 3, the total ampere-turns in a saturated synchronous

machine will result in a total air-gap magnetic flux, whose magnitude, ®;, and location

depend on the total ampere-turns, AT}, and the angle between the axis of the ampere-
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turns and the direct axis, (. In general, the angle between the axis of the resulted
air-gap magnetic flux and the direct axis, ¢, is smaller than the angle ¢. Figure (4.1)
shows these relationships represented in a phasor diagram form. In this case, the total
ampere-turns, AT;, could be represented by two components: one in the direct axis,
ATy, and one in the quadrature axis, AT,. These two components can be expressed

mathematically as follows:

ATy = AT, cos(() (4.1)

AT, = AT;sin(Q) (4.2)

Similarly, the resulted air-gap magnetic flux could be represented by two components:
one in the direct-axis, ®,4, and the other in the quadrature axis, ®;,. These two

components can also be expressed mathematically as follows:

&y = P,cos(d) (4.3)

(btq = @tsin((S') (44)

If the d- and g-axis components of the total ampere-turns, AT, and AT,, are
applied separately to the d- and g-axis saturation curves respectively, as it is the
case in the conventional two-axis frame model, i.e. if the magnetic coupling between

the two axes (cross-magnetizing phenomenon) is neglected, the corresponding air-gap
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Figure 4.1: Air-gap flux and ampere-turns phasor diagram

magnetic flux, ®4; and @, will be larger than ®;; and ®,,, respectively. Thus, the
effect of the cross-magnetizing phenomena is to reduce the components of the air-gap
magnetic flux of the conventional two-axis frame model and can be represented by
the differences between ®4, and ®,4, and between ®,, and ®;,. Mathematically, the

cross-magnetizing effect (c.m.e.) can be expressed as follows:

(I)dq = q)ds_q)td (45)
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= qu)du — CI)t COS(5,) (46)

By = Bys — By (4.7)

= K,®, — ®;sin(d), (4.8)

where ®4, and ®,4 are the parameters representing the cross-magnetizing effects in
the direct and quadrature axes, respectively.

Analytically, the values of ®4, and @, can be determined using Egs.(4.6) and
(4.8). In these equations, the values of the total air-gap magnetic flux ®; and the
angle ¢’ can be calculated using Eqgs.(2.71) and (2.72), respectively. The values of
@4, and ®,, can be obtained from the measured d- and g-axis saturation curves, or
can be calculated using Eqs.(2.37) and (2.42), respectively. To check the accuracy of
this analytical approach, the two synchronous machines described in Chapter 3 were
used. From their measured open-circuit characteristics and air-gap magnetic flux an-
gle curves for the various axes, the values of ®4, and ®,4 can also be calculated using
the above described procedure. It is worthy to mention here again, that the per-unit
values of the open-circuit terminal voltage and the corresponding air-gap magnetic
flux of a synchronous machine are equal. Figures (4.2) to (4.9) show the analytically
determined values of ®4, and ®,4 for both the cylindrical-rotor and salient-pole syn-
chronous machines described in Chapter 3. In Figs.(4.2), (4.3), (4.5) and (4.6), the

measured values of @4, and @, are also depicted.
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Figure 4.2: The cross-magnetization effect ®4, of the cylindrical-rotor synchronous
machine in various intermediate axes
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Figure 4.3: The cross-magnetization effect ®,4, of the cylindrical-rotor synchronous
machine, at constant ampere-turns
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Figure 4.4: The cross-magnetization effect ®,, of the cylindrical-rotor synchronous
machine in 3D representation
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Figure 4.5: The cross-magnetization effect ®,4 of the cylindrical-rotor synchronous
machine in various intermediate axes
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machine, at constant ampere-turns
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Figure 4.7: The cross-magnetization effect ®,4 of the cylindrical-rotor synchronous
machine in 3D representation
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Figure 4.8: The cross-magnetization effect ®4, of the salient-pole synchronous ma-
chine in 3D representation
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Figure 4.9: The cross-magnetization effect ®,4 of the salient-pole synchronous ma-
chine in 3D representation
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4.2 The phasor diagram of a synchronous generator with the

