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Abstract

Multiquark states have been of great interest among hadronic physicists, and despite the

big breakthrough that came in 2003 with the discovery of the charmonium-like tetraquark

candidate X(3872), their structure and masses are still eclipsed by theoretical uncertainties

in the precision of the calculations. The study of tetraquarks can give us another insight

to understand strong interactions at the elementary level and at different energy scales.

The goal of this research is to explore light-quark tetraquark structures and estimate their

masses using the QCD sum-rules approach. The specific focus is on the controversial light

scalar tetraquark σ (denoted as f0(500) in the Particle Data Group classification scheme),

and the contributions from next-to-leading order (NLO) diagrams to the spectral functions

are incorporated in the process of finding a Borel window for a reliable sum-rule analysis.

After a deep examination, this thesis includes analyses in terms of a single and a double

resonance models, where the heavier state (980 MeV) used is the scalar f0(980). The results

showed that the NLO terms play a significant role in the spectral function picture with

contributions of up to 74% with respect to the leading-order (LO) perturbative terms, but

their effects are suppressed in ratios used within the Laplace sum-rules scheme. Moreover, the

key improvement is that NLO corrections benefit substantially the methodology by locating

a suitable physical Borel window where the mass prediction range is reliable and result in

the σ mass prediction around 0.52GeV < mσ < 0.69GeV. It was also found that the relative

strength of the f0(980) coupling to the current is approximately three to four times stronger

than the σ, such results are in agreement with chiral Lagrangian determinations, hence in

accordance with the tetraquark scheme.
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1 Introduction:

On the nature of light exotic hadrons

1.1 Motivation

The desire to explain the universe around us, its evolution and origin, its behaviour and

its main constituents has not slowed down with the latest scientific achievements and the

confirmation of certain fundamental phenomena; conversely this is opening the door to a

promising scientific era where the improvements in technologies and great engineering efforts

are allowing us to explore nature beyond the limitations we had in the past.

In the particle physics scene, the hadronic sector (i.e., strongly-interacting particles) has

benefited from a substantial progress since the development of collider physics in the 1960’s.

These experiments have validated, among others, the theory of strong interactions with the

confirmation of the existence of hadrons and have revealed some of their most important

properties, such as colour confinement and asymptotic freedom [3].

Likewise, the theoretical perspective was also impacted by these experimental results,

and in the scope of the strong interactions, the conventional quark model has been subject

to some significant extensions that go beyond the initial naive classification of hadrons. As

it is understood, the conventional quark model provides a simple categorization of hadrons;

mesons as quark-antiquark states and baryons as three quark or three antiquark states.

However, physicists had defined a new set of substructures coming from the discovery of new

mesons and baryons, where some of the candidates do not follow the simple quark model

framework, and based on the underlying theory of this model, Quantum Chromodynamics

(QCD), the concept of exotic hadrons with richer quark and gluonic substructures becomes

relevant as will be discussed later in Section 1.5 (see e.g., Refs. [1,2,4–9] for more reviews on

exotic hadrons).
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Quantum Chromodynamics (QCD) is a quantum field theory (QFT) that portrays the

interaction of quarks and gluons at an elementary level, whose main requirement is to satisfy

colour neutrality of hadronic bound states. Hence, the colour-neutrality definition of hadrons

as made up of quarks and gluons does not forbid the existence of these exotic states (e.g.,

glueballs, multiquark states, etc.), leaving the conventional quark model as an incomplete

description for this whole new range of states.

Despite the great strides of exotic hadrons studies, the light scalar sector still remains un-

der some uncertainties regarding their structure, including the possibility of quark-antiquark

q̄q, tetraquark q̄qq̄q and glueball compositions (see e.g., Refs. [1,10] for a summary on scalar

mesons). There exist important questions about how theoretical QCD corrections affect

differently the observables of light and heavy systems (see e.g., Refs. [11, 12]).

The controversial and challenging task to identify qq̄ states within the low energy sector

with quantum numbers JPC = 0++ is of our special interest due to their QCD calculation

uncertainties in the low-energy regime (see Refs. [13–19] for further details). More specifically,

the so-called sigma state σ (or f0(500)) is commonly referred to as one of the most complicated

to study, and there are many attempts to understand their structure and obtain unambiguous

mass predictions, as manifested in Ref. [1] with a mass range between 400 − 800 MeV, also

see Refs. [11, 20–23] for a deeper overview on this issue.

Given the importance of tetraquark picture for the scalar mesons scheme and the ad-

vantages that QCD sum-rules (QCDSR) offer to study these light systems, the main goal

of this thesis is to explore these light scalar tetraquark states, study their QCD correlation

functions and examine the contribution from the next-to-leading order (NLO) QCD diagrams

to the perturbative terms [11] within QCDSR determinations of the light-tetraquark mass

predictions.

1.2 Outline

This thesis begins by briefly introducing the baseline theory, the Standard Model (SM) in

Sec. 1.3 with the purpose to give the reader an overview of the classification of fields and their

role in particle physics. Next, moving deeper into the subject that brings us here, Quantum

2



Chromodynamics (QCD) in Sec. 1.4, by presenting its features and the definitions of its

fundamental fields, i.e., their interactions and mathematical properties in order to understand

how the Feynman rules are computed later in Chapter 2. So far, this content is structured

to be followed-up by the key aspect of exotic hadrons. Therefore in Secs. 1.5 and 1.5.2, the

reader is provided with an introduction to these type of systems, their experimental evidence

and the background theory, namely, the ideas beyond the quark model that support the

existence of these exotic states.

In Chapter 2 the concept of interpolating currents, QCD correlation function and its

counterpart the spectral function are presented thoroughly in order to elaborate the method

of QCD sum-rules. The first section of this chapter (Sec. 2.1) gives an insight into the con-

struction of the currents for tetraquark systems with its NLO radiative QCD corrections and

their symmetries (e.g., Lorentz invariance and colour symmetry), as well as the associated

Feynman diagrams. Later, the goal of Sec. 2.2 is illustrating the relation between the corre-

lation function (also called QCD correlator or simply correlator) and the hadronic spectral

function (or spectral density), so as to make the connection between the theoretical calcu-

lations at the elementary level and the hadronic properties depicted in experiment. Finally,

this chapter concludes with Sec. 2.3, whose objective is to formulate the QCD sum-rules

(QCDSR), for instance, Laplace sum-rules, to relate the predictions of this method with the

mass estimates.

Chapter 3 outlines the results obtained after a deep analysis of the contribution from the

NLO diagrams to the spectral function of the σ state and its effect on the Laplace sum-rules.

This chapter starts by exploring the relative weight of the NLO calculations with respect to

other main contributions on the spectral function and sum-rule in Sec. 3.1, which will finally

translate into a search for a suitable and physical Borel window (τ) for analysis. Later,

in Sec. 3.2 through the use of different criteria, a scan on the parameter space of the Borel

window and an optimization on the continuum threshold are executed, where lower and upper

bounds of τ are to be determined, while the search for the optimal value of the continuum

threshold is made through the implementation of two models and their optimization. Finally,

after obtaining the QCDSR parameters, a mass prediction is made and then, this result is

discussed in Sec. 3.3, whose intention is summarizing the most important results and their

3



physical meaning.

Finally, Chapter 4 wraps up all the work presented, where the most important conclusions

are shown, as well as the future possible ideas to improve and extend the results and the

methodology with the key aspects included from the analysis.

Additionally, Appendices A-C have been added in order to complement certain topics

in a more comprehensive way, with one section specially devoted to show the preliminary

work and analysis of the spectral function of other currents, where a comparison between

two methods was made.

1.3 Standard Model

The Standard Model of particle physics (SM) is one of the most accepted and successful

theories of fundamental physics (see e.g., Refs. [24–27]). This theory has been demonstrated

experimentally throughout the years since the beginning of the 20th century and it was

completed in 2012 with the discovery of the Higgs Boson by CERN at the Large Hadron

Collider (LHC) [28, 29], which was the missing piece of the theory for many years (see also

Ref. [30] for a better understanding of this bosonic field and its exhaustive and historical

search).

To begin with, the SM of particle physics is a quantum field theory (QFT) built on three

main elements [24]; field theory, special relativity and quantum mechanics. Its construction

is based on principles of symmetry, whose algebra is given by group theory. Its constituent

objects and the essential structure of the model is founded on the quantum-mechanical global

classification of fields as bosons and fermions. Bosons are defined as the integer-spin objects

that satisfy the Bose-Einstein statistics, i.e., they follow the commutator field algebra. Within

the framework of particle physics, these are commonly said to be the force carriers, meaning

that they are responsible for the interactions between all the fields in the model. Fermions are

half-integer-spin objects which obey the Fermi-Dirac statistics, satisfying the anticommutator

field algebra [24]. These are known as the matter constituents and in terms of the SM theory,

they can be subdivided into two sub-categories: leptons and quarks. Let us remark that whilst

both leptons and quarks interact through the electroweak interaction involving photons and
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massive gauge bosons W and Z, quarks additionally interact through the strong interaction

mediated by the massless gauge boson, gluon g, this being a special feature of this sector of

the model.

To complete the introduction of the fields of the theory, the last but not least important,

the Higgs boson is a particular case of bosons. The Higgs boson is a massive spin-zero

particle, whose role through the Higgs mechanism is to give mass to most of the massive

fields of the theory (except for possibly the neutrinos), see [24, 25, 31, 32] for more details

about the Higgs mechanism.

Now after this introduction that briefly described the fields contained in the SM, attention

can be turned to its mathematical structure and its particle content shown in Eq. (1.1) and

Fig. 1.1, respectively. The Lagrangian LSM can be represented as three main sectors:

LSM = LEW + LQCD + LH, (1.1)

where EW is related to the electroweak interactions: these are photons, fermions and massive

gauge bosons (W and Z), where the electromagnetic interaction emerges naturally from

the electroweak interaction through the U(1) hypercharge. Next piece is the QCD sector,

the Quantum Chromodynamics theory regarding the strong interactions, i.e., this includes

exclusively quarks (q), antiquarks (q̄) and gluons g; and finally the Higgs sector H, which are

the terms for the Higgs boson interaction plus the Yukawa terms, being the ones generating

the masses.

Fig. 1.1 displays the elementary fields proposed by the SM theory, where blue boxes

represent quarks, the orange boxes are the neutral leptons, the red ones are the electrically

charged leptons, the yellow boxes are the gauge bosons and finally the Higgs boson is shown

in gray on the right-hand-side (RHS). Their properties such as their masses, charges and spin

are given by the Particle Data Group in Ref. [1].

Even though the SM provides the basics of particle physics, their interactions and sym-

metries, this framework does not totally limit the wide range of possible structures composed

by these elementary fields; in which case their properties will be ruled by global symmetries

imposed by the model, but whose composition can be diverse, for instance being familiar
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Figure 1.1: Particle content of SM of particle physics and their intrinsic properties:
masses, spin and electric charge [1]. The units are considered in the framework of the
natural units, i.e., ~ = c = 1, hence the masses are expressed in terms of energy units
GeV, as well as the electric charge is expressed in units of fundamental charge e.

examples protons and neutrons.

This important attribute not only allows extensions of the theory, but also the extension

of its mathematical applications. This provides a key aspect to study exotic hadrons within

the strong interaction sector, QCD.

1.4 Quantum Chromodynamics (QCD)

As mentioned before, this study is mainly focused on Quantum Chromodynamics (QCD) as

one special piece of the SM theory. This is a non-Abelian gauge field theory that describes

the interactions of the elementary fields: quarks (q), antiquarks (q̄) and gluons (g), and

particularly how they bind together forming hadrons. Its mathematical structure is ruled

by the properties of the colour gauge symmetry group SU(3)C , wherein the fundamental

particles q, q̄ and the gauge boson g combine to be the hadronic constituents through the

strong interaction (see e.g., Refs. [1, 3, 24, 33–36] for a detailed overview of QCD).

Within QCD, it is possible to identify six quark flavours known as up (u), down (d),

strange (s), charm (c), bottom (b), top (t) (see Table 1.1 and Fig. 1.1 for masses and electric

charge). In addition there are eight massless gauge bosons known as gluons. Quarks are
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said to be the fundamental (three-dimensional) representation of the group SU(3), while

gluons are described by the adjoint (eight-dimensional) representation [1, 34]. One of the

most important features of this theory is the so-called colour as quantum number, hence

as an extra degree of freedom. Moreover, along with the fields and their intrinsic quantum

numbers, another fundamental parameter to have in mind in QCD is the strong coupling gs,

which represents the strength of the coupling between q, q̄ and g.

Flavour Mass (GeV) Electric Charge (e)
up (u) 0.00216 +2/3
down (d) 0.00467 -1/3
charm (c) 1.27 +2/3
strange (s) 0.093 -1/3
top (t) 172.76 +2/3
bottom (b) 4.18 -1/3

Table 1.1: Properties of quarks.

The ideas of QCD and colour as a quantum number were first introduced by Oscar W.

Greenberg [37, 38], and arose from the need to explain the existence of hadrons. Hadrons

were originally understood in the conventional quark model as the simplest colour singlet

combinations between q and q̄, whose wave function must satisfy the Fermi-Dirac statistics

of a total antisymmetric wave function, and this colour feature emerges as a consequence.

