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ABSTRACT

This dissertation deals with a class of nonlinear wave equations of the type discovered by
R. Camassa and D. D. Holm which includes the Camassa-Holm, the Degasperis-Procesi,
and the two component Camassa-Holm equations. All these equations admit certain non-
smooth soliton-like solutions, called peakons as well as other non-smooth solutions like
cuspons. We apply the techniques of the theory of distributions of L. Schwartz to study
these solutions. In particular, every non-smooth traveling wave which is a distributional
solution of the two component Camassa-Holm equation is a distributional solution of the
Camassa-Holm equation if the set of points where the height of the wave equals its speed,
is of measure zero. This includes peakon or cuspon traveling wave solutions.

We also develop a suitable modification of the classical Lax pair formalism to deal
with singular solutions. We show that the Lax pair formalism can be extended to a
distributional weak Lax pair which is appropriate for dealing with the peakon solutions of

the Camassa-Holm equation.
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CHAPTER 1

INTRODUCTION

In 1936, S. L. Sobolev introduced the concepts of generalized functions and derivatives
to deal with non-smooth solutions of linear partial differential equations. In 1948, this
theory was generalized by L. Schwartz [21], who introduced the concept of distributions.
However, nonlinear operations cannot be easily performed on distributions. One of the
problems is that the product of distributions cannot be defined in general. One can nat-
urally define the product of a smooth function and a distribution but this product is not
associative [19]. Schwartz [20] proved that if an associative differential algebra (A, d, o)
contains the space D'(2) of distributions over an open set Q@ C R", then the operations
(0,0) in A cannot simultaneously be faithful extensions of the distributional derivatives

and the product of continuous functions.

The purpose of this thesis is to study two classes of distributional solutions, namely,
the traveling wave solutions and the peakon solutions of three nonlinear partial differential
equations namely, Camassa-Holm (CH) [2] (also see [31]), Degasperis-Procesi (DP) [6] and
the two-component Camassa-Holm (CH2) [12]. Given a fixed x € R, the first two are the

cases b = 2 and b = 3 of the following PDE respectively:

Ut — Uggt + (b+ Duty + Kug = bugugy + Ulggy, t>0, x €R,

u(0,z) = ug(z), z € R.



This equation can also be written as follows:
my + bmug + mgu = 0, (1.2)

where m = u — ugy + %/@.

The Camassa-Holm and the Degasperis-Procesi equations admit a type of non-smooth
solution (in the sense of distributions) that is called a multipeakon. A multipeakon is
a train of finitely many peaked interacting waves that regain their original shape after

interaction.

In general terms the main outcome of this dissertation is that the distributional so-
lutions, at least in the narrow sense developed here, provide a wealth of mathematical
connections with many areas of mathematics. We now present an outline of the content of
this dissertation.

In Chapter 2, we present general information about the three equations mentioned

above as well as the Korteweg de Vries equation
U + Upge + Ouu, =0, (1.3)

which was historically the first equation of this type studied. In particular, we present a
detailed derivation of the Camassa-Holm equation using variational methods applied to
Euler’s equation. We also discuss the so-called Lax formulation of these equations in terms
of an overdetermined system of linear equations with a spectral parameter. For example,
it is known that if b = 2 (the Camassa-Holm equation), then (1.2) is the compatibility

condition ¥ .t = Y4re, for the following system:

wxx = (i - Zm)%
(1.4)



A system of this type is called the Lax system.

In Chapter 3, we study the distributional traveling wave solutions of the two component
Camassa-Holm equation. The two component Camassa-Holm equation was introduced
recently by M. Chen, S. Liu and Y. Zhang [12] as a generalization of equation (1.2) for
b=2:

m¢ + 2muy + mgu — pp = 0,

pt + (pu)e = 0.

This equation has a potential application in image mapping. Indeed, D. Holm, A.
Trouve and L. Younes rederive this equation in their manuscript [25] which contains a result
that connects the process of metamorphosis in image matching to the physical concept of
order parameter in the theory of complex fluids.

To obtain the traveling wave solutions we set u = u(z — ct) and p = p(x — ct) where ¢

is the speed of the wave. Then, easy manipulations show that

—QC(UI _ u///) + e’ + 3(u2)/ + ((u/)Q)/ _ (u2)/// — (,02),,
(1.6)

—ep + (pu) =0,
where v/ is the derivative of u with respect to x — ct. These equations are valid in the
sense of distributions if u € H} (R) and p € L? (R). We generalize a result of J. Lenells
[9] about the location of non-smooth points of functions that are distributional solutions
of the Camassa-Holm equation. In our case, we show that if a non-smooth function u
is a distributional solution of the two component Camassa-Holm equation, then its non-
smooth points only appear when u is at the level of the speed ¢ of the wave. Also, we

prove that every non-smooth function u which is a distributional traveling wave solution

to the two component Camassa-Holm equation is in fact a distributional solution to the



Camassa-Holm equation provided that the set u~!(c) is of measure zero. An example of
a smooth solution of the two component Camassa-Holm equation which is not a solution
to the Camassa-Holm equation is presented in this chapter. Also, we present an example
of a non-smooth solution u to the two component Camassa-Holm equation, with u~*(c) of
non-zero measure, which is not a solution of the Camassa-Holm equation.

In Chapter 4, we review basic facts about yet another type of distributional solution,
namely, the peakon solutions of the equation (1.1). In order to produce multipeakon

solutions to equations (1.1) or (1.2) we consider m as a discrete measure [3] defined by

m=Y mj(t)dy, ),
j=1

where m; and x; are smooth functions of time. This leads to a possible solution of the

form
u:—ﬁ—f—lzn:m-e'x_mf'. (1.7)
b 2j:1 J

We show that u given by (1.7) is a distributional solution to (1.1) if and only if m; and z;

satisfy the following ODE:

By = =5+ 5 Sy mye
(1.8)

iy = 5(b—1) YLy mymiSgn(z; — ai)e” % v,
Further in this chapter, we introduce a notion of the weak Lax pair for the Camassa-
Holm equation, which we subsequently show is the right framework to study its multipeakon
solutions. It is shown that, given certain conditions, the compatibility condition for the

distributional system of equations

(3 — D2)y = zmy,
(1.9)

Dyp = —(£ +u)y + tugp, 2€C,



is equivalent to the system of ODEs given by (1.8) when b = 2 (the Camassa-Holm equa-

tion).

In Chapter 5, we review a surprising connection between the peakon solutions to the
Camassa-Holm equation and continued fractions. R. Beals, D. H. Sattinger and J. Szmigiel-
ski [22] investigated the connection between the peakon solutions to Camassa-Holm equa-
tion and the Stieltjes continued fractions. They used classical results of Stieltjes to obtain
explicit formulas for the peakon solutions of the Camassa-Holm equation. What follows is

a brief review of their work [22].

The transformation y = tanh(), turns the first equation of (1.4) into the following
equation:

Pyy = —29(Y) 9, (1.10)

where ¢ = (1 — y2)%¢, and ¢g(y) = (lfzg)g. On the other hand, it is known that small

vibrations u(y, t) of a string with mass density g(y) are described by uy, = g(y)us. Using
the separation of variables u(y,t) = ¢(y)7(t), we obtain the eigenvalue problem (1.10).
Therefore, if g(y) is a positive discrete measure, the eigenvalue problem (1.10), where
g(y) = >_7_1 gjdy,, with the initial conditions

¢(_17 Z) =0,
(1.11)

dy(—11,2) =1,
describes a discrete string consisting of point-masses at y; with masses g;, tied at the left
end [4]. Furthermore, if the distance between y;_1 and y; is denoted by I;, then the Weyl

function of the discrete string problem that is defined by

W(z) = 22 (1.12)



has the following continued fractions representation:

W(z) = . (1.13)

ln+1 +

ZYn +

In +

1

Y1 + —
I

In this chapter, we study the properties of the odd and even convergents of the Weyl

W(z)

function. Since —~ is analytic at oo, for z large enough we can write

o0

Wiz) _ Yy g (1.14)

z I+l '

j=0
Certain orthogonality conditions are reviewed and explicit formulas for the numerators and
the denominators of the convergents in terms of the ¢;s are given. Given the Weyl function
by (1.14) we show how to write W (z) in the form given in equation (1.13) and thus how

to recover the string data.

The dissertation concludes with two appendices:

e Appendix A (Functions of bounded variations, absolutely continuous functions)

e Appendix B (Basic statements about distributions)

All the results of Chapter 3 are new. The concept of the weak Lax form description
of multipeakons of the Camassa-Holm equation and its subsequent distributional imple-

mentation presented in Chapter 4 are new. The presentation of Chapter 2 was in the



literature. However, the statement and the proof of Theorem 2 is my own. The thesis is

self-contained.



CHAPTER 2

A TALE OF THREE EQUATIONS

2.1 Variational Derivation of the Camassa-Holm equation

2.1.1 Governing equations of water waves

The Camassa-Holm equation [2] (also see [31])
Up + Ky — Uggr + 3UU; = 2UgUgy + Ullgps, (2.1)

is a model for the unidirectional propagation of shallow water waves over a flat bottom,
with u(z,t) representing the water’s free surface, and x € R being a parameter related to
the critical shallow water speed. In what follows, this equation is derived by the application
of variational methods. We assume (see [8] and [15]) that water is moving in a domain with
a free surface given by z = hg + n(x,t) where hg > 0 represents the surface of stationary
water. The two-dimensional velocity of water is (u,0,v). Thus, no motion takes place in
the y direction. Furthermore, we suppose that the fluid is only affected by the acceleration
of gravity g and ignore the effects of surface tension. Since water is incompressible we
assume that the density p is a constant. Let us denote the pressure by p. Applying Euler’s

equation (see [16]), we have

Ut + Uty + VU, = _%p$7
(2.2)
V¢ + uvy + VU, = —%pz —g.



By the equation of mass conservation [16] we have
Ug + v, = 0. (2.3)
The kinematic boundary conditions [16] are

v=m+un, on z=hy+n(zt),
(2.4)

v=0 on z=0.
The dynamic boundary condition [16] states that the pressure on the free surface is equal

to the constant atmospheric pressure pyg. Thus, we have
p=po on z=hy+n(x,t). (2.5)

We non-dimensionalize these equations using the undisturbed depth of water hg as the
vertical length scale, a typical wavelength A as a horizontal scale and a typical amplitude

of the wave a relative to the undisturbed surface of water. An appropriate scale for the

horizontal velocity is v/ghg. Consequently, the time scale will be —2— and the scale for

Vgho

vertical velocity will be

hovgho V/\gho. Thus, we have defined the non-dimensional variables

T Ax, zvw hpz, nr—an, t— A t
) 0~ 3 )
v gho (
2.6)
hov/gho

u+— \/ghou, vm— fv.

Note that the above notation simply means z is replaced by Ax, so that afterwards, the
symbol x represents the non-dimensional variable. Also, it follows that we have the non-

dimensional variables
gh} Vgho
Vvta Uy F— )\ Uy,

hov/gho _ Vgho vghov

N2 Vg, Uy ho Uyy Vy+— b\ z-

gho
Ut'_>7/\ Ug, UVt

(2.7)

Vg
Now, we define the non-dimensional pressure. Consider the stationary water, that is,

u = v = 0. Then, the first equation of (2.2) implies that p only depends on z and



consequently, using the second equation of (2.2) we obtain the hydrostatic pressure at the
depth z as follows:

p = po + pgho — pgz. (2.8)
So, the hydrostatic pressure in terms of the non-dimensional variable z (by abuse of nota-
tion) would be

p =po+ pgho(l — ). (2.9)
We define the non-dimensional pressure by adding the hydrostatic pressure in (2.9) to the

non-dimensional variable p — pghgp. Thus, we have

p — po + pgho(1 — 2) + pghop, (2.10)
pgho
Pz T Pas Pz —pg PP (2.11)

Note that, adding the hydrostatic pressure simplifies our equations more efficiently be-
cause it removes the term —g from the second equation of (2.2). In fact, using the non-
dimensional variables, we obtain

Ut + Uy + VU = — Py,

52(vt + vy + vvy) = —ps, (2.12)

Uy + v, =0,

where § = %. On the surface of water, we have

v=e(mp+un,) and p=en on z=1+en(x,t), (2.13)
where € = h%, while on the bottom,
v=0 on z=0. (2.14)
Now, using the re-scaling
prep,  (u,v) — €(u,v), (2.15)

10



we get
up + e(uug 4+ vuy) = —pa,
6% (vt + e(uvg +vv,)) = —p.,
Up + v, =0, (2.16)
v=mn+eun, and p=n on z=1+en(x,t),

v=0 on z=0.

