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ABSTRACT

In this thesis, we aim to study derivations from ¢*(Z,) to its dual, £>*(Z,). We first

characterize them as certain closed subspace of ¢*°(Z,). Then we present a necessary and
sufficient condition, due to M. J. Heath, to make a bounded derivation on ¢*(Z, ) into £>(Z.),
a compact linear operator.
After that base on the work in [6], we study weakly compact derivations from ¢'(Z,) to its
dual. We introduce T-sets and TF-sets and then state their relation with weakly compact
operators on ¢!(Z,). These results are originally due to Y. Choi and M. J. Heath, but we
give simpler proofs.

Finally, we will study certain classes of derivations from L'(R,) to L>*(R,), and give an

elementary proof that they are always mapped into Cy(R ).

keywords: Banach algebra, Module action, Compact and weakly compact Derivations,

T-set, TF-set.
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INTRODUCTION

One of the very early works on derivation was by Kaplansky on Projections in Banach
Algebras [18]. Moreover, he studied Modules over Operator Algebras and Inner Derivations
on AW-algebras in [17]. Then Singer and Wermer showed in [23] that every bounded deriva-
tion of a commutative Banach algebra maps into the radical that is a very important result
in derivation study. Since then there have seen various studies of different properties of
derivations such as boundedness, compactness, etc.

The problem of determining the weakly compact and compact homomorphisms between var-
ious Banach algebras has been much studied. In this thesis we want to intersect these two
concepts and study weakly compact and compact derivations.

M. J. Heath in his paper [15] has shown that if there are no (weakly) compact derivations
from a commutative Banach algebra, A, into its dual module, then there are no (weakly) com-
pact derivations from A into any symmetric A-bimodule. He also proved similar results for
bounded derivations of finite rank. Then he has described the compact derivations from the
convolution algebra ¢*(Z, ) to its dual and has given an example of a non-compact, bounded
derivation from a uniform algebra A into a symmetric A-bimodule.

In [5] Y. Choi and M. J. Heath have shown that all derivations from the disk algebra to its
dual are compact. Also in [6] they characterized when derivations from ¢*(Z.) to its dual
are weakly compact with examples that are not compact.

Pedersen followed this in [20] for derivations from weighted convolution algebras L'(w) on
R, to their dual spaces.

In this thesis we will give the background needed to understand these results and then we
will present alternative proofs of the main results of Choi and Heath (see Section 2.4).

In the first chapter we will introduce some preliminaries from Banach algebra, derivations

and compactness.



In Chapter 2, we characterize derivations on ¢!(Z,) to its dual in Theorem 2.2.6 and com-
pactness and weak compactness of these derivations.

We will study derivations on L'(R,) in Chapter 3.



CHAPTER 1

PRELIMINARIES

In this chapter we will review some important concepts and definitions of Banach algebra
theory, and their modules and derivations, that we need. The principal references for this

chapter are [19], [7], and [21].

1.1 Banach Spaces

Definition 1.1.1. Let X be a normed space with the norm ||-||. Then X would be Banach
space when it is complete with its norm. In other word, X is a Banach space when every

Cauchy sequence is convergent in (X, |-]).

Definition 1.1.2. Suppose T : X — Y is a linear operator between X,Y . Then we define
norm of T' by
17| = sup{[|T'(z)]| : = € X, ||| = 1}.

If |IT]] < oo, then T is a bounded linear operator.

We can prove that every linear operator T : X — Y is bounded if and only if it is
continuous. The set of all bounded linear operators from X to Y will be denoted by B(X,Y),
that is a normed space with the norm that we have defined above. In particular, B(X, X),

space of bounded linear operators on normed space X, will be shown by B(X).

Theorem 1.1.3 (Theorem 1.4, [21]). Let X,Y be normed spaces. If Y is a Banach space,
then B(X,Y') with the norm in Definition 1.1.2 is a Banach space.

Example 1.1.4. The space (* = {X € CV : Y >°  |z,| < oo} with the norm ||-||, on €' that

18 given by

X[ =)l (X el
n=1
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is a Banach space by using Theorem 2.10, [2]. Similarly the space
C={XeC: > |2 < oo}
n=1

1s also a Banach space.

Definition 1.1.5. For a normed space X, B(X,C) is the dual of X and we show it with
X*.

If X is a locally compact and Hausdorff space, we define

C(X)={f:X — X : fis a continuous function on X.},

BC(X)={f € C(X) : fis a bounded function.}
and

Co(X)={f € C(X) : Supp(f) is compact},

when Supp(f) = {z: f(x) # 0}.
We say that f vanishes at infinity if for any ¢ > 0, the set {z : |f(x)| > €} is compact.

Also

Co(X) ={f € C(X) : f vanishes at infinity}.
We can see that C.(X) C Cop(X) C BC(X).

Definition 1.1.6. Let X be a normed space. The weak-star topology on X* is the weakest
topology for which all x € X, the linear functional x* — x*(x) is continuous on X*. Also
X*-topology on X is the weakest topology for which all f € X* are continuous. We call this
topology, weak topology on X.

Definition 1.1.7. A net {z,} converges weakly in Banach space X, if for any F € X*
the net of complex numbers {F(x,)} converges.( [24]) If {x,} is a sequence in X, then x,

converges weakly to x if p(x,) converges to p(x) asn — oo for all p € X*

Definition 1.1.8. Let X be a locally compact Hausdorff space and (f;) be a net in co(X).
(f;) converges pointwise to f if f;(x) — f(x) for all z € X.

Example 1.1.9. Let (y;) be a bounded net in co(Z4) and lety € co(Zy). Then (y;) converges

weakly to y if and only if it converges pointwise to y.
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Proof. Let (y;) converges pointwise to y, we want to show (y;) converges weakly to y, so we

must show for every ¢ € co(Zy)* = (Y(Z,),

(@, yi) = (p,9)

Let k = sup; ||y]|, € > 0 and N such that g = SV ©(n)d, satisfies

g
—gll, < —.
le =gl 7

Now

(9,95) = (9,9)

since (0, ;) = y;(n) that converges to y(n) for every n, by assumption and g is finite linear

combination of §,,. So there is an iy > 0 such that for all 7 > i,

(g, v:) — (g9.9)| < %

Then

(e i) — (o)l < e —ag,u)| + 19,y — )| + [{ — 9,9)]
g

37373
g

Conversely, if (y;) converges weakly to y, so for that every ¢ € co(Z,)* = (1(Z,),

(@, yi) = {0, 9)-

Specifically, 6, € co(Z)*, for every n. So (d,,y;) = y;(n) converges to y(n) for every n.

Hence (y;) converges pointwise to y. O

Now we have a brief review of compact and weakly compact operators.

Definition 1.1.10. A compact operator is a linear operator f from a Banach space X
to another Banach space Y, such that the image of any bounded subset of X under f is a
relatively compact subset of Y. Such an operator is necessarily a bounded operator, and so

continuous.

Definition 1.1.11. An operator T : X — Y between Banach spaces is called weakly com-

pact if the image of any bounded subset of X under T is a relatively weakly compact subset

of T(X).