In order to see the algebraic structure of the strong interactions theory, the non-quantized

QCD Lagrangian piece from Eq. (1.1) is given by:

LQCD = ψ̄a
j

(
iγµ (∂µ δ

ab + igs t
ab
AAA

µ )−mj δ
ab
)
ψb
j −

1

4
GA

µνG
µν
A , (1.2)

where repeated indices are summed over (see Appendix A for conventions); a, b are the colour

indices and run from 1 to 3 (number of colours); ψa
j (ψ̄a

j ) are the quark (antiquark) fields of

flavour j that runs from 1 to 6; AA
µ are the eight gluon fields in the adjoint representation;

tabA are the matrix representation of the generators of the group SU(3), which satisfies the

relation tAab = 1
2
λAab, λA being the Gell-Mann matrices. Ultimately, GA

µν is the gluon field

strength tensor defined as

GA
µν = ∂µAA

ν − ∂νAA
µ + gsfABCAB

µAC
ν , (1.3)
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where fABC are the structure constants of the SU(3)C group and A, B, C run from 1 to 8.

Equations (1.2) and (1.3) show an interesting peculiarity in the gauge-boson sector, where

gluons are self-interacting and there are explicit three- and four-gluon interaction vertices,

which does not happen in the electromagnetic sector of the theory (SM).

In the scope of this study, the Lagrangian in Eq. (1.2) provides the tool to extract the

Feynman rules for quark and gluon interactions, allowing the calculation of observables such

as hadronic masses and decay widths by means of perturbative series expansion of the strong-

coupling constant αs = g2s/4π (αs for brevity). See Refs. [3, 25, 27, 33] for the full set of

Feynman rules and the path to their construction from QFT.

During the early stage of hadronic physics, there were some attempts to explain the idea

of hadrons and strong interactions (see e.g., Refs. [39–41] for more details about alternative

models), but after a heated debate, the concept of hadrons was finally defined within the

conventional quark model scheme. In this context, the QCD theory is one of the tremendous

achievements since the quark model was proposed, whose essential role lies on setting the

basic rules for the interacting fields composing the hadrons.

1.4.1 Quark model

In 1964, two particle physicists came up independently with the so-called quark model

(George Zweig [35] and Murray Gell-Mann [42]) as a way to explain meson and baryon

configurations. The proposed ideas were that the hadrons were bound states made up of

subatomic elementary particles with fractional electric charge, which were initially called

aces, but then this name was changed by Gell-Mann to quarks. By the time this theory

was starting to gain followers, the experimental sector was already showing the discoveries of

several hadronic states, such as pions (π), kaons (K), among others, and therefore motivating

the theory (see also Ref. [43] for an introduction to the quark model).

Quarks and gluons have never been seen as free particles in experiment and so they are

not directly measured, but instead their counterparts are detected, the wide range of hadrons.

In this sense, quarks and gluons are seen indirectly as substructure of hadrons. This issue

triggered the development of the primitive quark model as a suitable theory by setting a

classification scheme for this extensive spectrum of hadrons. Originally, this classification

8



was formulated spanning the simplest hadronic structures, such as mesons as a pair qq̄ and

baryons as a group of qqq or q̄q̄q̄. Overall, both systems must satisfy one common requirement

of colour neutrality, i.e., the total wave function of the hadron must be invariant under SU(3)C
transformations. In other words, it must behave as a singlet under colour transformations.

In spite of the idea that the quark model’s attempt to explain the simplest hadrons pre-

vailed for many years and was then validated with the improvements in collider physics,

ab-initio Zweig-Gell-Mann [35, 42] model of hadrons did not limit these states to be strictly

the simplest compound systems, but rather these bound states must be constrained by the

requirement of colour neutrality, leaving the door open for extensions to the broad hadron

spectrum, including more complex structures such as four-quark states, pentaquarks, etc.

(see also Ref. [44]). Likewise, this colour-neutrality approach was extended to other combi-

nations including the gauge bosons, gluons (e.g., hybrids, glueballs), due to their property of

carrying colour charge and its self-interaction shown in the strength tensor field of Eq. (1.3).

Henceforth, these combinations beyond the conventional quark model will be referred as

exotic hadrons.

1.5 Exotic Hadrons

The incomplete notion that the conventional quark model restricted the classification of

hadrons into only irreducible states such as qq̄ mesons and qqq or q̄q̄q̄ baryons unleashed the

urge to add exotic members to the hadron spectrum. The rise of this idea settled strongly

among the scientific community, and subsequently throughout the years and with better

technologies for hadron spectroscopy, this field has been intensely studied.

To date, exotic hadrons have been consistently searched for in many experiments, whose

outstanding progress has yielded remarkable improvements in the theoretical understanding

of these exotic states. As a consequence the hadronic physics sector has witnessed the exten-

sion of the quark model and the evidence of exotic state candidates [2]. We now have some

insights on the possible classification of these exotic states: glueballs as made up purely of

gluons, hybrids as a mixture of gluons and quarks/antiquarks, and multiquark states com-

posed by more than three quarks or/and antiquarks.
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The big breakthrough came in 2003 with the discovery of the exotic meson X(3872)

1 in the Belle detector at the KEKB2 collider in Japan [45]. The features of this state

showed a composition of at least a charm-anticharm (cc̄) pair, but its quantum properties

did not fit into an ordinary cc̄ quarkonium scenario, suggesting an exotic cc̄qq̄ structure. This

event marked the beginning of a new era in hadron spectroscopy and revived the interest in

studying the exotic sector. For instance, the so-called XY Z resonances stand out among the

great variety of states due to the large amount of candidates observed, and year by year this

long list increases. These structures are considered to be charmonium-like (cc̄-like) states,

because of the presence of charm-anticharm pair in its composition as evidenced by J/Φ in

decay products, such as the states presented in Fig. 1.2 from Ref. [2].

More information about some of these XY Z states can be found in Refs. [45–57], among

other sources. In addition, their cousins are also present in the searches. These are the

bottomonium-like (bb̄-like) states: as their name indicates, they are composed of at least one

bottom-antibottom pair (see Refs. [2,5,58–62] for a detailed analysis of these and other exotic

states).

One of the most important states observed is the tetraquark candidate Z±
c (3900) (see

Refs. [63, 64]), which clearly stands out from the conventional classification of mesons given

its electric charge which implies additional quark content beyond cc̄, and its composition is

suspected to be cc̄ud̄/cc̄dū. Along with this state, the recently discovered T+
cc candidate [65,66]

at the LHCb experiment at CERN, presented during the European Physical Society confer-

ence on high energy physics (EPS-HEP Conference 2021), is a long-lived exotic tetraquark

candidate, whose quark composition is ccūd̄.

Thanks to all the progress and the evidence provided, there is a clear suggestion man-

ifested that multiquark states exist. For this reason this work is oriented to the study of

a specific classification of four-quark states. Among all the exotic states, these are of our

special interest and they can be studied from the QCD Sum-rules (QCDSR) approach.

1In the Particle Data Group classification scheme, the X(3872) corresponds to a meson of mass 3872 MeV.
2e−e+ collider.
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Figure 1.2: Spectrum of states in charmonium (cc̄) sector. The solid blue lines rep-
resent the states that have been experimentally determined, and the dashed blue lines
represent the states that are not established yet by PDG, but they are claimed already
as candidates. Image credit N. Brambilla, et al. [2].
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1.5.1 Four-quark states

Among the variety of configurations of exotic hadrons, four-quark states are systems com-

posed of four quarks/antiquarks, e.g., qqq̄q̄, qq̄qq̄, qqQ̄Q̄, etc., where q (q̄) and Q (Q̄) are light

and heavy quarks (antiquarks) respectively. These could be subdivided into two types de-

pending on their internal colour substructure: tetraquarks and molecular states (see Fig. 1.3).

Tetraquarks are qqq̄q̄ configurations such that there are two clusters called diquark (qq) and

antidiquark (q̄q̄), where each cluster has a certain colour number and altogether form a

colour-neutral system. Molecular states are qq̄qq̄ configurations, with meson-meson (qq̄− qq̄)

structures that must satisfy the condition of colour neutrality, with each of these mesons

being colour-neutral.

qq

q̄q̄

q q̄

q̄ q

Tetraquark Molecule

Figure 1.3: Four-quark configurations.

The XY Z tetraquark states previously mentioned are considered within the series of

charmonium-like (and additionally with bottomonium-like) are collectively named as heavy

tetraquarks. In the framework of QCDSR, the vast majority of QCD sum-rule studies of

charmonium- and bottomonium-like tetraquarks have been performed at leading order (LO)

in perturbation theory (PT) [58, 67–70]. There are approximate calculations that provide

indications that higher-loop effects may be small in the heavy tetraquarks systems [12,71,72].

In contrast, in the light scalar sector there is evidence that these higher-loop contributions

may be large in light tetraquark systems (see e.g., Refs. [11, 14]).
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1.5.2 Light Scalar Mesons

To date there is still debate on the light scalar sector of QCD. The uncertainties on the

knowledge of light hadrons come from poor understanding of QCD at low energies and the

experimental complexities of detecting scalars because they have the same quantum numbers

as the vacuum. Direct application of QCD at low energies becomes challenging because of the

inclusion of the fundamental parameter αs in the calculations, which behaves according to

the energy scale. In the ground state, perturbation theory (PT) can be used partially, given

that there are other contributions (QCD condensates) inherent from the hadronic vacuum

that must be included.

Naturally, the question of why we want to study the light scalar sector arises. To address

this issue we might understand the mesonic picture in terms of quark model predictions,

whose results in comparison with the experiment were in agreement for a large range of

mesons. That is, except for the light scalar mesons, which seem to be anomalously light [13],

and somehow the amount of these states exceeds the number expected in the quark model,

including the possibility of a glueball, and so they remain puzzling (see also Refs. [15, 19,

21, 73, 74] for an overview on these mesons and their masses). The aim of studying the

light scalar sector and the hunt for glueballs is tightly related to the desire of understanding

strong interactions in the low-energy regime, and if possible, get some insights on the chiral

symmetry breaking issue, as well as some understanding of colour confinement.

The light resonances are cumbersome to study and detect in the experiment, since it is

difficult to measure their signal due to the low-energy background, and their large estimated

decay width. When referring to light scalar resonances, these are the ones expected to be in

the energy range below 2 GeV. They are said to contain a qqq̄q̄ nonet of light scalar states as

shown in Fig. 1.4. This idea of light scalar four-quark nonet was developed and presented by

Robert L. Jaffe in 1977 [75] (see Ref. [17] for a summary on this nonet), whose classification

of the light scalar mesons was elaborated based on the bag model scheme.
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Figure 1.4: Weight diagram of nonet of lightest scalar mesons with their hypercharge
(Y ) and third component of Isospin (I3) numbers, where the superindices (0,+,−)
indicate the electric charge of the hadron.

Regarding the quark content, the states in Fig. 1.4 are proposed to be composed of u (ū),

d (d̄) and s (s̄) quarks (antiquarks) (see Appendix A for an explicit description of these states)

and the combination of them will determine their exotic quantum numbers (JPC = 0++ in

this case for the σ state) as well as their total hypercharge (Y ) and third-component of the

isospin (I3). These systems are understood as a superposition of states, i.e., a mix of the

conventional qq̄ mesons and the qqq̄q̄ tetraquarks states, where there is a strong belief that

they have a significant tetraquark component as stated in Ref. [75], see also Refs. [10,13,76–79]

for a detailed discussion on the nature of these states.

In order to study observables one must understand the concept of resonances and masses

in hadronic physics. On one side, the resonances are somewhat “intermediate” states with

a large decay width (short lifetime). Experimentally these resonances are found as narrow

peaks in mass or energy distribution plots, and they are characterized by mechanisms such

as

A+B → X︸︷︷︸
Resonance

→ C +D + . . . , (1.4)
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where A,B are the initial states with certain properties, and C,D, . . . are the final states.

On the other hand, quark masses are not directly measured, but rather their influence in

hadronic properties and other QCD predictions. Particularly, the quark masses depend on

the renormalization scale parameter µ2 [1] (most commonly named µ2
MS

in the MS scheme),

meaning that the QCD dynamics within hadrons depend on the energy scale, but not the

hadron masses themselves. Now, the question is: how do we estimate exotic hadron masses?

The mass and width of a certain resonance is given by the nearest pole of the process ampli-

tude (S-matrix) to the energy threshold for the production process. Hence, the formula to

study their masses and widths, involving the pole of the S-matrix amplitude is given by

√
spole = mH − iΓ/2,

where mH is the hadronic mass estimate, Γ is the corresponding decay width and √
spole

represents the energy where the pole of the amplitude is located in the complex energy

plane. The goal of this research is to localize the position of this pole, for which the QCDSR

approach is appropriate, and it will be used within the energy below 2 GeV to study primarily

the σ mass estimate.

1.5.3 The scalar σ state

There is one state that has been of wide interest, not only because of its structure and its

intrinsic complexity when making predictions which are hampered by the low energy effects,

but also because of the insightful understanding that it could lead to if its internal structure

and mass are finally unraveled. This state is the so-called σ state or f0(500) 3 with the

vacuum quantum numbers JPC = 0++ (see Refs. [14] for an extensive history of this state).

It is classified as the lightest scalar tetraquark candidate, whose dominant decay mode is

believed to be the ππ channel and whose suggested composition is made of u, ū, d and

d̄ [20, 80].

For many years, there have been plenty of controversy on to whether this state exists or

3In PDG terminology, isospin-zero mesons are denoted as f with spin as subscript, and mass in MeV in
parentheses.
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not and if it does it is whether a conventional qq̄ meson or a qqq̄q̄ tetraquark configuration

[20,23,79,81,82], or instead what is the main dominant configuration is. This thesis explores

the σ scalar in the tetraquark scenario with its perturbative NLO radiative correction to the

QCD sum-rule and its subsequent influence on the mass estimate.
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2 Theory and Methodology:

Correlator, sum-rules and other “complex”

stuff

This chapter shows the key theoretical concepts that will be used to have a better under-

standing of how the QCD Laplace sum-rule analysis is performed (e.g., fundamental param-

eters and methodology). Starting from the tetraquark current construction based on certain

symmetries, such as flavour, colour and Lorentz; thereafter moving to the definition of the

spectral function ρ(s) and its relation with the QCD correlator, all of this in the basis of

the Feynman rules and the Operator Product Expansion (OPE). The key final result is the

connection between the QCD Laplace sum-rules and the hadronic mass estimate m2
H.