cross-magnetizing effect included
The reductions in the d- and g-axis components of the air-gap magnetic flux of the
two-axis frame model of saturated synchronous machines due to the cross-magnetizing
effect, 4, and ®,4, could be considered as reductions in the corresponding induced
em.fs., Ey; and Ej,, respectively. In the adopted per-unit system, these reductions
in the induced e.m.fs. are equal to the corresponding reductions in the magnetic
fluxes components, i.e. E,’Id = &4, and Ej, = @4, and should lag the corresponding
reductions of the magnetic flux components by 7, as shown in the phasor diagram of
Fig.(4.10).

Since the effect of armature reaction is traditionally represented in the voltage
phasor diagrams of synchronous machines by voltage drops, I; X4 and I, X, the
same practice is also applied here in representing the effect of the cross-magnetization.
As shown in the voltage phasor diagram of Fig.(4.10), the inclusion of the cross-
magnetizing effect is represented by two voltage drops, E,q and Eyq, which are equal
to, and in a direction opposing the corresponding reduction in the induced e.m.fs.,

Ey, and Ey,, respectively.
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Figure 4.10: Phasor diagram of a saturated synchronous generator with the cross-
magnetizing effect included

4.3 Power/load angle curves with the cross-magnetizing ef-
fect included

From the phasor diagram of Fig.(4.10), the following equations can be written for the

direct and quadrature axes:

0 = IdRa + V; Sll’l((S) + Edq — Iqus (49)

Ef = IjX4+Vicos(0) + 4R, + Eyq (4.10)
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Using Eqs.(4.9) and (4.10), the d- and g-axis components of the armature current can

be expressed as:

E; Vi R, Eq
I, = — P} Pk S 4.11
d X, X, ) X0 X, (4.11)
V;t - Ra Ed
I, = 5 I ¢ 412
¢ = X, O latx (4.12)

Also, the active and reactive powers at the terminal of the machine can be obtained

as:

P = 13Via +Iq‘/tq

= I;V;sin(6) + 1,V; cos(9) (4.13)

Q = Id‘/;q_lq‘/;d

= I3V, cos(6) — I,V;sin(d) (4.14)

Substituting Egs.(4.11) and (4.12) in Eqs.(4.13) and (4.14) the expressions of the
steady-state power/load-angle characteristics of synchronous machines including the

cross-magnetizing effect can be written as follows:

_ VE; V(1 1 . Igcos(d)  Iysin(d)
P = sin(d) + — X,  Xa sin(26) + ViR, X, X,
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— ‘/;Ef t2 1
Q = X, cos(9) 2 \xs
~R,V; Lo s(0) +
aVi de CO

(4.16)

If the effect of the cross-magnetization is neglected (i.e. E4y =0, E;q = 0), the

expressions of the power/load angle characteristics could be obtained using Eqgs.(4.15)

and (4.16), and expressed as follows:

. VE [ 1 1) . Licos(6) I, sin(5)>
= i — 26) + ViR, [ 24590 _
P X, sin(4) + 5 ( X, de> sin(26) + V; ( X, X,
(4.17)
ViE; V(1 1 VE[ 1 1 )
= _ (2 ) cos(26
Q X, cos(6) > \x + X, 5 X, cos(20)
_RV, ( ;Z cos(8) + )Z sin(5)> . (4.18)

Since the values of the saturated reactances Xy, and X,s and the components

representing the cross-magnetizing effect depend on the saturation level determined

(53]




by the loading conditions of the machine, the active and reactive powers as functions
of the load angle have to be calculated using iterative techniques. The flow chart of

the program used for such calculations is presented in Fig.(4.11).