Furthermore, to remove 8, we introduce the variables

:1:b—>\jg, t'—>\§€, v'—>\f. (2.17)
Thus, the second equation changes to
e(vt + e(uv, + vvz)) = —p,.
Thus, the form of the governing equations of water waves is:
up + e(uug + vuz) = —p,
e(ve + e(uvy 4+ vv2)) = —p.,
Uy + v, =0, (2.18)
v=mn+eun, and p=n on z=1+en(x,t),
v=0 on z=0.
For waves of small amplitude, that is, when ¢ — 0, we have
ut +pz =0,
pz =0,
Uy + v, =0, (2.19)



Since, p, = 0, then p does not depend on z. Consequently, since p = n(z,t) on z = 1, then

p =n(x,t) for any 0 < z < 1. Thus, using u; + p, = 0, we get

u = —/nz(:n,t)dt + Fl(x, z), (2.20)

where F(z,z) is an arbitrary function which only depends on z and z. Hence, we have

Uy = — /nm(x,t)dt + Fo(z, 2).
Therefore, by u, + v, = 0, and the boundary condition v = 0 on z = 0, we have
v = z/nm(x,t)dt —G(x,2) + G(x,0), (2.21)
where G, (z,2) = Fy(z,2). Now, since v =1, on z = 1, we have

ne = / e, £)dt — G, 1) + G (a, 0).

Hence,
Nt = Naz- (2.22)
Equation (2.22) is the well-known wave equation 7 = ¢?n,, with ¢ = 1. So, the general
solution of (2.22) is
n(z,t) = flz —t) +g(z + 1),
where f and g are in C%(R). Now, let us restrict the problem to the waves which propagate

in only one direction n(z,t) = f(x —t). Then, by (2.20), we have
u=mn+F(z,z2),
and by (2.21), we get
v=—zn, — G(z,2) + G(z,0).

Thus, the boundary condition v = 7; on z = 1, implies that G(x,1) = G(z,0). So, we see
that the time evolution of u and v in the shallow water problem is entirely determined by

12



the evolution of the function n(z,t) which represents the displacement of the free surface

from the undisturbed state.

If the fluid is irrotational, the vorticity is zero, that is v, — v, = 0. If we non-
dimensionalize this equation by (2.7), we obtain u, = §%v,. We re-scale again, using
(2.17) to get u, = ev,. This shows that, for small amplitude waves, that is, ¢ — 0, we have

u, = 0. Hence, (2.20) and (2.21) will be replaced by

u= —/nx(m,t)dt + F(z), (2.23)
and
V= —2Uuy = z</ Naz (2, t)dt — f’(x)). (2.24)

Note that, to get the second equation we have also used the boundary condition that v = 0

whenever z = 0. Now, since v =17, on z = 1, we have

= /nm(x,t)dt ~ F(a).
Thus, i = Nge- Again, we consider the traveling wave n(z,t) = f(z — t) as a solution.
Then, (2.23) and (2.24) imply that

u=n+F(x), v=—z(n+F(z)).

Since, v = n; on z = 1 then F'(x) = 0. Thus, F(z) is a constant. Hence, for the case of

irrotational fluid we have the following solution:
n(z,t) = f(r—1t), wu=n+cy, v=—2n, (2.25)

where ¢ is a constant. The equation u = 7 + ¢g implies that if the surface of water is
undisturbed then every particle of water moves at the speed of cyg. We are going to use

this fact in the next section.

13



2.1.2 Variational computations

This section is primarily based on a paper of A. Constantin [8]. In Lagrangian formalism
the motion of a fluid is described by a family of time-dependent diffeomorphisms (¢, -) on
the ambient space M (see [1]). Since v = n; on z = 1, every particle on the free surface
of water does not leave the surface, so we can let M be a one-dimensional space. For the
sake of presentation we assume M = S, the unit circle. The material velocity is defined by
~i(t, z), while the spatial velocity is given by w(t, X) = v(z,t), where X = ~(¢,x), that

is, w(t,") =y oyt

In terms of w, we have the Eulerian description, while in terms of
v+ we have the Lagrangian description of the motion. Let D be the Lie group of smooth
orientation-preserving diffeomorphisms of S (see [30] for results specific to the Camassa-
Holm equation). In Lagrangian description, the equation of motion is the equation satisfied
by a critical point of a certain functional (called the action) defined on all paths {~(t,-),0 <
t < T} in D, having fixed endpoints. Applying equation (2.25) and using the fact that

v = —u, on the surface of water where z = 1, we can approximately (¢ — 0) compute the

kinetic energy on the surface over one period as follows:

1 1
K=— /(u2 + v?)dz ~ 3 /(u2 + u2)dx (2.26)

2 Js S

to this order of approximation. Note that if we replace (¢,-) by (t,-) o ¥(-), for a fixed

time independent v € D, then the spatial velocity is unchanged. To see this we write

(v(t, ) 0 (), 0 (Yt ) 0w (4) T =, 0w () 0T () oy Tt ) = oy (2.27)
For small surface elevations the potential energy is negligible, so K is transformed to a
right-invariant Lagrangian. Hence, the action on a path «(t,-) € D where t € [0,7T], is
given by

T
a= ;/0 /S{(% © 7_1)2 + (aa:(’}’t ° 7_1))2}dxdt. (2.28)

14



Suppose that a path ~(t,-), t € [0,T], parameterized by the arc length is a critical point

of the action a in the space of paths with fixed endpoints. Then we have

d
a3+ €6)le=o = 0, (2.29)
€

for every path ¢(t,-), t € [0,T], with fixed endpoints at zero, that is, ¢(0,-) = 0= ¢(T,-).

So, v + €¢ is a small variation of v in D. Thus, from (2.28) and (2.29), we have

T d
| [terer i+ o -+ o) Mmo
0o Js €

+ Oyt 0 v‘l)i[ﬁx (v + edr) o (7 + €6) ™) ]|emo tdxdt = 0. (2.30)

de
Lemma 1.
d -1 poy!
il —p = —————. 2.31
el e) Mo =~ (231)
Proof. Set m(e) = (v + ¢¢)~L. We have
I =(y+ep)om(e) =~om(e) + epom(e).
Taking the derivative of this equation with respect to €, we get
d d
0= (% ) m(e))im(e) +pom(e) + e(qﬁx o m(e)) %m(e)
Setting € = 0, we have
_1, @ -1
(v oy ) gomle)le=o +Poy™ =0.
Hence,
d -1 _ ¢oq!
ot en) o= -2
O
Lemma 2.
-1
1y _ Ntz O
Op(yroy ) = 7%3 e (2.32)

15



Proof. We know that

Therefore, we have

Ox(vtoy )= (w0 )833(7_1) = 7;:5;/71 :
O]
Lemma 3.
d
Tt ed)o(y+e) lemo=dror = (poy NAh(nor ). (233)
Proof. We can write
d d
Zluted)o(v+ed) Mmoo = —lno(v+ed) " +egio(y+ed) o
d
= (e o ) (y+€8) o + g0
o1
= (Y © 7_1)(2 077,1) +¢ron!
=groy ' —(poy de(yor ).
O
Lemma 4.
O(poy ™) =dror "+ (pz0y NIy
(2.34)

=¢roy ' — (o Nu(dor).

Proof. The first equation is obtained by the application of the chain rule to a function of
the type f(t,g(t)), that is,

d _9f  Ofdyg
@f(t,g(t)) =5t 39 dt

To prove the second equation, we note that
-1
1\ -1 1\ Gz 0y
Or(@poy ") =(¢z0y )0z(v7) = npoy 1

16



1

On the other hand, taking the derivative of yo~y™" = I with respect to ¢ and applying the

chain rule similar to the first equation, we obtain
Yoy + (oA =0.
Thus, the Lemma follows. O

Lemma 5.

L+ <du) 0 (14 ) lemo

=0i(pov )+ (rov oe(por™!) = (poy )0u(voy™h). (2.35)

Proof. Combining (2.33) and (2.34), we can write

d
@[(% +ep)o(v+ed) lemo=dror = (ory NIu(poy )

=0(poy )+ (mov )ou(por™!) = (poy )0u(voy™h). (2.36)
O

Lemma 6.

%[ax((% +egr) o (v+ed))]e=o

= O(¢pon™ )+ (o NG ™) = (9o HIR(v oy ™). (2:37)
Proof. 1t follows from the previous Lemma. O

Theorem 1. In a periodic irrotational unidirectional shallow water flow, the motion of
a particle is the critical point of the action given by (2.28) if and only if the horizontal

velocity component u(x,t) satisfies the Camassa-Holm equation (2.1) with k = 0.

Proof. We denote 7; oy~ by w. Thus, from (2.30), (2.35) and (2.37) it follows that

17



T
/0 /S {ud($ o) + udn(B o) — (b o Vug]
+ U [Opz (P 0y +Fud?(doy™) — (¢ oy Vugs]}dadt = 0. (2.38)

Since ¢ has its endpoints at zero and u is a smooth periodic function, integration by parts
yields

T
—/ /(qﬁ o 7_1)[ut — Utzy + Ul — 2Uglyy — Ulgyy]dadt = 0. (2.39)
0 S

This completes the proof. ]

Theorem 2. In a periodic irrotational unidirectional shallow water flow, the displacement
of the free surface of water, denoted by n(x,t), (v being measured in a coordinate system
moving horizontally at the speed of cy) satisfies the Camassa-Holm equation (2.1) with

Kk = 2cg, where cq is the velocity of every particle when the water is undisturbed.

Proof. To avoid any ambiguity we rename the variables z and t in the Camassa-Holm

equation for the horizontal velocity. Thus, we can write
Ur — Uryy + SUUY — 2Uy Uy — Ullyyy = 0. (2.40)
Now consider the Galilean transformation
T =X—CoT, t=r. (2.41)

Thus, we have

Uy = —CoUy + Uy, Uy = Usg. (2.42)
Now, substituting these into the Camassa-Holm equation, we obtain
—Colg + Ut + CoUgzr — Utzz + SUUy — 2UpUpy — Ulgrr = 0. (2.43)
substituting u = 1 + ¢o from the equation (2.25) we obtain

Mt — Nxz + 2C0Nz + 3Mz — 2N2Naz — Mzazz = 0.
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Remark. The first derivation of the Camassa-Holm equation in the group context was
done by G. Misiolek [30] who used a one dimensional extension of the group of diffeomor-

phisms.

2.2 The Lax pair perspective

P. D. Lax [26] introduced a method of solving the KdV equation which is a generalization
of the inverse scattering method and it can be applied to solve other partial differential

equations. Consider the following system of equations:

Lo = z¢,
(2.44)

¢t = A¢7

where L is an operator, z is a spectral parameter and A describes the time evolution of
the eigenfunction ¢. Taking the partial derivative of the first equation in terms of ¢ and

applying the operator L to the second equations, we obtain

Lip+ Loy = %0 + z¢y,

Loy = LAg.
Also, we have

z2¢y = zAp = Az¢p = AL¢.
Thus, we have
(Ly+ LA — AL)p = 2.
Hence, in order to get nontrivial eigenfunctions, we must have Ly + LA — AL = 0 if and
only if the spectral parameter z is independent of time. The equation
Ly —[A, L] =0, (2.45)
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where [A, L] = AL — LA, is called the Lax equation.

2.2.1 Formal pseudodifferential symbols and the KdV equation

In general, there is no method of finding a Lax pair for a given nonlinear partial differ-
ential equation. However, starting with the operator L, one can try to construct a class
of operators like A such that the Lax equation produces a nonlinear partial differential
equation for every operator A in the class. In what follows, we will try to find a method
to calculate A with respect to a given L, so that the Lax pair formula can produce KdV

and other similar equations [27]. First, we prove the following:

Lemma 7. The KdV equation u; — 6uu, + Uzze = 0 is equivalent to the Lax pair equation

%L =[A,L]=AL—- LA, (2.46)
where
L=-D*+u,
(2.47)
A= —4D3 + 3(uD + Du),
where D = 0/0x.
Proof. We compute both AL and LA as follows:
AL = (=4D? + 3(uD + Du))(—D? + u)
= 4D° — 4(Upgy + 3uzeD + 3uy,D? + uD?)
(2.48)

— 3uD? + 3u(uy + uD) — 3(uy D* + uD?) + 3(2uu, + u>D)
=4D% — dugyy — 1203, D — 15u, D? — 10uD? + Yuu, + 6u>D.
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LA = (—D?+u)(—4D? + 3(uD + Du))

= 4D° — 3(uge D 4 2u; D* + uD?) — 3(Ugay + 3tze D + 3uyzD? + uD?)