2.1 Interpolating currents

In the framework of QCDSR, it is crucial to define the concept of currents in order to compute

the current correlation function and later make the proper study of the QCD Laplace sum-

rules and the observables [83, 84] (see also Ref. [85]). Basically, it is understood that the

quantum states can be probed through currents, being the mathematical objects that have

the information of the interacting elementary fields composing the hadrons. The construction

of these currents depend on the four-quark state structure chosen, for instance, the tetraquark

configuration, i.e., a pair of diquark and antidiquark clusters as shown in Fig. 2.11.

The possible independent tetraquark currents for the light scalar mesons are split accord-

ing to the flavour-symmetric and flavour-antisymmetric classification, and their behaviour

under Lorentz transformations and colour symmetry group transformations. To begin with,

1All the Feynman diagram figures shown in this report were made using the package Tikz-Feynman [86].
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qi

qj

q̄k

q̄l

Figure 2.1: Leading-order Feynman diagram of tetraquark configuration, where q/q̄
correspond exclusively to light quarks.

the flavour-symmetric interpolating currents are the following (see e.g., Ref. [19] for more

details), where qi,j,k,l = u, d:

JS6 = (uiTCγ5d
j)(ūiγ5Cd̄

T
j + ūjγ5Cd̄

T
i ),

JV6 = (uiTCγµγ5d
j)(ūiγµγ5Cd̄

T
j + ūjγµγ5Cd̄

T
i ),

JT3 = (uiTCσµνdj)(ūiσµνCd̄
T
j − ūjσµνCd̄

T
i ),

JA3 = (uiTCγµdj)(ūiγµCd̄
T
j − ūjγµCd̄

T
i ),

JP6 = (uiTCdj)(ūiCd̄
T
j + ūjCd̄

T
i ).

(2.1)

Similarly, the flavour-antisymmetric tetraquark currents are:

JS3 = (uiTCγ5d
j)(ūiγ5Cd̄

T
j − ūjγ5Cd̄

T
i ),

JV3 = (uiTCγµγ5d
j)(ūiγµγ5Cd̄

T
j − ūjγµγ5Cd̄

T
i ),

JT6 = (uiTCσµνdj)(ūiσµνCd̄
T
j + ūjσµνCd̄

T
i ),

JA6 = (uiTCγµdj)(ūiγµCd̄
T
j + ūjγµCd̄

T
i ),

JP3 = (uiTCdj)(ūiCd̄
T
j − ūjCd̄

T
i ),

(2.2)

where S, V, T, A, and P stand for scalar, vector, tensor, axial and pseudoscalar substructures,

respectively, and the subscripts of these letters correspond to colour degrees of freedom,

related to the color representation, either 3̄c or 6c for diquarks (3c or 6̄c for anti-diquarks).
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In addition, the properties of the Dirac matrices γµ are used:

C = iγ0γ2, {γµ, γ5} = 0, σµν =
i

2
[γµ, γν ], [γµ, γν ] = 2gµν , (2.3)

where C is the charge conjugation operator and gµν is the metric tensor (see Appendix A for

details on conventions used in this thesis).

After a detailed discussion performed by H. Chen, A. Hosaka and S. Zhu in Ref. [74],

mixed currents showed reliable LO calculations in the scope of the sum-rules for the low-lying

scalar mesons based on the diquark-antidiquark structure. The best choices found to describe

the scalar σ state at LO are [19, 74]:

η1 = cos(θ)JAσ
6
+ sin(θ)JV σ

3
, (2.4)

η2 = cos(θ)JAσ
3
+ sin(θ)JV σ

6
, (2.5)

where cot(θ) = 1/
√
2 is the mixing angle.

The fundamental role of this analysis, meaning the task of selecting the best suitable

linear combination of scalar currents, yields a proper construction of the spectral function

that represents the tetraquark system and thereby ensures the reliability of the sum-rules. At

this stage, having defined the currents associated to the leading-order diagram (see Fig. 2.1),

the next-to-leading order (NLO) corrections can be added, whose Feynman diagrams are

shown in Fig. 2.2.

qi

qj

q̄k

q̄l

(a)

qi

qj

q̄k

q̄l

(b)

qi

qj

q̄k

q̄l

(c)

Figure 2.2: NLO Feynman diagrams: (a) self-interaction and (b)-(c) gluon exchange.
Notice that other diagrams with similar topologies are omitted in these figures, but
used in the calculations.
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The essence of these diagrams is to outline the simplest NLO radiative corrections, namely

the gluon self-interaction and the gluon exchange between the pairs qq, qq̄ and q̄q̄, from where

the Feynman rules will be constructed using Eq. (1.2). It is noteworthy to mention that the

correlation function will contain all the possible diagrams that represent the situation of the

gluon exchange, and Fig. 2.2 represents the types of gluon exchange.

2.2 Correlation function and spectral density

Having defined the scalar tetraquark currents in addition with the linear combination required

to compute reliable sum-rules, the next step is to formulate the correlation functions and

spectral densities.

The underlying goal of the calculation of these functions is to obtain estimates of rel-

evant observables in hadronic physics, such as masses and widths. As a general overview,

the current correlator and the spectral function are said to be two representations of the

same object [85, 87]. The former is the two-point correlation function Π(x) (or two-point

Green’s function), namely the non-trivial vacuum expectation value (VEV) of the time-

ordered product of two local currents, and it is physically understood as the QCD amplitude

for propagation of a particle between two spacetime points [33]. On the other hand, the

spectral function ρ(s) contains the hadronic properties and thereby the experimental infor-

mation of the system. Thus the correlation function Π(x) represents a theoretical prediction

based on quarks and gluons calculations, while the spectral function ρ(s) contains hadronic

experimental properties.

To begin with, the current correlation function Π(x) is constructed using the definitions

of Eqs. (2.4) and (2.5) for the currents, that is

Π(x) = 〈0|T {J(x)J̄(0)}|0〉 = 〈0|T {ηa(x)η̄a(0)}|0〉, (2.6)

where a = 1, 2, ηa(x) and η̄a(0) = η†a(0) (for bosons) are the interpolating currents in

coordinate-space (see Eqs. (2.4) and (2.5)), and T is the time-ordered operator. Moving
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to momentum space through the Fourier transform, the correlation function becomes

Π(q2) = i

∫
d4x eiq·x 〈0|T {ηa(x)η†a(0)}|0〉. (2.7)

In the scope of QCDSR’s, the correlation function is related to the spectral density on the

basis of the Quark-Hadron duality concept [87–89], i.e., there is a correspondence between

theoretical QCD and its phenomenological counterpart [83, 84]. This relation has its foun-

dations on the optical theorem, whose role, by invoking the Cauchy theorem, is to connect

the imaginary part of the QCD correlation function with the physics on the real axis of the

complex squared energy plane, where the singularities take place [85,90]. This discontinuity

gives rise to the hadronic spectral function, and its poles are understood as the representation

of stable hadrons and resonances.

Re(s)

Im(s)

r

s-plane

Figure 2.3: Complex squared energy s-plane, where the poles and cuts are located on
the real axis, and r is the raduus of the circle, which usually is taken as r → ∞.

From Fig. 2.3, it is possible to study the physics on the real axis by studying the imaginary

part of the correlator, where one can separate the integral in the following way [91]:

Π(q2) =
1

2iπ

∮
|s|=r

ds
Π(s)

s− q2
+

1

2iπ

∫ r

t0

ds
Π(s+ iε)− Π(s− iε)

s− q2
. (2.8)

Here t0 corresponds to the physical threshold of the system; in other words, the minimal
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energy for the process to occur. The first term in Eq. (2.8) represents the contour integral

along the outer circle, while the second term is the one associated to the real axis. This

relation is the key aspect to understand duality in hadronic physics.

In order to illustrate this, let us have in mind the idea that Källen and Lehmann estab-

lished for correlation function representations, where the two-point functions are related with

the spectral density [33] through the so-called dispersion relations. Let q2 be defined as the

Minkowskian momentum, which is related to the Euclidean momentum as Q2 = −q2. The

simplest dispersion relation can be written as

ΠQCD(Q2) =
1

π

∫ ∞

t0

ds
ρhad(s)

s+Q2
+ subtraction terms, (2.9)

where ΠQCD(Q2) is the QCD correlator, ρhad(s) is known as the hadronic spectral function,

and the subtraction terms are related to the divergences coming from the ΠQCD because of

the composite operator aspect of the currents.

Furthermore, QCD requires different treatments in the low- and high-energy regimes. In

the low-energy sector, ΠQCD(Q2) must contain non-perturbative effects related to the vacuum,

which are included via the Operator Product Expansion (OPE), so that the correlator is

expressed as an expansion in terms of local operators separated by short distances. Thus,

given the definition of ΠQCD(Q2) from Eq. (2.6), this new representation will be parametrized

as [36]

〈0|O1(x)O2(y)|0〉 = 〈O1(x)O2(y)〉 lim
x→y

∑
n

Cn(x− y)〈On(y)〉, (2.10)

where O1,2(x) are composite operators, On(x) are some local operators and Cn(x) are per-

turbatively calculated Wilson coefficients.

To calculate the vacuum expectation values (VEV’s) of a product of operators, the use of

OPE is convenient when different vacuum dynamics govern low- and high-energy scale (long-

and short-distances). Basically, the OPE is made of perturbation theory (PT) terms and

then followed by non-perturbative (non-PT) terms embedded in vacuum expectations values

(QCD condensates). This is a special feature of the QCD vacuum and allows the correlation
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function to be written in terms of QCD degrees of freedom as well as including the distinctive

colour confinement.

To obtain these terms, PT and non-PT, two approaches are taken. The former, PT terms,

are calculated using the corresponding Feynman rules from Eq. (1.2), likewise the radiative

corrections, the NLO PT terms [11]. Fundamentally, these terms portray the interactions

at the elementary level of quarks and gluons, representing QCD theoretical calculations.

The latter, non-PT terms correspond to the QCD condensates, whose role is understood

to be responsible of the hadronic vacuum properties at low-energy regime, where the strong

coupling is large [68,92] and go beyond perturbation theory. The OPE respectively factorizes

the low- and high-energy effects into the QCD condensates and into the perturbatively-

calculated Wilson coefficients.

In the hadronic sector, it is convenient to work with the hadronic spectral function ρhad(s)

in a similar way, meaning that the low-energy sector will be separated from the high-energy

sector in order to study the resonance phenomenology, and mostly decrease the continuum

contribution to the spectral function and emphasize the resonances. Thereby, the adoption of

the “resonance(s) plus continuum” model is practical, since it allows to study the resonances

somewhat isolated from the continuum,

ρhad(s) = ρres(t0 < s < s0) + ρcont(s0 < s <∞), (2.11)

where t0 is the physical threshold and s0 is the continuum threshold. The labels “res” and

“cont” refer to resonance and continuum, respectively.

It is important to stress that the study of the lightest states must have appropriate models

depicting the possible outcomes. This thesis explores two suitable approaches to examine

the resonances from the spectral density, the single narrow resonance and double narrow

resonance as outlined below.
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Single Narrow Resonance:

This model assumes that the pole of the spectral density corresponds to a single narrow

resonance, hence parametrizing the spectral function into two segments with a prominent

peak associated with the delta function,

ρhad(s) = fHδ(s−m2
H)︸ ︷︷ ︸

Narrow Resonance

+ θ(s− s0)
1

π
ImΠcont(s)︸ ︷︷ ︸

QCD Continuum

, (2.12)

where fH is the strength with which the resonance couples to the vacuum through the chosen

current, m2
H represents the hadronic mass of the resonance under consideration, and the last

term of Eq. (2.12) corresponds to the imaginary part of the QCD correlator within the

continuum interval of energy, where there are no singularities.

Double Narrow Resonance:

This model considers the presence of a second resonance affecting the spectral function,

meaning there could be a mixing between the states, which is possible when the states share

the same quantum numbers, in which case the resonance sector of the spectrum will be

ρres(s) =
∑
i

Aiδ(s−m2
i ). (2.13)

For the lightest scalar mesons (σ and f0(980)), this becomes

ρres(s) = Aσδ(s−m2
σ) + Af0δ(s−m2

f0
), (2.14)

where m2
σ and m2

f0
are the masses of the lightest resonances that characterize the hadronic

spectral function with mixed states; Aσ and Af0 are the resonance strengths of each state

into the spectral function.

The next section outlines methods to extract information of the lightest scalar σ, with

the inclusion of f0(980) as the next-heavier scalar state, from the dispersion relations as well

as a methodology to separate the lightest contributions from the continuum.
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2.3 QCD Laplace sum-rules

Following the ideas introduced in the previous section, QCD sum-rules (QCDSR) is a method

proposed by M. A. Shifman, A. I. Vainshtein and V. I. Zakharov (SVZ hereafter, see Refs. [83,

84]) in the late seventies with the initial purpose to compute hadronic properties from QCD

calculations, such as magnetic moments or ground-state masses. Later, this successful ap-

proach based on approximations and assumptions extended its applications, from where it

emerged the idea that QCDSR can provide constraints on integrals of hadronic spectral

functions (see e.g., Refs. [83, 84] for QCDSR foundations).

The main idea of this method is to elucidate QCD at low-energy by studying hadronic

spectral functions and by emphasizing the low energy states, namely the ground states. For

instance, the so-called Laplace sum-rule (also known as Laplace-Borel sum-rule) is used to

enhance the dominance of the lightest resonances in the energy spectrum (see Refs. [91, 93]

for reviews), whose foundations were built in terms of the Laplace and Borel transforms,

which gave it the name.