Remark 1.1.12. Fvery compact operator is weakly compact since if T : X — 'Y is a compact
operator, then T(B) is a compact subset of T(X) when B is a bounded subset of X. By the
fact that weak topology is weaker than norm topology. T(B) is also compact in weak topology,
meaning that T'(B) is weakly compact subset of T(X). Hence T is a weakly compact operator.

Also every weakly compact linear operator between Banach spaces is bounded (Propo-
sition 3.5.3, [19]). In addition, we can show that a bounded operator T': X — Y between
Banach spaces is weakly compact if and only if for every bounded sequence (x,) of X, the

sequence (T'x,) has a weakly convergent subsequence in Y.(Proposition 3.5.5, [19])

Lemma 1.1.13 (Proposition 3.5.9, [19]). Let (T},) be a bounded sequence in B(X,Y) (X,Y
Banach spaces) such that ||T,,, — T'|| — 0 as m — oo. If T, is weakly compact for all m, then

T is weakly compact.

Definition 1.1.14. An operator between Banach spaces is called a finite-rank operator

when its range is finite-dimensional.

Lemma 1.1.15 (Definition 4.1., [1]). Let S,T are finite rank operators between Banach
spaces, then S + T is also finite rank.

Remark 1.1.16. By induction and from the above lemma we conclude that the sum of finite

numbers of finite rank operators is also a finite rank operator.

We denote (A, E) as subset of B(A, E) consisting of operators which are compact maps.
It has been shown in (Chapter II, Proposition 4.2, [7]) that KC(A, F) is a closed subspace of
B(A, E). Also we denote the subset of B(A, E) consisting finite-rank operators by F(A, E).
You can see by (Proposition 3.4.3, [19])

F(AE) CK(AE)

and so

F(AE)  CK(AE)

Lemma 1.1.17. If {T,, : n € N} is a sequence of finite-rank operators, converging to T,

Then T is compact.

Proof. See the proof of (¢ — a), Theorem 4.4, Chapter II, [7]. ]



Example 1.1.18 (Example 3.4.5., [19]). Define the linear operator T from (* into itself by
the formula T(6,) = (%). So T = diag(1,3,%,...). If we consider the sequence (T;) such
that

Ty(5,) = T(6,) ifn <k
e 0 ifn >k

Then Ty is a finite rank operator for each k. Now for each a =", a,0, € (*,

(T = Ti)(@) = Y (and)

n>k
means that ) )
0
0
T—-T, = .
k1l
1
k+2
So
1
T —T)()ll; = ZI%IQE
n>k
1
2
an
- 2’ ’(k+1)2
1
2
< Mol G

then | T — Ty|l, < 725 So (Tk) converges to T and by Lemma 1.1.17, T is compact. However,
it does not have finite rank, since if it has finite rank dim(Im(7T")) = d < oo for some d. But
01y, 0q11 € Im(T), that is a contradiction. Hence T is an example of a compact operator

that does not have finite rank.

1.2 Banach algebras

Definition 1.2.1. A Banach algebra, A, is a complex Banach space with a product
(x,y) — xy mapping A x A A so that :
(i) The product is associative, and distributive laws relate addition and product. Moreover,

forz,y e A and X\ € C, (\x)y = x(\y) = Mzy). Thus the product is complex bilinear.
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(11) A is unital, if it has an identity, meaning there is an e € A (necessarily unique) and
llell = 1, such that for allx € A :
re=er=ux
(111) For all x,y € A:
lzyll < llzl |y

If the product is commutative, we call A Abelian.

Example 1.2.2. a) Let G be a locally compact group and f, g be integrable functions on G.
The convolution of f and g on s € G will be defined with:

(f * 0)(s /f (" s)dm(t)

when m is a left Haar measure on G. For every f,g € LY(G), fxg € L'(G) and || f * g||, <
1£1ly lglly- So (LHG), %, |I-II,) is a Banach algebra.

b) By the above example (L'(R), |||, *) is a commutative Banach algebra. Now consider
the Banach space L*(R.), this space would be regarded as a closed subspace of L'(R) by
extending each f € LY(R,) to be equal to 0 on the negative half-line R™® = (—o00,0). In this
case, the product of two elements f and g of L*(R,) is given by the formula

(f % g)(a /‘fx—t (z € R,);

clearly L*(R,) is a closed subalgebra of L*(R).

c) Let S be a semigroup, that is, S is a non-empty set together with (s,t) — st, SxS — S
such that (rs)t = r(st) (r,s,t € S). We have defined the Banach Space (€'(S),|-||,) in
example 1.1.4. Let f,g € (*(S). Then we set

(f*g)(t Z{f ):r,s €S, rs=t} (tes)

where we take (f * g)(t) = 0 when there are no elements r,s € S with rs = t. It is easy
to verify that (€*(S), |||, ,*) is a Banach algebra; it is called the semigroup algebra of S,
and x 1is the convolution product. A semigroup algebra (*(S) is commutative if and only if S

1s Abelian.

d) Let F = C[[X]] be the algebra of all formal sums of the form

o0
E a, X",
n=0



where ag, aq, - -+ € C and where the product is determined by the rule that X™ - X™ = X™m+n
for all m,n € Z,. Then F is a commutative algebra with an identity. Indeed, the definition
for the sum and product of a =3 .~ yo, X" and b=, 5, X" in F are

atb=) (o +B)X"  axb=) (3 afui)X";
n=0 n=0 k=0

note that the inner sum in the formula for the product is finite sum, despite the fact that

elements of F are infinite sums, and so the product is well defined. When we set

MZy)={a=) anX" € F:llall, =) |an| < oo}
n=0 n=0

It can easily be checked that ((*(Zy),||-|l,) is a Banach algebra of power series. It is a

semigroup algebra on Z, by example (c).

Remark 1.2.3. Not that for a set S with discrete topology, co0(S) = {x = (z,) € S : z,, #
Ofor finite number of n}.

Theorem 1.2.4. Let S be a set with discrete topology, and let ¢ € co(S). Then there
is a sequence (0™ en that for every m, supp(o™) is finite and Hcp(m) — ngOO — 0 as
m — o0.(In other word coo(S) = ¢o(5))

Proof. Let ¢ € ¢y(S). Hence, for every m € N, S,, = {n € N: [p,| > L} is finite. Get
gm = 1 on S, and g,, = 0 outside of S,,, and define gp(m) = gmp. So for every m, w(m) € coo(S)
and ||gp(m) — goHoo < % Hence ||gp(m) — goHoo — 0 as m — oc. [

1.3 Modules on Banach Algebras and Derivations

Definition 1.3.1. Let A be an algebra on field F and M be a linear space on F. M is a left
A-module, if modular product, A x M — M with (a, m) — am satisfies:

a) For every constant a € A, mapping o : M — M with o(m) = am be linear on M.

b) For every constant m € M, mapping 3 : A — M with f(a) = am be linear on A.

c¢) For every ay,as € A and every m € M,
aj(asm) = (ajaz)m.

Stmilarly, we can define right A-module. M is an A-bimodule, when it is right A-module
and left A-module and a(mb) = (am)b for all a,b € A,m € M.

9



When A is a Banach algebra and X is a Banach space that is also left A-module, we call X
a left Banach A-module, when

lam|| < [all[m]  (a € A,meX).
Similarly we define right Banach A-module and Banach A-bimodule.