(2.49)
— 4uD? + 3(u*D + uu, + u?D)
= 4D° — 12u4e D — 15u, D* — 10uD? — 3ty + 6u?D + 3uu,.
Thus, the assertion follows. ]

We call the highest power of D in every operator, the order of the operator. Since
ord(L) = 2 and ord(%L)zo, we should look for a polynomial operator A such that

ord(([A, L]) = 0.
Definition 1. A pseudodifferential symbol M is given by

M = Z ai(z) D', (2.50)
where each a; : R — C is a smooth function of x and ¢, and n is an integer.

The product of pseudodifferential symbols can be naturally defined using the combina-

tion of the usual Leibniz Rule and
oo
Dflf — Z(_l)kf(k)DflJrk
k=0
Let My denote the part of M which has no negative power of D. Also, set

M_=M— M,

Lemma 8. If a pseudodifferential symbol M commutes with L, then
ord([M4, L)) = 0.

Moreover [My, L] = a(x), where a(x) is a smooth function.
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Proof. Suppose ord(M) > 0 and [M, L] = 0. Then we have [My, L] = —[M_, L]. There-
fore,

ord([M4+, L]) < ord(M-) +ord(L) —1<0.

On the other hand, since M, has no terms with a negative power of D, then
ord([M4, L)) > 0.
Hence, ord([M4, L]) = 0. O

Lemma 9. Set L = —D? 4+ u and suppose u is a smooth function. There exists a unique

pseudodifferential symbol K, such that K - K = L.

Proof. 1t is obvious that ord(K) = 1 and the highest order term is of the form ¢D, where

i> = —1. Thus, we can write

0
K= > an(z)D"+iD.

n=—oo

We proceed by induction on the order of terms. So, by induction hypothesis we assume

that the coefficients a,(x) for —k < n < 0 are all determined uniquely. Set

1

Py = Z an(x)D".

n=—=k
We write
—k—2 —k—2
< > an(x)D”+a_k_1(:U)D_k_1+P_k>< > an(:x)D”+a_k_1(:n)D_k_1+P_k> = L.
n=-—oo n=—oo

we observe that in the above product, the only contributions to a term of order —k can

appear in the following products
a,k,l(:c)D*kflP,k, P,ka,kleikfl, P_.P_;.

Since P_g is known by induction hypothesis, then we can uniquely determine the coefficient
a_j_1. L]

22



Proposition 1. For every positive integer k, [Li/Q,L] s a smooth function.

Proof. For every positive integer k we have [Lk/ 2 L] = 0. Therefore, by Lemma 8,

ord([L¥?, I]) = 0. O
Now, let us try £k = 1. We have
[LY% L] = —iD? + i(ug + uD) + iD? — iuD = iu,.
Thus, the Lax pair formula becomes
Uy = Uyg.
For k = 3, we have

L3 =L - LV?* =i(~D* +u)(D+ag+a_1D ' +a_osD 2 +...).

So in order to compute ¥ 2, we only need to know ag, a_; and a_y. We write
Jr

(D4+ag+a_ 1D +a oD%+ )(D4ay+a_ D' +a oD% 4...)=—L.
The contribution to the term of order 1 only appears in the product
Dag + agD = afy, + 2a¢D.

Thus, ag = 0. Therefore, the contribution to the term of order 0 appears only in the
product

Da_ D '+a 1 D'D=d D' 42a_;.

So, a_g = —3. Finally, for the contributions to the term of order —1 we need to consider

the term m’_lD_1 and the product

Da_sD 2+ a_oD_9D 2D =4d D2+ 2a_yD "
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/ .
Thus, we must have 2a_» + a’_; = 0. Therefore, a_y = 4. Hence, we write

/
L2 = L L2 = i(=D* +u)(D = 5D~ + D24 )

u o o o u"
:'7D3 7D / 7D—17777D—177D—2
i( +2 +u + 5 1 5 1
2 !
+uD— D7 4 D ),

Hence,

3 3
Li/2 =i(=D?+ ZuD + =u))
. 2 4 (2.51)
- %(_41)3 +3(uD + Du)).

Thus, the Lax pair formula with A = —42’Li/ ? becomes the KAV equation.

2.2.2 Lax pair representations of the Camassa-Holm, the two component

Camassa-Holm and the Degasperis-Procesi equations

Suppose u and m are smooth functions of x and ¢. Consider the operators

L(Z):D2+zm—%, A(z):—(Qi+u)D+“2i, z € C. (2.52)
z

Proposition 2. u(x,t) satisfies the Camassa-Holm equation (2.1) with £ = 0 if and only

if

0
5,L(2) = [A(2). L(2)] - 2u: L(2), (2.53)

for at least two distinct values of z.

Proof. We compute AL and LA.

1

1 1 1
AL = —(— +u)D? — (= + zu)(mgy + mD) + ~(=— +u)D
2z 2 4 2z
(2.54)
Uy o ZUyM Uy
—D - —.
+ 2 + 2 8
2 1 3 1 2
LA = —(umD +2u,D*+ (— +u)D ) + — (Upgr + 2Uze D + uyp D7)
2z 2
(2.55)
1 zmu, 1,1 Uy
—zm(£+u)D+ 5 +Z(%+U)D_§'



Thus, the equation (2.53) is equivalent to

1
z(my + umg + 2uym) + §(mx — Uy + Uggzy) = 0. (2.56)

To obtain the two component Camassa-Holm equation, we need to modify the operator

L. Thus, we set

Li(z) = L(z) — 2*p*, z€C, (2.57)

where p is a smooth function of x and t¢.
Proposition 3. u(z,t) and p(x,t) satisfy the two component Camassa-Holm equation

me + 2muy, + mzu — ppy = 0,
pu+ (pu)e =0, (2.58)

My = Uy — Ugzx,

if and only if

;Ll (z) = [A, L1(2)] — 2u,L1(2), (2.59)

for at least three distinct values of z.

Proof. From equation (2.59) we have
z
Ly — 2%(p%) = [A, L] — 2u, L + 5(,02)95 + 22u(p?)y + 22%ugp?.

Hence,

1 1

O
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The Lax pair operators for the Degasperis-Procesi equation are given by (see [17])
3 1 2 1
L(z)=D—-D°—zm, A(z)=—-D*—uD+ (uy + —). (2.60)
z z
Proposition 4. u(x,t) satisfies the Degasperis-Procesi equation

me + 3mug, + myu = 0,

(2.61)
My = Uy — Ugzz,
if and only if
0
5 1(2) = [A(2), L(2)] = 3us L(2), (2.62)
for at least one nonzero value of z.
Proof. We have
Ls, 1.5 2
z z
—uD? +uD* + zu(my +mD)
1 1,
+ (ug + ;)D — (ug + ;)D —m(zuy + 1),
LA = —;D — (ugD + uD?) + ugy + (ug + ;)D
1
+ =D° 4 (Ugee D + 3uge D? + 3u, D3 + uD*?)
z
2 L3
_ (umm + BUggr D + 3ugs D + (ug + ;)D )
+mD? + zumD — m(zu, + 1).
Thus,
[A, L] — 3uyL = 2(my — Uy + Uggr)D + Mgy — Ugy + Uggwr + 2(wmy + 3uzm).
Hence, the assertion follows. O
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CHAPTER 3
TRAVELING WAVE SOLUTIONS TO THE TWO COMPONENT

CAMASSA-HOLM EQUATION

R. Camassa and D. Holm [2] discovered that the equation (2.1) has non-smooth solitary
waves that retain their individual characteristics after the interaction and eventually emerge
with their original shapes and speeds. They called these solutions multipeakons. The
simplest of them has the form of a traveling wave. The traveling wave solutions of the
Camassa-Holm equation have been subsequently classified by J. Lenells [9]. An alternative,

and useful for generalizations form of this equation is
my + umg + 2mu, = 0, (3.1)

where m = u — ugy + %/{.

One such generalization has been introduced by M. Chen, S. Liu and Y. Zhang [12]:

m¢ + umg + 2mu, — ppz = 0,
(3.2)
pt + (pu)z = 0.
The traveling wave solutions are obtained by setting u = u(x — ¢t) and p = p(x — ct). In
this case, easy manipulations show that (3.2) can be written as follows
—QC(UI o u///) 4 2/<cu/ 4 3(u2)/ 4 ((u/)Q)/ _ (u2)/// — (/32)/,

—cp' + (pu)’ = 0.
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These equations are valid in the sense of distributions, if u € H} (R) and p € L2 (R).

loc

Indeed, for a given function p, if (p?)’ € D'(R), then p € L? (R).
Since every distribution has a primitive which is a distribution (see [18]), we can inte-

grate and then rewrite

(v?)" = (v')* +p(v) — p?,
(3.4)

pv = Bj.

where v = u — ¢ and p(v) = 3v? + (2k + 4c)v + K for some constants K and Bj.

Definition 2. A pair of functions (u, p) where v € H} (R) and p € L} (R), is called a

loc

traveling wave solution for (3.2) if u and p satisfy (3.4) in the sense of distributions.

The following Lemma is due to J. Lenells [9].

Lemma 10. Let p(v) be a polynomial with real coefficient. Assume that v € H} (R)
satisfies
(?)" = (V") ? +p(v) in D'(R). (3.5)
Then
oF e CIR)  for k>, (3.6)

In our case, we have the following generalization:

Lemma 11. Let p(v) be a polynomial with real coefficients. Assume that v € H. (R) and

pE satisfy the following system in :
L? (R fy the foll D'(R

loc

(v?)" = (V') + p(v) — p?,
(3.7)

pv = Bj.
Then

b e 7 (R)  for k> 20 and j > 0. (3.8)
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Proof. Since v € H. (R) and p € L} (R), (3.7) implies that (v?)” € L{ (R). Therefore,

(v?)" is absolutely continuous (see Appendix A) and v? € C*(R). Also, since v € H} (R),

then v is absolutely continuous and we can claim

(V) = g(vk_z(v2)/) for k> 3.

To see why the claim is true, we first note that in fact, it is obviously true if £ is an even
number. Also, note that since the first derivative of an absolutely continuous function
exists almost everywhere, in taking the first derivative of the product of two absolutely
continuous functions we can use the Leibniz Rule almost everywhere. Now, if k is an odd

number, let us say k = 2n + 1, then we can write

(Uk)/ — (U2n’l))/ — ,U(,UQH)/ + ,U/,U27L

_ U(’I’L’U2(n_1>)(’02)/ + 5(1]2)/,0271—1
k k—2(,.2\/
= B2
2
Thus, we have
(Uk)” _ g(vk—Z(UQ)/)/
— g((ka2)/(v2)/ + ka2(v2)//)

k
= k(k—2)0* 2 (") + §vk_2(z}2)" for k> 3.

Substituting from (3.7) we have

(h) = (k= 2020+ S 2 ()2 4 (o) — )

219 ) (3.9)
= k(k — g)yk*z(v’)Q + ikazp(v) — §Blvk*3p.

For k > 3 the right hand side of the above equation belongs to L}, (R). Therefore
oF e CY(R) for k> 2. (3.10)
Thus, the assertion holds for j = 1. We proceed by induction on j. Suppose

vkEijl(]R) for k>2"1 and j>2.
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Then for k > 27 we have

1 . i— 1 . i—
) 9j—1 (@) k—2i-1 ((k — 27~ 1h=2" " 1y)
(3.11)
1 i—1 oj—1 .
2-1(k — 2i-1) (v* )/(Uk ¥ e ¢ (R).

Also, we have v*~2p(v) € C771(R) and v*3p = ByvF~* € CJ72(R). Therefore the right
hand side of equation (3.9) belongs to C/~2?(R). Hence,
vF € CV(R) for k> 27
O

Remark. Lemma (11) implies that v’ is possibly discontinuous only at points where

v = 0. In fact, a much stronger result is true:

Corollary 1. If v € H} (R) and p € L} _(R) satisfy (3.7) in D’'(R), then

loc
ve C®(R\ v_l(()))
and
p€C®R\ v 0)).
Proof. Suppose k > 2. Then v* € C*(R). Therefore
kvl = (vF) € C(R).

This implies that v € C(R\ v~1(0)). Thus, v € C*(R\ v~1(0)).
Now, assume that v € C9(R\ v1(0)) for j > 1. For k > 277! we have v* € C/*1(R).
Therefore

kvk1y = (%) e CI(R).
This shows that v’ € C/(R\ v(0)). Hence, v € C/*1(R\ v~1(0)). Thus, u is in the
desired space. Now the statement for p follows from the second equation of (3.4). U
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Remark. Since v =u — ¢, Corollary (1) shows that u € C®(R\ u™!(c)).

Since R\ u~!(c) is an open set, we have

[e.9]

R\ u™"(e) = | J(as bi).