The importance of this formulation lies in the relation between the Borel transform op-

erator and the inverse Laplace transform by somewhat modifying the correlator in order

to get rid of the unknown and divergent subtraction terms and suppress the high-energy

contributions of the hadronic spectral function.

2.3.1 Borel Transform

Given that the goal of this study is focused on ground states of light systems, Eq. (2.9) is not

suitable for further calculations in the low-energy regime, due to the divergent polynomials

(substraction terms) and spectral function contributions at high energy. Hence, rewriting this

expression with the purpose of emphasizing the lowest-energy sector is needed. To achieve

this, SVZ [83,84] proposed the method to improve the dispersion relations based on the Borel

transform operator and its relation to the inverse Laplace transform, with the help of the
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N-th derivative applied to the correlation function, as follows

B̂ ≡ lim
N,Q2→∞

(−Q2)N

Γ(N)

(
d

dQ2

)N

, where τ ≡ N/Q2, (2.15)

where the so-called Borel parameter is defined as the fixed ratio τ . This operator has the

advantage of annihilating the subtraction terms in the dispersion relation in Eq. (2.9), and

its properties are the following [94]

B̂[a0 + a1Q
2 + . . . amQ

2m] = 0, for m > 0 (m finite); (2.16)

B̂

[
Q2n

t+Q2

]
= τ(−1)ntn e−tτ , for n > 0. (2.17)

The RHS of Eq. (2.17) shows an explicit dependence on the Borel parameter τ , also referred

to as the Borel mass τ = 1/M2
B, whose dimensions are inverse to the squared energy ([τ ] =

GeV−2).

The Laplace transform of an analytic function f(Q2) is given by (see e.g., Refs. [95, 96]

for more details about Laplace and Borel transforms),

f(Q2) =

∫ ∞

0

dτ F (τ) eQ
2τ ≡ L[F (τ)], (2.18)

where

L−1L[F (τ)] = L−1[f(Q2)] = F (τ). (2.19)

Moving to the complex Q2-plane, the definition of the inverse Laplace transform will be

L−1[f(Q2)] =
1

2πi

∫ a+i∞

a−i∞
dQ2 f(Q2) eQ

2τ . (2.20)

Then, Eq. (2.20), for any function f(Q2), is related to the Borel transform operator [97] as

1

τ
B̂
[
f(Q2)

]
= F (τ) = L−1

[
f(Q2)

]
, (2.21)
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Now, one can define a function Lk(τ) representing this inverse Laplace transform (see Ap-

pendix B for more details),

Lk(τ) = L−1
[
(−1)kQ2kΠ(Q2)

]
=

1

π

∫ ∞

t0

ds ske−sτρhad(s), for k ≥ 0. (2.22)

Therefore, the Laplace sum-rule naturally emerges, and its consequence is the improvement

of the dispersion relations as follows:

Lk(τ) ≡
1

π

∫ ∞

t0

ds ske−sτρhad(s), for k ≥ 0. (2.23)

The importance of this method lies in the effects of the exponential e−sτ in the integral above,

due to its ability to enhance low-energy states and suppress excited ones and the continuum.

This expression in Eq. (2.23) denotes the Laplace sum-rule. In the next sections, the final

formulation related to QCD and resonance hadronic physics will be shown.

2.3.2 Laplace sum-rule

The comparison between the dispersion relation shown in Eq. (2.9) and the one obtained

in Eq. (2.23) demonstrates how the use of the Laplace and Borel transforms improve the

quality of the information that can be extracted from the spectral density and from QCD

calculations. This establishes the importance of the QCD sum-rules application in hadronic

physics to study bound states and resonances.

As presented previously, the “resonance(s) plus continuum model” helps the study by

separating the energy ranges. In this instance, the continuum term in Eq. (2.23) can be

written as [94]

ck(τ, s0) =
1

π

∫ ∞

s0

ds sk e−sτ ImΠcont(s). (2.24)
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And this expression combined with Eq. (2.23) results in

Rk(τ, s0) ≡ Lk(τ)− ck(τ, s0)

=
1

π

∫ ∞

t0

ds ske−sτρhad(s)− 1

π

∫ ∞

s0

ds sk e−sτ ImΠcont(s).
(2.25)

Here, the final formulation for the Laplace sum-rule connecting the hadronic properties with

the corresponding QCD calculations will be

Rk(τ, s0) =
1

π

∫ s0

t0

ds sk e−sτ ρres(s), for k ≥ 0, (2.26)

where Rk(τ, s0) is the entity commonly referred to as the sum-rule, t0 is known as the physical

threshold, which will be taken as t0 = 0, since the study is centered in the light quark sector

where mu and md are negligible; s0 is the continuum threshold separating the resonance from

the continuum, and τ is the Borel parameter that works as an auxiliary parameter.

2.3.3 Single Narrow Resonance model

When studying quantum states, different approaches can be taken in order to compute ob-

servables. In the same way different techniques and models are implemented during the

process with the purpose of highlighting certain states. In this regard, the single narrow

resonance model defined in Section 2.2, aims to isolate a given resonance from the continuum

region of the spectral density, and it will modify the Laplace sum-rule in Eq. (2.26) as

Rk(τ, s0) =
1

π

∫ s0

t0

ds sk e−sτ ρres(s) = fHm
2k
H e−m2

Hτ , (2.27)

where k = 0, 1 are commonly used because higher weights (i.e., k > 1) will increase the

continuum contribution.

Within this model, it is straightforward to see how the resonance massmσ can be extracted

through the following ratio

− 1

R0τ, s0)

dR0(τ, s0)

dτ
= m2

H , (2.28)
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or in other words, for the σ mass

R1(τ, s0)

R0(τ, s0)
= m2

σ. (2.29)

Using this parametrization, the σ mass is expected to be computed, in which case a Borel

window for τ is required to be adjusted and an optimization on a fixed value of s0 is needed.

2.3.4 Double Narrow Resonance model

Following the same previous idea regarding the quantum states, it is not unreasonable to think

there can be mixing between them, meaning that states with the same quantum numbers can

couple to the current under consideration with different resonance strengths, hence leaving the

door open to make the analysis for more than one resonances at low-energy regime (below

2 GeV). In this scenario, the “resonance(s) plus continuum” model is extended by adding

another state in the resonance sector of the spectral function, transforming the sum-rule of

Eq. (2.26) by replacing Eq. (2.14) into,

Rk(τ, s0) =
∑
i

Aim
2k
i e−m2

i τ . (2.30)

This equation above is the so-called multiple resonance model. In this thesis, it will be

treated for two resonances, the σ and f0(980) (for brevity, it will be denoted by f0)

Rk(τ, s0) = Aσm
2k
σ e−m2

στ + Af0m
2k
f0
e−m2

f0
τ . (2.31)

Notice that this representation is valid for k ≥ 0, and the term m2k
i comes directly from the

definition of the sum-rule with the delta function in the parametrized spectral function.

The sum-rule analysis becomes dependent on these two lightest resonances and the σ

mass cannot be directly extracted from the ratio in Eq. (2.29), but instead the ratio will be

R1(τ, s0)

R0(τ, s0)
=
Aσm

2
σ e

−m2
στ + Af0m

2
f0
e−m2

f0
τ

Aσ e−m2
στ + Af0 e

−m2
f0

τ
. (2.32)

This model will be explored by calculating the LHS of Eq. (2.32) and by adjusting the
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input parameters on the RHS, such as s0, τ and the properties of the lightest scalar states,

the σ and f0(980), in order to get an estimation for mσ.
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3 Results:

What about the NLO effects?

This chapter presents the main results in terms of the spectral functions of the associated

tetraquark currents, as well as an analysis of the QCD Laplace sum-rule using two different

strategies including the single narrow resonance analysis, where the σ state is studied isolated

in the low-energy regime; and the double narrow resonance analysis. In a double resonance

analysis possible mixing of states could be happening, thus considering some influence from

the next-lightest scalar resonance to the sum-rules. Later the optimization of the QCDSR

parameters with this mixing aspect included is made, and consequently establishes a robust

range on the σ mass from NLO PT effects.

3.1 Tetraquark Spectral function

To begin with, the spectral function of the tetraquark states was computed by H. Chen, A.

Hosaka and S. Zhu in Ref. [19] using the OPE method, which included the LO PT term plus

the non-perturbative contributions, namely, the QCD condensates.

In addition, the radiative corrections to the PT terms (NLO corrections) shown in Fig. 2.2

were added to this spectral function in accordance to the results obtained by S. Groote, J.

G. Körner and D. Niinepuu in Ref. [11]. It is important to remark that some of the results

presented in Ref. [11] were inconsistent throughout [11]. The necessary modifications were

made through correspondence with the author (S. Groote) [98], who acknowledged, identified

and clarified this issue and the existing typos, from which the final NLO contribution to the

spectral density was obtained and provided in this thesis, and subsequently it allowed a

comprehensive study of the NLO effects on the QCDSR analysis.

In Ref. [19], it is shown that there is a pair of mixed currents, labelled as ρσ1 and ρσ2 , that
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give reliable Laplace sum-rules1 for the LO terms, and thus these spectral functions can be

studied within this approach. The construction of the diagonal spectral functions was made

by means of the terms stated in Eqs. (2.4) and (2.5), resulting in the following expression for

ρσ1

ρσ1 = cos2(θ)ρσA6A6
+ sin2(θ)ρσV3V3

+ 2 sin(θ) cos(θ)ρσA6V3
, (3.1)

where cot(θ) = 1/
√
2 corresponds to the mixing angle [74]. Let us mention that ρσ2 plays

the same role in the sum-rule, given the negligible difference with ρσ1 , where the NLO PT

correction term is the same in both cases, and then all the results will be shown only for ρσ1 .

Equation (3.1) is constructed using the definitions of each single mixed spectral function

NLO PT contribution as computed by [11], which are

ρσA6A6
(s) =

8s4

15(4π)6

{
1 +

αs

π

(
55

4
+

5

2
ln

(
µ2
MS

s

))}
, (3.2)

ρσV3V3
(s) =

4s4

15(4π)6

{
1 +

αs

π

(
67

10
+ ln

(
µ2
MS

s

))}
, (3.3)

ρσA6V3
(s) = − 4s4

5(4π)6

{
αs

π

(
16

5
+ ln

(
µ2
MS

s

))}
, (3.4)

where Eq. (3.4) corresponds to the corrected terms from the original work in [11,98]. There-

fore, substituting Eqs. (3.2), (3.3) and (3.4) into Eq. (3.1), the PT terms up to NLO will be

ρσ1 (s) =
s4

11520π6
+

s4

11520π6

(
αs

π

[
(409− 192

√
2)

40
+

(7− 6
√
2)

4
ln
(µ2

MS

s

)])
. (3.5)

Equation (3.5) represents the corrected and updated spectral function from Ref. [11] based

on the correspondence with the author [98].

The very first term in Eq. (3.5) is describing the LO PT term, whereas the following

terms correspond to the NLO PT contributions coming from the diagrams in Fig. 2.2. The

goal here is to examine the impact of the NLO PT terms on the spectral function and then

1Meaning the spectral functions are positive across the necessary energy range.
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compare the relative weight of these NLO terms with respect to the LO PT terms within the

full QCDSR.

The total NLO spectral function for the σ scalar containing all the terms, PT and non-PT

is shown below [11, 19]. From now on, ρσ1 (s) will be denoted as ρ(s) for simplicity.

ρ(s) =
1

11520π6
s4

(
1 +

αs

π

[
409− 192

√
2

40
+

7− 6
√
2

4
log
(µ2

MS

s

)])

− m2
u +m2

d

288π6
s3 +

(
4π

6
√
2 + 7

9216π6
〈αsGG〉+

(mu +md)〈q̄q〉
36π4

)
s2

+

(
−4π

6
√
2 + 7

1536π6
(m2

u +m2
d)〈αsGG〉+ 4π

mumd〈αsGG〉
512π2

− (m3
u + 4m2

umd + 4mum
2
d +m3

d)〈q̄q〉
6π4

)
s+

(5m2
u + 20mumd + 5m2

d〈q̄q〉2)
9π2

+ 4π
6
√
2 + 1

1152π4
(mu +md)〈αsGG〉〈q̄q〉 −

(m2
umd +mum

2
d)〈q̄σGq〉

6π4
,

(3.6)

where each term in this equation plays a part in the OPE expansion, and the dimensional

consistency is achieved with the polynomial coefficients such as the QCD condensates and

mass terms, which compensate the mass dimensions. The OPE terms (i.e., the operators)

are ordered in increasing mass dimensions, where PT terms correspond to dimension zero,

and so the next terms are the following: 〈qq̄〉 (dimension 3), 〈αsGG〉 (dimension 4), 〈q̄q〉2

(dimension 6), 〈αsGG〉〈q̄q〉 (dimension 7), 〈q̄σGq〉 (dimension 8).

3.1.1 QCD input parameters

The QCDSR analysis will be performed using the updated values of the known condensates

and the QCD parameters, from Refs. [74, 91, 92, 99]

〈q̄q〉 = −(0.240)3 GeV3, (3.7)

〈αsGG〉 = 0.075 GeV4, (3.8)

〈mq̄q〉 = −1

2
f 2
πm

2
π = −8.281× 10−5 GeV4, (3.9)

〈g2q̄σGq〉 = −M2
0 × 〈q̄q〉, M2

0 = (0.8± 0.2) GeV2. (3.10)
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Additionally, the one-loop running coupling αs is defined as a function of the renormalization

scale µ2
MS

[92, 100],

αs(µ
2
MS

) =
ατ

1 + 25
12π
ατ log

(
µ2
MS

m2
τ

) , (3.11)

and from [1]

ατ = αs(m
2
τ ) = 0.325± 0.016,

where ατ is a reference value of the running coupling at the energy scale of the τ lepton

mass, mτ = 1.776 ± 0.0012 GeV [1], and µ2
MS

is the renormalization scale parameter in the

modified minimal subtraction scheme.