In continuance, we will mention some concepts about derivations, specially bounded

derivations on Banach algebras and their modules.

Definition 1.3.2. If A is a Banach algebra and X is a Banach A-bimodule, a (bounded)
derivation from A to X, is a (bounded) linear map D : A — X, such that

D(ab) =a-D(b) + D(a)-b (a,b e A). (1.3.1)

Definition 1.3.3. Let A be a Banach algebra Then:
(i) If X is a left Banach A-module, then X* becomes a right Banach A-module through

(x,0-a):={a-x,¢) (aeAjxe X,pe X7
(i1) If X is a right Banach A-module, then X* becomes a left Banach A-module through
(x,a-p) = (x-a,p) (ae Az e X, e X7

(111) If X is a Banach A-bimodule, then X* equipped with the left and right module actions
of A from (i) and (ii), respectively, is a Banach A-bimodule.

Definition 1.3.4. The Derivation D is called compact if D is a compact operator between
the Banach spaces A and X, and weakly compact if D is a weakly compact operator from
A to X (i.e. D(By) is relatively weakly compact in X, where By is the unit ball of A. [11])

10



CHAPTER 2

DERIVATIONS ON (Y(Z,)

2.1 Introduction

In this chapter we want to study derivations from a specific Banach algebra to its dual space.

We study the Banach algebra

MZy) =D ant™: > |an| < oo}
n>0 n>0
that has been introduced at Example 1.2.2 part (d) and derivations on it. In the following,
compact and weakly compact derivations on ¢'(Z,) will be discussed. Then the concept
of Translation finite sets will be introduced in Definition 2.4.4 and study its relation with
weakly compact operators on £*(Z, ) will be studied in Theorem 2.4.13, Corollary 2.4.17 and
Theorem 2.4.19.

2.2 Derivations on ((Z,)

For a Banach algebra A, derivations on A are mapped into some Banach A-bimodule. (See
Definition 1.3.2). One natural example of a Banach A-bimodule is A itself, where the mod-
ule actions are just the multiplication. Hence one could study derivations from A into A.

However, as we see in the following proposition, this becomes trivial when A = (*(Z,).

Proposition 2.2.1. Let D : (*(Z,) — (*(Z,) be a bounded derivation. Then D = 0.

11



Proof. Let h = D(t), then by (Equation 1.3.1) and induction we have

D(t") = D(t" ' - t) = D(t" ) -t + "1 D(t)
=DE" ) -2+ 2" D)
= D(t°) - t" +nt"" - D(t)
=nt"'D(t) = nt" 'h.

So if h = 3" bt/ as an element of £'(Z), then

D))y = |[nt" R[], = |t > bit?
j=0

1

oo
= |In Z bjtnilJrj
J=0

Jj=0 1
=ny_ bl =n|hll,

JEL

=N

So ||hll, = L [|D(t")]l, < £ ||D||,, for all n. Hence ||h||, = 0. Then h = 0, means D(t") = 0,
for all n. Now since the span of all " is dense in ¢}(Z,) and D is continuous, we have
D =0. [

Proposition 2.2.1 is a special case of a more general result proved by Singer and Wer-
mer [23].
Another natural example of a Banach bimodule is the dual of the algebra, which in the case

of (1(Z,), is £*(Z,) as we show below:

Definition 2.2.2. (*(Z,) becomes a Banach (*(Z)-module by Definition 1.8.3 through:
(fy-h) = (b« f,)

n=0 i=0

=Y O hifai)n  (fih€M(Zy), 0 € £2(Zy))

n=0 =0

12



when - is the module product of £ and (> but x is the product of {* as a Banach algebra.
Also for each k € Zy and > fit' = t*, fi = 1 when i = k and elsewhere f; = 0. Then we

have
(¢h>k: <tk7¢h> - <h*tk7¢>

- <Z(Z R fri)t", )

n=0 =0

= Z hnfkwn
n=~k

=Y bk
n=0

for h € (M7, ), € (=>(Z,).

Remark 2.2.3. For a function D : A — A*, and arbitrary f,g,h € A we say that

D(f-g)(h) = D(f)(g-h)+ D(g)(h- [)
1s Derivation Identity.
Lemma 2.2.4. Every bounded linear map T : (Y (Zy) — (*°(Zy) can be identified with
a bounded bilinear form (*(Z,) x (*(Zy) — C which sends (f,g) to T(f)(g) and ||T| =
sup{|T(f)(9)l : f,9 € L/(Z+), Ifll, < L Mlglly < 1}
Proof. Define the linear mapping Q : B({*(Zy),(>*(Zy)) — Bil((*(Z,),(*(Z4);C) with
QT) = pr, for all T € B({Y(Z,),(=(Z,)) such that or(f,g) = T(f)(g) for all f,g € (*(Z,).

It is isometry since

TN = sup{IT(N)Il - f € €(Z4), I fll, < 1}
< sup{|T(f)(9)] : f.g9 € €(Z1), |fIl, <1, ]lgll, <1}
< sup{ler(f,9)| : f,9 € C(Z+), | fll, < 1 llgll; <1}
< [lerllo -
On the other hand, for f,g € ¢*(Z;) with |||, llgll, < 1, we have |o7(f,9)| = |T(f)(g)| <
s |T(F)| < IT]. So supler(f.g)l < 7. Then we have orl, < |T]. And hence

lerllee = IT°-
Also 2 is surjective since if you let ¢ € Bil(¢*(Z4.),(*(Z4); C), then define T, : (*(Z;) —
(>=(Z.) such that for all f € (1(Z,),



that is a bounded linear function on ¢*(Z,) and so it is in (*°(Z, ). So for all g € (}(Z,) we

have :
T (f)(g) = (f, —)(g) = #(f.9)
and now we show that Q(7,,) = ¢:

TL)(f,9) = To(f)9) = #(f: 9)-

So € is surjective. In addition, € is injective, since it is an isometry between normed vector
spaces.
m

Theorem 2.2.5. For every bounded deriwation D : (Y(Z,) — (*(Z,) there is a ¢ €
(>°(Zy.), such that

=0, DY) = v Gk €Ty £0)

Proof. By following the definition of a derivation we have D(1) = D(t°) = 0 and

D(t") = D(t x t" 1)
=t- D" M)+t D(t)
=t*- D" %) +2t" - D(t)

=nt""t . D(t).
So by Lemma 2.2.4
D(#)(t*) = (j~1 - D) (t*) = D(t) (5t 7).

Hence

D(t)(t"71) = %D(tj)(tk’) (2.2.1)

Now let ¢ : ¢(Z,) — C be the linear functional defined by ¥(f) = D(f)(t°), so 1y =
D(t%)(t°) = 0 and
gtk

D) (") = (j + k)D() (") ;

D()(t*)  (j #0).
We used ( 2.2.1) in last equation. Hence
D(F)(#*) = —L— DWHH)(t9) = Ly (7).
O)(E) = L DEHE) = Lo
Finally, [ (/)] < [IDI[| /]y, for all f € £1(Z). Hence, ¢ € £°(Zy.). O
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The set of all derivations from a Banach algebra, A , to its dual, A* , is noted by
Der(A, A*) and we name the set of all members of ¢>°(Z,), like 1, that ¥ (t%) = 0, set

E = { € ((Zy) : $(t°) = 0}.
Theorem 2.2.6. There is a bijective linear isometry
B: Der(t1(Zy),(>(Z,)) — E

which defines with B(D) = 1p, where 1hp € (*°(Zy) is the associated element defined in
Theorem 2.2.5.