4.4 Experimental verification of the accuracy of the modified
two-axis frame model

To check the accuracy of the modified two-axis frame model with the cross-magnetizing
effect included, the active and reactive powers under various levels of saturation have
been measured at different load angles for the cylindrical-rotor and salient-pole syn-
chronous generators described in Chapter 3. The measured values have been com-
pared with the analytically determined results using the modified two-axis frame
model, the same model without including the cross-magnetizing effect, and a two-axis
frame model with the saturation effect neglected. The values obtained by measure-
ment together with the calculated curves are depicted in Figs.(4.12) to (4.21) for both
these machines.

As can be seen from Figs.(4.12), (4.13), (4.18) and (4.19), when the machine
is operating in the unsaturated region, the effect of saturation is negligible. Under
saturated operating conditions, the effect of the cross-magnetization on the calculated
active and reactive powers is evident as shown in Figs.(4.14)-(4.17), (4.20) and (4.21).
For the calculations using the two-axis frame model with saturation neglected or
without the proper representation of the cross-magnetizing effect, discrepancies arise

between the measured and calculated active and reactive power/load angle curves as
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Calculate initial
values for:
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e<10?

yes

Determine powers: P,and O
Save variables

Figure 4.11: Flow chart of the program used for calculating the active and reactive
powers for a saturated synchronous machine
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seen from these figures. From these figures, it can be seen also that the accuracy
of the calculated reactive powers are more influenced by the neglection of the cross-
magnetizing effect.

In general, it is clear from all these figures, that there is a good agreement between
the measured and calculated results when the effect of the cross-magnetization is

included in the two-axis frame model of saturated synchronous machines.
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Figure 4.12: Active power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 0.63 p.u., Iy = 0.54 p.u.
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Figure 4.13: Reactive power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 0.63 p.u., Iy = 0.54 p.u.

79




0.9 — ———
E ==
a =
o
~ 0.6 -
o
=
Q
o d
® ® measure
2 03 - 7 _ unsaturated
< 2 — — — saturated, S, + S

7 saturated, S, + S + c.m.e.
0.0 I I i |
0 20 40 60 80 100

Load angle 3, [dgr]

Figure 4.14: Active power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 1 p.u., Iy = 0.96 p.u.

/

o
o
|

. measured

Reactive power Q, [p.u.]

03+ _ __ unsaturated
— — — saturated, S, + S,
saturated, S, + Sq+ c.m.e.
-0.6
T T T T
0 20 40 60 80 100

Load angle 6, [dgr]

Figure 4.15: Reactive power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 1 p.u., Iy = 0.96 p.u.
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Figure 4.16: Active power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 1.09 p.u., I; = 1.23 p.u.
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Figure 4.17: Reactive power/load angle curve of the cylindrical-rotor synchronous
machine; V; = 1.09 p.u., Iy = 1.23 p.u.
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Figure 4.18: Active power/load angle curve of the salient-pole synchronous machine;
Vi=0.727 p.u., Iy = 1.35 p.u.
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Figure 4.19: Reactive power/load angle curve of the salient-pole synchronous ma-
chine; V; = 0.727 p.u., Iy = 1.35 p.u.
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Figure 4.20: Active power/load angle curve of the salient-pole synchronous machine;
Vi =1182p.u., I; = 1.57 p.u.
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Figure 4.21: Reactive power/load angle curve of the salient-pole synchronous ma-
chine; V; = 1.182 p.u., Iy = 1.57 p.u.
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Chapter 5

Summary and conclusions

5.1 Summary

This thesis presents some aspects of the effect of saturation on the modeling and
steady-state performance of cylindrical-rotor synchronous machines. The main as-

pects of the thesis can be summarized as follows:

e Chapter 1 is an introduction to the saturation phenomena in synchronous ma-
chines, and a presentation of the conventional approaches to saturated syn-

chronous machines modeling.

e Chapter 2 presents an analytical method for determining the saturation curves
in the intermediate axes of cylindrical-rotor synchronous machines from their
measured d- and g-axis open-circuit characteristics. In the proposed method, an
equivalent permeability is assumed for the magnetic paths of the synchronous
machine. Saturation of these magnetic paths is represented by modifying the

values of the equivalent permeability using polynomial saturation functions.
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The coefficients of these polynomial functions are determined by applying fitting
techniques to the measured d- and q-axis open-circuit characteristics of the
machine. Using the proposed method, the intermediate-axis saturation curves
and the angles between the air-gap magnetic flux and the direct axis have been

obtained analytically.