Having all the fundamental parameters defined, the spectral density contributions were

computed separately and they are displayed in Fig. 3.1, where each curve represents the

contribution by mass dimension of the operators in the OPE. From Fig. 3.1 it is evident

that the main contribution comes from the non-perturbative dimension 4 term of the OPE

expansion, which corresponds to the gluon condensate 〈αsGG〉.

LO PT (dim 0)

dim 2

dim 4

dim 6

dim 8

NLO PT

0.5 1.0 1.5 2.0
s [GeV2]

2.×10-7

4.×10-7

6.×10-7

8.×10-7

1.×10-6

ρ(s) [GeV8]

Figure 3.1: Relative contributions to the spectral density ρ(s) by powers of OPE mass
dimensions.
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Then, the total spectral functions with all the PT and non-PT terms are shown in Fig.3.2,

where the comparison between the LO calculations and NLO is displayed.

LO

NLO

0.5 1.0 1.5 2.0
s (GeV2)

2.×10-6

4.×10-6

6.×10-6

8.×10-6

ρ(s) (GeV8)

Figure 3.2: Spectral density ρ(s) for LO and NLO results vs energy scale s including
all the contributions.

These curves show an approximate similar behaviour, but why? The explanation comes

from the gluon condensate term 〈αsGG〉, whose weight dominates the spectral function at

this energy scale, but leaves room to see the effects of the NLO PT on the total function.

For instance, the spectral function of Eq. (3.6) at s = 1 GeV2 can be calculated in order to

see the contribution from each term:

ρ (s = 1GeV2) =
[
9.03× 10−8(LO PT) + 4.35× 10−8(NLO PT)

− 4.21× 10−10([d]2) + (1.65× 10−6 − 4.72× 10−8)([d]4)

+ (−1.15× 10−9 + 9.54× 10−11 + 9.25× 10−11)([d]6)

+ (3.39× 10−9 − 1.32× 10−8 − 1.39× 10−11)([d]8)
]
GeV8,

(3.12)

where [d]n corresponds to the mass dimension of the operators in the OPE.

As expected, the contributions from the LO PT, NLO PT terms and the ones proportional

to the dimension 4 condensate in Fig. 3.1 stand out from the other terms, showing their

strength in the total spectral function. The ‘dim 4’ ([d]4) term from Eq. (3.12) is dominated
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by the gluon condensate 〈αsGG〉, whose prominent weight is commonly associated to hadronic

properties in the vacuum, but which contribution becomes less important at higher energy.

A simple way to observe the relative importance of the NLO PT with respect to the

LO PT term, is by taking the ratio of the spectral function portions containing these two

terms, with the purpose to expose the magnitude of the NLO effects on ρ(s). Even though

Eq. (3.12) partially shows this feature, checking its effects in a larger energy region helps

with the interpretation.

Energy (GeV2) ρPT
NLO/ρ

PT
LO terms

s = 0.3 74.2%
s = 0.7 53.7%
s = 1.0 48.1%
s = 1.2 45.7%
s = 1.5 43%
s = 2.0 40%

Table 3.1: Ratio of NLO PT term with respect to LO PT term in the spectral function
at different energy scales.

Across the energy range of Table 3.1, the NLO effects on the spectral function are non

negligible, and foremost supports the idea that these NLO diagrams add important correc-

tions to the spectral function. Despite the difference between the first and last terms in the

table (s = 0.3 GeV2 and s = 2 GeV2, respectively), the weight in both cases is sufficiently

large that the NLO PT terms does not pass unnoticed and must be considered in QCD

theoretical calculations.

Wrapping up this section, it was shown that NLO PT contributions to the hadronic

spectral function are numerically important in the energy range under investigation.

3.2 QCD Laplace Sum-Rules

As presented previously, there are large contributions from NLO PT corrections to the spec-

tral function ρ(s) when compared with its sibling, the LO PT term. The next goal is scanning

the Borel parameter space in order to find a good Borel window, i.e., a range for τ where the

sum-rule is reliable and gives the key settings to study its phenomenological side. Therefore,
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the enhancement of the dispersion relations by selecting the proper range of τ is done by

adjusting the total contribution of the gluon condensate to the sum-rule, also referred as the

condition for the OPE convergence. In parallel with this process, the search for an optimal

sum-rule parameter s0 must be carried out by examining the energy spectrum and fixing the

best value that minimizes the effects of excited states and the continuum, hence finding the

best fit of the model.

To accomplish this objective, different criteria can be implemented in the QCDSR anal-

ysis, and this section will show the main results from some of these categories. The re-

quirements chosen to constrain the Borel window are based in the search for an upper and

lower bound, whereas other criteria are selected to find the optimal value of s0. And finally,

some tests are implemented to study the sensitivity of the results to small variations of these

parameters. All of this will conclude with the σ mass prediction from two perspectives.

3.2.1 Sum-rule renormalization group equation

The sum-rules were tested by brute force (a primitive test by hand) under renormalization

group equations (RGE) in order to check if the relation between µ2
MS

is effectively held as

1/τ as it was proposed in Ref. [101]. The solution of the RGE for Laplace sum-rule of light

systems assuming that there is no anomalous dimension was applied, and it is the following

expression (for simplicity in this section, µ2
MS

is written simply as µ2),

µ2 d

dµ2

[
Rk(τ, s0, µ

2)
]
= 0. (3.13)

There must be a term µ2τ = ζ > 0, such that this relation above is satisfied. It is possible

then to split the spectral function into the LO contributions and the NLO corrections. This

is done because the only piece depending on the renormalization scale here are the NLO

corrections, thus Eq. (3.13) was computed analytically in the following way:

Rk(τ, s0, µ
2) =

1

π

∫ s0

t0

ds sk e−sτ (ρLO(s) + ρNLO PT(s)), (3.14)
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then

µ2dRk(τ, s0, µ
2)

d µ2
=

1

π
µ2 d

d µ2

[∫ s0

t0

ds sk e−sτ ρNLO PT(s)

]
. (3.15)

Here, the NLO part of the spectral function has the form:

ρNLO PT(s) = C0s
4 + As4αs(µ

2) +Bs4αs(µ
2) log

(µ2

s

)
, (3.16)

where the only terms depending on the renormalization scale parameter are the ones with

the coefficients A and B.

A =
409− 192

√
2

40π
, B =

7− 6
√
2

4π
.

Hence, the derivative will go as

µ2d ρ(s)

d µ2
= µ2

[
∂ρ

∂µ2
+

∂ρ

∂αs

∂αs

∂µ2

]
. (3.17)

On the one side, the first derivative term of Eq. (3.17) is

∂ρ

∂µ2
=

∂

∂µ2

(
As4αs

)
+

∂

∂µ2

[
Bs4αs log

(
µ2

s

)]
=
Bs4αs

µ2
, (3.18)

and on the other side, the second term is

∂ρ

∂αs

∂αs

∂µ2
= As4

∂αs

∂µ2
+Bs4 log

(
µ2

s

)
∂αs

∂µ2
. (3.19)

Hence, the total derivative is

µ2d ρ(s)

d µ2
= µ2

[
Bs4αs

µ2
+ As4

∂αs

∂µ2
+Bs4 log

(
µ2

s

)
∂αs

∂µ2

]
, (3.20)
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where the derivative of the strong coupling was made using the definition in Eq. (3.11),

∂αs(µ
2)

∂µ2
= − 25

12π

1

µ2
α2
s(µ

2). (3.21)

Replacing this into the RGE (Eq. (3.13)):

µ2dRk

d µ2
=

∫ s0

t0=0

ds sk e−sτ

[
− 25

12π
Aα2

ss
4 − 25

12π
Bα2

ss
4 log

(µ2

s

)
+Bs4αs

]
= 0. (3.22)

Two types of integrals must be computed:

I1 =

∫ s0

0

ds s4+k e−sτ , (3.23)

I2 =

∫ s0

0

ds s4+k e−sτ log
(µ2

s

)
. (3.24)

When taking the limit s0 → ∞, and k = 0:

I1 =

∫ ∞

0

ds s4 e−sτ =
4!

τ 4+1
=

24

τ 5
,

I2 = −
∫ ∞

0

ds s4 e−sτ log
( s
µ2

)
= −50

τ 5
+

24γE
τ 5

+
24

τ 5
log
(
µ2τ
)
,

where γE ≈ 0.577 is the Euler-Mascheroni constant, and µ2τ = ζ.

Now, these integrals can be replaced into the definition of the RGE and this must be

equal to zero, then

µ2dRk

d µ2
=

[
− 25

12π
Aα2

s +Bαs

]
24

τ 5
+

24

12π
Bα2

s

[
50

τ 5
− 24γE

τ 5
− 24

τ 5
log(ζ)

]
= 0. (3.25)

The aim is to find a solution for µ2τ = ζ,

αs

π

(
25A− 252B

12
+ 25γEB + 25B log(ζ)

)
− 12B = 0. (3.26)

It was found that this relation is not satisfied for any value of µ2τ = ζ, indicating that

this result must be dependent on the anomalous dimension term from the RGE definition.
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Strictly speaking, the total derivative in Eq. (3.13) is expanded as:

[
µ2 ∂

∂µ2
+ β(αs)

∂

∂αs

+ γm(αs)
∂

∂mq

+ γZ(αs)

]
Rk(τ, s0) = 0, (3.27)

where β(αs) and γm,Z(αs) are universal functions related to the strong coupling constant in

QCD [33, 36]. By definition β(αs) is understood as the rate of change of the renormalized

coupling at the µ2 scale; γm(αs) is related to the running quark masses, which are taken equal

to zero for the analysis in the light sector; and γZ(αs) is known as the anomalous dimension of

the affected function, and its relation is directly connected to the renormalization constants.

In this scenario, where the anomalous dimension is included the sum-rules are re-written

as:

R̃k(τ, s0) =

(
αs

π

)ν

Rk(τ, s0), (3.28)

where ν stands for the sum-rule with the anomalous dimension included, and it is associated

to the expansion in the strong coupling, whose origin comes from the loop diagrams and

counterterms. It is evident here that the ratio of sum-rules stays protected independently of

the value of the anomalous dimension.

R̃k+1(τ, s0)

R̃k(τ, s0)
=

(
αs

π

)ν

Rk+1(τ, s0)(
αs

π

)ν

Rk(τ, s0)

=
Rk+1(τ, s0)

Rk(τ, s0)
, for k ≥ 0. (3.29)

In conclusion, the ratio of the sum-rules remains invariant even when considering the

anomalous dimension as a part of the RGE requirements, from where it is relevant to stress

that only ratios of the sum-rules are used in the phenomenological analysis of the single and

double resonance models (see Eqs. (2.27) and (2.32)).

3.2.2 Gluon condensate

The Gluon condensate analysis is one of the chosen criteria to study QCDSR’s, where the

condition imposed lies in the desired proportion of the gluon condensate contribution with
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respect to the PT terms within the sum-rule, in which case the term 〈αsGG〉 is expected to

not exceed 1/3 of the total contribution from the PT terms [67, 92].

LOPT

∼〈αsGG〉s
2

NLOPT

0.2 0.3 0.4 0.5 0.6 0.7
τ (GeV-2)

0.001

0.002

0.003

0.004

0.005

0.006

R0 (GeV
8)

Figure 3.3: Individual contributions to the sum-rule R0(τ,∞) versus τ , for τ < 1
GeV−2.

LOPT

∼〈αsGG〉s
2

NLOPT

1 2 3 4 5
τ (GeV-2)

2.×10-7

4.×10-7

6.×10-7

8.×10-7

1.×10-6

1.2×10-6

1.4×10-6

R0 (GeV
8)

Figure 3.4: Individual contributions to the sum-rule R0(τ,∞) versus τ , for τ > 1
GeV−2.

Firstly, in order to discriminate certain regions in the τ -parameter space, the Laplace sum-

rules were examined for a broad energy range using Eq. (2.26) and fixing t0 = 0, because the

physical threshold is linked to the quark content masses, in this case just restricted by light
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quarks. The computation of R0(τ, s0) and R1(τ, s0) for a wide range of values of τ within the

whole energy range (s0 → ∞) are shown in Figs. 3.3 to 3.6. Each separate curve represents

each of the three main contributions from the spectral function ρ(s). In these figures LO

represents just the leading-order perturbative term and NLO represents up to next-to-leading

order perturbative contributions.

LOPT

∼ 〈αsGG〉s
2

NLOPT

0.2 0.3 0.4 0.5 0.6 0.7
τ (GeV-2)

0.02

0.04

0.06

0.08

0.10

0.12

0.14
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Figure 3.5: Individual contributions to the sum-rule R1(τ,∞) versus τ , for τ < 1
GeV−2.
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Figure 3.6: Individual contributions to the sum-rule R1(τ,∞) versus τ , for τ > 1
GeV−2.
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There is a clear evidence that at small values of the Borel parameter (τ < 1 GeV−2) in

Figs. 3.3 and 3.5, the contribution from 〈αsGG〉 (dashed orange line in plots) is smaller with

respect to LO and NLO PT terms, thus constraining the Borel parameter to this range, and

satisfying the requirement that PT terms must be dominant.