Proof. By the previous theorem this map is well-defined and linear. It is isometry since for
every f,g € (NZy), f =32, fit, 9 = >, gt*, J, k € Zy, we have

1Dl = sup{|[D(F)I| : f € €(Z), I/l < 1}
<sup{|D(f)(9)l : f.9 € €(Z4), |If]l, < L,llgll, < 1}

=sup{| Y foeD() ()] : frg € LN(Zy), IfIl <1, llgll, <1}

3,k=0
7 .
=sup{| > fg oo fg € (20, 7] < Lllgll, < 1)
G k€Zy j,k#£0 J
7 .
<sup{ 30 il oo fg € @), I < Lol < 1)
G, k€L §,k#0 J
<sup{ Y Ifigel Il : f19 € (220 I < 1. lgll, < 1}
4,k=0
< nllsup{ > Ifigel : f9 € C(Z4). 1 < L.l < 13
4,k=0
< ol 111 gl
< ol

On the other hand,
[¥p(t")] = D) (t")| < sup [D(")| < || D]

SO
sup [¢p (")) < [|D]]
nEZ+

then ||¢¥p| < || D||. Hence we can conclude ||¢p||, = || D]l

Also B is injective, since if B(D) = 0, then since ||D|| = |[¢p]|,, = 0, we have ||D|| = 0 and
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it means D = 0.
B is surjective since if we let ¢ € E arbitrary, define a function D, by D, (7)(tF) := =% L ik,
when j,k € Zy,j+ k # 0 and define D,(t°)(t°) = 0. For general f,g € ('(Z,) we have

f= Z;io fit? and g = >";2, gt". So

Dy(£)(9) = Y figrDo(t)(t").

7,k=0

This is well-defined since (D, (#/)) ez, is a bounded sequence in (>(Z.) :
Do) = Sup{| Do) )] i € 2o+ k£ 0)
= SUP{| k%M Jk€Zy,j+k#0}
< SUP{|90j+k| g,k €74, j+k #0}
< lelloe <00

That argument is for j > 1 and note that by definition of D, D, (t°)(t*) = 0 for all k € Z,..
We now show that D,, is bounded. Consider every f,g € (N(Z), f =32, fit/,g = >, gith, ik €
Z.,, then:

Dyl = sup{[|Dy(£)I - f € €(Z4), |1 f]l, < 1}
< sup{|Dy(f)(9)] : f,9 € C(Z), 1SN, < 1, Nlgll, < 13

=sup{| Y fignDo() ()] : frg € £(Zy ), |If Il < 1 Nlglly < 13

4,k=0
=sup{| ) f]gk ks%kl Fge (Zyo)IIfll, <1, llgll, <1}
G k€L k0
J
<sup{ > |figsll—=—sxl s f.9 € C(Zo), Il <1, 019l <13
) / J+k
§,kE€Z 4 5,k#0

<sup{ > |figel el f.9 € C(Z), IfIl, < 1. gll, < 1}

4,k=0

< lelloosupl D Ifionl : fr9 € C(Z1) NIfIl < L lglly < 13

4,k=0
< [lelloo 1111 1]y
< [lollo

Now we show D, is a derivation, suppose j, k,{ € N, j +k + ¢ # 0. Then

Jj+k
€¢j+k+e

D(E  9)(t) = Do(t*)(t) =
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and

Dy (t)(t* # t°) = Dy (/) (t**) = FEAZESY
and iy

Dy (t*)(t" % t7) = Dy (t*)(t*") = FE ALY
So

Jj+k

Dt (tF « D"t xt)) = L~ . —
(Dt?) (" % 17) + (Dt™) (t" * ) j+k+€%+k+4

D, (t % t*)(t").

Also when j+ k + ¢ =0,
Dy (t" %) (") = 0

and
D, (t°)(t° xt°) =0

So this holds for j, k, ¢ € Z. Since { is arbitrary, we have
Dy(t7 % %) = (D,t?) - tF + 7 - (D,t*) (2.2.2)

Now for arbitrary a,b € £'(Z) we have a = 7% a;t/ and b= 3 ;7 bpt*. So

Dy(axb) = Z a;bp Dy (t * t¥)
j,k=0
and - . .
(Dya) - b= (Z a;Dy(t)) - Zbk‘tk = Z a;by Dy (') - t*
§=0 k=0 3,k=0
and . - -
a-(Dgb) = (Y ajt) - (Y beDo(t") = Y a;byt! - Dy(t*).
j=0 k=0 J,k=0
So by (1 2.2.2)
D aibDy(t 5 t*) = > " ajbp(Dy(t) - t* + 1/ - Dy(t"))
j,k=0 4, k=0

and it means for arbitrary a,b € (*(Z,)
Dy(axb) = (Dya) -b+a-Dyb
So D, is a derivation from ¢*(Z;) to ¢*°(Z,). The last thing is to show B(D,) = ¢. Let

f=t"formeZ; and m #0,

m

B(Dy)(t™) = Dy (t™)(t") = mw(tm+0) = (i)

17



and for m = 0 we have
B(D,)(t°) = Dy(t°)(t") = 0 = ¢(t°).

This means that B(D,) and ¢ has the same coefficient as the elements of {*°(Z. ), so B(D,,) =

¢ and by proving this, B is an isometric isomorphism. O]

2.3 Compact derivations from ¢'(Z.) to its dual

Now we are ready to study compact and weakly compact derivations, D : (1 (Z,) — (>(Z,).
For convenience we write ¢ := ¢o(N) and ¢>° := ¢>°(N). We also consider ¢y and ¢*° as closed
linear subspaces of ¢o(Z) and €>°(Z,.), respectively, consisting of the sequences {a, }5°, with
ag = 0.

By the following theorems we conclude that the space of compact derivations from ¢*(Z, ) to

¢>°(Zy.) is linearly isomorphic to c.
Lemma 2.3.1. If¢ =0, (n > 1), then Dy is a finite-rank linear map.

Proof. We need to show that the linear span of {Dy(#/) : j € Z,} has a finite dimension.
Let x; := Dy(t). Also we know (Dy (7)) = Dy(#)(t*) = jﬁ%qu when j + &k # 0 and
Dy (t°)(t°) = 0, so

2 = % ifj+k=n

0 ifj+k#n

(zj)r =

Hence, if j > n, x; = 0. So just for finite numbers of j, x; is nonzero and it means that the

linear span of {D,(#') : j € Z, } has finite dimension. Hence Dy, is a finite rank operator. [J

Theorem 2.3.2. Let 0 € ¢y. Then the bounded derivation Dy : (*(Zy) — (=(Z,) is

compact.