=1

So, u is smooth in every interval (a;, b;) where the following Lemma holds (below (a;, b;) =
(a,b)):

Lemma 12. Let (u,p) be a traveling wave solution to (3.2). Suppose w is smooth in the

interval (a,b). Then in the interval (a,b), u satisfies the following equation:
(u — ¢)*u* = P(u), (3.12)

where

P(u) = (u* + ku+ A)(u — ¢)? + C(u —¢) + B, (3.13)
and A, B and C are some constants.

Proof. Since both u and p are smooth in (a,b) we use standard calculus rules. By the first

equation of (3.4), we have
2(v)? + 200" = (V)2 + p(v) — p*.

Therefore,
()2 + 200" = p(v) — p*.

Multiplying by v" we have

Thus,



Hence,

Bv
v2’

(v(v/)2)/ = (3v* 4 (26 + 4c)v + K)o’ —
where B = B?.
Integration yields

v(v')2 =3+ (k+ 20)1}2 + Kv + g +C.
Now, multiplying this equation by v we get
v (v')? = (v* + (k + 2¢)v + K)v® + Cv + B.
Substituting v = u — ¢ and simplifying, we have
(u—c)*()? = (u® + ku+ A)(u — ¢)* + C(u —¢) + B,
for some constant A. O

Theorem 3. Suppose (u, p) is a non-smooth traveling wave solution to (3.2). If u='(c) is

a set of measure zero, then u is a solution to the Camassa-Holm equation.

Proof. Suppose £ € R\ u=!(c). Since, u=!(c) # @, there exists an n € u=!(c) such that
either £ > n or £ < n. Without loss of generality, assume that £ < 7. Let ny = inf{n €
u~t(c) 1 p > €}. Since u(c) is a closed set, 79 € u=(c). So, (£,m0) € R\ u~*(c). Thus,
we have proved that there exists an 7 € u~!(c) such that either (¢,7) € R\ u=!(c) or

P(u)

(n,€) C R\ u~(c). Now, consider the equation (3.12) and set F(u) = oz We claim

that B in (3.12) equals 0. Suppose B # 0. Since B = B?, we have B > 0. Then (3.13)

implies that
11

On the other hand, we have

u—c +0((u—0c)?) u—c
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Since u € C(R), for £ close enough to 7, integration yields

€l = 2%(u—c)2+(9((u—6)3) w— e (3.14)
Therefore,
— o) _ e
& —nl= \/E(“ )?!(1+0(u—-c) u—c
So,
€ =2 = J;ﬁlu—c! (1+0(u—¢) u—c
Thus,
|§_7]|é:\/21ﬁu—c|(1—|—(9(u—c)) u—c
Hence,
€ — |2 = \/;ﬁ!u—c\ +0((u-0? u—c
This implies that
(u=c)=0((€=n)?) €=
Therefore,
(u—c?=0(E-n) E—n
Thus, we have
u—cl=\2VBlg -z +OE~1) €. (3.15)

Hence,

= 77|_5—\/7|U -1 _ |f 77|)

C
= O(l) &E— .

So,

ju—¢ "t = ! E—n"z+0(1)  £—n. (3.16)

V2VB
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On the other hand, from (3.13) we have
W|=VBu-c +0(1) £—n. (3.17)

Now combining (3.17) and (3.16), we have

| = \\/g\i -0+ 0(1)  €-n. (3.18)

Hence, u' ¢ L? (R). This contradiction shows that B = 0. Therefore, the second equation

loc

of (3.4) implies that p = 0 almost everywhere. O

Now, we provide an example of a smooth solution of (3.2) that is not a solution of

Camassa-Holm equation.

Example. Let P(u) be as in the previous Theorem. Observe that P(u) = (u—G)?(u—
L)? if and only if

k=2(c—(L+Q)),

A=2ck -2+ (L+G)?*+2LG,

(3.19)
C =2cA — kc®> —2LG(L + G),
B =Cc— Ac® + L*>G?.
Suppose |u| < 1 and ¢ > 1. Therefore, if G = —1 and L = 1, integration yields
(1 —u)t (1 +u)tte = 2(6-%0), (3.20)

Let us say ¢ = 2 and £y = 0. We observe that the equation

(1+u)?’ %

1—w ’

provides a smooth solution of (3.2) which is not a solution of Camassa-Holm equation. See

figure 3.1.
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Figure 3.1: (u on the left and p on the right) A smooth solution of (3.2)
which is not a solution of Camassa-Holm equation.

The following Lemma provides necessary and sufficient conditions for a piecewise smooth

function to be a distributional solution to (3.2).

Lemma 13. Suppose u is a piecewise smooth function. The pair (u,p) is a distributional
solution to (3.2) in the sense of definition 2 if and only if all of the following conditions
hold:

1. we H. (R) and p € L2, (R).

2. (u—c)? e W2 (R).

3. w and p satisfy the equation (3.4) locally with the same constant K on every interval

where u 18 smooth.

Proof. The part (=) is easy. For the converse (<), we note that since (u—c)? € I/Vli’cl (R),
then ((u — ¢)?)’ is absolutely continuous and has no jumps. Therefore, ((u — ¢)?)” defines
a regular distribution [18] .Thus, every term in the equation (3.4) can be represented by
an integral that defines a distribution on the space of test functions and we are allowed to
write each integral as a finite sum of integrals over local intervals and use condition 3 to

prove that v and p satisfy (3.4) in the sense of distributions. O

Remark. We note that if the measure of u~!(c) is not zero, then the equation (3.4)

implies that p? = K on u~!(c). However in the Camassa-Holm equation if the measure
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of u~!(c) is not zero, then K = 0 because p = 0. This implies that solutions of the form

given in the following example cannot arise from the Camassa-Holm equation.

Example. Set x = 0. The pair of functions (u, p) given by

cel =1l if Jz) > 1,

c if |z| <1,
c if |z| <1,
p(x) =
0 if |x|>1,

is a solution to (3.2) but w is not a solution of Camassa-Holm equation. To see this, observe
that the left hand side derivative of u at —1 and the right hand side derivative of u at 1
are non-zero and finite in contrast with the Camassa-Holm equation for which Lenells [9]
showed that if the measure of u~!(c) is not zero, then these limits cannot be finite. See

figure 3.2.

2.0
1.5+
1.0

0.5

0.0
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TTTTT T
-5.0 -25 0.0 25 5.0

Figure 3.2: u(z) is a solution of (3.2) but it is not a solution of Camassa-
Holm equation.
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Definition 3. Suppose f is a continuous function on R.

1. We say f has a peak at x if f is smooth locally on both sides of z and

0% lim f(y) =~ lim f'(y) # +oc.

Yy—x Yy—x—

Traveling wave solutions of (3.2) with peaks are called peakons.

2. We say f has a cusp at z if f is smooth locally on both sides of z and

lim f'(y) =— lim f'(y) = +oo.

y—at y—x~

Traveling wave solutions of (3.2) with cusps are called cuspons.
3. We say that f has a stump if there is an interval [a,b] on which f is a constant and f

is smooth locally to the left of a and to the right of b and

0# lim f'(z)=— lim f'(z).

T—a~ z—bt

Traveling wave solutions of (3.2) with stumps are called stumpons. Note that, in the

definition of a stump the limits can be either finite or infinite.

Theorem 3 limits the existence of new distributional peakon or cuspon solutions to the

(3.2).

Corollary 2. Every peakon or cuspon traveling wave solution to (3.2) is a traveling wave

solution to the Camassa-Holm equation.

Finally we would like to comment on the peaked solution reported in [12]. For reasons
explained below, that solution is not a distributional solution. First, we note that by

Corollary (1) the non-smooth points of a distributional solution u can only appear when
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u = c¢. Also, Lemma (11) shows that if (u,p) is a traveling wave solution to (3.2), then

(u —c)? € CY(R). Now, consider the peaked function (see [12])

u=x+Vx%—c, P:\/—CK1(1+ §+2), X = —(c+ Ky) cosh(z — ct) + K7,

where Ki = —%/{, K; < 0and ¢ > |Ki| > 0. Away from it’s non-smooth point, wu is
a solution to (3.2). However, it is clear that u is not smooth at £ = 0 and u(0) = —c.

Furthermore, (u — c)? ¢ C'(R) because

lim ((u— 0)2)/ — lim ((u— 0)2)/ = —8c/c(c+ K7),

§—07 §—0~

where £ = x — c¢t. Therefore, u is not a distributional solution to (3.2) even though it

superficially looks like a peakon solution (see figure 3.3).

0.0 2.75]

] 2.5
-0.5] ]
2.25]
-1.0{ ]
] 2.0

-15 1.759

159

72'07\\\\ T
L e e e e B L
-10 -5 0 5 10 -10 -5 0 5 10

Figure 3.3: (u on the left and p on the right) This pair is not a distributional
traveling wave solution of (3.2). ¢ =2 and K; = —1.
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CHAPTER 4

PEAKONS AND THE LAX PAIR

4.1 Multipeakons

Recall the equation

Up — Ugzt + (b4 Duuy + Kugp = bugyy + Uiy, t>0 xz€R
(4.1)

u(0, ) = up(x) zeR.
This is the Camassa-Holm equation if b = 2, and the Degasperis-Procesi equation if b = 3.

We can rewrite (4.1) in the following form:
m¢ + bmug + mgu = 0, (4.2)
where m = u — Uy, + $k. The equation (4.1) can also be written in the following form:
2(up — Uggr) + (b+ 1) (u?)g + 26ty = (u?)ze + (b — 3)(u)s. (4.3)

For what follows, the equation (4.3) allows us to define distributional solutions to (4.1).
Suppose u(t,z) is a t-dependent family of functions in H} (R) where ¢ € [0,T]. Then for
every t in [0,7], u, uz, u? and u2 are distributions. Also, observe that if b = 3, one only

needs to have u(t,z) in L2 (R).

Definition 4. Consider the map (0,7) Lop (R) (see Appendix B for notation). The

derivative D, f (if it exists) is defined as follows:

(Duf,6) = lim (i +b) — £(0), ), (14)
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for every ¢ € D(R).

Using the theorem of completeness of distributions (see Appendix B), we see that Dy f
defined above, is indeed a distribution in D'(R). Now, we rewrite equation (4.3) in the

following form:
2D;(1 — DHu + (b4 1)Dy(u?) + 26Dyu = D3 (u?) + (b — 3)Dy(Dyu)?. (4.5)

where D, is the distributional derivative of u, D; is the derivative in the sense of equation
(4.4) and u, is the weak derivative of u with respect to x. Now, we are ready to present

the definition of a distributional solution to (4.1).

Definition 5. Suppose u € C! (O,T; H}

L.(R)). Then u is called a distributional solution

of (4.1) if it satisfies (4.5) in the sense of distributions.

Lemma 14. D, in the sense of equation (4.4) commutes with D, in the sense of distribu-

tions.

Proof. Consider the map (0,7) ENY)Y (R) and let ¢ be a compactly supported C* function.

By the definition of the derivative of a distribution, we have

<D:thf7 ¢> = _<th7 (b:c>

On the other hand, using the equation (4.4), we have

(DuDLf, 6) = lim (DL f(t+ h) — Def (1), 6(2))

=1
h—0

= — lim %(f(tnL h) — f(t), ¢)

—0

= —(Dif, ba).
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It is well known that (4.1) admits multipeakon solutions. A multipeakon is a train of
interacting peakons that retain their original shapes after interaction. In order to obtain

multipeakon solutions to (4.1) we consider m as a discrete measure given by

K n
m=+ (1=D2u=>Y mi(t)s,,u), (4.6)
j=1

where m; € C*°(0,T"). This prompts a possible solution of the form

T o—s
u:_b+2;mje o=l (4.7)

This is a piecewise smooth and continuous function having its sharp edges at x;(t). For
convenience let us assume that z;(t) € C*°(0,T). In order to characterize such a solution

we need the following lemma:
Lemma 15. Suppose g(t) € C*°(R). Then

Dilgba,) = 46, — 9356 (48)
Proof. For every ¢ € D(R), we have

(Dlgba,), 8) = i 3-(9(0 + W) 010y — 9(0)0.,0 )

—0

= lim 7 (g(t + R)(a;(t + 1) — g(1)6 ;1))

—0

= (9o, 1)

= gé(x;) + 92¢x(25)

O]

Corollary 3. Suppose u is a piecewise smooth and continuous function which satisfies the

equation (4.6). Then we have

Di(1 = DY)u =Y (mi;6,, —m;z;d, ). (4.9)
Jj=1
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Proof. Immediately follows from the previous lemma. O

Definition 6. Suppose u(zx,t) is a piecewise continuous function with non-smooth edges

located at x;(t), j = 1,...,n. We define the distribution 9)'u as follows:

Tj+1 6mu

(O, ¢) = T (4.10)
jgo /xj ox

for every ¢ € D(R). Note that the integrals can be improper. We denote d,u, 92u and

8§u by ug, Uz and uyz, respectively.