It is of great importance to mention that the results in Figs. 3.4 and 3.6 were chosen in

order to show the contributions from the gluon condensate in terms of all the possible values

that τ can take in this scene without ruling out any region yet. Some studies [11, 19, 74]

suggest the Borel parameter to be within this range (1GeV−2 < τ < 5GeV−2), but the QCD

physics starts being problematic in this region. The Borel parameter τ is related to the

renormalization scale parameter through µ2
MS

= 1/τ [101], then recalling the definition of αs

in Eq. (3.11), it is evident that the choice of the renormalization scale has direct effect on

the strong coupling and so does the choice of the Borel window. Hence, τ must match the

region where the strong coupling is well-behaved and under control, i.e., µ2
MS

cannot be too

small such that PT can be applied, and this scale cannot be too large so the excited states

and the continuum does not overwhelm the calculations.

Furthermore, given the definition of the hadronic mass, the physical mass prediction

must be independent of this µ2
MS

parameter, so independent of τ , whose role is defined as an

auxiliary variable that should not impact the final results.

After shrinking the window of τ to values below 1 GeV−2, the following conditions were

imposed to constrain the Borel parameter by setting the upper bound:

B
〈αsGG〉/LO
k =

∣∣∣∣∣R〈αsGG〉
k (τ,∞)

RLO PT
k (τ,∞)

∣∣∣∣∣ ≤ 1

3
, for k ≥ 0, (3.30)

and

B
〈αsGG〉/NLO
k =

∣∣∣∣∣ R〈αsGG〉
k (τ,∞)

RLO+NLO PT
k (τ,∞)

∣∣∣∣∣ ≤ 1

3
, for k ≥ 0, (3.31)

where R〈αsGG〉
k corresponds to the sum-rule piece made up of the gluon condensate term only,

and RLO PT
k and RLO+NLO PT

k are referred to the PT terms of the total sum-rule. Equa-

tions (3.30) and (3.31) are expressed as ratios of sum-rules, which keeps the calculations safe
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and consistent with the previous discussion. They were calculated for k = 0, 1, and their

results are shown in Table 3.2.

k B
〈αGG〉/LO
k B

〈αGG〉/NLO
k

0 τ ≤ 0.47 GeV−2 τ ≤ 0.57 GeV−2

1 τ ≤ 0.61 GeV−2 τ ≤ 0.75 GeV−2

Table 3.2: Results of Eqs. (3.30) and (3.31) for k = 0, 1. These results show the shift
on the upper bound for the Borel window when adding the NLO PT correction to the
spectral function.

The advantage of the NLO PT term in this context is the resulting widened Borel window

as shown in Table 3.2, where τ is shifted to a higher bound with the consequence of an

improvement in the convergence of the OPE. The purpose of computing both Eqs. (3.30)

and (3.31) was comparing the effective impact of the NLO PT terms in the QCDSR analysis

and their corresponding parameters.

As a brief summary of the results of this section, a reasonable upper bound for the Borel

window was found and it is restricted within a range of values below 1 GeV−2, whose char-

acteristics match the physical scenario and they satisfy the known constraints from theory.

The NLO upper bound on τ ≤ 0.57 GeV−2 seems to be reliable in terms of the QCDSR

approach.

3.2.3 Ratio of ratios

To continue with the analysis, the ratio of ratio of sum-rules was considered and implemented

during the study of the QCDSR’s and the search for a good Borel window. This approach was

taken as a tool to have an unrefined picture of the effects of the NLO PT terms on the Laplace

sum-rule using the results obtained in the previous section. Firstly, having established the

upper bound on the Borel parameter and comparing the QCD Laplace sum-rules for LO and

NLO spectral functions, the corresponding percentage of the NLO PT sum-rule with respect

to the LO PT results are shown in Fig. 3.7.

Evidently the proportion of the NLO PT terms with respect to the LO PT terms in

the sum-rule scheme supports the notion of these large contributions from the radiative

corrections to the results, and independently of the value of τ within the Borel window the
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Figure 3.7: Percentage of the NLO PT terms with respect to LO PT terms within the
sum-rule formulation at s0 → ∞ and considering the upper bound on τ ≤ 0.57 GeV−2.

contribution remains more or less constant, between 40% to 50%.

Another strategy is presented in order to have an overview from another perspective on

these contributions. Hence, the ratio of ratios is formulated as√
RLO

1 (τ, s0)

RLO
0 (τ, s0)

/√
RNLO

1 (τ, s0)

RNLO
0 (τ, s0)

. (3.32)

The ratio of ratios preserves the reliability of the calculations, since it keeps the results

independent of possible anomalous dimension effects found in the previous sections.

It is crucial to remark that relation Eq. (3.32) can be interpreted from two different

frameworks. First, from the single narrow resonance model (Eq. (2.27)), in which case this

ratio will be equivalent to:

RLO
1 (τ, s0)

RLO
0 (τ, s0)

· R
NLO
0 (τ, s0)

RNLO
1 (τ, s0)

=
(m2

σ)
LO

(m2
σ)

NLO
, (3.33)

and it is only valid if the sum-rules are including exclusively the single lightest resonance σ.
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Second, this ratio of ratios can be generalized with the multiple narrow resonance model,

highlighting that this proportion R1(τ, s0)/R0(τ, s0) will not represent the hadronic mass

itself, but somewhat of a sum of possible outcomes (Eq. (2.32)), where more than one state

could be coupled to the same current.

The relevance of this comparison is tightly related to study the sensitivity of the ratio of

the sum-rules with respect to the NLO PT terms, and their results are shown in Fig. 3.8.
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-2
�

0.9975
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 R1NLO R0NLO
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2

s0 0.5 GeV
2

s0 0.75 GeV
2

s0 1 GeV
2

s0 1.2 GeV
2

s0 1.5 GeV
2

s0 2 GeV
2

Figure 3.8: Ratio of the QCD Laplace sum-rule ratio of LO and NLO versus the Borel
parameter τ < 1 GeV−2 for different values of the continuum threshold s0.

There is a distinct pattern in all these curves indicating that independently of the pa-

rameter space taken, the ratio in Eq. (3.32) remains approximately constant and very close

to 1. Despite the important contributions of the NLO radiative corrections to the spectral

function, these contributions seem to be compensated in the sum-rule ratio results by not

increasing substantially the effects on the mass prediction calculations, but rather improving

the sum-rule analysis by providing a more reliable Borel window to study.

In this matter, let us point out that the results from the ratio of the ratios of the sum-

rules show strong insensitivity to the NLO PT terms within the constrained τ ≤ 0.57 GeV−2,

hence the QCDSR analysis relies upon a safe starting point for the Borel window, and this

safety is reassured and preserved when working specifically with the ratios.
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3.2.4 Hölder Inequalities

Hölder Inequalities are a methodology that helped finding a lower bound for the Borel pa-

rameter, as well as giving the basics to optimize the continuum threshold s0 through the use

of adequate χ2 functions, where the optimal value for s0 was fixed with the use of the Borel

window τmin ≤ τ ≤ τmax.

To begin with, this approach establishes the following conditions for the QCD Laplace

sum-rules [102] to find τmin,

Rk

(
τ + [1− ω] δτ, s0

)
Rω

k

(
τ, s0

)
R1−ω

k

(
τ + δτ, s0

) ≤ 1, for 0 ≤ ω ≤ 1, and k ≥ 0, (3.34)

evaluated for k = 0, 1 and δτ = 0.05 GeV−2 [102]. The upper bound τmax was found with

the gluon analysis criterion, where the NLO PT terms have an significant role shifting the

upper bound to a higher value of the Borel parameter in comparison with the analysis made

without this term. Secondly, in order to confirm the results concerning the lower bound, the

following relation was applied [103]

Rk(τ, s0)/Rk−1(τ, s0)

Rk−1(τ, s0)/Rk−2(τ, s0)
≥ 1, for k ≥ 2, (3.35)

which was tested for k = 2. Results obtained from Eqs. (3.34) and (3.35) are shown in

Table 3.3, where the value of the minimum s0 was set.

Threshold (GeV2) Estimated τ (GeV−2)
Results from Eq. (3.34)

s0 = 2 τ =0.2
s0 = 1 τ =0.2
s0 = 0.5 τ = 0.25
s0 = 0.4 τ = 0.3
s0 = 0.3 Not found

Results from Eq. (3.35)
s0 = 0.33 τ = 0.2

Table 3.3: Results for a lower bound on τ using Eq. (3.34) and (3.35), and placing the
minimum squared energy at smin

0 = 0.33GeV2. Below this smin
0 the Hölder Inequalities

fail, but they are somewhat constant for higher values of s0.
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Then combining the results of Tables 3.2 and 3.3, a good Borel window was found in the

range:

0.2 GeV−2 ≤ τ ≤ 0.57 GeV−2. (3.36)

These results makes physical sense, since the Borel parameter must be sufficiently large such

that the lowest states possible are included and the continuum is highly suppressed, but

due to its relation with the strong coupling, the value of τ must be confined to certain

neighbourhood where αs(µ
2
MS

= 1/τ) is still under control, i.e., the process must occur at

low energy, yet in a sector where the strong coupling can be treated with PT.

After this whole process of scanning values of τ to get a proper range for the Borel window,

the implementation of another criterion to examine the optimal s0 must be applied. This

optimal value s0 determines the energy scale where the σ state can be studied preventing

contamination from excited states. Therefore, sopt
0 was obtained by performing a fit with the

minimization of specific χ2 functions outlined below, which was made from the perspectives

of the single and double narrow resonance analysis.

3.2.5 Single Resonance analysis (SR)

This model parametrizes the spectral function by considering a separation of the narrow

resonance and the continuum within different energy ranges. The aim was to find an optimal

value of s0 to estimate mσ in Eq. (2.29) making use of the Borel window found in the previous

sections. This is obtained with the following definitions:

χ2
SR(s0) =

∑
j

(
m2

σ

R0(τj, s0)

R1(τj, s0)
− 1

)2

; s0 ≥ smin. (3.37)

dχ2
SR

dm2
σ

= 0,
d χ2

SR
d s0

= 0, (3.38)

where the label SR in χSR denotes single resonance, and this is done in order to seek the

optimal s0 so χ2
SR is minimized.

The combination of these equations were used to perform the optimization, whose results
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for the continuum threshold and mass estimates are shown in Figs. 3.9 and 3.10. These plots

were computed using the inputs in Table 3.4.

Variable Range
τ 0.2 − 0.57 GeV−2

s0 0.33 − 1.3 GeV2

δτ 0.05 GeV2

Table 3.4: Inputs for Eq. (3.37) in order to minimize the χ2
SR function. The quantity

δτ is defined by δτ = τj+1 − τj.

0.30 0.35 0.40 0.45 0.50 0.55 0.60
s0 (GeV

2)

0.00005

0.00010

0.00015

0.00020

0.00025

χ2(s0)

Single Resonance

Figure 3.9: Plot of χ2
SR with respect to s0 from the single narrow resonance model.

The minimum found for the energy range below 1 GeV is critically near the Hölder
Inequality threshold, at s0 = 0.335 GeV2.

The optimal s0 found and the corresponding mass estimate are:

s0 = 0.335 GeV2, mσ = 0.52± 0.01 GeV. (3.39)

The value of mσ found is within the range given by Particle Data Group (PDG) [1] and is

showing strong insensitivity to small variation of the Laplace sum-rule parameters s0 and τ ,

the latter can be seen in Fig. 3.10, which were tested for changes up to 10%. The results seem

to be correct in terms of the steps followed during the process and the extracted value of

49



s0 = 0.335 GeV
2
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Figure 3.10: Mass prediction, mσ from QCDSR analysis with a single resonance
parametrized spectral function, positioning the pole at mσ = 0.52 GeV.

the mass makes physical sense. However, the physical region that this continuum threshold

was found is not quite convincing, since it is located near the lower limit on s0 established

in Table 3.3, this proximity of the continuum threshold to the Hölder inequality threshold

motivates further investigation with a double resonance model.

The second resonance can in principle absorb some of the continuum, therefore possi-

bly increasing the optimized s0. The next section develops and details the double narrow

resonance analysis.

3.2.6 Double Resonance analysis (DR)

This model contemplates an extra narrow resonance in the spectral function parametrization,

where this new resonance is located near the lowest pole found, and it represents the next-

heavier scalar ground state. This extension will transform the sum-rule as it was described

in Eq. (2.32), where the lightest resonances studied are the σ and f0(980).

Thus, a χ2 function was calculated with the following definition of the ratio of the sum-

rules:

R1(τ, s0)

R0(τ, s0)
=
m2

σ + rm2
f0
e−∆m2τ

1 + r e−∆m2τ
, (3.40)
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and the expressions below were replaced in Eq. (2.32):

r =
Af0

Aσ

, ∆m2 = m2
f0
−m2

σ,

r is the ratio of the resonance strengths, ∆m2 is the difference of the squared masses of the

states of interest, and mf0 = 0.98 GeV is the mass of f0(980), considered as a fixed value,

since it has been well-studied and the uncertainties on its mass prediction are small [1].

Hence, the optimization will be over

χ2
DR(s0) =

∑
j

(
m2

σ

R0(τj, s0)

R1(τj, s0)
−1+rm2

f0
e−∆m2τj

R0(τj, s0)

R1(τj, s0)
−r e−∆m2τj

)2

; s0 ≥ smin, (3.41)

where the label DR denotes double resonance.

Notice that in the case that Af0 = 0 then r = 0, i.e., the second resonance does not couple

to the current, and the expression for the single narrow resonance Eq. (3.37) is recovered.

Hence Eq. (3.41) is a natural extension of Eq. (3.37).

Equation (3.41) was minimized with respect to m2
σ and r to get the optimal s0:

∂χ2
DR

∂m2
σ

= 0,
∂χ2

DR
∂r

= 0,
∂χ2

DR
∂s0

= 0. (3.42)

From these equations, expressions for the χ2
DR(s0) function and the ratio r(s0) were obtained

and plotted against the energy range s0.