Proof. Let v € cg, since ¢y = ool l=, there exists a sequence (11,) C cgo such that |1y — ¥ —

0 when k — oco. Now for each k € N, since ¢, € cq, we have

,Ivz)k: = Z andn
n=1

where ay,as, ..., a, € C for some m. So by Theorem 2.2.6, B~!(¢,) = Y., a,Ds, , where

n=1

B is the linear map defined in Theorem 2.2.6. Hence by Lemma 2.3.1 and Remark 1.1.16,
D,, is finite rank for all £ € N. Also by Theorem 2.2.5, || Dy, — Dy|| — 0 as k — oo, and

k
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because the limit of every sequences of finite rank operators is compact by Lemma 1.1.17,

D, is a compact derivation. O

By the next theorem we prove converse of the above theorem:
Theorem 2.3.3. If the bounded derivation Dy, : (*(Z,) — (*°(Z.) is compact, then 1) € c.

Proof. This argument is based on Heath’s thesis (Proposition 2.6., [15]). Let Dy, : (*(Z;) —
(>(Z,) be a compact derivation such that ¢ € >\ ¢g. We should show that the se-
quence (Dy(t"))ren has a subsequence with no convergent sub-subsequence. Without loss
of generality, we assume that ||[Dy| = 1. Since ¢ ¢ ¢, so there exists ¢ > 0 such that
{n € N: |¢),| > €} is infinite. Hence there exist an infinite set S C N such that for all n € S,
|Dy(t") ()| = [55%nl = [¢n| > €. Let k,1 € N, then by Theorem 2.2.5

k k
kY (Y| — k+1 <
D)) = g D)1 < s (233
Now suppose that k+1 € S. Then
[Dy(t)(A)] = [kt" 71 - Dy(t)(1)]
k K-+ ek
= > 0.
D) 2 (234

Let j; = 1. Suppose j; < -++ < jr—1 such that for all 4,9 € N with ¢ < ¢/ < k — 1,
| Dy (%) — Dy(t7)|] > =. Now choose N € S with N > 10e™'j;,_, and let [;, = [%J and
jk =N — lk Then, by ( 234),

EJk
Jr + U
N — 1
—€< N )
i
—e(1— &
-

| Dy (1) (t%)] =




Also, if m < jj_1, then by ( 2.3.3)

m Jk—1
Dy (t™)(t")| < :
D] £ < I
_ Jk—1
Jrk—1+ L%J
Jk—1
< . 10e~ 1k 1
Jr—1 + [T
B 1
1+ 5
< 1
14 (5t 1)
1
<
— bel

ot ™

Thus

IDu(t)(#) = Dy(t)(E)] > 1D (E")(E)] = D) ()]
— (1D (#5)] = [DolE™)(E)]

9 9

> 15~

=13/
-
1

In particular, if i < k, then ||Dy(t%) — Dy(t*)|| > §. Hence, by induction, we obtain a
sequence, (j;)ien, such that, if i,k € N and ¢ # k then [|Dy(t%) — Dy(t*)|| > . Thus

(Dy(#77));en has no convergent subsequence, and so, Dy, is not compact. ]

Therefor, by Theorem 2.3.2 and Theorem 2.3.3 we conclude that D, is compact if and

only if ¥ € ¢y.

2.4 TF-sets and weakly compact derivations

In this section we introduce concepts “T-set, T F-set and T'F'¢y” and study their relation with
weakly compact operators. Note that, the results of this section were proved by Choi and
Heath [6], but we present different proofs that are based on suggestions of M. Daws (personal

communication with Y. Choi).
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Definition 2.4.1. Let S C Z,. We say that S is translation set (T-set for short) if, for
allk € Zy, SN (S — k) is finite or empty.

Theorem 2.4.2. Let v1 < 29 < x3 < ... 1S a sequence in N, and x,,1 —x,, — 00 asn — 0.

Then S = {x, : n € N} is a T-set.

Proof. 1f S is not a T-set, then there is a k € N such that SN (S — k) is infinite. Choose an
increasing subsequence n(1) < n(2) < n(3) < ... such that {z,; : j € N} =5nN(S - k).
For each j € N,

Tpi) Tk = Tm(j) for some m(j).
Then ,,,(jy — Tn) = k and 1 +n(j) < m(j), so
Tn(j)+1 = Tn(j) < Tm(j) = Tn(j) = K

and this contradicts with the fact that x,(j)11— %) — oo for large j. Hence S'is a T-set. [

Converse of the above theorem is also true:

Theorem 2.4.3. Let x1 < x5 < x3 < ... be a sequence in N, and S = {x, : n € N} a T-set.

Then x,41 — x, — 00 as n — 0o.

Proof. Suppose that {, .1 — T, }nen does not converge to infinity as n grows. Hence there
is an integer k£ € N and an infinite subsequence {z,,}:2, C S such that z,,;; — x,, < k for
all + € N. Moreover, if we let k£ to be the minimum positive integer with the above property,
then we can assume that x,, 1 — x,, = k. In particular, z,, = 2,41 — k € SN (S — k) for all

¢ € N. Which is impossible since S is a T-set. Thus =, — z, — 00 as n — oo. ]

Definition 2.4.4. Let S C Z.. We say that S is translation-finite (TF for short) if, for

every sequence ny < ng < ... in Z,, there exists k such that ﬂle(S —n;) is finite or empty.

Remark 2.4.5. Note that every T-sets are TF-set. But the converse is not always true (see
Ezxample 2.4.23).

Example 2.4.6. By Theorem 2.4.2 we can see that S = {2" : n € N} is a T-set and so it is
a TF-set.

Example 2.4.7. Z, is not a TF-set. Since for the sequence 1 <2 <3 < ...,
Z+—1:{xx+1€Z+}:Z+

and similarly for every k € Zy, Z, —k =7Z,. So ﬂle(ZJr — 1) = Zy and this is an infinite

set.
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Definition 2.4.8. Let X and Y be non-empty sets, and let
f: XxY—C

be a function. Then
i) [ clusters on X xY if

whenever (z,,) and (y,) are sequences in X and Y, respectively, each consisting of distinct

points, and both repeated limits exist;
it) f 0-clusters on X xY if

limlim f (2, yn) = limlim f(2,,,y,) =0

whenever (z,,) and (y,) are sequences in X and Y, respectively, each consisting of distinct
points, and both repeated limits exist.( See Definition 3.2, [9])

The following proposition is a famous condition that was originally proved by Grothendieck

in 1952 [14].

Proposition 2.4.9. Let E, F be Banach spaces, and suppose T € B(E,F). Then T is
weakly compact if and only if the function

ExF*—C , (x,\)— (Tx,\)
clusters on Ey X F(*l), when Eqy and F(*1) are respectively closed unit balls of E and F*.
Proof. See proposition 3.4, [9]. O]

Now let X and Y be non-empty, locally compact sets and f : X x Y — C be bounded ,

separately continuous function. For y € Y, we set
fyix—= flr,y) , X —C

and we regard f, as an element of CB(X) = C(8X); when 58X is the Stone-Cech compacti-
fication of X. We then set

f(z,y) = fy(2) (x e X,y €Y).
Also we set F = {f,:y €Y}
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Theorem 2.4.10 (Proposition 3.3, [9]). Let X and Y be non-empty, locally compact spaces
and f: X XY — C be a bounded, separately continuous function. Then F is relatively weakly
compact in C(BX) if and only if f clusters on X x Y.