Definition 7. Let f(z) be a continuous function for x € [a,b] \ {z¢}, where a < xg < b.

+ f(x) exist. We define the jump of f at z( as

Z—>CEO

Suppose both limm_%_ f(x) and lim

follows,

[f1(zo) = Tim_f(z) - lim f(z).

=] =Ty

We also define

(F)(w) = 5 (Jim_f(z) + lim_f(x).

T—T) T—T

Lemma 16. Suppose u(x,t) is a piecewise smooth function with non-smooth edges located

at zj(t), j=1,...,n. Then the following equality holds in the sense of distributions:

n m—1
Drw = 0Pu+ 3 3 [0ku] ()80, (4.11)
7=1 k=0

where 5&? = D30y,

Proof. We prove this by induction on m.

n

(Dot 8) = —(u, 62) = — | by dv = — o uby dz
/. >

n

=3~ ((utegn) — et - [ waoie)



Now, suppose

l\)

m—

Z@ u_am 1u+z m k—2)'
j=1 k::O

Then the proof we have just stated above, shows that

n m-— 2
u_amu+zam1 x](sx]-f-z mkl)
j=1 j=1 k:O
n m—1
=OPu+ Yy > [Ohu)(zy)olr Y.
j=1 k=0

O]

Proposition 5. If X is an open subset of R"™ and K is a compact subset of X, then there
exist a compactly supported C*° function ¢ on X, such that 0 < ¢ <1 and p =1 on a

neighborhood of K.
Proof. See [28]. O

Corollary 4. Suppose u(zx,t) and v(x,t) are piecewise smooth functions with possible

non-smooth edges located at x;(t), j=1,...,n. If

n m—1
u—v+ZZajk5m k—1)
k=0

j=1

then v = 07u and aji = [OFu](x;), for every j=1,...,n, k=0,...,m — 1.
Proof. Using Lemma (16), we have

v—a$u+z (ajn — [0Fu](z;)) 00—+ = 0.

Ty

So, for every ¢ with Support(¢) N {x1,...,x,} =0, we have
v—07u=0.

Therefore, away from the jumps v = 9'u. Now, choose a test function ¢ such that x; €

Support(¢), ¢(x) = 1 on a neighborhood of z; and zero elsewhere. Also x; ¢ Support(¢),
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for i # j. This implies that a;,,—1 = [u](x;). Choosing the test function (z—z;)™ 1= *¢(z),
we can show that for every k = 0,...,m — 1, a;;, = [0u](x;). Since j was arbitrary, the

proof is complete. O
Theorem 4. Suppose that u(x,t) is given by
b 24~
7=1

where mj, x; € C*°(0,T) and for every t € (0,T) we have

((I) 'Il(t) < .Ig(t), < xn(t)7

(b) m;(t) #0.
Then u is a solution to (4.1) if and only if the following system of ODEs holds:

Gy = =5+ 5 iy mae 1T, (412)
iy = 3(b— 1) Yy mymiSgn(a; — a)e 7l

Proof. We compute every term of the equation (4.5).

2D;(1 — D})u =2 f:(mjéwj — myE;o, ).
e
(b+1)Dy(u?) = (b + 1)(u?),.
26D (u) = 2Ky
D3(u?) = (u?)age + Z 1) 0%, + [(u®)za (25)0,).
(b= 3)Dy(uf) = (b= 3)(u3)e + (b—3) D [uzl(w;)ds; -
On the other hand, we have

[(uZ) 1(z5) = [2uug](z;) = 2u(x;)[usl(x;) = ijm e~ lzi—zil
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Also, since [uz.](xj) = 0, we have

[(uz)mr](x]) = 2[ua2c + Wy ) (25) = 2[“2](%)

Since for a given function f,

we have
[2)(25) = 2{us) (@) el (25) = 3 mymiSgn(a; — eV
i=1
Hence,
; K BN —|zj—x;
Ty = _E + B ; m;e ,
and

4.2 Multipeakons and the Lax pair

Recall the Lax pair representation of Camassa-Holm given in (2.52),

1 1 U
L :D2 - — A = —(— D+ == )
(2) +am =, (2) (2Z+u) +5 zeC

Now, we consider
n
m = g M0y,
Jj=1

where m;(t), z;(t) € C*°(0,T). Suppose ¥ (x,t) satisfies L(z)y) = 0 in the sense of distri-

butions in D’(R), in other words:

1

j=1
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Now, using the distributional ODE

(Z - Di)E = 60,

which has the general solution
1 1 1
E = Cie 2% + Cye2® + ¢ 217,
we have,
1 1 " 1
= A(t)e 2% + B(t)e2” + 2 ijw(a:j)efﬁ‘x*“’ﬂ, (4.14)
j=1

where t € (0,T). Therefore, for every t € (0,7, ¥(x) is a piecewise smooth and absolutely

continuous function with sharp edges at x;(t).

Lemma 17. There exists a solution 1(xz,t) of the equation (4.13) such that
bla.t) = Aj(D)e 2" + Bj(t)er”

for every x € (xj,xj41), where Aj, Bj € C*(0,T) for every j = 1,...,n. Furthermore,

Y(t,z;(t)) € C=(0,T) for every j =1,...,n.
Proof. By equation (4.14), on (z;,xj4+1) we have
b = Aje” 2" + Bjer”,

where xg = —00, 41 = 0o and
j 1 n 1
Aj = A(t) + zZmiw(mi)eixi, B; =B(t)+z Z mip(z;)e” 27, (4.15)
i=1 i=j+1

Suppose that ¢ (z) = Ao(t)e*%m + Bo(t)e%:” for every x € (—oo,z1) where Ay, By €

C>°(0,T). Then by the continuity of 1 we have

1/1(331) = Aoeféxl + Boeéxl.
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Hence Q/J(t, 1:1(15)) € C*>(0,T). Equation (4.13) implies that, for every j =1,...,n,

[W](z) = 5 ((B; — Bj_1)e? — (A; - Aj—l)f%) = zm;(z;).

N

Again by the continuity of 1) we have

5
2

W(1;) = Aj_re % + Bj_je? = Aje= % + Bje (4.16)
Therefore,
(Bj — Bj_1)e? = (Aj1 — Aj)e 7.
Thus,
(Aj—Aj) = —zmjw(xj)e%xj, (Bj — Bj_1) = zmjw(:uj)e_%xf.
Hence,
J J
Aj=Ag—= Z mi(zi)e ™, Bj =B+ = Z mh(w)e 2%, (4.17)
i=1 =1
This implies that A;(t), Bi(t) € C*°(0,T). Now, suppose that
Aja(t), Bjalt), ¥(t () € C(0,7).
Then, by equation (4.16), Q,Z)(t,xj(t)) € C*(0,T). Hence, by equations (4.17),
A;(t), Bj(t) e C™(0,T).
Thus, by the mathematical induction the proof is complete. O

Remark. Equations (4.15) show that the solution constructed in the proof of Lemma 17
satisfies (4.14) with A(t), B(t) € C°°(0,T'). Thus, from now on, we assume that 1) is given

as in Lemma 17.

Lemma 18. D) and Dt(% — D2)4 exist in the sense of definition (4.4) and the following

relations hold:

(D, ) = Z / T2 e . (4.18)
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Dt(i — D}y = Z(zm]¢ ;) Zmﬂ/} ;)20 (4.19)

Proof. Suppose ¢ € D(R).

_ lim % (9(@,t+ h) — (. 1)) pla) da.

h—0 R

Suppose € > 0 is given. Since ¥ (x) is a piecewise smooth function we can choose § > 0

such that for every x € (xj,z;41) N Support(¢), j = 0,1,...,n, g = —00, Tpt1 = 00, if
|h| < 6, then
l(z/;(a; t+h)—(z,t)) — Qw(az t)| <e
h ) 7 8t ) *
So, we can write
1 $J+1
4 [0 n) — vy «m—}j/ "D (o 0(e)ds

dx

(300~ 0(a0) — )Yt

n zj41(t)
<3/

Z z;(t)
<€/‘(Z) ‘dx

Therefore,

zjt1(t)
lim % (Y(z,t + h) —p(z,t))(z)de = Z/ éw(a:,t)qS(:I:)al:U.

h—0 R

Hence,

wj1(t

(Dyh, ¢) = Z/ fthqb()d

5 (t)

The existence of Dy(3 — D2)1) follows from equations (4.13) and (4.8) and we have

(%Dt — DiD3)¢ = D (Z Z mjt/}(xj)éxj)

n
Z zm;( x] zZme xj)2;0 IJ.
J=1

7j=1
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Definition 8. Let u(z,t) € C*((0,7T); Wl’l(]R)) and suppose (1 —D2)u+4% =3 | m;s,.

loc

The system

(1 — D2 =235 mjp(5)0z;, 2€C
(4.20)

Dip = —(% + )ty + (3us + @)y, z€C

where o = 1(& — %) and every term is considered as a distribution in D'(R), is called a

peakon weak Lax pair.

Remark. It makes sense to consider a more general weak Lax pair,

(i_D%)w:'zmq/}v Z€C7
(4.21)

Dyp = —( +w)vy + (bus + o)y, z€C,

where m is an arbitrary measure, that is, m = D, M, with M being a function of bounded

variation (see Appendix A).

We are going to show that, if ¢ satisfies the peakon weak Lax pair (4.20) with

PR s
u(z,t) = —3 + §ije o=l
7j=1
then the following system of ODFEs hold:

aj = u(zj),
Tﬁj = —((ux>(xj))m]

Applying D; to the first equation of (4.20) and using Lemma 18, we get

(00= DD = =3 ((mybte) b, — bt ) (422)
j=1
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Applymg 1 — D2 to the second equation of (4.20) and using Lemma 16, we obtain

1

00— DAD) =~ (o uhs + st + o

3

1

2z
_|_Z [uzths]( xj) ( +U(%))[¢M](xj))5$j

+Z ~ o)) [ ()8,

1

1
— ~Uggz® — uzxwx - (iux + O‘)u}xm

(Qb(l’y)[um](x]) + [(ua + 204)1/11](%))5353-

|
N
]

1.1 1

and %wam = %U:cl/% Thus we can write

(iDt - Dg%Dt)w = %(Uw - uxcca:)¢

;Z Uaﬂl}m x] W)z](xj) - w(xj)[uzm](xj))éx] (4'23)
32 + wla)al(e) = 30 ) (w)) %,
j=1

Now, by Lemma 14, Tﬂ(%Dt—DtD?C) = (%Dt—D%Dt)w. Thus, comparing (4.22) and (4.23),
we obtain the following:
1.
. 1 1
ey ()25 = S(a;)lue](z)) — (5 +ule;))Wa](z;).
Note that the first equation of (4.20) implies [¢;](x;) = —zmji(x;). Therefore we have

7 = i([uw](%)

2, +1) 4+ u(z;), forevery z € C. (4.24)
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Thus

uz)(zj) = —my, & = u(z)). (4.25)

2(2myp(x)), = luatiel(25) = 20(0a] (25) — () [taa) (2)- (4.26)
Lemma 19.
[£j1pe + D] (z5) = 0.

Proof. By (4.22) and Lemma 14 we have

n

D2(Dyp) = ith —zy ((mijj))téxj —~ mijj):c'jégj)-

=1

Therefore, Corollary 4 implies that [Dy](x;) = z2;mj1(x;). Thus the assertion follows.

O
Corollary 5.
Jim (59 (2) + Dip(x) = 25(a) (25) + (Deth) ().
J
Proof. Let
at = lim Z9,(z), a = lim 2¢,(),
and
bt = lim Dyw(z), b = lim Dyw(x).
T :p—>xj_
By Lemma 19 we have a™ —a~ = b~ — b". Hence,
‘g brab
@ ta b b =a"+b"=a" +b".
2 2
O

Proposition 6.
((x)), = 25 (tha) () + (Ds)) ().
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Proof. The remark after Lemma 17 implies that ¢ = ¢; 4 9o where

n
Y1 = szi¢(xi)e—%\x—xil (4.27)
i=1
and 1y(x,t) is a C*° function with respect to ¢ and x. So, 19 obviously satisfies the
assertion. For 17 we proceed as follows:

(Den)(wj) ==y (<mz-w<xi>>te%“' + gimab(ai)e3F i Sgn(a; — >)

i=1
—~ 1 !

(V1) () = = Z —§mi¢(xi)€_5‘xj_“ngn(xj —x;),
i=1

and
(r(zy), = ZZ((m“/}(xi))teémml B %(x'j — @) Sgn(z; — xi)eélewi|>
i=1

= 25 (Y1) () + (Degpr ) ().