In Chapter 3, the accuracy of this proposed method has been verified by com-
paring the measured open-circuit characteristics and the calculated saturation
curves for various axes for a cylindrical-rotor and a salient-pole synchronous

machines that can be excited from both their direct and quadrature axes.

The concept of the magnetic coupling between the direct and quadrature axes
(cross-magnetizing phenomenon) of saturated synchronous machines is pre-
sented in Chapter 4. The inclusion of this cross-magnetizing phenomenon in
the two-axis frame model of synchronous machines is introduced. The cross-
magnetization has been represented as voltage drops caused by the cross-mag-
netizing effect, therefore, allowing the inclusion of the cross-magnetizing effect
in the phasor diagram of the machine. Power/load angle relationships have
been developed with the cross-magnetizing effect included. The accuracy of
this modified two-axis frame model has been verified for both the cylindrical-
rotor and salient-pole machines by comparing the measured values of the active
and reactive powers with the calculated values for different load angles and

saturation levels.
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¢ In the Appendices, analytical derivations for the saturation function coefficients
have been included up to the fourth-order polynomial representation. The proof
of the simplified equations applied in the thesis for the calculation of the unsat-

urated synchronous reactances is also included.

5.2 Conclusions

The investigations conducted in this thesis yield the following conclusions:

e Accurate modeling of saturated synchronous machines in power systems stud-
les cannot be done without the knowledge of the intermediate-axis saturation

curves.

e The method proposed in this thesis for determining the intermediate-axis sat-
uration curves of cylindrical-rotor synchronous machines provides an accurate
approach for achieving this. The accuracy of this proposed method can be
improved significantly by using higher order polynomial functions to represent
the saturation function used to modify the equivalent permeability of the mag-
netic machine model. The order of the polynomials which gives an acceptable

accuracy is machine dependent.

e Regarding the air-gap magnetic flux angles of cylindrical-rotor synchronous ma-
chines, the experimental investigations have found that the proposed method

gives also a good approximation for the calculation of the angles between the
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axis of the air-gap magnetic flux and the direct axis. Moreover, it has been
found in the investigations of this thesis, that the calculated values of the angle
are not sensitive to the order of the polynomials representing the saturation

functions.

The proposed method for determining the intermediate-axis saturation curves of
cylindrical-rotor synchronous machines is general in nature and can be applied

also to the cases of salient-pole synchronous machines.

It has been found that magnetic coupling (cross-magnetizing phenomenon) ex-
ists between the direct and quadrature axes of both cylindrical-rotor and salient-
pole saturated synchronous machines. This cross-magnetizing phenomenon is
machine dependent, and it is caused by both the nonlinearity of the saturation

curves and the saliency of the synchronous machines.

The inclusion of the cross-magnetizing effect in the two-axis frame model of syn-
chronous machines improves its accuracy. Neglecting this phenomenon results

in noticeable inaccuracies in the calculated results using these models.
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Appendix A

Analytical derivations

and I}

This appendix contains the analythical expressions for the coefficients c¢%, ¢
iq> Introduced in Chapter 2.

d

A.1 The coefficients ¢, and cf; of Egs.(2.39) and (2.40)
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A.2 The coefficients ¢, and ¢/, of Egs.(2.44) and (2.45)

2 [ 6%
¢, = Zk </ " sin’(0)df +

=

|
NE]
o
[EEERNTE]

sin3(0)d9)

2k2 cos3 % — 6 cos (%)