The optimization was made using the inputs shown in Table 3.5, where the results are

selected according to the minimum value of the χ2
DR function when changing the ranges of

mσ and s0 shown below.

The plot in Fig. 3.11 displays two minimum, the first minimum is local and around

0.6− 0.8 GeV2, whereas the global deeper minimum is placed at 1− 1.2 GeV2.

Within these calculations, let us remark that the continuum threshold s0 found shows a

strong insensitivity to the changes of Borel window and to the changes of δτ of up to 10%,

hence, satisfying one of the main requirements of the QCDSR approach, the stability of the

results around the fixed s0.

The value of the continuum threshold found was consistent with f0(980), above 0.98 GeV.
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Variable Range
s0 0.33 − 1.3 GeV2

τ 0.2 − 0.57 GeV−2

mσ 0.45 − 0.8 GeV
δτ 0.05 GeV−2

Table 3.5: Inputs given to χ2
DR(s0). The starting point of the range of s0 was chosen

in a low energy sector in order to compare with the single narrow resonance minimum
obtained previously. However, given the physical conditions, and the f0(980) included
as the second resonance, the results must be studied from s0 = 1GeV2.

mσ=0.69 GeV

0.4 0.6 0.8 1.0 1.2
s0 (GeV

2)

0.005

0.010

0.015

χ2 s0)

Double Resonance

Figure 3.11: χ2
DR optimization of continuum threshold from a double narrow resonance

analysis, whose global minimum is located at s0 = 1.12GeV2.

The optimal s0 and mσ are:

s0 = 1.12GeV2, mσ = 0.69± 0.03GeV. (3.43)

Additionally, the other important variable calculated is the ratio r(s0) with the continuum

threshold and mσ defined:

r(s0) =
Af0

Aσ

= 3.38. (3.44)

The variation of this ratio versus the energy is shown in Fig. 3.13.
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Figure 3.12: s0 stability in the minimization of χ2
DR under small variations on the

upper bound of the Borel window τ .

This result for r is related to the resonance strengths with which both states couple

to the current studied, and it means that the heavier f0(980) state couples more strongly

in comparison with the σ, hence the sum-rule is sensitive to the presence of f0(980), but in

which case these results are in great agreement with the mixing of these two states found from

the studies using chiral lagrangians, which suggest the mixing angle enhances the coupling

of the scalar f0(980) [78, 79].

3.3 Discussion

This thesis studied the contribution from NLO diagrams to the spectral functions of the

lowest-lying state belonging to the lightest scalar nonet (σ), which is expected to have a strong

tetraquark component according to some studies [77–79]. The results showed an important

contribution from these NLO radiative corrections to the spectral function, up to 74% at low-

energy and up to 40% at the energy limit where the light scalars are studied (s = 2 GeV2).

This significant contribution seems to be somehow overshadowed by the gluon condensate

at low-energy regime as predicted by [11, 74], whose results of the hadronic masses of the

lightest states in the chiral limit are dictated by the contribution of the gluon condensate
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Figure 3.13: Ratio r(s0) =
Af0

Aσ
of the resonance strengths to the tetraquark current.

within the tetraquark scheme, but which weight becomes less important at higher-energy,

and ultimately allows the observation of the enhancement from the NLO corrections.

The Laplace sum-rules obtained were consistent with the results from the spectral func-

tion, meaning, they were significantly affected by these contributions, where the sum-rule

containing exclusively the NLO PT terms turns out to be up to 48% of the sum-rule con-

taining the LO PT (see Fig. 3.7).

In addition, given the findings with the RGE testing in section 3.2.1, the sum-rules for-

mulation must be treated using ratios of Rk(τ, s0), due to their possible dependence on the

anomalous dimension, whose dependence vanishes when working with the ratios and so keep-

ing the calculations in a reliable setting. Furthermore, the ratios of the total sum-rules, i.e.,

the ratio of the expressions containing all the contributions from perturbation theory plus

the condensates (non-perturbative) appear to be insensitive to the NLO corrections, this be-

haviour is explained because the numerator and denominator contain these large corrections,

hence this ends up having a compensation on both sides leaving the sum-rule ratio constant

as shown in Fig. 3.8.

After performing these previous tests on the sum-rule ratios, a suitable Borel window

was found by imposing the gluon condensate condition (OPE convergence requirement) and
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Hölder Inequalities criteria. Here, it is vital to remark that even though the ratio of the sum-

rules seems to be insensitive to the NLO corrections, the search for a good Borel window

relies substantially on these NLO corrections, because of their effects on the upper limit of

the Borel parameter τ , which is shifted to a higher bound thanks to this term and benefits

the analysis by improving the convergence of the OPE and the implementation of the method

giving a wider region to study these light states. From the gluon condensate constraint, the

upper bound on τ was set at τ ≤ 0.57 GeV−2, which is congruent with the physical region

where these states are located. Furthermore, the lower bound on the Borel parameter was

set using the Hölder Inequalities, which placed this value at τ ≥ 0.2 GeV−2.

From the Hölder Inequalities perspective, the lower bound for τ was found using two

constraints, which agreed on locating the minimum continuum threshold where the method

is valid at s0 = 0.33GeV2. It is important to note that the minimum value of s0 through the

use of Eqs. (3.34) and (3.35) is very sensitive to small changes, and the results begin to deviate

at order (δτ)2, hence reasonable numerical precision is needed for the choice of δτ . Later by

making use of the χ2 optimization functions (Eqs. (3.37) and (3.41)), the continuum threshold

was optimized within two scenarios, the resonance plus continuum models with single and

double narrow resonances.

Concerning the mass predictions, the analysis gave results that are in agreement with the

accepted values in PDG [1], however there are certain subtleties that can make changes in the

predictions and must be considered. The approach to the physical situation from the single

narrow resonance model can give a clue that the process and the Borel window were correctly

chosen and the results were mσ = 0.52GeV and s0 = 0.335 GeV2, but one should not ignore

the physical aspects of these results, namely, the continuum threshold found merits closer

examination due to its proximity to the Hölder Inequality threshold (smin
0 = 0.33 GeV2).

Nevertheless, the method is highly efficient meeting the theoretical constraints such as the

stability of the results around the vicinity of the continuum threshold and their insensitivity

dealing with small variations of τ (±0.05GeV−2).

Subsequently, a follow-up analysis was made within the double narrow resonance frame-

work, in which case the heavier scalar resonance considered was f0(980). This analysis

concluded that the results for the continuum threshold was s0 = 1.12 GeV2. After opti-

55



mizing the continuum threshold, the mass prediction was performed by minimizing the χ2

optimization function, which led to a mass estimate of mσ = 0.69 GeV, and being in agree-

ment with Ref. [1] considering the Breit-Weigner resonance model. Additionally, the ratio r

of the resonance strengths of both states was calculated with the use of the optimal value of

s0 and resulted in r = 3.38, indicating that the heavier state f0(980) couples more strongly

to the current, which is expected from a chiral Lagrangian approach [78, 79].
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0.99874
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Figure 3.14: Ratio of the models versus the QCD predictions using the single narrow
resonance (left) and the double narrow resonance (right), showing both estimations are
good fits.

Fig. 3.14 shows the fit quality from the single narrow resonance (Fig. 3.14a) and double

narrow resonance (Fig. 3.14b) models when compared to the QCD theoretical calculations.

Both plots seem to model very well the situation, however the double resonance analysis

shows a better fit and optimization across the values of the Borel window and manifests

higher precision, while the single resonance model has its best behaviour in the central values

of the Borel window, yet it still has a good accuracy considering the approximations made

and the simplicity of the model.

This thesis found the σ mass prediction between 0.52GeV < mσ < 0.69 GeV, which could

be interpreted as a variation of about ∼ 10 − 20% around a central value. This is a robust

estimation of the hadronic mass, it is reliable in every step and consistent with the physical

constraints. Both models were taken as complementary methodologies to overcome certain

weaknesses of each. The single narrow resonance results on the σ mass were reliable and

it gave a good picture in terms of the chosen bounds for the Borel parameter τ , as well as

the explicit insensitivity to its small variations, but its reliability was challenged with the
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continuum threshold value. On the other hand, from the double narrow resonance model,

the σ visibility is somewhat obscured by the presence of f0(980) in the picture, which seems

to couple strongly to the chosen current. Moreover, the σ mass prediction and the use of

the double resonance model and their adjustments manifested excellent agreement with the

QCDSR predictions.

It it important to mention that Refs. [19, 74] predicted the σ mass using only the LO

contributions to the spectral function, and because of a small 〈αsGG〉 value which has now

been superseded their Borel window was chosen significantly larger than the one chosen in

this thesis, yet both approaches agreed in the mass prediction range and they also match the

prediction from models with chiral Lagrangians [78, 79].

Finally, as a summary for this section, the results obtained from both models are presented

in Table 3.6.

Approach range s0 (GeV2) range τ (GeV−2) mσ (GeV) sopt
0 (GeV2)

SR 0.33− 1.3 0.2− 0.57(±0.05) 0.52± 0.01 0.335
DR 0.33− 1.3 0.2− 0.57(±0.05) 0.69± 0.03 1.12

Table 3.6: Summary of the results from QCDSR analysis with the results of the mass
predictions from a single narrow resonance (SR) and double narrow resonance (DR)
models.

In conclusion, the main goal of this thesis was achieved by demonstrating that the inclu-

sion of the NLO diagrams have considerable effects on the spectral functions and the Laplace

sum-rules, and subsequently in the choice of a proper Borel window, then affecting indirectly

but fundamentally the mass prediction of the lightest scalar σ. Let us highlight that the

main role of these radiative corrections showed their relevance by making possible the study

of the scalar σ from the QCDSR approach within a reliable τ parameter space.
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4 Conclusion

Tetraquark states had been of wide interest with the latest improvements and discoveries

in collider physics and there has been a lot of controversy focused on the light scalar sector,

which is the topic addressed in this thesis. The scalar σ has its complexity tightly linked to the

low energy sector, due to its difficulty to distinguish it from the background. In this sense, it

was found that the σ not only presents issues when trying to separate it form the background,

but also when distinguishing from other scalar states due to the resonance strength coupling

to the currents under investigation, which happens to be smaller than the next-heavier scalar

f0(980) added to the analysis. Despite this, the mass prediction calculation found its light

at the end of the tunnel, and showed key aspects to account for when computing it and the

respective relevance of the NLO corrections in the QCDSR scheme.

As a summary, the analysis of the σ mass was tackled from the single narrow resonance

and the double narrow resonance models, which provided important constraints for isolating

the state from the background. The mass predictions from the point of view of both models

showed indirect, but crucial dependence on the NLO corrections [11], which was manifested

in the suitability to study the σ scalar from the QCDSR approach in the tetraquark picture.

The single narrow resonance was extended to the double narrow resonance analysis con-

sidering f0(980) as the next-heavier state, whose characteristics are well-known and so, their

properties were used as inputs in the calculations. The double resonance analysis defined an

extra parameter r, corresponding to the relative resonance strengths of the σ and f0(980) to

the studied current. The predicted result in this thesis is r = 3.38, in good agreement with

the evidence provided in Refs. [78, 79] from a chiral Lagrangian perspective whose results

showed that r might be greater than 1.

The QCD Laplace sum-rules were tested under renormalization group equations, which

exposed a possible dependence of the NLO PT corrections on the anomalous dimension.
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However, these anomalous dimension effects were overcame by working with the ratio of the

sum-rules, which kept the calculations reliable by cancelling this dependence. Although the

NLO corrections did not show notable presence in the ratio of the sum-rules, their inclusion

in the analysis gave a reliable Borel window for the QCDSR and improved the convergence

of the OPE.

Additionally, this thesis presented the unique feature of working with the Hölder Inequal-

ities method, which stands out for being a model-independent approach constraining the

Borel window [102,103]. This constraints were strict with the location of the lower bound of

the Borel window and setting the minimal value of the continuum threshold.

The final results revealed high insensitivity to the variation of the QCDSR parameters,

such as the continuum threshold s0 and τ , and the mass estimation obtained 0.52GeV <

mσ < 0.69GeV was found within the range given by Ref. [1]. This result is surprisingly

robust under superficially large NLO contributions, which added substantial weight to the

spectral densities (up to 74%) and sum-rules (up to 40 − 50%), but whose weight was not

directly seen as an explicit dominant term in the final mass prediction. However, due to these

corrections the reliability of the study was present in the choice of a proper Borel window,

0.2GeV−2 ≤ τ ≤ 0.57GeV−2, whose physical meaning is related to the renormalization scale

parameter µ2
MS

, then making the study consistent in terms of the energy scale.

It is noteworthy to mention that even though certain approximations were made within

this study, both models estimated the mass mσ with remarkably good precision and made

clear the importance of the NLO diagrams in the light scalar sector. The simplicity and

accuracy of these models motivates the interest to extend the analysis by including an esti-

mation of the effects of the σ width on the results. In addition to this extension, it would

be interesting to use more complex models that include the single resonance and its relative

weight in the sum-rule compared to the next-heavier scalar f0(980). Furthermore, the results

of this research strongly encourages the use of this methodology with other channels, i.e., on

other quantum numbers belonging to the light scalar nonet and study the prevalence of NLO

effects in this sector.
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Appendix

Appendix A

This Appendix contains some theoretical details about the baseline algebra as well as some

insights about tetraquarks and the construction of the famous light scalar nonet.

A.1: Conventions.

The Einstein summation is used implicitly. Here, some examples:

A N−dimension vector v will be written as a sum of their components xi projected onto

the basis vector of the system ei:

v =
N∑
i=1

xiei Einstein notation ignores the summation sign → v = xiei, (A.1)

where the summation over i is implied. This is extended to the matrix expressions, where each

entry in a M ×N matrix will be written as: cij where i, j runs from 1...M,N , respectively.