O
Now, we are ready to prove the main theorem of this section.
Theorem 5. Suppose that
k1w
u(x,t) = —5 + 3 ije*‘x*xﬂ.
7j=1
Then (4.20) implies the following system of ODEs:
2 = ulxj),
(4.28)
mj = —((ug)(x5))m;.

Proof. The first equation of the system follows from (4.24)).

Now consider the equation (4.26). We have

[uate] (25) = [ua] () (V) (25) + [Yu](25) (Ua) (25).
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Therefore, applying Proposition 6 and using [u;|(z;) = —m; and [¢;](x;) = —zmjv(x;),

we obtain

2Z(bej¢($j) + m;d; (o) (25) + m3<wt>(xj))

(4.29)
= —my(Ye)(x5) — 2m () (ue) (2) + 2azmye(z;) — P(2)) U] (25).
Now, from the second equation in (4.20) we get,
() (5) = () e () + (3 () () + ). (130)

Substituting (4.30) for (¢y)(x;) in the equation (4.29), using #; = u(z;) and simplifying

the equation we obtain

Tij = —((ux>(xj))mj

Theorem 6. Suppose that
P
U = —5 + 5 Zmi6*|$*$i|‘
1=1
Then there exists a 1) that satisfies (4.20), ¥(x,t;2) = 2 on (—o0, 1) and
(. t:2) = An(ti2)e™ 3" + By(t: 2)es”
on (xn,00), where B, is independent of time.

Proof. Suppose that © < x1. We can write

il
2

1
u= +§M_e%x,

where M~ = >"" | mje”"i. Therefore, by the second equation of (4.20) we have

1 K 1 1 1 1 1
(- M e*)(Ze2® M~ et 3
0 (22 2—1—2 e)(262)+(4 e’ + a)ez
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Thus,

This is true because a = %(— — %). The proof of Lemma 17 implies that, on (z;,x;1),
1, 1,
1/J:Aj€ 2 +Bje2 R
where Ag =0, By = 1 and

j
Bj=1+zy_ mp(z)e 2", (4.31)
=1

J
Aj=—=z Z miw(xi)e%xi. (4.32)
i=1

Now suppose that = > z,, and let

Kk 1
—_ *M+ —x
U 2—1—2 e,

where M+ = 3"" | m;e®. By the second equation of (4.20) we have

Aneiéz Bneéx = (2 ; 9 eix)( 211n67%x 2Bn€%x)
M z z z

Comparing the coefficients of e~2% and €2 in both sides of the equation, we obtain

Bn = ( - *(7 - *))Bny
22z 2 (4.33)
1.1 K 1
+
Since a = %(% — %), then B, must be independent of time. O]

Corollary 6. Suppose that ¢ (z,¢; 2) is given as in Theorem 6. Then we have

Bp(z) =0, for every z € C,
(4.34)

. 1
An(2) = 2a(2)An(z) — 5M+Bn(z), for every z € C.

Furthermore, if z; is a root of polynomial By (z), then
Ap(t; z5) = An(0; zj)e%‘(zj)t.
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Proof. Equations (4.34) are obtained in the proof of Theorem 6. If z; is a root of By (z),

then by the second equation of (4.34) we have
An(2z) = 20(2j) An(2)). (4.35)
Hence, A, (t;2;) = An(0; 2;)e2 i)t 0

In Chapter 5 we show how this corollary is applied to solve peakon equations (4.28).
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CHAPTER 5

PEAKONS AND THE CONTINUED FRACTIONS

5.1 The Camassa-Holm equation and the string problem

Let us look at the Camassa-Holm equation from a different point of view. This is based
on the work of R. Beals, D. H. Sattinger and J. Szmigielski [22]. Suppose u is a solution

to the equation
Ut — Ugpt + KUy + 3UUp = 2UglUyy + Ulpge, t>0, z€R,
u(0,x) = up(x), z € R.

As we have seen before, we can rewrite equation (5.1) in the following form:

my + 2mu, + mgu = 0, (5.2)

where m = u—uz, + %m. In Chapter 2, we observed that equation (5.2) is the compatibility

condition ¥yt = Y4ps, for the system

wx:v = %¢ — zmap,
(5.3)

Now consider the change of variable y = tanh(5). We have

dy 1 9, 1 9
— == —)=—(1-— )
7. = psech’(5) =51 —y7)
and
1 2
% = 5(1 -y )wy
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1 1
Var = 5 (1= %) (=ythy + 5 (1= 1*)vyy).
Therefore

1 1 1 1
Yoz — Zw = —rﬁ - 5?/(1 - 92)1/]@/ + 1(1 - 92)2¢yy

) (5.4)
=7 (1- )2 < ()R - 2y(1 - y?) By (1 y2)5¢yy>-
Now let ¢ = (1 — yQ)%"L/}. Then we have
by = (1= 9?)2), 0 +2((1—1A)2) by + (1= 724y, -

— (1= )20 —2y(1 — 1) 20y + (1 — %) 20y,

Comparing (5.4) and (5.5) we have

Therefore, from the first equation of (5.3) we get

%(1 - y2)%¢yy =—zm(l - 3/2)_%¢-
Hence
In other words we can write
byy = —29(y)9, —1<y<l,

4m

where g(y) = T2

Proposition 7. If m(z) = . | mids,, is a discrete measure then the above transformation

2m;

transforms m(x) to g(y) = Y i, gidy, where g; = o

S
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Proof. We can write

5.2 A discrete string problem

Consider the inhomogeneous string equation

Ugy = m(m)utta
(5.6)
u(—=1,t) =u(1,t) =0,

where m(z) = Z?Zl m;d,; is a positive discrete measure, and use the method of separation

of variables. Let u(xz,t) = ¢(z)g(t). We will have ¢z,9(t) = m(x)dgu or ¢zg = %m(m)gb.

Setting A = %, we obtain the following eigenvalue problem:

with the initial conditions ¢(—1,) = 0, ¢,(—17,\) = 1, first considered by M. G. Krein
[5]. If the distance between x;_; and z; is denoted by I, we have the following relations:
P21, ) = 1,
G (2], N) = ¢ (7, A) = Amag(z1, N),
Go(27,A) = da(=17,N),
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and more generally

B3, N) = Blaj-1, ) = Lida(a!_ 1, M),

$a(,A) = Ga(27,X) = Am;g (x5, \), (5.8)
Qba?(x;v )‘) = QS:L‘('T;F—D )‘)’
where j = 1,....,n+ 1, zp = —1 and x,41 = 1. Equations (5.8) describe a discrete

string consisting of point masses at x; with masses m;, tied at the left end. Now let

q; = ¢(zj,N), pj = gbx(xj,)\) for j =0,...,n+ 1. Then we have

qj — qj—1 = lipj_1,
Dj — Dj—1 = Am;qj,

for j =1,...,n 4+ 1 and the initial conditions gg = 0, pp = 1. Let’s write

qj = lipj—1 + ¢j-1,
Pj = Amjq; + pj—1.

Then we have

1 1
qj
qj—1 1
li+— Ui+
J i1 J
bj-2
Amj_q + ——
qj—1
In particular we have
m_ b
q2
q1 1
lo+— a2+
4!
1
Amy + —
I
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Hence, by induction we can prove that

P 1
D= : (5.11)
gn+1
1
lny1 +
1
Ay, +
1
In +
1
+
1
Amy + —
L
Definition 9. The Weyl function of the discrete string problem is defined by
¢z(17,2)
W(A) =
o(1,A)
Definition 10. The continued fractions
1
f2k()\) = )
1
ln—i—l +
1
Ay, +
1
I + (5.12)
1
+
1
L -
skl Ay 11
k=1,...,n,
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and

Jorp1(A) = ;

ln+1 +

Am,, +

I+ (5.13)

Ay 41 +
ln—k41

k=0,...,n,
are called the 2kth and the 2k + 1th convergents of the Weyl function respectively. These

convergents were originally introduced by Stieltjes [29].

Now let

1 0 1l
M; = L= . (5.14)

)\mj 1 0 1

Therefore, (5.10) implies
4q; 4j-1 4qj qj
=L : = M, . (5.15)
Pj-1 Dj-1 pj Pj-1

Hence, applying the initial conditions ¢y = 0, pg = 1, we have

dn+1 ¢(17 /\) 0
- = LyyiMyLy -+ LoMy Ly . (5.16)
Pn ¢2(17, ) 1
Let
Qo @1
Ln+1 =
P P

61



Since multiplication by M; from right leaves the second column invariant, and multiplica-

tion by L; from right leaves the first column invariant, we can write

Q2 Q1
Ln+1Mn - 5
P, P
and
Q2 Q3
Ln+1MnLn —
P, Pj
We observe that
P() 0 P1 1 P2 /\mn P3 )\mnln +1

@ U Q1 B ln—l—l’ @ 1 + Amnln—l-l, @ B )\mnlnln+1 +lp 4+ lng1
are the convergents of the Weyl function defined above. By induction we can define P; and

Q; as follows:

Qo Qar—1 Qor—2 Qar—1
= Mn_k+1, k = 1, . ,TL, (517)
Py Py Pp_o  Pop_1

and

Qar Qar+1 Qar Qar—1
_ Lo gits k=1,....n, (5.18)

Py Popia Py Poyp_q

or equivalently,
Poy, = Amy_p 1 Pog—1 + Pop—2,
Qo = Ay 1Q2k—1 + Q2x—2, (5.19)

k=1,...,n,

and
Popi1 = b1 Pog + Pok—1,
Q2k+1 = ln—k11Q2k + Q2p—1, (5.20)

k=1,...,n.
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Theorem 7. The leading coefficients of Qaor(N\) and Qak+1(N\) are equal to

ln+1mnlnmn—l to ln7k+2mnfk+1

and
ln+1mnln ce mn—k+1ln—k+l
respectively.
Proof. Use (5.19) and (5.20) and apply induction. O

Theorem 8. The following statements hold:

a) % is the ith convergent of W (). In particular, W (\) = 52#:11.

b) Poki1, Qoks1, Por and Qo are of degree k.

¢) Par(0) = 0, Qo (0) = 1, Poy1(0) = 1 and Qa41(0) = 35 ln—j1-

k=0,...,n.

Proof. (a) By induction we can show that equations (5.19) and (5.20) characterize the
numerators and the denominators of the convergents of W ().
(b) Use (5.19) and (5.20) and apply induction.

(c) It is proved by setting A = 0 in (5.17) and (5.18) and applying induction. O

Proposition 8. The eigenvalues of the boundary value problem

(z)a:w = /\m¢7
¢(_17)‘) = d)(la )‘) =0,
where m = Z?Zl m;dz;, are all real and negative.

Proof. We have qu(azj, A)— gzﬁx(a:j_, z) = Am;d(z;, \), where X is the complex conjugate of
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the number \. So we can write

(Qﬁx(.ﬁj, )‘) - Q_ﬁx(x]_> )\))(l)(l‘]) = j\myé(%)ﬂ%)’

(¢x(x;r7 )‘) - ¢x(x]_7 )‘))QE(‘T]) = )\m]gb((l}])gg(x])

Therefore,

In other words,

o) By | | oxy)  é(j) )
’ S = = Nmy () 2. (5.21)

Now using <Z>z(:vj_, A) = ¢m(:p;1, A) and ¢(xj, X) — o(zj—1,\) = lj¢m(:v;1, A), we see that

p(zj-1)  d(zj-1) o(xj)  o(x5)

Hence,
S(=1,2)  é(=1,)) S(1,A)  B(1,\) ol
- - = (=0 Y myle(a)
¢$(_177)‘) (Zgz(_lia/\) ¢x<1+,>\) (ng(lJr,/\) j=0

Thus A is real. To prove A is negative we note that we can write

(¢m(xj+a )‘) - gbm(l';’ )\))gb({l}], >‘) = Amj¢2(xja /\)

Therefore
n n+1
¢z(1+a >‘)¢(13 >‘) - ¢x(_1_a )\)@(—1, >‘) + Z _lj+1¢g(x;ra >‘) = A Z mj¢2($ja )‘)
§=0 §=0
So, using the boundary conditions we have
Z _lj-i-lqbi(xj? A)=A Z mj¢2(x]'7 A)-
§=0 j=1
Hence A is negative. O
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The following proposition was presented in [23].