2 [ [-5% ?
d, = =k (/ * sin*(6)d6 + sin4(9)d0>

T \J-g 55

*gksin(27rﬂ) —8sin(rf)+6rf—67
I 16

-h3 2
4, = =k (/ sin®(#)df + e sin5(0)d9>

™ \J-3

k6 cos® ”2—/’ — 20 cos® Z£ 4 30 cos (”2—5)
15

2
™

2 ~h% 3
¢, = —k (/ sin®(0)dg + [ ° sinﬁ(H)dH)

™ \/-3 8%

—gkg sin (27 3) + 4 sin® (7 3) — 48 sin (7 8) + 307 B8 — 307
o7 96

f%
Ay = —k/ sin®(6)d#

3npg g
sz cos 7—6cos (7) +4
Vs

93




zksin(Zﬁﬁ) —8sin(rf3)+ 673
oo 16

2, 6 cos’ £ — 20 cos® 22 + 30 cos (Z£) — 16

2 T
dp = 2k [ sin®(6)ae

_ 2,9 sin (27 ) + 4 sin® (7 B) — 48 sin (7 8) + 307 3
T 96

A.3 The coefficients I and I% of Eqgs.(2.17) to (2.20) for the
case ( < 7(1-p)
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B85 4
k /_ 3z €05"(0= 0) cos(0)ds
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2,3 (A0 5 i (S52) 5 sin (5352) — 3 i (255)
T 240

2, 20 sin (44£228) + 60 sin (*5472) — 60 sin (4572)
T 240

L2, 720sin (£=22£) + 180 sin (Z2)
T 240

2. b3
I, = ~k /_;1 cos® (8 — () cos(8)dh

_ gk2 sin(5¢+370)+3sin(5¢+278)—3sin(5¢—2703)
oo 384

+gk—2 sin(6¢ —373)+15sin(3¢+270)+30sin(3(+70)
m

384
+gk—30 sin(3¢—73)—15sin (3¢ — 27 B) + 60 sin (¢ + 7 3)
T 384
+Ek—60 sin (¢ —m B) + 1207 B cos(
T 384

A.4 The coefficients I and I}; of Egs.(2.23) to (2.26) for the
case ( < 3(1—0)

I§, = gk (/—B% cos(d — () sin(0)dd + /i cos(f — () sin(B)dO)

= _gkCOS(C-i-ﬂ?r)—cos((—ﬂw)+(257r_27r) sin ¢
T 4
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9 | J-2
o, = k|
+ [z cos®(0 — () sin(6)d6
_ 2,008 (—4—4 +23‘”ﬂ) — 3 cos (L ;”5) + 3 cos (ﬁ_;ﬂ)
o 12

19 J=2 " cos® (6 — ¢)sin(0)d6 + [~ uc cos(6 — () sin(6)df
2 = _
i + [z cos®(8 — () sin(6)d6

cos(3¢+2mB)—2cos(3¢+7mB3)+2cos(3(—70)

- %
T 32
_gk—cos(?)( 27 B)+6cos(C+mpB)—6cos(¢—mfB)+ (1273 —127) sin(
T 32

. . J734 [~ cos* (6 ~ ()] sin(8)d8 + [ 75 cos*(8 — ) sin(6)d
3g — T .
S J§'z cos* (6 — () sin(8)dd

2 3 cos (M) — 5 cos (—QH—”) + 5 cos (J—”’)

T 240
2 —3 cos (2E72) + 20 cos (L278) — 60 cos (24472)
i 540
2 60 cos (£52) — 20 cos (24272) — 256 sin¢
i 940




s
2

w2, JZ " cos¥(8 — ¢ sin(6)d0 + [ 747 cos®(6 — ¢) sin(6)do
4q —
™

+ [z cos®(6 — ¢) sin(6)d

——EkQ cos(5¢+3708)—3cos(5¢+2n03)+3cos(5¢—270)