Proposition 2.4.11. Let T : (Y(Zy) — (®(Z) be a bounded linear operator. Then T is
weakly compact if and only if the function f : Z, X Z, — C with f(x,y) = (T(tY),t*)

clusters on Z, X 2.

Proof. By Daws remarks in [10] after Proposition 5.4, T' is weakly compact if and only if the
set {T'(t’) : j € Z,} is relatively weakly compact, and we know f,(z) := f(z,y) = (T(t¥),t*).
So F={f,:y€Z,} ={T{#):j€Z,}. Then by Theorem 2.4.10, T' is weakly compact if
and only if f clusters on Z, x Z,.. O

Example 2.4.12. Let D : (*(Z,) — (>(Z,) be a derivation associated to 1y € (*(Z,),
where 1y is a characteristic function on N (See Theorem 2.2.6). Then D is not weakly

compact.

Proof. By Theorem 2.2.5 and Theorem 2.2.6, D(d,); = jﬁ for j,k € Z, and j+ k # 0 and

D(69) = 0. Now let (j,), (k) be increasing sequences in N. Then

lim lim D(d;,,),, = lim lim s lim1=1
and

lim lim D (4, = lim li =1lim0 =0

i Dl e = B e

So lim,, lim,, D(4;
nition 2.4.8 and Proposition 2.4.11, D is not weakly compact. [

k. and lim, lim,, D(d; ), both exist but are not equal. Hence by Defi-
m In/Rm

n

Example 2.4.12 shows that not every derivation from ¢*(Z, ) to £>(Z, ) is weakly compact.
Theorem 2.4.13. Let ¢ € (*(N). Then Dy, is weakly compact if Supp(¢) is a TF-set.

Proof. Define Dy, : (1(Z,) — (®(Z,) with Dy(t/)(tF) := jﬁwﬂk for j,k € Z, and j+k #
0, and Dy (t°)(t°) = 0. Let {x,},{ym} C Z; are sequences of distinct points and both
repeated limits

tim lim D, (1) (), lim lim Dy () (197)

exist. Note that
{7

lim lim Dy, (") () = lim lim

n m n m:L‘n—{—

1/}$n+ym - O

m
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So by Proposition 2.4.11, D, is weakly compact if

c T T
lim lim ————1, 4, = limlim ¢y, 4,,. = 0.
m n X, Um m n

By contradiction suppose the limit is not zero, so there is increasing subsequences {@y;)} of
{zn} and {ym@u} of {ym} in Z, that

im0 ¢, 1y, = B0 (0 1y, ) = 0 £ 0.

So there is an N € N, such that for all k e N, £k > N
|1i]m Yoy tume — A <

By triangular inequality |lim; s,y > % If we fix k£ > N, then there is a J(k) € N
that for all j > J(k)

W%(J‘ﬂrym(m’ > %
Since Supp(y)) = {p € N : |1,| > 0}, so for all j > J(k), Tpj) + Ymn) € Supp(). Hence for
all j > J(k), zn() € Supp(v)) — Ymy- Given M, consider Supp(v)) — Ymn) for 1 <k < M
and let R = max(j(N +1),7(N +2),...,j(N + M)). Then for every j > Rand 1 < k <
M, xn) € Supp(¥)) — Ym+n) (See Figure 2.1). Hence ﬂkle(Supp(@b) — Ym(k+N)) contains
{zn() : 7 > R} and this contradicts the fact that ML, (Supp(p) — Ym(k+n)) is finite or empty

for some M. So Dy is weakly compact.

i(N+M) I

j(N+2)

j(N+3)

j(N+1)

' L ' LY
N N#l N2 N3 N+M ’k

Figure 2.1: For all k > N, then there is a J(k) € N that for all j > J(k), Ty 5y € Supp(¥) — Ym (k)
O

In Section 2.3, we showed that compact D, is equivalent with ¢ € ¢y means that for
every £ > 0, the set {n € N : [¢,| > €} is finite and so is a TF-set. Now we want to show

that if we have only D, weakly compact, what is it equivalent with? (See Figure 2.2)
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Definition 2.4.14. We say ¢ € TFcy if

(i) ¥ € £=(N);
(1) for every € > 0, the set {n € N : |1,| > e} is a TF-set.

Example 2.4.15. Let 1(n) = %, s0 Y € ¢y, and by Theorem 2.3.2, D, is compact but
Supp(v) = N and by Example 2.4.7 it is not TF.

Supp(y) finite —=) Supp() TF

ﬂ ﬂ

Veh  ——  VElFg

Dy compact ——> Dy weakly compact

Figure 2.2: Weakening compactness of Dy to weak compactness, corresponds to changing from 1 € co to only ¥ €
TFcg.

Lemma 2.4.16. Let ¢ € TFcy. Then there is a sequence (™) en, Y™ € £ for every
m, Supp(y™) is TF and H@/J(m) — @/JHOO — 0 as m — o0.

Proof. Let ¢ € TFcy, so for every m € N, S, = {n € N: |¢,| > %} is TF. Let g,, = 1 on
S, and g,, = 0 outside of S,,,. Define 1™ = g,.1h, so ™ € £ and Supp(y»™) = S,, and
so it is TF. Also H@D(m)—l/JHOO < % — 0 as m — oo. O

Corollary 2.4.17. Let ¢ € T'Fcy. Then Dy is weakly compact.

Proof. Let ) € TFcy, by Lemma 2.4.16 there is a sequence (/™) C ¢, such that Supp(y(™)
is TF for each m. By Theorem 2.4.13 D ) is weakly compact for each m. By Theorem 2.2.6
since B : Der(¢1(Z4.),0>*(Z+)) — E is bijective and B(Dy) = 1, (Dy(t9)(t°) = () = ;),
SO
[Py = Dy|| = | B(Dyem) = Dy)||
= [|B(Dyew) = B(Dy)| .

:Hw(m)—wHoo—)O as  m — oQ.
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So by Lemma 1.1.13, D, is weakly compact. ]

Lemma 2.4.18. Let F' : N X N — C be a bounded function. Then there are increasing
sequences n(1) <n(2) <n(3) <... and m(1) <m(2) <m(3) < ... such that

lim(lim F(n(5), m(k)))

k J

exists.

Proof. Start with m = 1, (F(n,1)),>1 is a bounded sequence, so by Bolzano-Weierstrass
Theorem there is a subsequence p;(1) < p1(2) < p1(3) < ... such that lim; F'(p;(j), 1) exists,
call it F(1).

Consider m =2, (F(p1(j),2));>1 is a bounded sequence, so by Bolzano-Weierstrass Theorem
there is a subsequence ps(1) < p2(2) < p2(3) < ... such that lim; F'(p1(p2(j)), 2) exists, call
it F(2). Note lim; F(p1(p2(j)), 1) exists and equals F(1).