Proposition 9. The problem (5.9) with q,+1 = 0 implies the following matriz problem:

Lqg = AMgq,
where
1 1 1
(5 +5) i 0 0 0

1 1 1 1

i (Gt m O 0
L: -------------------------------------------------------------

1 1
0 0 0 In (0t 1oy

q= (q1>Q2a . '>Q7L)T7 M = diag{mla o 7mn}-

(5.22)

Proof. Suppose (5.9) holds. In the first equation of (5.9) we solve for p;_; and substitute

that into the second equation. We get

1 1 1 1

~0-1— (5 + )4 + 77—+ = Amyq;,  j=1,...,n.
l l L1

j i i+

Now (5.23) and qp = gn+1 = 0, imply (5.22).

Proposition 10. The problem (5.22) implies the Jacobi spectral problem

JU = \U,

where
U=MY"%q J=M1?LM 12

65

(5.23)

(5.24)

(5.25)



We see that

bl al 0 e 0
al b2 a9
0 a9 b3
J = , (5.26)
0
bp—1 an—1
0 0 an—1 bn
where
1 1 1
b,:_77+7’ ':1,...,71, 527
J m]’ (lj lj+1 ) ] ( )
1
aj=———— j=1,...,n—1. (5.28)

L1/t ’
Theorem 9. The zeros of ¢(1,\) are all simple.
Proof. Every zero of ¢(1,)\) is an eigenvalue of the problem (5.24). Now, looking at the
problem (5.9) we observe that for every A there is a unique solution up to a constant
multiple depending on pg. Therefore, the geometric multiplicity of those eigenvalues of
the problem (5.24) that are zeros of ¢(1,\) is equal to 1. Since J is a symmetric matrix,
it is diagonalizable. So, the geometric multiplicity of every eigenvalue of J is equal to its

algebraic multiplicity. Hence, every zero of ¢(1, ) is simple. O

Corollary 7. The set of zeros of ¢(1,\) is equal to the set of eigenvalues of the problem

(5.24).

Proof. Every zero of ¢(1, ) is a zero of |J — AI|. Since, both ¢(1,) and |J — AI| are of

degree n and every zero of ¢(1,\) is simple, the assertion follows. O

Corollary 8.

o(1,N) =2]J- %). (5.29)
j=1 !
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Proof. If A =0, (5.8) implies that ¢(z,0) = x + 1. Therefore, ¢(1,0) = 2. So the constant

term of ¢(1,\) is equal to 2. O
Theorem 10. The residue of @ at any eigenvalue \; is positive.

Proof. Suppose that A is a zero of ¢(1, A). Let p;- (M) denote the derivative of the polynomial

p;j(A) with respect to A. From (5.9) we have

(5N = D1 (N)a;(A) = mygf () + Amya; (N g5 (),

and
(pj(A) = i1 (A) GG (N) = Amiq; (M) g (N).
Therefore
(P;(N) = 21 (N))gi(A) = (2;(N) = pi—1 (W) gj(N) = migF(A).

Thus, using the fact that gn4+1(\) = 0 implies pp41(X) = pp(A), we have

n+1
—pnN) @1 (N) =D migi (V).
j=1

So, pn(A) and ¢;,,;(\) have opposite signs. Since \; is negative and it is a simple zero of

qn+1(A), we have
W) pa()

Resy—», = > 0.
TA Ajni1(Aj)
O
Corollary 9.
W()\) 1 " Tj
—_— = —_— i >0 5.30
)\ 2)\ + ]z: )\ _ )\]a T] > ) ( )
where r; = Res)\:)\j@.
Corollary 10.
W [ du()
— = 5.31
g ] (5.31)



where du = 377 (7j0x;, Ao = 0 and ro = 1/2.

Now we compute the coefficients of the Laurent expansion of

Wy‘) is analytic at oo, for A large enough we can write

W) < ¢

where ¢; = [ 2/du(x). So, we have ¢; =Y 7_, T]f)\i, for j =0,1,2,

We observe that if j is even, ¢; > 0 and if j is odd, ¢; < 0. We can write

N

W) _ o~ (=174

where A; = (—1)¢;j. So, Aj = (—1)! [2Idu(z) = [(—x) du(z).

The following approximations are due to Stieltjes [29].

Proposition 11.

W)

A

(See [29]). Since

(5.32)

(5.33)

(5.34)

. (5.35)

Py (M) 1
W)\ :Oia )\—)OO’ kZO,l,..,”)’L
M= uety) = 0
and
Por+1(N) 1
W)\* :O s )\*)OO, kZO,]_,
&) Qa2r+1(N) ()\%H)
Proof. Using the fact that
Qo Q2k+1 Qo Qor—_1
det =1, det —-1
k=0,1,...,n, k=1,...,n,
we have
P2n+1 Py, 1 1
B - =0(<,, ) A— o0,
Qony1  Q2n  Q2nQ2n41 (/\2")
and
Pon Py, -1 1
— g — O —), )\ 00
QQ” Q2n—1 QQn—lQQn ()\277,—1)
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Now adding (5.37) and (5.38) we see that

o G = Ol A
Hence, induction completes the proof. ]
Proposition 12. (orthogonality)
/:Ungk(a:)d,u(:U) =0, j=0,...,k—1, (5.39)
/ijgk_,_l(x)d,u(x) =0, j=1,...,k, (5.40)
[ Quni(@yinta) = 1. (5.41)
Proof. Using equation (5.34) we can write
W(A)Qar(A) — Pon()) = (9(%), A oo, k=0,....n. (5.42)

Also,

Now, let v be a circle of large radius containing the support of i in its interior. Then using

equation (5.31) we have,

Jj+1
//A QQ’“ du(z)dA =0, j=0,....k—2.
27i

Thus, applying Fubini’s theorem and Cauchy’s residue theorem we get

[ Qu@inte) =0, =1 k-1,
The case j = 0 follows from the fact that P (0) = 0 and dividing equation (5.42) by A.

Similarly, (5.35) implies that

WNQakr1(N) ~ Pt (N) = Oligr)s A= oo, k=0.n  (5.43)
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Therefore,

1

N(W(N)Qars1(A) = Pary1(N) = Ol A~ k=0,....n, j=0,...

So we have

1 M Qapq1(N)
= AN g yan=0, j=o0,... k1.
i | | T i =0, =0,

Again applying Fubini’s theorem and Cauchy’s residue theorem we obtain

[ Qun @) =0, =1,k

Now (5.41) follows from the fact that Par41(0) = 1 and dividing equation (5.43) by A\. O

We are going to construct the approximants % according to the asymptotic behaviour

of W(A). The formulas are due to Stieltjes [29].

Theorem 11.

1 A N2 AF
co ¢ c ... Ck
1
Q2k<)‘):71 c1 Co c3 oo Ckg1 | k=0,1,....n,
Ak
Ck—1 Ck Ck4+1 .- C2k—1
1 A A2 Ak
C1 C2 C3 e Ck+1
1
Q2k+1()‘) = AD Co c3 C4 ceo o Cky2|> k=0,1,...,n,
k+1
€k Ck+1 Cg+2 ...  C2g
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where

C1 (6] e Ck Co c1 ... Ck—1
1 C2 C3 e Ck+1 0 C1 (6 Ck
Ck Ck+1 --- C2k—1 Ck—1 Ck ... C2k—2

and by convention

Ab=A)=1. (5.47)

Proof. We write Qar(A) = Zf:o ¢;\'. Now, using orthogonality condition (5.39) and the

fact that Q2,(0) = 1 we have

k
/xj(l—f—Zqixi)du(x):O, j=0,1,...,k—1.

i=1
Since the jth moment is given by ¢; = [ 2?du(z) we have

k

ZCiJrjqi:*Cj, jZO,l,...,kfl.
i=1

Hence we obtain the system

Bq = —c,
where
C1 C2 e Ck
B = 6.2 0.3 Ck:H s q=(q,q0- a0’ c=(co.cr,. . 1)
Ck Ck+1 .- C2k—1
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Thus, Cramer’s rule implies that

1 AN NE
Co c1 Co e Ck
1
QQk(/\) = Allg c1 Cco c3 Cl+1
Ck—1 Ck Cky1 --- C2k—1

Similarly, using (5.40) and (5.41) we obtain the following system

quel,

where

Co C1 Ck
€1 C2 ... Ckil

T T

C= ) q:(QO7Q1---an) s 61:(1707"'70) .
¢k Ck+1 ...  Cok

Therefore, we have Qax11(\) = A% Z?:o(—l)j C;N, where C; is obtained by eliminating

k+1

the first row and the j 4+ 1th column of C. Thus

D WD U U
C1 C2 C3 oo Ck41
1
Qarr1(N) = AU fe2 e e o awa)

Ck Ck+1 Ck+2 ...  C2k

O
Theorem 12. Let l; and m; be as in (5.8). Then
(AD)?
Mppr1 = ——2 — k=1,...,n, (5.48)
" AVERTAY:
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(Ap)?
ln_k+1 == A%Tkg“’ k= 0, e,y (549)

where AY and A} are given by (5.46) and (5.47).

Proof. Using equations (5.44) and (5.45) and Theorem 7 we have

—1)*A?
(A)lk = lnr1MplpyMmp—1 - by k2Mp_gy1
k
and
-1 kAl
(Agk = ln—l—lmnln T mn—k—l—lln—k—l-l
k+1
Hence, the assertion follows. O

5.3 Time Evolution of Peakons

In this section, we use the results obtained for the string problem to solve the peakon
equations (4.28) [24]. We consider the peakon weak Lax pair (4.20) with ¢(x,t;2) as in

Theorem 6 and the boundary value problem

Gyy = Ago,
(5.50)
d)(—l,)\) = ¢(17 )‘) =0,
where A = —z, ¢ = (1 — y2)%¢ and g is given by Proposition 7. Now, we are going to see

how the residues of @ evolve in time. In the following theorem we assume that A,, and

B,, are given as in Theorem 6.

Theorem 13. The following hold:

1. The boundary value problem (5.50) is iso-spectral, that is its eigenvalues \; are time

independent.

2. By(=);) = 0.
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3. If rj is the residue of m at A = \j, then
rj =r;(0)e 2% 7. (5.51)

where

Proof. From Theorem 6 we have
Y(x,t;z) = Ap(t; z)eféx + Bn(z)e%‘”, T > Tn.

Using the transformation y = tanh(%), which was introduced in section 5.1 and z = —A,

we obtain the following

Blantiz) = (1= ) (60 = (50 4ati =) + ([0 BN,
Thus,
oy, t:A) = (1 —y)An(t; =A) + (1 +y)Ba(=A),  yn <y <L (5.52)

The spectrum of the boundary value problem (5.50) is determined by ¢(1,¢; A) = 0. Thus,
if \; is an eigenvalue, B,,(—)\;) = 0. Therefore by Corollary 6, A; is iso-spectral. Since

W) = 2530 and ¢(1,4;) = 0 we have

W) _ 817 N)
A )\jqﬁA(l,)\j)'

Rez,\:,\j

By (5.52) and B, (—A\;) =0, we get

(by(l_a)\j) = —An(t; —)\j), (ﬁ)\(l,)\j) = —2B7/1(—Aj).

Also, by (5.29) we have



Hence, by Corollary 6 we have

r;= An(O, —Ajz\ ef%()%]ﬁrn)t'
2T (1= 35)

O]

Now we are ready to say something about the time evolution of z;(t). In fact, by

equation (5.49) we have

(A1)
l: = J ., j=1,...,n. (5.53)
LA A e
This implies that
J (Al ) )2
—i+1
yi(t) = -1+ Y =t (5.54)
! i=1 A?L*i+1A9Lf’i+2

This gives the time evolution of y;(t) because cx(t) = S.i, ri(t)AF. Hence, using the
transformation y = tanh(%), one can obtain the time evolution of multi-peakons introduced

in Chapter 4, as follows:

z;(t) = 1n(2 :qjs), (5.55)

h S j (A}L—i+1)2
J =1 An7i+1An7i+2
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CHAPTER 6

SUMMARY AND OPEN PROBLEMS

This Chapter contains a brief summary, open problems and some possible directions
for future research.
Summary: The following results have been obtained in this work:
It was shown that every non-smooth traveling wave solution to the two component Camassa-
Holm equation is a solution of the Camassa-Holm equation provided that the set of points
where the height of the wave is equal to its speed, is of measure zero. This includes all
cuspon and peakon traveling wave solutions. A weak form of the Lax pair that is appro-
priate for dealing with the peakon solutions of the Camassa-Holm equation was obtained
thus extending the original Lax pair formalism which only deals with smooth solutions of
a PDE. It was shown that one can work with the peakon solutions of the Camassa-Holm
equation in the framework of an interpretation of the Lax pair in the sense of distributions.

Open problems:

1. Can one use a general weak Lax pair (4.21) to construct solutions to the Camassa-

Holm equation when m € M?