™ 32
_gk—2 cos(5¢—3703)+15cos (3¢ +2703) —30 cos(3( +7f)
T 32

2,30 cos(3¢(—7fB3)—15cos(3¢—27 ) +60 cos (¢ + 7 f)

k
7r 32
_gk—GOcos({—ﬂ,@)+(1207rﬁ—1207r) sin ¢
T 384
e = zk/ﬂ% (6 — ¢)sin(8)df
a = = _ﬂ%cos ¢) sin(#)

cos((+mfB) —cos(( —mB)+2n [ sin(
4

2 83
Iy = Zk / " cos*(6 — ¢) sin(6)d6

con (15352) - s (4652) + os (4552) - con (4429
12

2, (8%
Iq - = 3 _ .
2d 7rk /_ﬁ% cos®(0 — () sin(8)db

_ gkcos(3C+27rﬁ)—2cos(3C+7rﬁ)+2cos(3C—7rﬂ)

T 32
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q
ISd

q
I4d

+k

k—-cos(3§—27rﬁ)+6cos((+7r5)—6cos((—ﬂﬁ)+127r[>’ sin ¢
32

2
+_
n
—k / cost(8 — ¢) sin(6)do

2, 3 cos (24927) 5 cos (2522) + 5 cos (4527
4 240

Qk—3 cos (_4_!28 —on ) + 20 cos (J———‘* +23”B) — 60 cos (g;iﬂ)
s 240

2k60 cos (iﬁi@) — 20 cos (M)

—k/ cos®(6 — () sin(#)dh

2k2 cos(5¢+37B) —3cos(5¢+2n3)+3cos(5(— 27 3)
384

Zk—2 cos (5¢—37mB)+15cos (3¢ +273) — 30 cos (3¢ + 7 )
384

2k30 cos(3¢—7mB)—15cos (3¢ —27B) + 60 cos ({ +7f5)
384

2, —60cos(¢—nB)+ 120.7rﬂ sin ¢

T 384
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A.5 The coefficients I and I of Eqgs.(2.17) to (2.20) for the
case ( > 5(1—-p)

I, = =k (/_5% cos(0 — () cos(6)do + /{j cos(f — ¢) cos(9)d9>

s —_

[SE]

_ _ngin(<+7T/6) —sin((—7B3)+ (278 —27) cosC
™ 4

I, = zk </hﬁ% [— cos*(f — C)] cos(6)dd + /jl cos?(0 — ¢) COS(G)‘w)

sin (-ﬁ?’—”) + 3 sin (Jﬂ) + 3 sin (4_%_@> + sin (&:231_@)
12

= I )
x>

I, = 2 (/_B% cos*(8 — () cos(8)dh + /ﬂi cos*(6 — () cos(&)d@)

T _

[S1E]

_ _zksin(3g+27rﬂ)+2sin(3§+7r,8)—2 sin (3¢ — 7 5)
m 32

__Q_k—sm(3C 27 08)+6sin((+nB)—6sin(¢(—70)— (1278 —127) cos(
32

I§, = %k (/—ﬁ% [— cos*(0 — C)} cos(6)do + /ﬁi cos*(6 — ) cos(9)d0>

_x
2

zk3 sin (%4’5_7"_) ~+ 5 sin (_§+3_7r)21_05 sin (_Q 3%5) + 3 sin (8§—257rﬂ)
T

+zk20 sin (M) + 60 sin (J—Q)Q—;—OGO sin (—ﬁ—ﬁ) + 20 sin (M)
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Ifq = gk (/-ﬁ§ cos®(6 — ¢) cos(8)db + /ﬁi cos® (0 — ¢) COS(H)dH)

T \J-g

2.2sin(5¢(+3703)+3sin(b¢{+278)—3sin(5¢—270)

= I
7r 384
_gk—2 sin(6¢ —376)+15sin (3¢ + 27 B3) + 30 sin (3¢ + 7 3)
T 384

2 -30sin(3¢—7B)—15sin(3¢ —~27B)+60 sin (( + 7 3)

=y
T 384

_gk—ﬁ() sin(( — 7 8)+ (1207 3 — 120 7) cos(
T 384

) 2 8%
g = 2k / cos(8 — ¢) cos(8)do
e —ﬂ%

sin((+nfB) —sin(¢ —7B3)+27 8 cos(
4

Iy = zk(

™

/__:Jrc [_ cos®(6 — C)] cos(#)df + /_ﬁ:% c0s*(6 =) COS(O)dG)