By induction let lim; F'(py (p2(. . . (Pm—1(J)) - .. )), m—1) exists and equals F(m—1). Then con-
sider m, (F(p1(p2(. - . (Pm=1(4)) --.)),m));>1 is a bounded sequence, so by Bolzano-Weierstrass
Theorem there is a subsequence p,,(1) < p(2) < pm(3) < ... such that

lim F(p1 (p2(- .- () - ) m)

exists, call it F(m).Now let

then the sequence
F(n(m),m), F(n(m+1),m), F(n(m + 2),m),...

is a subsequence of (F'(pi(p2(...(pm(j))-..)),m));>1 which converges for all m. So n(1) <
n(2) < n(3) < ... is an increasing sequence (since p;(p2(1)) > p1(1) and so p1(p2(2)) > p1(1),
means that n(2) > n(1)) that F(n(j),m) converges for all m to F(m). (See Figure 2.3)

So for every m, lim; F(n(j),m) = F(m), and (F(m))m,>1 is a bounded sequence, so by
Bolzano-Weierstrass Theorem there is a subsequence m(1) < m(2) < m(3) < ... such that
limy, F(m(k)) exists and

i F(m(4)) = Hyn(lin F(n(3), m(1),

J
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[#]

Figure 2.3: The Diagonal Argument on pm(j) to get an increasing sequence n(j) that converges for all m.

Next theorem that is the converse of Corollary 2.4.17 was originally proved by Choi and
Heath using a direct but complicated induction [6]. We give a simple proof using repeated

limits (as suggested by M. Daws, see the remarks at the start of Section 2.4).

Theorem 2.4.19. If ¢ € (*, and Dy, is weakly compact then S; :={n € N: || > e} is a
TF-set for each € > 0.

Proof. Since D, is weakly compact by Proposition 2.4.11
lim lim Dy, (¢*) (#¥™) = lim lim Dy, (¢*)(¢¥™),

where Dy (t7)(tF) = jﬁwﬁk for j,k € Z,,j+ k # 0 and (x,), (ym) are sequences in Z,

consisting distinct points and both repeated limits exist. Also we know

lim lim Dy () (##) = lim lim — "), = 0.

n m n mxn m

By contradiction suppose S; is not TF for some € > 0. Then there is an increasing sequence
(Ym) with X, := " _,(Sec — Y is infinite, for all n € N. So

m=1
Xi=5—-n
Xo=(S:—y1) N (S: —y2)
X3 = (Ss - 3/1) N (Ss - ?/2) N (Ss - ?/3)

X12Xo2X32 ...

Pick x1 € X4, 29 € X5 and x5 > 21, 3 € X3 and x3 > x5. So for every n, z,, € X,, and
Tn, > x,-1 (See Figure 2.4). Hence (z,,) is an increasing sequence that x,, +y,, € S. for every
n > m. Now define F'(n,m) := 1, 4,,. € C. By Lemma 2.4.18 there are increasing sequences
n(l) <n(2) <n(3) <...and m(1) <m(2) <m(3) < ... such that lim(lim; F'(n(j), m(k)))
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Figure 2.4: X1 D X2 DO X3 D ... and pick xn, € Xy, such that xn, > xn—1 for every n.

exists and is non-zero.
(Since Zpn(j) + Ymw) € Se for every n(j) > m(k) and so |F(n(j),m(k))| > e means that

|¢z"(i)+ym(k)| > ¢. Then

) €
|l1§n Yoy tme | > 9
Hence
. €
|11]£n(11]m ¢In(j)+y77L(k))| > Z

for every n(j) > m(k).)
both

exist but are not equal. Hence D, is not weakly compact, and it is a contradiction. So we

We know lim; (img ¥z, ) 4y,,y) = 0, 80 g (Hmg ¥z 44,00 ) and limg (limg v yn)

conclude if Dy, is weakly compact then S, is a TF-set. [
Corollary 2.4.20. If o € TFcy and ¢ € TFcy, then ¢ +1 € TFcy.

Proof. Let ¢ € TFcy, so by Corollary 2.4.17 D,, is weakly compact, also 1 € T'F'¢y similarly
D, is weakly compact. Then by Theorem 2.2.6

D, + Dy =B (¢)+ B (¥) = B (¢ + 1) = Dyry

is weakly compact since the set of weakly compact operators is a vector space by Corollary
3.5.10, [19]. So by Theorem 2.4.19 S, ={n € N: [(¢ +¢),| > €} is TF for every ¢ > 0 and
so ¢ + 1Y € TFcy.

[

Corollary 2.4.21. Let X1, Xy be subsets of N such that X, and Xy are TF, X; N Xy = @,
then X1 U X5 is TF.

Proof. Define ¢ with ¢ = 1 on X; and ¢ = 0 outside X;. So ¢ € TFc¢y by definition.
Similarly if we define ¢y = 1 on X5 and v = 0 outside X5, then ¢y € T F'¢cy. By Corollary 2.4.20,
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o+ eTFc. SoS. ={neN:|(¢+1),| >¢e}is TF for every € > 0 and

1 ifTLEXlUXQ
(p+v)n =

then S, = X; U X5 and hence X; U X, is TF. O
Remark 2.4.22. If S is a T-set then sois S+m ={x+m:z € S} for any m € N.

Proof. Suppose S + m is not T-set for some m, so there is a k € N that for it (S + m) N
(S +m — k) is infinite, so for all y € (S +m) N (S +m — k), y = x + m for some z € S and
y+keS+m, means (x+k)+me S+m,sox+keS. Hence z € S — k. It contradicts
that S is T-set. So S + m is T-set. O

Example 2.4.23. Let X; = {2" : n € N}, we know it is a T-set, also Xo = {2" +1:n € N}
1s a T-set by above remark, and X1 N Xy = @. So X1 U Xy is a TF-set by Corollary 2.4.21,

but it is not a T-set since for k =1,
(XiUuXo)N(X1UXo)— 1) =X UuXi+1)n((X;—1)uXy) DX,

which is infinite. So X1 U Xs is TF but is not T-set.
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CHAPTER 3

DERIVATIONS ON L'(R,)

3.1 Introduction

In this chapter we study derivations, D : L}(R,) — L>®(R,).
By part (b) of Example 1.2.2, (L*(R4), |||l , *) is a Banach algebra when for every f € L'(R,)

11 = / Fldu.

Also (L*(Ry),||-||..) is a Banach space when for every ¢ € L*(R,) we have

and p Lebesgue measure, we define

el = esssup|p| =inf{C > 0: |¢(z)| < C for p-almost every x}.

Given ¢ € L®(R), the function L' (R;) — C defined by f — [ fedp is a bounded linear

*

map with norm equal to |||, . By Example 1.10.2 [19], every element of L'(R;)* arises in

this way.
Definition 3.1.1. L=(R,) becomes a Banach L*(R,)-module by Definition 1.5.3 through

- / (f * 9) (B (t)dt
- /0°° /Ot ft=s)g(s)p(t)dsdt  (f.g € L'(R+),p € L®(Ry))

By changing variable t to t + s, we get

(frg- ) = / N / " F(0g(s)plt + s)dsdi = / " ) / " g(s)p(t + )ds)dt

It means that the module action of L*(Ry.) on L®(R,) is

(9-9)(t) = /OOO g(s)(t + s)ds.
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3.2 Derivations from L'(R,) to its dual

Theorem 3.2.1. Let ¢ € L*(R,). Then

S
t+ s

Do) = [ HO el s)ds  (te Ry T € LR (3.2.1)

defines a continuous derivation from L*(Ry) to L=(R,).