2. In the case of Degasperis-Procesi equation (b = 3), it is known that there exists a

class of non-smooth solutions more general than peakons, called shockpeakons [11],

n

u(z,t) = Z 17’Lj(t)e_‘”_””j| - Z si(t)Sgn(x — xj)e_‘x_xﬂ. (6.1)
j=1

=1

Can one formulate the correct version of the weak Lax pair for this case?
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3. Investigate the existence of multipeakon solutions to the two component Camassa-
Holm equation. More generally, investigate the existence of piecewise smooth distri-
butional solutions to the two component Camassa-Holm equation where the discon-

tinuities are located at x1(t),...,x,(t).
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APPENDIX A

FUNCTIONS OF BOUNDED VARIATION

This Appendix is based on [13] and [14].

Definition 11. The set P = {xg,z1,z2,...,2,} where a = 2o < 21 < 292 < -+ < x,, = b,
is called a partition of the interval [a,b]. The set of all partitions of [a,b] is denoted by
Pla, b].

Definition 12. Consider the function f : [a,b] — R and suppose P € Pla,b]. Let Afy =
f(zx) — f(xk—1). The sum Y, ,|Afi| is called a variation of f on [a,b]. If there exists a
number M > 0 such that for every P € Pa,b],

k=1
then f said to be a function of bounded variation on [a,b]. The supremum of all the

variations of f on [a,b] is called the total variation of f on [a,b] and is denoted by V{[a, b].

Example 1. If a : [a,b] — R is monotonic then it is a function of bounded variation on
[a, b].

Proof. Suppose « is an increasing function. Let P € P[a,b]. Then we have

n

> 1A =" Aay, = a(b) - ala).
k=1

k=1
O
Example 2. The function f defined by
0 if z=0,
a(r) = :
reos(gy) if x #0,
is not a function of bounded variation on [0, 1].
Proof. Suppose P = {0, %, 2711—_1, cee %, 1}. Thus, we have
n
1 1 1
D lAap =142+ o+ -+
2 3 n
k=1
O

Proposition 13. Let f be a continuous function on [a,b]. Suppose that f' exists on (a,b)
and it is bounded. Then f is of bounded variation on [a,b].
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Proof. Let us say there exist a number C' such that |f'(z)] < C for every = € (a,b).
Suppose that P € Pla,b]. By the mean value theorem there exists a ¢, € (xx_1,x) such
that Afy = f'(ck)Azg. Thus, we have

SIAfI < CO—a).
k=1

O]

Example 3. The function f defined by f(z) = 22 cos(%)7 is a function of bounded variation
on [0, 1], because for every z # 0, f'(x) = sin() + 2z cos(2) which is bounded on (0, 1).
Boundedness of f is not a necessary condition for f to be of bounded variation.

Example 4. Let f(z) = z!/3. This functions is of bounded variation on every closed
interval because it is monotonic. However, f'(z) — +o0 as z — 0.

Proposition 14. Suppose that f is of bounded variation on [a,b]. Then f is bounded on
[a, b].

Proof. Suppose that = € (a,b) and consider the partition P = {a,z,b}. For some number
M we have

[f(@) = fla)| + [ f(b) = f(z)] < M.
So, |f(z) — f(a)| < M and consequently |f(z)| < |f(a)| + M. O
Proposition 15. If f and g are of bounded variation on [a,b], then so are f + g and fg.

Also, we have

Vfig < Vf + Vg, Vfg < AVf + BVg, (A.l)

where
A= swlg(@),  B= sw [f()]

a<z<b a<z<b

Proof. Let P € Pla,b]. To prove the first inequality we can write

|f(zr) £ g(an) = [f (r-1) £ g(zp-1)]] < |ASk| + [Agr| < Vi + V.

The second inequality follows from the observation

|f(zr)g(zr) — f(wrp—1)g(@r—1)|
= |[f(zr)g(zk) — f(@r-1)9(xx)] + [f(@p-1)9(2k) — f(2h-1)9(TR-1)]|
< AIAfi] + BlAgy| < AV; + BY,.

O]

Proposition 16. Suppose that f is a function of bounded variation on [a,b] and assume
that there exists a number m such that 0 < m < |f(z)| for every x € [a,b]. Then % is also

Vy

a function of bounded variation on [a,b]. Moreover, Vijp < o5

Proof. We have

1 1 Afy < ‘Afk’

T Fao)  Fenfw) S me
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Proposition 17. Suppose that f is a function of bounded variation on [a,b] and c € [a,b].
Then f is of bounded variation on |a,c] and on [c,b] and we have

Vila,b] = Vyla, c] + Vile, b]. (A.2)

Proof. Let Py € Pla,c] and P, € Plc,b]. Then Py U P, € Pla,b] and we have

STIALI+ D IALI= DD IAf] < Vila,b).

T, €EP) .Z’jEPQ T EPLUP,
Therefore, f is of bounded variation on both [a, c] and [e, b]. Also it follows that
Vila,c] + Vi[c,b] < Vila,b].

To prove the reverse inequality, suppose that P € Pla,b] and ¢ € [z;_1,z;] and let P, =
P U{c}. Then P.Nla,c] € Pla,c] and P.N[e,b] € Plc, b] and we have

|Af51 < [f(e) = flaj—0)] + | f(z5) = f()].
Thus, we can write
Sanl < Y Iaml + >0 AR < Vila.d + Ve ]
TEP zr€P:N[a,c] L €PN[c,b)

This completes the proof. ]

Proposition 18. Suppose that f is of bounded variation on [a,b] and let V be the function
gwen by V(z) = Vi[a,z]. Then we have

a) V is increasing on [a,b].

b) V — f is increasing on |a,b].

Proof. Assume that a < x < y < b. We have
V(y) = Vila, y] = Vyla, z] + Vi[z, y].

Therefore
V(y) = V(z) = Vi[z,y] > 0.

To verify (b), we write
V(y) = fly) = [V(2) = f(2)] = Vilz,y] = [f(y) = f(2)]
Since |f(y) — f(z)| < V¢[x,y], the proof is complete. O

Theorem 14. A function f is of bounded variation on [a,b] if, and only if, it can be
expressed as the difference of two increasing functions.

Proof. Suppose that f is on bounded variation on [a,b]. Let V and V — f be as in the
previous proposition. Thus f is the difference of two increasing functions. To see the
converse, we remember that every increasing function on [a,b] is of bounded variation.
Thus, their difference is also of bounded variation on [a, b]. O]

Theorem 15. Suppose that f is of bounded variation on [a,b] and V(x) = Vi[a,x] for
every x € [a,b]. Then every point of continuity of f is a point of continuity of V and vice
versa.
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Proof. Suppose that a < x <y < b. Since V is an increasing function, the one-sided limits
V(z+) and V(x—) exists. Also, since f is the difference of two increasing functions then
f(z+) and f(x—) exist. We have

[f(@) = F)l < Vilz,y] = V(y) — V().
If we let y — x, we obtain
|f(z) = fa+)] < V(a+) = V().
Similarly, we can show that

|f(z) = f(a=)] £ V(@) = V(z—).

This proves that every point of continuity of V' is a point of continuity of f. To see the
converse, let f be continuous at ¢ € (a,b). So for every € > 0 there exists a § > 0 such that,
|f(z) — f(c)] < § if [z —c[ < §. Also there exists a partition P € Plc, b] given by

P={c=x9,21,...,2, = b},

such that .
€
Vile,b) - 5 < ;Afk.

Since adding more points to the partition can only make the same on the right hand side
bigger, we can assume that x — x; < . Thus, we have

€

Vf [Ca b] 2

€ i €
< 5 + ;Afk < B —I—Vf[l‘l,b].

Hence,
V(z1) = V(c) = Vyle,x1] = Vyle,b] — Vi[z1,b] < e.

Thus, V(c+) = V(c). Similarly, we can see that V(c—) = V(¢). So, V is continuous at c.
The argument for the endpoints of the interval is similar. O

The following useful corollary follows from Theorem 14 and Theorem 15:

Theorem 16. Suppose that f is continuous on [a,b]. Then f is of bounded variation
on [a,b] if, and only if, f can be expressed as the difference of two increasing continuous
functions.

Definition 13. A real valued function f defined on [a, b] is said to be absolutely continuous
on [a,b] if, given € > 0, there is a § > 0 such that

S If @) = flzi) <e
=1

for every finite collection {(x;,x})} of nonoverlapping intervals with

n

Z|x; — x| < 4.

=1
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Corollary 11. Every absolutely continuous function is continuous.

Lemma 20. Let f be a nonnegative function which is integrable over a set E. Then given
e > 0 there is a 0 > 0 such that for every set A C E with m(A) < § we have

/Af<e.

Corollary 12. Every function which is an indefinite integral of another function is abso-
lutely continuous.

Lemma 21. If f is absolutely continuous on [a,b], then it is of bounded variation on [a,b)].
Corollary 13. If f is absolutely continuous, then f has a derivative almost everywhere.

Lemma 22. If f is absolutely continuous on [a,b] and f'(x) = 0 almost everywhere, then
f is constant.

Theorem 17. A function F is an indefinite integral if and only if it is absolutely contin-
UOUS.

Corollary 14. Every absolutely continuous function is the indefinite integral of its deriva-
tive.
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APPENDIX B

DISTRIBUTIONS

This Appendix is based on [19], [18] and [28].

Definition 14. The vector space of all compactly supported C*° functions ¢ : R — C, is
called the space of test functions and it is denoted by D. The vector space of all compactly
supported functions ¢ : R — C having continuous derivatives up to order m, is denoted by
D,

The following Lemma can be used to show that the space of test functions is nontrivial.

Lemma 23. Let P(z) be a polynomial. Then the function f given by

P(1/z)e * if x>0,
flay = § PO (B.1)
0 if <0,
belongs to C*°(R).
Proof. Since, f'(x) = We_l/x for z # 0, it suffices to prove that
limz "e /* = 0.
z|0
To see this, we write
limz e Y% = lim —=0.
z|0 tT+oo €
[
Lemma 24. There exists a non-negative function ¢ € D such that ¢(0) > 0.
Proof. By lemma 23, the function
eVT if x>0
T) = ’ B.2
f<>{0 B (8.2
belongs to C*°(R). Hence, ¢(x) = f(1 — x?) is the desired function. O

Proposition 19. If X is an open subset of R™ and K is a compact subset of X, then there
exist a compactly supported C*° function ¢ on X, such that 0 < ¢ <1 and ¢ =1 on a
neighborhood of K.

Proof. See [28]. O

Definition 15. A distribution » in R is a linear functional on D such that for every
compact set K C R, there exist constants C' and k such that

u(g)| < ¢y suplog, (B.3)

a<lk

for every ¢ € D with Support(¢) C K. The set of all distributions in R is denoted by D'.
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If the same integer can be used in (B.3) for every compact subset K, we say that order(u) <
k. The set of all distributions u with order(u) < k is denoted by D’*.

Definition 16. A Radon measure p in R is a linear functional on D° such that for every
compact set K C R, there exists a constant C' such that

()| < C'suplg), (B.4)

for every ¢ € D° with Support(¢) C K. The set of all Radon measures in R is denoted by
M.

Example 5. If g € R, then 5;(573) which is defined by
3(¢) = (—=1)"¢™) (wy), for every ¢ € D,
is a distribution of order n.

Proof. It is clear that 5%) satisfies (B.3) with k = n. So, it suffices to show that the order
is not smaller than n. To see this, we choose 1) € D with ¢(0) = 1 and define

Be(@) = (z — xo) (=20,

Then, (5%)(@) = (=1)"n!. But, if m < n, then
sup|0™ | < Ce M.
Thus, if € — 0 then sup|0™¢.| — 0. O

Example 6. If z; € R is a sequence of numbers with no limit point in R, and if n; is a
sequence of non-negative integers, then

u = Z&(‘?j)’
J

defines a distribution in R, because a compact subset can only contain finitely many z;.
By the previous example, u is of finite order if and only if the sequence n; is bounded. In
this case, the order is max(n;).

The following theorem states that the continuity condition (B.3) is equivalent to the
sequential continuity.

Theorem 18. A linear functional uw on D is a distribution if and only if u(¢;) — 0 when
J — 0 for every sequence ¢; € D converging to 0 in the sense that sup|0“¢;| — 0 for every
fized o and Support(¢;) C K for all j and some fized compact set k C R.

Proof. See [28]. O
Theorem 19 (Completeness Property). If u; is a sequence in D' and
u(p) = lim u;(¢),
j—00
exists for every ¢ € D, then u € D'.
Proof. See [28]. O

Proposition 20. Every function f € L} (R) defines a distribution.

loc

Proposition 21. FEvery distribution of order 0 is a Radon measure.

Proposition 22. Fvery Radon measure on R is the first derivative of a function of (locally)
bounded variation.
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