2

2

QkSin (4—4%@) + 3 sin (3%@) + 3 sin (iﬁ_—’rﬁ) + sin (g%g) — 16 cos ¢

s 12
I = %k‘ (/_jﬂ cos®(8 — ¢) cos(8)db + /ﬂ% <cos?’(H - () cos(0)d0>
—B% -3+
_ gksin(3c+27rﬁ)+2 sin(3¢+7B)—2sin(3¢—70)
7 32
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+zk—sin(3§—27rﬂ)+6sin((+7r6)—631n(§—7r,6)—+—127rﬁ cos(
v 32

, %k (/_;?C [— cos‘*(ﬂ — C)] cos(6)dd + /—ﬁ;c cos*(f — ¢) cos(0)d9>

o 3 ein (9250 5 i (5452 5 i (55422)
Ut 240

ﬁz 3 sin (g_—;’r—ﬂ) + 20 sin (g%ﬁ) + 60 sin (g‘;Lﬂ)

v 240

T 240

2, 60 sin (£572) + 20 sin (45222) — 256 cos¢

;k (/—%+< cos®(8 — ¢) cos(#)db + /—ﬂ;ﬁ cos® (8 — ¢) cos(&)d&)

_ﬂlz"_

sz sin(6¢+37B)+3sin(5¢(+273)—3sin(5¢—273)
T 384

2 —2sin(5¢-37B)+15sin(3(+273)+30sin(3¢{+703)
T 384

2 —-30sin(3(—7P)—15sin(3¢ — 27 ) + 60 sin (¢ + 7 F)
+2k
m 384

T 384
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A.6 The coeflicients I}, and I}; of Egs.(2.23) to (2.26) for the
case ( > 7(1— )

I(I

0g

Iq

1g

Iq

2q

s

zk (/_55 cos(f — ¢) sin(6)dd + /j% cos(f — () sin(H)dH)

__2_kcos(§+7rﬂ) —cos((—nwB)+ (2708 —2n) sin(
T 4

%k ( / o [~ cos?(8 — ¢)] sin(6)d8 + /ﬂ : cos?(f — ¢) sin(o)de)

-
2

co (1552) - s (652) - con (152)

2 2
T 12

chos (44_23—“?) + 12 cos (%)
T 12

o

2k ( /_ % cos®(8 — ¢) sin(6)do + /ﬂ : cos* (6 — ¢) sin(o)d())

s
2

_2,c08(3¢+2mB)~2cos(3¢(+7H)+2cos(3(~—7p)

k
™ 32
_gk——cos(3§—27r[3)+6 cos (¢ + 7 ()
T 32

2 —6cos((—mB)+ (1273 —127) sin(
T 32

%k ( /_ 7 [ cos*(8 — ¢)] sin(6)ds + ’ cos*(6 — ¢) sin(9)d0>

B3
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g
I,

q
IOd ‘

q
Ild

I

3 cos (8—4+25—"5) ~ 9 cos (8—“23—”) — 5 cos (—L "23”)
240

2
T

2k3 cos (S_g;QEﬂ) + 20 cos (ﬁf—"ﬁ) — 60 cos (g;Lﬁ)
™ 240

Qk—GO cos (g;—ﬂﬁ) + 20 cos (4—4_23—7T’B) + 180 cos (%ﬁ)
T 240

zk (/__ﬂ% cos®(6 — () sin(8)d6 + /ﬂ%% cos® (8 — ¢) sin(B)dO)

[SIE]