Proof. Firstly, note that D, f is a measurable function on R;. To see this, consider

F(t,s) =

G+t (stE€Rs+170).

The function F' is measurable,and we can assume that F' is non-negative. (We can write
F = Fy+iF,, where Fy, Fy are real and imaginary parts of F', respectively. Also F}, (k = 1,2)
can be written as difference of two (measurable) non-negative functions.) Then, by Tonelli’s
Theorem (Theorem 2.37, [12]) the function ¢ +— fR+ F(t,s)ds is measurable. Thus D,(f) is

measurable. Also we have D, f € L>(R,), since

D01 = [~ pts + s
< [ Ut ol
< [ el ds
<llele [ 1l

< llelle 11 -

So

1D flloe = mf{C >0 [Dyf(1)] < C for ae. 1} <ol [If]l; < oo

So D, (f) € L*(R..).

Then we prove D, is a bounded linear map on L'(R ).
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It is linear since if f,g € L'(R,) and ¢ be an scalar, then

Do(ef +9)(0) = [ (ef +9)(o) " plt 4 5)ds

+1

- / (e (s) + gls) 2

s+t
= [ et et s [ oo

s+t

:c0/0°°f<s> * ot + s)ds + /Ooog<s> :

o(t + s)ds

o(t + s)ds

t+ s)d
s+t s Pt elds

Dy (f)(8) + Dy (g)(1).

Now, let f € L'(R;) and ¢ € L™(R,), so

1D, || = sup{[| Dy fll, : f € L'(R4), 11, < 1}
< sup{llello [1f1l; = f € LN (R, (Il < 13

Hence D,, is bounded.

Then we show D,, is a derivation, it means we want to show;

(Dy(f % 9).h) = (Dy(f), g+ h) +(Dylg), b= f)  (Vf.g.h € L' (Ry))

Let f,g,h € L'(R,). We have

I
0\8
o\ .

8
Vo)
+ | »
~
<

*
s
©
AS)
—~

~

+
=

>
=

QL

V)

oW

Py




and similarly

also,

IS
+
8

So by adding these two, we have

(Dy(f), g h) + (Dyu(g), b * f) :/OOO /OOO /OOO %gp(r%—u+t)f(r)g(u)h(t)dudrdt

= (Dy(f % g), h).
So D, is a derivation. O

In the rest of this section, we will show that D,(L*(R;)) C Co(Ry). This is a special

case of some known results, but we give an alternative proof which is more elementary.

Remark 3.2.2. We call I, the characteristic function of the interval [a, b] if

1 if x € [a, ]
Ty (z) =
0 if © ¢ [a, b

Proposition 3.2.3. Let ¢ € L®(R;) and 0 < a < b. Define f(x) = Dy(Ljap)(x). So

f: Ry — C. Then f is continuous at every point.
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Proof. We have f(t) =

a

2

b
f(t2)—f(t1):/ 5

and by changing the variable s to s —t, in the first integral and changing s to s —t; in second

b+t
—t
p(s)ds — / Sy
a+ty S

Without loss of generality we can assume 0 < ¢; < to with |t —t;| < [b—al, so a4ty < b+1;.

integral we will have

f(ta) = f(t1) :/

a+to S

b
St go(s—i—tg)ds—/a . i

b+to 5 — t2

fb shp(s +t)ds. We want to show f is continuous. So let

o(s+ty)ds
i

(s)ds

Then
b+ty s —t b+to s —t
fits) - £ = [ pls)ds+ | 2 o(s)ds
atto § b+tr S
CLthQ _ t b+t1 _ t
- [ e [ s
at+t § atts §
If we define
b+to a+to
s—t s—t
gltrvts) = [ pls)ds— [ Lo(s)ds
b+t S a-+t1 S
and
b+t o t b+t o t
h(ty,ty) = / i 2o(s)ds — / i Lo(s)ds
a-+to S a-+to S
then f(t2) — f(t1) = g(t1,t2) + h(t1,t2) and so

btta o to atty o _ t
gl < [ Elplds+ [ D p(olas

+11

a+tq

b+to a+t2
g/’|ﬂﬂw+/ o(s)|ds
b+t a+t1

< [ta = ta] llepll oo +

= 2[ta = ta] [l

For next step we have

b+t1
tl? t2

b+t1 t _ f}g

L.
L.

|12 = tal el

b+t1 s — tl
s)ds — ©
a-+to S

o(s)ds.
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So

bty g

) < (=t ol [
a+to

b+t

= (t, — ¢ 1 .

(12— 1) gl Yog

Now fix 2o > 0. Let 6 > 0. If 2o = 0, then |h(0,8)] < 6 [|¢||, log 2 which converges to zero
as 6 — 0T by the logarithm properties.

If zy > 0, then provided that § < xg and 0 < |b — al, we get

b+l’0
h 0 <6 1
[h(wo, 70+ 0)] < 6|l log =2
or
b—|—l’0—5
h(zg — 6 <4 log ———
|h (o ,70)| < ||90||oO 0og @+ 7o

which both converges to zero as § — 0.
So we showed in all conditions |h(tq,t2)| and |g(t1,t2)| converges to zero as |ty — t1] — 0.
Hence |f(t2) — f(t1)| converges to zero as |to — t1| — 0 and it means f is continuous, and so

D, (Ijap) € Co(R4). O
Lemma 3.2.4. Let p € L®(Ry), then Dy(Ip) € Co(Ry).

Proof. We know D, (I,p) is continuous, we need to show it vanishes at infinity. We have

D (I p)(t) = f; shw(s +t)ds. Let € > 0 and choose ty € R, large enough such that

bft0||g0|| (b—a)<e. Ift>t0ands<bthens+tSb%ttgbﬁ So for all t > t, we have
b
b
D, (I, < b—a)<
Dolon)®)] < [ 5 Ielods = o el (b= a) <
So Dy(Ia ) € Co(R4). O

Corollary 3.2.5. Let p € L®(R;) and f € L'(Ry). Then Dy(f) € Co(R4).

Proof. By (Theorem 2.26, [12]), we know that V' = Span{lj,;;0 < a < b < oo} is dense
in the Banach space (L*(R4),||-|l,;)- So there is a sequence (f,) C V that converges to f in
LY(Ry). On the other hand, by Lemma 3.2.4, D,(f,) € Co(R;) for all n. Since Cp(Ry) is
closed in (L>(Ry), ||l ), hence Dy (f) = lim,, D, f, € Co(Ry). O
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CHAPTER 4

CONCLUSION

In this thesis we characterized derivations on ¢'(Z,) in Theorem 2.2.6, then we found a
necessary and sufficient condition to make these kind of derivation compact in Section 2.3.
Also we showed in Theorem 2.4.13, Corollary 2.4.17 and Theorem 2.4.19 that all derivations,
Dy : 1MZy) —> £°°(Zy) is weakly compact, if and only if, ¢ € T Fcy.

We started study derivations, D : L'(R;) — L*(R,). and we showed they are actually
map into Cy(R, ). All these results were already known, but we have given alternative proofs
that may be more accessible to future researchers.

One possible future project would be to find the necessary and sufficient condition to make

a derivation, Dy : L'(R,) — L*(R,) compact or weakly compact.
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