Hence, the product will be written as an implicit sum:

bν =
N∑
µ

aνµcµ → Einstein Notation → bν = aνµcµ. (A.2)

In addition, the Minkowski space metric tensor gµν used is:

gµν =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 . (A.3)
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The chiral representation of the 4-dimensional Dirac matrices is given by:

γ0 =

0 1

1 0

 , γi =

 0 σi

−σi 0

 , (A.4)

where 1 is the 2× 2 identity matrix, and σi are the Pauli matrices:

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 . (A.5)

A.2: Hadronic states.

The scalar nonet is expected to be a superposition of states, in which case all the possible

outcomes that satisfy the requirements are allowed and in principle there is no need to choose

a particular substructure. Hence, the states can be represented by [77]:

N b
a ∼ qaq̄

b, N b
a ∼ TaT̄

b,

where a possibility could be:

Ta = εabcq̄
bq̄c, T̄ a = εabcqbqc,

and a, b, c = 1, 2, 3 = u, d s. This is called the non-ideal mixing. Later, the state will be

written as

|Λ〉 = C1|qq̄〉+ C2|qqq̄q̄〉+ C3〈qq̄qq̄〉 . . . , (A.6)

where C1, C2 and . . . are the weights of the function. The predictions will show then if the

situation is closer to one type of substructure or another.
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A.3: The lightest nonet.

The composition of the states are proposed to have the following structure:

σ = [ud][ūd̄], f0 =
1√
2

(
[su][s̄ū] + [sd][s̄d̄]

)
,

a0 =
1√
2

(
[su][s̄ū]− [sd][s̄d̄]

)
, a−0 = [sd][s̄ū],

a+0 = [su][s̄d̄], κ0 = [su][ūd̄],

κ̄0 = [ud][s̄ū], κ− = [sd][ūd̄],

κ+ = [ud][s̄d̄].

Let us recall that the properties of Fig. 1.4 are obtained using the Gell-Mann-Nishijima

formula:

Q = I3 +
Y

2
, (A.7)

I3 =
1

2
(nu − nd), (A.8)

Y =
1

3
(nu + nd − ns), (A.9)

where the I3 is the third component of the Isospin and Y corresponds to the hypercharge;

and nu, nd and ns the number of up, down and strange quarks, respectively.

Appendix B

What about the complex analysis involved? This section shows sort of of a brief overview of

the main mathematical tools used during the calculations.

B.1: The spectral function from the correlator.

On the one side, the QCD correlation function must be analytic, which happens to be in the

whole range of the complex q2-plane, except for the positive real axis, where the singularities

are and where the phenomenology is studied. This issue is fixed by slightly shifting the
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energy s with a iε term in the vicinity of the real axis, from where complex analysis enter

into the game.

From Fig. 2.3 one can separate the integral in the way mentioned in Eq. (2.8) and make

use of the Schwarz reflection principle, which states F (z̄) = F (z), hence

Π(s+ iε)− Π(s− iε) = Π(s+ iε)− Π(s+ iε) = 2iImΠ(s+ iε), (A.10)

finally resulting in

Π(q2) =
1

2iπ

∫
|s|=r

ds
Π(s)

s− q2
+

1

π

∫ r

t0

ds
ImΠ(s+ iε)

s− q2
, (A.11)

where the spectral function will be defined as:

ρ(s) =
1

π
ImΠ(s) → ρhad(s) =

1

π
ImΠQCD(s). (A.12)

Later, with r → ∞ the correlator will be written as:

Π(q2) =
1

π

∫ ∞

t0

ds
ρhad(s)

s− q2
. (A.13)

B.2: Borel and Laplace transformations.

This section is intended to demonstrate the relation between the Borel transform operator

and the inverse Laplace transform operator applied to the correlation function. Let us begin

with the Borel operator, if we define the correlation function in the following way:

Π(Q2) =

∫ ∞

0

ds
ρ(s)

s+Q2
,

which will be transformed into

(−1)nQ2nΠ(Q2) = (−1)nQ2n

∫ ∞

0

ds
ρ(s)

s+Q2
=

∫ ∞

0

ds (−1)nQ2n ρ(s)

s+Q2
. (A.14)
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Notice that we are able to do this since the integral is taken with respect to s, hence (−1)nQ2n

behaves as a multiplication factor. Later, applying the Borel transform operator:

B̂
[
(−1)nQ2nΠ(Q2)

]
=

∫ ∞

0

ds B̂
[
(−1)nQ2n ρ(s)

s+Q2

]
=

∫ ∞

0

ds ρ(s) B̂
[ (−1)nQ2n

s+Q2

]
. (A.15)

This equivalence holds because of the independence of the Borel transform on the spectral

function ρ(s), since the relation we are aiming to do is between Q2 and τ . Now we are able

to use the properties of the Borel transform operator mentioned in Eq. (2.17) in Chapter 2.

B̂
[
(−1)nQ2nΠ(Q2)

]
=

∫ ∞

0

ds ρ(s) (−1)n
{
(−1)n snτe−sτ

}
. (A.16)

Finally,

1

τ
B̂
[
(−1)nQ2nΠ(Q2)

]
=

∫ ∞

0

ds ρ(s) sne−sτ . (A.17)

On the other hand, we can look at the Laplace transform applied to the same expression:

L−1
[
(−1)nQ2nΠ(Q2); τ

]
= L−1

[∫ ∞

0

ds
(−1)nQ2nρ(s)

s+Q2
; τ

]
(A.18)

Notice that the Laplace transform does not affect the integral, since again, this transformation

is relating Q2 with τ . Here, we can use the Laplace transform properties (see e.g. Refs. [104,

105]):

L [α g(x) + β h(x); y] = αL [g(x); y] + β L (h(x); y), α, β are constants, (A.19)

L [xn g(x); y] = (−1)n
dn

(dy)n
L [g(x); y]. (A.20)

(More information about this relation can be found in Refs. [83, 95–97].) Now, we can look

at Eq. (A.18) and move to the complex Q2-plane, this can be rewritten as:

L−1
[
(−1)nQ2nΠ(Q2); τ

]
=

∫ ∞

0

ds ρ(s)L−1

[
(−1)nQ2n

s+Q2
; τ

]
. (A.21)
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Focusing our attention on the Laplace inverse transform, using its definition based on complex

analysis by invoking the Cauchy theorem, and replacing Q2 = z, where z ε C, this expression

becomes:

L−1

[
(−1)nQ2n

s+Q2
; τ

]
= L−1

[
(−1)nzn

s+ z
; τ

]
=

(−1)n

2πi

∫ c+i∞

c−i∞
dz

zn ezτ

s+ z
. (A.22)

It is straightforward to see that Eq. (A.22) has a simple pole at z = −s, with can be solved

by making use of the Residue Theorem:

∮
C

f(z) dz = 2πi {Res at z = −s}. (A.23)

Resulting in,

∮
C

znezτ

z + s
= (−1)nsne−sτ . (A.24)

Finally, establishing the equivalence of Eq. (A.17) and the following expression

L−1
[
(−1)nQ2nΠ(Q2); τ

]
=

∫ ∞

0

ds ρ(s) sne−sτ . (A.25)

Appendix C

This section is devoted to show the preliminary work done before the final QCD sum-rule

analysis.

C.1: Pseudoscalar tetraquark current.

The aim of the preliminary work was focused on developing the skills working with MATHEMATICA

and understanding the structure of the currents, the correlator for tetraquark systems and

their spectral densities.

The first task was oriented in the comparison of two studies of the NLO contributions of

the perturbative term of the light-tetraquark correlator based on the current Jσ
P6

[11, 106].

The calculations in the studies were formulated using different techniques, i.e., their
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framework was different but the results can still be compared due to its definition of the object

of study, which is the pseudoscalar flavour symmetric current correlation function. The first

article studied (see Ref. [11]) computed the spectral function in x−space and transformed

to p−space at the very end, whereas the other study (see Ref. [106]) was made purely in

p−space via numerical loop calculations with pySecDec (Python Sector Decomposition [107]).

In principle, the comparison can give us a clue on which could be the aspects to consider in

the calculations, whether they agree or not and how to make a proper interpretation of these

results, plus this task helps to have better understanding of the structure of light-tetraquark

systems.

To begin with, the definition of the correlator shown in Eq. (2.6) using the pseudoscalar

flavour symmetric current (Eq. (A.26)) must be defined. For simplicity, the current will be

reduced to

J(x)σP6
= δki δ

l
j

(
qiT(x)C qj(x)

) (
qk(x)C q

T
l (x)

)
, (A.26)

where the indices i, j, k, l indicate the quark flavour.

In the approach taken by Ref. [11], the correlator was built considering a set of ingredients,

such as the quarks as propagator and dipropagator and their corresponding NLO corrections.

Fig. A.1 illustrates this idea by showing the Feynman diagrams of each case.

q

(a)

q

q − k

q
k

(b)

Figure A.1: Feynman diagrams of the LO and NLO of the propagator.

Using the so-called Feynman rules to compute the correlator from previously defined
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k

q − k

(a)

l k

q − l q − k

(b)

Figure A.2: Feynman diagrams of the LO and NLO of the dipropagator.

currents, we are able to extract the loop integrals from these diagrams, being the following1:

I(a) =

∫
dDq

(2π)D

(
i

/q

)
, (A.27)

I(b) =

∫
dDk

(2π)D

(
i

/q

)[
−ig̃sγαTa

]( i

/k

)[
−ig̃sγβTb

]−igαβδab
(q − k)2

(
i

/q

)
, (A.28)

I(c) =

∫
dDk

(2π)D

(
i

/k
⊗ i

/q − /k

)
, (A.29)

I(d) =

∫
dDk

(2π)D
dDl

(2π)D

(
i

/k

)[
−ig̃sγαTa

]( i
/l

)
⊗

(
i

/q − /k

)[
−ig̃sγβTb

]( i

/q − /l

)
−igαβδab
(k − l)2

.

(A.30)

From these equations the correlation functions were computed using dimensional regulariza-

tion and renormalization methods (see Ref. [11] for further details).

C.2: Correlation function of pseudoscalar currents.

Later, the spectral functions were obtained in terms of the parameter ε that arises from

dimensional regularization, and it is defined as D = 4−ε with ε→ 0 and the renormalization

scale µ2
MS

in the modified minimal subtraction scheme,

ρLO(s, ε) = s4

[
A0

ε
+ A1 + A2ε

]
, (A.31)

ρNLO(s, µ, ε) = s4

(
α + β log

s

µ2
MS

)[
B0

ε
+B1 +B2ε

]
, (A.32)

1The strong coupling here has mass dimensions, but this is absorbed with the renormalization scale [11].
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where α and β contain the strong coupling constant αs(µ
2
MS

) inherent from the gluon ex-

change diagrams. Now, the terms to be compared are the ones proportional to ε0 and after

merging all the constants, the spectral function reduces to

ρ(s, µ) = As4 +Bαss
4 + Cαss

4 log

(
s

µ2

)
=

LO︷︸︸︷
As4 +Bs4 + Cs4 log

(
s

µ2

)
︸ ︷︷ ︸

NLO

, (A.33)

where the A, B and C are the coefficients of the polynomials, and the strong coupling is

hidden in B and C.

C.3: Comparison of results.

In order to compare properly both studies [11, 19, 106], the renormalization scale parameter

was taken to be a fixed value µ2
MS

= 1GeV 2 and the strong coupling constant was adjusted

at this scale. To begin with, the results of the first study, Ref. [11], are

ρ(s) =
2s4

15(4π)6

{
1 +

3αs

10π
+
αs

π
log

(
s

µ2
MS

)}
. (A.34)

Likewise, I obtained these polynomial coefficients of the other study, Ref. [106], taking the

numerical results for the imaginary part of the correlator and fitting the curves by sector, i.e.,

considering the contribution from each diagram. The plots shown in Fig. A.3 display how

data is presented separated by the real (LHS) and imaginary part (RHS) and by contributions

of the powers of ε (from ε−1 on top to ε at the bottom).

In the LO case, the curve was fitted by the function As4, while the NLO corrections were

fitted by the corresponding function resulting from the NLO terms of Eq. (A.33), extracting

B and C per each diagram and summing them to compute the spectral function. The results

obtained for the coefficients are shown in the following table.

Even though the LO coefficients are in agreement for both studies, the NLO contributions

do not and their difference is remarkable, since they differ by at least one order of magnitude.

A closer analysis of Ref. [106] is needed to resolve this discrepancy. However, both studies

are showing a significant contribution from the NLO corrections to the spectral function and
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Coefficients Groote et.al. Ref. [11] D. Harnett Ref. [106]
A 3.3859× 10−8 3.39022× 10−8

B 1.4652× 10−9 2.5506× 10−7

C −4.8839× 10−9 −1.4372× 10−8

Table A.1: Coefficients of the polynomial of Eq. (A.33)

this behaviour is represented clearly in Fig. A.4.

From this comparison is also important to mention that the approach taken, either from

coordinate space or from momentum space, must include all the possible constants and factors

associated with colour and from the renormalization procedure.

Finally, from this analysis we are able to elucidate the large contribution from NLO

diagrams to the spectral functions, giving us the needed clue to estimate the size of the

contribution to the sum rules.
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Figure A.3: LO correlation function obtained from the numerical pySecDec calcula-
tions.
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LO data

NLO data

2 4 6 8 10 12 14
q
2 (Gev2)

0.005

0.010

0.015

Im(Π(q2)) (GeV8)

Figure A.4: LO and NLO contributions to the pseudoscalar correlation function.
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