_gk2 cos(5¢+3mB)—3cos(5¢+2mB)+3cos(5¢—27p)
s 384

2 —2cos(5¢—37103)+15cos(3¢C+2n3)—30cos(3¢+7P)
T 384

~—2—k30 cos(3¢ —mB)—15cos (3¢~ 27 3) + 60 cos (¢ + 7 )
T 384

2 —60cos(¢ —7B3)+ (120w 8 —1207) sin(
™ 384

2 8%
;k /_;% cos(f — ¢) sin(6)df

gkcos(c+7rﬂ)—cos(C—wﬂ)—i—?wB sin ¢
T 4

s

%k (/_;g:c [— cos?(f — C)] sin(0)d6 +

2 -5+

cos®(8 — ¢) sin(9)d9>
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q
IZd

q
IBd

2 COs (gf—”’) — 3 cos (éﬁ%ﬁ) — 3 cos (g—;”—ﬂ)

T 12

2kCOS (4—4-_23—"’5) — 16 sin ( + 12 cos (32—5)
m 12

= —k </;ﬁ+€ cos®(f — ¢) sin(0)dd + /_ﬂ:+< cos® (6 — () sin(@)d@)

m

2

_ gkcos(3c+27rﬁ)—2c05(3§+7rﬁ)+2(:os(3§—7rﬁ)
T 32

Qk—cos(3§~27rﬂ)+6(:os(§+7r6)
32

2 —6cos((—7mpB)+ 127 B sin(
+—k
T 32

= -2—k; (/_—;H[ cos*( — C)] sin( d€+/n)+< cos* (6 — ¢) sin(H)d&)

™ 2

92 3 cos (—gﬂﬁ) — 5 cos (%%ﬁ) - 5 cos (%;231'@)

T 240

2k3 cos (J——) +20 COSZ(;H—W) 60 cos (Jﬁﬁ)
™

2, —60 cos (£572) + 20 cos (44372) — 256 sin ¢ + 180 cos (=2)

T 240

m

= %k (/—Trc cos®(8 — () sin(6)df + /_ﬂ:ﬁ cos®(0 — () sin(0)d9>

2
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ng cos(5¢+37B)—3cos(5¢+2703)+3cos(5(—2mf)
T 384

2 —2cos(5¢—37pB)+15cos(3(+27B3)— 30 cos(3¢+70)
+2k
s 384

2. 30cos(3¢—7B3)—15cos (3¢ —273)+ 60 cos (¢ + 7 3)

—k
+7r 384

2 —60cos(¢(—7fB3)+ 1207 3 sin
+2k

s 384
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Appendix B

Proof of Eqgs.(3.1) and (3.2)

In Eq.(3.1), the synchronous reactance in the direct axis is given by the following

expression:

Qg0
Xy = —220_ (B.1)
\/gaqsc

According to the IEEE standards [27], the unsaturated synchronous reactance in the
direct axis is given by:

X, = (B.2)

9
Iscn

where V;, is the nominal terminal voltage per phase, and I, is the short-circuit
armature current which corresponds to the field excitation that produces V, on the
air-gap line.

If the field current which produces the nominal terminal voltage on the air-gap

line is I¢,, the slope of the air-gap line can be written as:

Va

Qdop = 7.
Ity
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The short-circuit current corresponding to the field current I, can be obtained

using the slope ag,. of the short-circuit curve as:
Idscn = adscIfn- (B4)
Using Eq.(B.3), Eq.(B.4) becomes:

Idscn = Ofdsc-[fn

= Ofdsc}/—n. (B5)

o
Thus, the expression of the direct-axis unsaturated synchronous reactance can sub-

sequently be written as:

Va

X du —
I dsen

Va

V;
Cgse a_:g

= Qo (B.6)
Qgse

If the terminal voltage is plotted using the line-to-line representation, the slope of

the direct-axis air-gap line has to be transformed in phase values and will become:

oL
Qdo = j;ﬁ : (B.7)

Thus, the unsaturated direct-axis synchronous reactance is expressed by:

aﬁO_L (B 8)
X = . .
¢ \/—gadsc
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Similar procedure can be applied to obtain the expression of the quadrature-axis

synchronous reactance:

L-L

Xoo = 2 (B.9)

\/gaqsc .
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